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The general solution in Cartesian coordinates

¶xsxx + ¶ysxy = g1

¶xsxy + ¶ysyy = g2

pxxsyy - 2pxysxy + pyysxx = 0

𝜎"" =
1
𝑝&&

2𝑝&"𝜎&" − 𝑝""𝜎&&

Assume first 𝑝&" ≠ 0

Substitute in (1)

(1)

¶xsxx + ¶ysxy = g1

¶xsxy + ¶y −+,,
+--

𝜎&& + 2
+-,
+--

𝜎&" =g2
(2)



Now we diagonalise A: 

¶x𝑢	 +	¶y 𝐴𝑢 = �⃗�

Define 

(3)

𝑢 =
𝜎&&
𝜎&" ; 𝐴 =

0 1
−𝑝""/𝑝&& 2𝑝&"/𝑝&& ; �⃗� =

𝑔5
𝑔6

And substitute into (2), we get

The eigenvalues of A are 

𝜆5,6= 5
+--

𝑝&" ± −det	(𝑃)�

𝐴 = 𝑌Λ𝑌C5 ;

𝑌 = 1 1
𝜆5 𝜆6

Λ = 𝜆5 0
0 𝜆6



¶x	
𝜔 + Λ𝜕"	𝜔= ℎ + 𝐵 − 𝜕"Λ 𝜔

Now define the characteristic variables 

(5)

𝜔 = 𝑌C5𝑢 = 5
HICHJ

𝜆6𝜎&& − 𝜎&"
−𝜆5𝜎&& + 𝜎&"

,

substitute all the above into (3) and manipulate a bit:

with

𝐵 =
−1

𝜆6 − 𝜆5
𝜕&𝜆5 + 𝜆5𝜕"𝜆5 𝜕&𝜆6 + 𝜆6𝜕"𝜆6
−𝜕&𝜆5 − 𝜆5𝜕"𝜆5 −𝜕&𝜆6 − 𝜆6𝜕"𝜆6

(4)

Once we solve for , the stress is obtained from inverting (4)

𝜎&& 𝜎&"
𝜎&" 𝜎"" = 𝜔5

1 𝜆5
𝜆5 𝜆56

+ 𝜔6
1 𝜆6
𝜆6 𝜆66



Assume the system is confined to:   0 ≤ 𝑥 ≤ 𝐿					; 			−∞ ≤ 𝑦 ≤ ∞

With hyperbolic equations there is the danger of ill-posedness.
So, we need to set carefully the boundary conditions.

Dirichlet:

𝑢 0, 𝑦 = 𝑓(𝑦)

Case I.  Constant fabric tensor P

Equation (5) becomes

¶x	
𝜔 + Λ𝜕"	𝜔= ℎ

and the equations for the characteristics decouple.



We now parametrise the propagation paths of the characteristics by 𝑠S

𝑑𝑥
𝑑𝑠S

= 1
𝑑𝑦
𝑑𝑠S

= 𝜆S

We can see that the directions of the characteristic paths are determined by the eigenvectors of A.

With this parametrisation, the characracteristic variables satisfy, along their paths, the ordinary 
differential equation 

𝑑𝜔S
𝑑𝑠S

= ℎS

(6)

(7)

Which can be integrated along the characteristic path from any point 𝑥U, 𝑦U 	in	the	system

𝜔S 𝑥U, 𝑦U =	𝜔S 0, 𝑦U − 𝜆S𝑥U + ∫ ℎS 𝑠 	𝑑𝑠
] &^
U



To find the solution at any point, just follow the characteristics to their values from the sources in 
the system and on the boundaries

The integral along the characteristic path can be converted to an integral over x by realising
that at each point along the path _"

_&
= 𝜆S.

𝜔S 𝑥U, 𝑦U =	𝜔S 0, 𝑦U − 𝜆S𝑥U + ∫ ℎS 𝑠 	𝑑𝑠
] &^
U

𝑥U, 𝑦U



From this solution we can find the stress components:

𝑢 𝑥U, 𝑦U =
𝜎&& 𝑥U, 𝑦U
𝜎&" 𝑥U, 𝑦U

= 𝑌𝜔 𝑥U, 𝑦U



The principal stress directions and values are the eigenvectors and eigenvalues of the stress tensor Σ:

We can obtain readily that 𝑇𝑟 Σ = 𝜔5 1 + 𝜆56 + 𝜔6 1 + 𝜆66

and 

det Σ = 𝜔5𝜔6 𝜆5 − 𝜆6 6

(8)

which gives that and along the ith characteristic !

