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1. Suppose that ψ(x) is continuous and monotone on [0,+∞), limx→+∞ ψ(x) = 0. Prove

lim
λ→+∞

∫ +∞

0

ψ(x) sinλxdx = 0.

2. Suppose that ψ(x) is monotone on [−δ, δ]. Prove

lim
λ→+∞

∫ δ

−δ

{
ψ(x)− 1

2
(ψ(0+) + ψ(0−))

}
sinλx

x
dx = 0.

3. Show that
∑∞

n=2
sinnx
lnn

and
∑∞

n=2
sinnx
ln lnn

converge pointwisely, but they cannot be the
Fourier series of any Riemann integrable or absolutely integrable functions.

4. Compute the Fourier series for the function

f(x) =

{
0, x ∈ [−1, 0),
x2, x ∈ [0, 1).

Using this Fourier series to compute the following series

(a)
∑∞

n=1
1
n2 .

(b) 1− 1
22

+ 1
32
− 1

42
+ · · · .

(c) 1 + 1
32

+ 1
52

+ 1
72

+ · · · .

5. Let

f(x) =


π − x, 0 < x ≤ π,

0, x = 0,

− π − x, −π < x < 0,

(a) Compute the Fourier series of f ;

(b) Does the Fourier series of f converge to f on [−π, π]? Does it converge uniformly?

6. Suppose that f is Riemann integrable or absolutely integrable on [−π, π]. Prove that for
any ε > 0, there exists a trigonometric polynomial Pn(x) =

∑n
k=0(Ak cos kx+Bk sin kx)

such that ∫ π

−π
|f(x)− Pn(x)|dx < ε.

7. Let f be a 2π-periodic function which is Riemann integrable or absolutely integrable
on (0, 2π). If, in addition, f is monotone decreasing on (0, 2π), then∫ 2π

0

f(x) sinnxdx ≥ 0, n = 1, 2, · · · .