The principal stresses align with the eigenvectors of Σ, and these directions are:

𝜎efg& =
(5,Hh)

5iHh
I�

, which coincides with the direction of the characteristic !

This also means that the minimal stress, of eigenvalue 0, is orthogonal to the stress chain.

𝜎fSj,fg& =
1
2 𝑇𝑟(Σ) ± 𝑇𝑟(Σ)6 − 4det	(Σ)�

𝜎fg& = 𝜔S 1 + 𝜆S6 𝜎fSj = 0



Stress ellipses, for a narrow Gaussian boundary stress, 𝜎&&,	at 𝑥, 𝑦 = 0,0 .	
Note	the	alignment	of	the	principal	maximal	stress	with	the	contours of the  𝜎&& − field.



Case II.  Non-uniform fabric tensor P

Equation (5) can be written as 

Now, the eigenvalues vary as a function of the spatial position.

This has several implications:

(i) The main characteristic paths are not straight

𝜕&𝜔S + 𝜆S𝜕"𝜔S=ℎS −(𝜕"𝜆S)𝜔S + 𝐵 w 𝜔

𝜆S 𝑥, 𝑦



Case II.  Non-uniform fabric tensor P

Equation (5) can be written as 

Now, the eigenvalues vary as a function of the spatial position.

This has several implications:

(ii) The stress attenuates along the characteristic paths

𝜕&𝜔S + 𝜆S𝜕"𝜔S=ℎS −(𝜕"𝜆S)𝜔S + 𝐵 w 𝜔

𝜆S 𝑥, 𝑦



Case II.  Non-uniform fabric tensor P

Equation (5) can be written as 

Now, the eigenvalues vary as a function of the spatial position.

This has several implications:

(iii) The stress leaks into the ‘cone of influence’ between the characteristic paths

𝜆S 𝑥, 𝑦

𝜕&𝜔S + 𝜆S𝜕"𝜔S +	(𝜕"𝜆S)𝜔S=ℎS +𝐵 w 𝜔

The reason is that the term containing the matrix B now acts as 
a local source term wherever the gradients of P are finite.



Case II.  Non-uniform fabric tensor P

Equation (5) can be written as 

Now, the eigenvalues vary as a function of the spatial position.

This has several implications:

(iii) The stress leaks into the ‘cone of influence’ between the characteristic paths

𝜕&𝜔S + 𝜆S𝜕"𝜔S +	(𝜕"𝜆S)𝜔S=ℎS +𝐵 w 𝜔

𝜆S 𝑥, 𝑦

The reason is that the term containing the matrix B now acts as 
a local source term wherever the gradients of P are finite.



Case II.  Non-uniform fabric tensor P

Equation (5) can be written as 

Now, the eigenvalues vary as a function of the spatial position.

This has several implications:

(iii) A sharp change in the local fabric tensor generates a ‘leak’ that looks 
like branching.

𝜕&𝜔S + 𝜆S𝜕"𝜔S +	(𝜕"𝜆S)𝜔S=ℎS +𝐵 w 𝜔

𝜆S 𝑥, 𝑦



Case II.  Non-uniform fabric tensor P

Equation (5) can be written as 

Now, the eigenvalues vary as a function of the spatial position.

All these phenomena can be seen in general
disordered systems, where the fabric tensor P
contains a random disorder

𝜕&𝜔S + 𝜆S𝜕"𝜔S +	(𝜕"𝜆S)𝜔S=ℎS +𝐵 w 𝜔

𝜆S 𝑥, 𝑦



The general solution in cylindrical coordinates

(9)
𝜕x(𝑟srr ) + ¶𝜃 𝜎xz 	− 𝜎zz= 𝑔x
𝜕x(𝑟𝜎xz) + ¶𝜃𝜎zz + 𝜎xz= 𝑔z

𝜋xx𝜎zz − 2𝜋xz𝜎xz + 𝜋zz𝜎xx = 0

Using the transformation of the stress tensor and the derivatives between Cartesian and 
polar coordinates and comparing to (1), we can find the relations between the fabric 
tensors P and 𝜋:

𝑝&&
𝑝""
𝑝&"

=
1 −𝑐𝑜𝑠2𝜃 −𝑠𝑖𝑛2𝜃
1 𝑐𝑜𝑠2𝜃 𝑠𝑖𝑛2𝜃
0 −𝑠𝑖𝑛2𝜃/2 𝑐𝑜𝑠2𝜃

𝜋xx + 𝜋zz
𝜋xx − 𝜋zz

𝜋xz

It is important to note that this transformation transforms from uniform fabric tensors in 
Cartesian coordinates into non-uniform ones in polar coordinates and vice versa. This is 
an important observation that we will come back to later, when we interpret stress 
solutions.

(10)



The condition that det 𝑃 < 0		is now not so simple and det{𝜋} may be positive or 
negative in different positions, depending on the values of the components of this tensor.

In the following we focus only on values of the components 𝜋�� that make the 
determinant negative everywhere in the system.

To solve for the stress field, we follow the same procedure as before.

First assume that 𝜋zz ≠ 0 and substitute for srr from the closure relation in (9) into the 
first two equations. Then define the following: 

𝜌 = ln	(𝑟/𝑟�) 𝑢 = (𝜎xz, 𝜎zz)

𝐴 = 2𝜋xz/𝜋zz −𝜋xx/𝜋zz
1 0

𝐵 = −2(1 + 𝜕z)
𝜋xz
𝜋zz

1 + (1 + 𝜕z)
𝜋xx
𝜋zz

−2 0



A𝜕�𝑢	 + 	𝜕z𝑢 − 𝐵𝑢= �⃗�

And we obtain the equivalent of equation (3):

We diagonalise again the matrix A with

and 𝜆5,6 =
���
���

± ���
���

6
− ���

���

�
	 the eigenvalues of A, which are real and distinct because 

𝐴 = 𝑌Λ𝑌C5 ; 𝑌 = 1 1
𝜆5 𝜆6

; Λ = 𝜆5 0
0 𝜆6

𝜋xz
𝜋zz

6
−
𝜋xx
𝜋zz

= −
𝑑𝑒𝑡 Π
𝜋zz6

> 0

(11)



and we can convert eq. (11) into

As	before, we parametrise the characteristic paths by length variables 𝑠S, 

The characteristic variables are then defined through  

𝜔 = 𝑌C5𝑢

(12)Λ¶𝜌	𝜔 + 𝜕z	𝜔 = 𝑌C5�⃗� + 𝑌C5 𝐵𝑌 − 𝐴𝜕�𝑌 − 𝜕z	𝑌 𝜔

𝑑𝜌
𝑑𝑠S

=
1
𝜆S

𝑑𝜃
𝑑𝑠S

= 1 (13)



This equation shows that the solutions in cylindrical coordinates behave entirely differently from
those in Cartesian coordinates – even for uniform fabric tensors, the characteristics are coupled by the 
off-diagonal terms in 𝑌C5𝐵𝑌	!

and this allows to solve the equations generally as before. 

In particular, let us consider a spatially uniform fabric tensor, 𝛻𝜋�� = 0.

This reduces the equation to

(14)_�
_]
	= 𝑌C5�⃗� + 𝑌C5𝐵𝑌𝜔



This means that: 
(i) the paths are not straight, they flare outwards (see analysis and figure below); 
(ii) the stress attenuates along the chains; 
(iii) there is always stress ‘leakage’ from the non-straight chains.

From (13) we find the equation of the trajectory of the characteristic paths:

𝑑𝜃
𝑑𝜌 =

1
𝜆S
									⇒ 										𝜃 − 𝜃U = 𝑙𝑛 𝜌/𝜌U

This also shows that the stress chains should broaden
Away from the source (on the continuum scale)



This means that: 
(i) the paths are not straight, they flare outwards (see analysis and figure below); 
(ii) the stress attenuates along the chains; 
(iii) there is always stress ‘leakage’ from the non-straight chains.

From (13) we find the equation of the trajectory of the characteristic paths:

𝑑𝜃
𝑑𝜌 =

1
𝜆S
									⇒ 										𝜃 − 𝜃U = 𝑙𝑛 𝜌/𝜌U

A numerical solution



This means that: 
(i) the paths are not straight, they flare outwards (see analysis and figure below); 
(ii) the stress attenuates along the chains; 
(iii) there is always stress ‘leakage’ from the non-straight chains.

From (13) we find the equation of the trajectory of the characteristic paths:

𝑑𝜃
𝑑𝜌 =

1
𝜆S
									⇒ 										𝜃 − 𝜃U = 𝑙𝑛 𝜌/𝜌U

Because the paths are not straight there is 
a continuous leakage into the cone of influence



Moreover, the solutions in cylindrical coordinates are arguably more relevant than the ones in Cartesian 
coordinates.

This is because most local force sources on individual particles are far from the side boundaries 
⇒ local cylindrical symmetry.

Experimental support:


