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Abstract. We consider a Beckmann formulation of an unbalanced optimal transport (UOT)
problem. The I'-convergence of this formulation of UOT to the corresponding optimal transport
(OT) problem is established as the balancing parameter o goes to infinity. The discretization of
the problem is further shown to be asymptotic preserving regarding the same limit, which ensures
that a numerical method can be applied uniformly and the solutions converge to the one of the OT
problem automatically. Particularly, there exists a critical value, which is independent of the mesh
size, such that the discrete problem reduces to the discrete OT problem for a being larger than this
critical value. The discrete problem is solved by a convergent primal-dual hybrid algorithm and the
iterates for UOT are also shown to converge to that for OT. Finally, numerical experiments on shape
deformation and partial color transfer are implemented to validate the theoretical convergence and
the proposed numerical algorithm.
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1. Introduction. The concept of optimal transport (OT) was first put forward
in 1781 by Monge [30] and was relaxed later by Kantorovich [24] as a convex linear
program. OT has since been extensively applied in various fields, including image pro-
cessing [18, 31], machine learning [34, 1, 21], PDE theory [36, 35], and noise sampling
[13]. We refer readers to [35, 37, 32] for overviews of theoretic and computational OT.
The OT models have been extended to the so-called unbalanced optimal transport
or unnormalized optimal transport (UOT) problems [12, 20, 28, 22] for applications
involving mass distributions with different masses. Moreover, the UOT models can
take into account the weight change even for probability measures so that they can
be used more flexibly [12, 33]. For example, the UOT distance is applied to deal with
the full waveform inverse problem [26] and is used for waveform based earthquake
location [38]. And in [17] a gradient method based on UOT is put forward, which is
employed in the domain adaption problem.
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Let us start with the introduction to the OT problems. Suppose X,Y are two
topological spaces with probability measures 11, V5, respectively. Given a cost function
c¢: X xY — RT, the Kantorovich problem is to find a joint measure 7 (called a
“transport plan”) on the product space X x Y such that

) min /X ain(e.y)

st m(A,Y)=v1(4), 7(X,B)=w(B) YACX,BCY.

In later discussions, we only focus on the case X =Y = Q C R? for a domain . Let
P () denote the set of probability measures on  and define W,(Q2) := {u € P(Q) :
[ |z[Pdp < oo}. Choosing ¢(z,y) = |z — y[P for p > 1, then (1.1) induces a widely used
distance between two measures pg, p1 € W,(Q2), which is the so-called p-Wasserstein
distance W,

1/p
1.2 W, (po, p1) = inf / x—ylP d7r> ,
(12 oo = (ot [le=sl
where II(pg, p1) is the set of all transport plans for py and p;. In the case of p =1,
simplifying the dual problem of the Kantorovich formulation can lead to the following
characterization of the W7 distance:

1.3 Wi(po,p1) = inf d(po — p1)-

(1.3) 1(po; p1) @GLIEI(X)/<P (po — p1)

This characterization has important applications in the generative models [5, 14].
The dual problem of (1.3) is given by the flow-minimization model introduced by
Beckmann [3], [35, section 4.2]:

(1.4) Wl(po,pl):min{/m|dx: m:Q—RY V'm:po—pl}.
Q

The Kantorovich problem mentioned in (1.1) is often regarded as the static formula-
tion. In [4], Benamou and Brenier proposed a dynamical version of OT which seeks a
geodesic path between the two measures pg and p; when € is convex. Suppose M (Q)
and (M(Q))¢ are the spaces of Radon measures and vector measures on {2, respec-
tively. Let p(-,t)o<i<1 € Wp(X) be an absolutely continuous curve connecting po and
p1. Then according to [35, Theorem 5.14], there exists a field w : [0,1] — (M())?
such that w(-,t) < p(+,t) (hence w = pv for some vector field v) and the following
continuity equation holds:

(1.5) Op(x,t) + V- w(x,t) =00nQ x [0,1].

Correspondingly, the W, distance can be recovered by solving the following problem
(see [35] for more details):

(1.6)

WE(po,p1) = inf
pyw

o (1)

{/1 ( de) dt:@tp(zc,t)+V.w(x,t):0(w,t)GQ
0

X (O’ 1)’ p(iL‘,O) = po(%),p(ﬂ'), 1) =p1 (w)}
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The Beckmann formulatlon of Wh can also be derived from this dynamical formulation.
In fact, by considering m(x fo (z,t)dt, one can obtain (1.4).

To take into account the mass change several UOT problems have been proposed
and they are connected in various ways [2, 9, 33, 19]. In particular, the Wasserstein—
Fisher-Rao (or Kantorovich-Helliger) distance has been proposed in [12, 11, 25, 28]
by adding a source into the dynamics. The static formulation as an extension of
the classical Kantorovich is derived for UOT in [11, 12, 28], using either so-called
semicouplings [11, 12] or the relaxation of the marginal constraints [28].

In this paper, we will focus on the generalization of the 1-Wasserstein distance
given in (1.4). In particular, we focus on the following Beckmann formulation of an
unbalanced OT problem:

(1.7) Wﬁ(ﬂo,m)::min{/m|+anldw: mtﬂﬁRd,V-m=p0—p1+’7}
Q

with suitable boundary conditions. More details can be seen in section 3.1. One way
to understand this is through the dynamic formulation of the UOT studied in [11],
which is a generalization of the Benamou-Brenier formulation (1.6). The dynamic
formulation is given by

min /1 Ll) |w(, )" dz + o - /QK(QU 4l dm] dt

pwC o o P~z t) pi= (1)
s.t. Op(x,t) + V- w(x,t) =((x,t) on Q x [0,1]

with p(z,0) = po(x), p(, 1) = p1 (),

where p,qg > 1 and a > 0 is the weight parameter of the source term. The func-
tional in (1.8) penalizes the transportation with p-norm and the source change with
g-norm, respectively. When p=gq € [1,00), thls dynamlc formulation glves a dlstance
Taking p = ¢ = 1, and similarly letting m(z fo (x,t)dt and n(x fo x,t)dt,
the corresponding Beckmann formulation (1. 7) can then be derived. One may refer to
Lemma 3.1 for more details. Clearly, in this UOT problem, pg and p; do not necessar-
ily have the same mass and the parameter « in problem (1.8) controls the penalization
of the source term. As a last comment, one often requires {2 to be convex for the dy-
namic formulation (1.6) to give the Wasserstein distances when p > 1. As can be seen,
the Beckmann formulation (1.4) for p =1 does not require the convexity of Q and it
is equivalent to (1.6). This means that the convexity of € is not required to study
the Beckmann formulation and the dynamical formulation for p =1. Analogously, we
do not require the convexity of  in (1.7).

Our main focus in this paper is the connection between the Beckmann formula-
tion for UOT (1.7) and the Beckmann formulation for OT (1.4) when py and p; are
probability measures, particularly when they are solved numerically using some op-
timization algorithms. Specifically, we aim to study whether the numerical solution
of the UOT one can somehow converge to that for the corresponding OT problem
under suitable optimization algorithms. Note that while we make the assumption
that pg and p; are probability measures, the two measures are allowed to be nonneg-
ative measures with equal total mass, for which one can simply scale to probability
measures. Such a problem is closely related to the so-called I'-convergence and some
related results have been investigated in the literature already. In particular, [12]
gives the corresponding result for some static problems of the unbalanced OT via the
I'-convergence, while [22] mentions some numerical evidence of the convergence for the
Wasserstein—Fisher—Rao distance. We focus on the Beckmann formulation because it

(1.8)
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corresponds to the Earth mover distance and has been widely applied in data science
[27, 29, 15], and more importantly, it is easier for computation and more suitable for
optimization algorithms. Furthermore, with the theoretical guarantee of convergence
from the UOT to the OT problem, unified numerical methods for UOT problems can
also be used for OT problems, and the solutions to UOT converge toward the one to
the OT problem automatically by setting sufficiently large a in (1.7).

Our contributions can be summarized as follows. First, we establish the
I-convergence between the Beckmann problem (1.7) and (1.4). Then in discrete
settings, we provide an estimate of lower bound of the parameter « for the solution
of UOT being the same as the OT problem, not just the convergence of the optimal
solution. Last, the discrete UOT problem can be solved by a primal-dual hybrid gra-
dient method (a.k.a. the Chambolle-Pock algorithm) [16, 10] and we also give the
corresponding condition of the parameter « for the reduction of the iterates for UOT
to that for OT.

The rest of the paper is organized as follows. First in section 2, we provide the
definitions of the usual I'-convergence and the sequence I'-convergence, and the rela-
tionship between them. Particularly in section 2.2, we summarize some useful lemmas
and theorems for I'-convergence which will be applied in later demonstrations. Then
in section 3, we derive the equivalence between the Beckmann formulations to the
dynamical ones for both UOT and OT at the beginning and prove the existence of
minimizers of these two problems. After that we establish the I'-convergence between
the UOT and OT problems. Later in section 4, the finite convergence in discrete prob-
lems and the asymptotic preserving property are built, and we present the iterates
of a primal-dual hybrid gradient method for both UOT and OT problems and show
the similar convergence between them. At last, in section 5 some numerical exper-
iments on shape deformation and partial color transfer are implemented to validate
the theoretical results and the algorithm.

2. Background on I'-convergence. To investigate the convergence of the
optimization problems and their optimizers, one often makes use of the theory of
I'-convergence [6]. Here we first recall the definitions of the usual I'-convergence.

DEFINITION 2.1. Let (f,) be a sequence of functionals on X. Define

I-limsup f,(z) =suplimsup inf f,(y),
n—00 N, n—oo YENz

(2.1)

n—oo yeN,

P-liminf f, (2) =supliminf inf f,(y),
n—oo N,

where N, ranges over all the neighborhoods of x. If there exists a functional f defined
on X such that
(2.2) I-limsup f, =T-liminf f, = f,

n—oo

n—roo

then we say the sequence (fy) T'-converges to f.

The benefit of I'-convergence is that any cluster point of the minimizers of a
I'-convergent sequence (f,,) is a minimizer of the corresponding I'-limit functional f.
This result can be found in many references like [6] and one may also refer to
Lemma 2.3 later.

The verification of I'-convergence using Definition 2.1 of the optimization prob-
lems in this paper is not that straightforward. Instead, we will make use of the results
of T'seq-convergence studied in [8] to get some sufficient conditions for I'-convergence
in Definition 2.1 on product spaces and we will utilize them in our problems.
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2.1. Notation and definitions. We first introduce some definitions and nota-
tion for I'yeq-convergence in [8]. Define the operators £(-) and G(-) as

liminf e=-1.

sup e€=+1, limsup e=+1,
G(e)=
inf e=-—1,

(2.3) £(e) = {

Let (f) be a sequence of functions defined on a topological space X and
(2.4) S(zo) :={{z"} C X :2" =z}

be the set of sequences that converge to zg. Define the I'seq-limits of (f,,) at point
xo as

(2.5) Feeq(NO, XN lim fr(x0) =  L(e1) G(eo) fu(z™),
" {zn}eS(zo)

where €; € {+1,—1},i=0,1.

The relation between I'soq-convergence and the usual I'-convergence is given as
follows, and we include a short proof in the supplement (supplement.pdf [local/web
194KB]J) for our presentation to be self-contained.

PROPOSITION 2.2. It holds that

Feeq(NT, X 7)) lim f,, = T-limsup f,,

(2.6) n—oo
Fseq(N7, X 7)) lim f,, = -liminf f,,.
n n—00

Consequently, if f:=Tseq(N, X " )limy, f,, ezists, then (fn) I'-converges to f.

Many functionals in practice are defined on some natural product space. For two
topological spaces X and Y and (f,) defined on the product space X x Y, we can
similarly define the I'yeq-limits of (f,) at point (zo,y0) € X x Y for ¢; € {+1,—1},
1=0,1,2, as

(2.7) FCeeq(N, XV V) lim fp,(20,9%0) = L(e1) L(ea) Gleg) fr(z™,y™).
" {zn}€S(x0) {yn}ES(yo) 7

Here we take the space X x Y as an example to clarify the notation. Suppose
€0 =+1, e =—1, e = —1; then we have

2.8 Do (NT, X7 Y 7)) lim fr (20, y0) = inf inf  limsup f, (2", y"),
(2.8) al )lim £, (0, yo) (i ) einf lims p fn(z",y")

where for any given convergent sequence {z"} € S(xo) and {y"} € S(yo), the limsup
operator (or liminf) is taken over the functional value sequence (f,(z",y™)) and the
inf (or sup) operator is taken over all the sequence {z"} € S(z¢) and {y"} € S(vo)
converging to xo and yo, respectively. Moreover, if the I'goq-limit is independent of
the value of €, then we omit the sign in the I'seq-limit, i.e., if

(2.9)  Teeq(NT, X7, Y7) lim £, (20, 40) = Tseq (N, X7, Y7) lim f,, (0, 90),

we can write Dseq (N, X —, Y 7)lim,, f,, (20, yo) for simplicity. The notation is similar for
the spaces X and Y.
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2.2. Useful results. In this subsection, we summarize several useful lemmas
and theorems for I'seq-convergence from [8]. In particular, these results provide tools
to check I'-convergence on product spaces. For completeness, in the supplement (sup-
plement.pdf [local/web 194KB]) we give simplified proofs of the lemmas and the the-
orem appearing in this section.

The following lemma states that any cluster point of the minimizers of a
I'-convergent sequence is the minimizer of the corresponding I'-limit functional.

LEMMA 2.3. Let X be a topological space, and let (fn) be a sequence of functionals
mapping from X to R =[—o0,+00]. If

Fgeq(N, X 7)) lim f,, = f,
n

then

' . 1 inf £.].
(2.10) 1§ff > llmrls,up[l%ff |
Moreover, if there exists a sequence (z™) converging to some xg € X, with

limin f, (2") = liminf [inf £, ,

then
(2.11) f(zo) = 1£1(ff = hrrln [19(ffn} .

The UOT problem in consideration is naturally defined on a product space and
the functional is of the form J + 1g. We introduce some related results in [8] in this
regard.

LEMMA 2.4. Let X,Y be two topological spaces and (fy),(gn) be two sequences of
functionals defined on the product space X x Y to R" = [0,400], and let (xg,10) €
X xY. Suppose there exists a,b € R" such that

Fseq(I\L X_7Y) hin fn($07 yO) =a,
Feeq(N, X, Y ™) lim gy, (z0,y0) =b.
Then it holds that
Laeq (N, X7, Y 7) lim(fn + gn) (20, y0) = @+ b.

Suppose X is a topological space and F is a set in X, and the indicator function
of E is defined as follows:

0 ifxeF
2.12 1g(z) = ’
( ) 5(@) {+oo otherwise.

The following lemma gives a sufficient condition of a sequence of the set indicator
functions to be I'yeq-convergence.

LEMMA 2.5. Suppose {E,} is a sequence of sets in space X x Y. If there exists
a set Eoo C X XY that satisfies two conditions,
o if 2" =z, y" =y and (z™,y") € E,, for infinitely many n, then (x,y) € Exo;
o if (,y) € B and ™ — x, then there exists y™ — y such that (x™,y™) € E,
for n large enough,

then 1, =Tseq(N, X, Y 7)lim,15,.

The following theorem provides us the criterion to check I'-convergence of the
functional of the form .J + 15 on product spaces.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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THEOREM 2.6. Suppose X and Y are two topological spaces. (J,) is a sequence
of functionals defined on the product space X xY and (E,) is a sequence of sets in
X xY. Suppose that J,, and 1, are sequential I'-convergent in the following sense:

Joo =Tseq(N, X7, Y) lim J,,,
1E<>o = Fseq(N,X,Y_)hmlEn;

then Jp, + 1, is I'-convergent to J + 1g, in the sense of Definition 2.1.
Consequently, for everyn € NT, let (x,,y,) be an optimal pair of the optimization
problem

min (J, + 1g,).
XxY ’

If 2, =5 2o in X and yn = Yoo in Y, then (Zoo,Yoo) 18 an optimal pair of the problem
e + 1)

3. Convergence from UOT to OT. In this section, we establish the conver-
gence of the Beckmann formulation of the UOT problem (1.7) to the corresponding
OT problem (1.4) in the sense of I'-convergence.

3.1. Problem descriptions. Fix a bounded domain  C R¢ with smooth
boundary which is not necessarily convex. Suppose that pg and p; are two prob-
ability measures defined on 2. To obtain the full description of the mathematical
problems, one needs to specify the no-flux boundary condition m - n = 0 on 9f2 by
the physical significance. Hence, the Beckmann formulation of the UOT problem is
given by

min /|m(m)| + aln(x)|dx
m,n Q

1
(3.1) st. V-m+p; —po=nin Q,
m -n =0on 0.
Correspondingly, the Beckmann formulation of the traditional OT problem is analo-

gously given by

min |m(x)|de

Q
(3.2) st. V-m+p—po=0in Q,

m -n=0on 0.
The constraint in (3.1) is understood in the weak sense, i.e.,

(3.3) - m-V<pdm+/(p1—po—77)<pdm:0 Vo € Cp(Q).
Q Q

The constraint for (3.2) is understood similarly.

Before we start the analysis, let us clarify its connection to the dynamic formula-
tion as announced in the introduction. Recall the UOT problem for the case p=¢=1
n (1.8):

mln// |lw(ax,t)| + a|l(x,t)|dtde

pyw,C

(3.4) st Op(z,t)+ V- -w(x,t) =C(x,t)in Q x [0,1]
with w(z,t) - n = 0on 00 x [0, 1],
p(x,0) = po(x), p(x,1) = p1(z).
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Here, w(-,t) € (M(2))%,0 <t < 1 is a d-dimensional vector field and ((-,t) €
M(2),0 < ¢t < 1, is a source term on 2. Note that M(Q) is the set of Radon
measures, the dual space of Cy(Q2). Also, ¢t — p(-,t) € M(Q) is a path on M(f).
Define

1
(3.5) m(z)= | w(x,t)d / ¢(z,t)d

0
Then we have the following lemma.

LEMMA 3.1. Under the settings above, the Beckmann formulation of UOT (3.1)
is equivalent to the dynamical UOT problem (3.4). The same conclusion is made for
the OT case.

Proof. On the one hand, for any feasible pair (w,() in (3.4), it holds that
/|m )| + aln(x)|de = /wwtdt’—l—a/(wtdt‘dx
// |w(x,t)| + a|l(xz,t)|dtde;

(3.6)

therefore one can obtain that

(3.7) mln/|m )|+ aln(x )|da:<m1n// |lw(x,t)| + a|((x,t)|dtdx.

On the other hand, for any « > 0 suppose (M4, 14) is an optimal pair to problem (3.1).
Then letting w, (x,t) = m,(x) and (,(x,t) =n,(x) for all t € [0,1] and defining

pal@,t) =tpi(2) + (1 = t)po(),
one can get that the triad (pq, W, () is a feasible solution to problem (3.4). Therefore,

mln // |lw(x,t)] + a|¢(x,t) |dtdsc<// |wa (x,t)] + a|Co(z, t)|dtde

—min [ m(a)| + aln(@)|de.
)1 Q

Hence, combining the two parts one can conclude that the problems (3.4) and (3.1
are equivalent.

(3.8)

O —

~—

In the previous formulation, the form |m(x)| is the Euclidean norm (¢3-norm
of m, and from now on, we consider the general case of ¢;-norm for m(x) wher
1< g < +oo. In other words, we use

d 1/q
im(z)]q = <Z|mi(i’3)|q> , for g € [1,+00),

i=1

@

to replace the original fo-norm |m(x)|. Moreover, for convenience in later analysis,
taking £ := an in problem (3.1) and adding the term & to the objective function in
problem (3.2) as a free variable, we obtain the two equivalent UOT and OT problems,
respectively:

min [ m(@), (@)l

(3.9) .
s.t. V~m+p1—p0:a5m9,

m -n=0on 0,

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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and

min / () +€ ()] dx

m,§

(3.10) st. V-m+p;—po=0in Q,

m-n =0on 0.
Then our goal becomes to build a connection between the UOT problem (3.9)

and the OT problem (3.10), by establishing the convergence from problem (3.9) to
(3.10) as a — 400 in the sense of I'-convergence.

3.2. Existence of minimizers. In this subsection, we first show the existence
of minimizers of the above UOT problems. For the convenience of the discussion, we
define the total variation norm of the fields m and £ as follows:

(3.11) ]| = / m(@)lgdz, €] = / (@) d.

It is well known that the total variation norm is in fact the dual norm against the
bounded continuous functions since €2 is bounded.

We first note that the continuity equation constraint depends only on the gradient
in m. By Helmholtz decomposition, we obtain

)
(3.12) m=-V®+h, V- -h=0, g—n:o, h-n=0,

where ® is a scalar field and h is a field without divergence and the constraint is
imposed on ®:

1 _
(3.13) /V‘I"V@dﬂﬂ-/(m—po—aé)@dw:() Vo € CL(Q).
Q Q

In our setting, the divergence-free condition V - h = 0 should be understood in the
weak sense. Hence, we introduce the following space:

H = {he (M(Q))d:/Qh~V<pdw:0Vg0€Cl}(Q)}.

We note that the Helmholtz decomposition always exists if £ has a bounded total
variation by the lemma below, from [7, Theorem 22, Lemma 23].

LEMMA 3.2. For each £ € M(Q) with [ |£|dx < oo, there exists a weak solution
® € WHPo(Q) where po € [1,d/(d— 1)) with [ ®dz =0 to the Poisson equation

(3.14) —Au=¢.
The solution satisfies
(3.15) [@[[wrro < Cll€]l

for some constant Cy >0 depending on o and € only.

Note that the result in [7] is for & € L'(Q) while we are considering Radon
measures here, although there is no essential difference. By the inequality (3.15), it
yields that the TV norm of V& defined in (3.11) can be controlled as |[V®|| < C||£]|.
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Then, for each (£, m) satisfying the constraint (3.13), by Lemma 3.2 one can find a
weak solution ® with [ ®dx =0 satisfying

1
AP =p —po — —¢&.
o
Define
h:=m+V®dcH,

and one can get that the Helmholtz decomposition of m exists and is stable.
Hence, the problem (3.9) is reduced to

min h—-—V®|,+ |¢(x)|de
min, /Q| o+ €()]

1 —
(3.16) ot /v<p.v<pdm+/ (plpoa£>s0dw0 Vo € Cy (),
QO Q

hecH.

Similarly, the OT problem (3.10) becomes

min h—-Vo|, + [{(z) dz
ain [ h= V3|, +[€(a)

s.t. /V@-Vgpdw—&—/(pl—po)@dwzo Y € CHQ),
Q Q
heH.

(3.17)

Using these two reduced problems, we can establish the following existence results.

PROPOSITION 3.3. Both (3.9) and (3.10) have global minimizers over M() x
(M)

Proof. By the reformulation above, we prove the existence results for (3.16) and
(3.17). We will take (3.16) as an example.
First of all, we equip the set M(Q2) x H for (£, h) with the weak topology:

(&n,hn) = (& h) if
(3.18) /fd§n+/g~dhn%/fd§+/g'thfGCg(Q;R),gGC}}(Q;R[‘).

Clearly, the space H is closed in M(Q)? under the weak topology. Consider the
functional

(3.19) (§,h) = F(&,h) ::/th(w)*V@(m;f)lqﬂf(wﬂdw:IIh*V<I>(~;€)I|+||€||,

where ®(-;¢) indicates that ® is solved according to the Poisson equation with given¢.
It is straightforward to verify that F' is lower semicontinuous under the topology
for M(Q) x H. In fact, if (&,, h,) = (£, h), one has that

hn = V®(;8n) = h — VO(+4).
To see this, for any test vector field g € CZ}(Q;Rd), one can also decompose g as

(3.20) g=Vo¢+v, V-v=0, v-n=0ondN.
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Then,

(3.21) /QW(-;fn)-gdw=/Qv<I><-;£n>~V¢dw:/Q(;sﬁpo—pl) oz

—>/Q<;€+po—p1) ¢dw=/ﬂv‘1’('35)'9d‘”‘

Since bounded smooth functions are dense in the space of bounded continuous func-
tions under the topology of uniform convergence (recall that €2 is a bounded set), the
above therefore holds for all g € CL(€;R?).

Consequently,

(3.22) [h = V(&) + [[€]] < liminf [[h, — VO &) + [[€nll-

Hence, the lower semicontinuity is established.
It is clear that

F,:= inf F(¢,h) > —oc0.
(& h)EM(Q)XH

Then, consider a minimizing sequence, (§,,h,) such that F(&,,h,) — F.. Then for
this minimizing sequence, one has

sup ”hn - V(I)('§§n)|| + ||€n|| < +00.

According to (3.15), |[V®(+;&,)|| is also uniformly bounded. Consequently,
(323)  sup|[hall+ [[6nll < sup [l — VO(560) [ + [VE(5 &)+ [[€n]] < +oo.
n n

The Banach—Alaoglu theorem indicates that there must be a weakly convergent sub-
sequence. Hence, together with the lower semicontinuity, the minimizer exists. 0

3.3. Convergence. By noticing the conditions in Theorem 2.6, we will regard
& and @ as independent variables. Define the functional J for all (£, h, @) € (M(£2) x
H) x WH1(Q) by

(3.21) Heh®) = [ |h@) - Vo@), +[¢(@)lda.

We equip the space for (£, h) with the weak convergence of the measures defined in
(3.18),
X:=M(Q)xH,=).

As mentioned above, the space H is closed in M(Q)? under the weak topology.

Note that this weak topology for measures is closer to the weak* convergence in
functional analysis. Moreover, the topology we choose for the space of V® is the total
variation norm, or the Wh! norm of ® (assuming ® has mean zero)

Y :=WhHQ).

Now, we introduce the set of constraints

(3.25) E, ::{((f,h),(l))EXxY:/@deO,
Q

1 _
/V@-Vgpdw—&-/ (Pl—PO—E)sOda::O V@GC&(Q)}.
Q Q «Q
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Similarly,

(3.26) ol :{((g,h),cb)eXxY;/cpdmo,
Q

EJ |

/V<I>'V<pdw+/(prpo)<pdw:0 Vi € Cy( )}
Q Q

Problem (3.9) can be reformulated as

3.27 i JE R, D) +1p .
(3.27) L (€ )+ 1k,

Similarly, (3.10) is

3.28 i JE RO +15 .
(3.28) ey (&, h, @) +1p,,

The following theorem states the convergence from (3.9) to (3.10) as « goes to infinity.

THEOREM 3.4. Suppose for any a > 0, (m*,£%) is an optimal solution of the
corresponding UOT problem (3.9). Then
(i) with a decomposition

m®=h% - Vo~

such that ((€*,h%), @) € 1g_, there exists some constant cg >0, M >0 such
that for all a > ag

sup [[h% || + [[VO[ + (7] < M;

(ii) for any increasing sequence {ar} going to infinity, where I is an index set,
there exists a convergent subsequence ((§*,h°*), &%) e X xY with ay T 400
such that the limit ((€°,h™),®*) € 1g_ and (£°,m>) = (£, A — VO™)
is a solution of the OT problem (3.10). Moreover, x =0.

To prove this theorem, we first show the I'-convergence of J +1g, to J+1g_ .
LEMMA 3.5. With the above setup, J + 1g_ is I'-convergent to J + 1g__

Proof. Here, we verify the two conditions in Theorem 2.6.

We will first show that Tseq(N, X, Y)limJ (£*, h®, ®%) = J (&, h, ®). It suffices to
prove the following two results:

inf sup limsup J(£* A%, ®%) < J(& h,®
(&>, h"):>(€,h) q>a£<1> a~>+o£) (6 ) & )
inf f 1 fJ(EY RS, %) > J(E, b, ®
(e ey a2 T € )2 J(& R ®).
These two relations, by the sandwich theorem, can ensure that both both the signs
of N and Y in the I'yeq-limit can be omitted.

For any pair ((£,h),®) and for any convergent sequence ®* — ® in W11, one can
choose a particular weak convergent sequence {(¢%,h*)} such that (£€*,h®) = (¢, h),
l€XIl = ||€]| and that ||h* — V®<|| — |h — V®||. Such a sequence of (£%,h®) clearly
exists (for example, one can choose the constant sequence (£%,h*) = ({,h)). Then,
one has

limsup J (€%, h*, &%) = lim sup ( /Q 1€° (2)|da + /Q |ho‘(sc)—V<I>a(a:)|qdac>

a—+00 a——+00

=€l + b = V@[ = J(, h, D).
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Hence, it holds that
3.29 inf sup limsupJ(£% h®, %) < J(E b, @
( ) (&=, h“)é(é h) <1>a—1>)<1> a—>+£ (&% ) (& )

Remark 3.6. The strong convergence of ® here is essential to obtain the limit
J(&,h,®) as an upper bound. If there is only weak convergence of V& as used in the
proof of Proposition 3.3, such an upper bound cannot be established.

On the other hand, for any weak convergent sequence (£%,h%) = (£,h) in X
and ®* — & in Y, one has [|£|| < liminf||£%] and ||h — V®| < lim|h* — VO«|.
Consequently,

liminf J(£%, A%, %) = liminf (/ 1€ (x |dw+/|ha V‘I)a(x)|qd$>

a—+0o0 a—»+00

> €l + [[h = Ve[ =J(& h,®).
It follows that

. ¥ DY) >
(3:30) (¢, hcl})li(g h)@rlﬁc1£q>gglirgj(§ R7,2%) 2 J(§, B, D).

Combining the two formulas, one obtains

(3.31) Faeq(N, X7, Y)limJ (€%, h®, &%) = J (€, b, ®).

Next, we will show 15 =T'sq(N,X,Y 7 )limlg,. Using Lemma 2.5, it suffices to

show that
(i) if (€%, k%) = (&, h), @* — & in WHL (€2, h%),®%) € E, for infinitely many
a, then ((¢,h), D) € Ex;
(ii) if ((&,h),®?) € Ex and (£%,h%) = (£, h), then there exists ®* — & such that
((€*,h%),®%) € E,, for a large enough.
For (i), we consider the sequence « such that ((£%, h®),®%) € E,,, then

(3.32)
1 _
/‘badﬂ?:O, /V‘Pa'v@dﬂv‘*‘/ (Pl—Po—§a>@d$=0 Vo € Cy ().
Q Q Q o

Since ¢ € C and Vo € (Y, one clearly has

/ma-Vgo—>/m-Vg0, 0:/<I>°‘dw—>/(1>dw.
Q Q Q Q

As £ =&, it is uniformly bounded and

. 1., _
(3.33) agr-sl-loo/ﬂ af pdx=0.
Hence, it is easy to see that (¢,h,®) € E,,. Note that here lime h® - Vedz =
fQ h - Vpdx using the fact that X is closed under the weak convergence of measures.
For (ii) we consider the following Poisson equation:

—Au= lga in Q,
(3.34) @
% =0on 0f2.
on
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Here the sequence {{} is given in (ii) which weakly converges to . Consequently,
by Lemma 3.2, there exists ¢ with [ ¢*dx =0 and

C
lim || —V¢*||< lim —| &%) =0.
a—4o00 (¢

a—~400

Defining ®* = ® + ¢, one clearly has [ ®*dx =0, ®* — ® and by the definition
of the weak solution of the Poisson equation that

1 _
(3.35) / Vo* . Vo dx +/ <p1 —po— a&”‘) pdz=0 VYpeCy(Q),
Q Q

which implies that (€%, h*, ®%) € E, for all a.
Now, we prove the main result in this section.

Proof of Theorem 3.4. Suppose m is a feasible solution to problem (3.10). It
is obvious that (0,m) is also a feasible solution to problem (3.9) for any a > 0.
Therefore,

/|m°‘|q +[¢%d < / i, da < +o0.
Q Q
where (£%,m®) is an optimal solution of problem (3.10). Then, by Lemma 3.2, there
exists ®* € Wt with [ ®*dx =0 that is a weak solution to
0P«
=0
on

1
—A®P* + py — po = —£°,

«

with
1% lwrr < Cllpo —pr =~ < C {2+ — [ Im|gdw |
Moreover, define
h® =m~ + Vo,

It is easy to see that h* € H and consequently, ((£*,h®),®%) € 15, . Moreover,

7)< e+ 907 <€ (24 (1+a7) [ mlyde).

The first claim follows if o > ag > 0.
We now show that for any optimal sequence {(£*,m®)} with m® =h® — VO as
above, there exists a convergent subsequence (fo‘k,hak) = (£, h) and ¥ — P.
Using the Banach—Alaoglu theorem we have that any bounded set in X is pre-
compact. Consequently, there is a subsequence (£*+,h**) = (£,h) € X. Moreover,
let ® with [ ®daz =0 be the solution to

—A®P+p; —pp=0inQ,

3.36
( ) a—@ =0onof.
on

Since £ = £, €% is thus uniformly bounded. Then as ap — 400, one has
(0% C «
[@9* — @[ < —[I€7* || — 0.
g

Using Lemma 3.5, one obtains I'-convergence of the functional. Using Theo-
rem 2.6 it follows that (£, h,®) is a minimizer of J 4+ 1g_. Hence, the conclusion
follows. Moreover, since (£°°,m) is an optimal pair of problem (3.10), it is obvious
that £°° should be 0. ]
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4. Convergence in a discrete setting and the asymptotic preserving
property. In this section, we focus on the discretized problems of the Beckmann
formulation for UOT and OT problems. We take ) to be a bounded rectangular
domain in R?. We will show that the convergence from UOT to OT is preserved in the
discrete setting so that the discretization is asymptotic preserving, which guarantees
that a numerical method for the optimization problems can be applied for the discrete
problems in a uniform manner, and the optimizer of the UOT can converge to that for
the OT problem along the limit. Moreover, we show that when « is larger than some
critical value that is only related to the dimension d and the width of the domain
L, and independent to the mesh size h, the minimizer of the discrete UOT problem
is then reduced to that for OT, which we call finite convergence. We also present
the algorithm proposed in [27] and applied to solve both UOT and OT problems and
show that the iterates for UOT will reduce to that for OT as the penalty parameter
a > M for some constant M dependant on the discrete problem merely.

4.1. Discretized problems. We first formulate the discrete UOT and OT prob-
lems. We use the same discrete scheme as [27, 29]. Let Q= [0,1]? be a d-dimensional
rectangular domain, and let €2 be the discrete meshgrid of 2 with step size h, i.e.,

(4.1) Qp ={h,2h,...,1}%
Let N = 1/h be the grid size. For a more general case = [0, L]¢, it can be transformed
to Q = [0,1]? by scaling. For all 2 € Q,  is a d-dimensional vector, where the

ith component z; takes values from {h,2h,3h,...,1}. The discretized distributions

o) = {02 }acon P = (9" (#)}acer,, and 1y, = (1) }ecn, are all N tensors. The
discretized flux my, = {m(z)}.cq, is an N¢ x d tensor, which can be regarded as a
map from €2, to R, Then the discretized problem for (3.1) is

min S (fma()loh + ol (o)1)
(4.2) RPN

st. div"(mp () — nn(z) = ph(z) — pl(z) Vo € Qp,

39

the notion “-i” refers to all the components excluding i, i.e.,

r_; = ([L’l, R o S [ /7 S [ ,l’d),
and for any z € R
mhy,;(x_i,z) :mh7i(x1,. oy Li—15 2, L1y - - ,:L‘d).

Note that with this discretization, the boundary condition m - n =0 holds at points
(z_iyx;=0) and (z_;,2;=1) for all i €1,2,...,d. And correspondingly, the discrete
divergence operator div"(-) is defined as

d
div™ (my, () = Z Dy imy(x),
i=1

and for all i € {1,2,...,d}
(myp,i(z_s,25))/h, x;=h,

(4.3) Dy imp(x) =< (mp(z_i,z;) — myp i (z_i,z — h))/h, h<z; <1,
(—myp i (z_;,z; — h))/h, x; =1,
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which makes the discrete approximation consistent with the zero-flux boundary condi-
tion. In the above definition, my,(z) € R? denotes the flow at point z and my, ;(z) € R
denotes the ith component of my,(z). Moreover, we define f(-) =g, |-|sh? as a dis-
crete {1 norm on {1p; then the problem (4.2) can be reformulated as

min f(mp) + af (),
(4.4) TMhsTR
s.t. divh(mh) — Nh = Ph-

Similarly, the discrete OT problem (3.2) is given as

min f(my,)
(4.5) mh

s, div(my) = pp
with the zero-flux boundary condition in (4.2).

4.2. A primal-dual hybrid algorithm. With the discrete formulation, we
can apply a primal-dual hybrid algorithm [16, 10] to solve both the UOT and OT
problems. Note that this algorithm is also adopted in [27] for the OT problem. We
first give some definitions on the discrete space 2j:

{mp,miy) =Y mp(@)mi(@)h?,  |mallh= ) Im(x)3h.
TEQ, z€Qy,

Then for the OT problem (4.5), we solve the min-max reformulation

(4.6) minmax L(mp,ep) = f(my) + (cph,divhmh — )

mp  Ph

by the primal-dual hybrid algorithm, whose updating rule is given as

) 1
mi T = argmin L(my, of ) + —|jmy, — mf| fQL,Z’
™. 2u
(4.7) T
~ 1
@yt = argmax L(mf T, of) — ?H@h —@illh.2-
Ph T

The update is equivalent to

meJrl = PI"OX#f (mZ — N(divh)*(@i))v
(4.8) my = 2mi - my,

k ; chio~k
on =k +T(div" (M) — pn),
where Prox, s is the proximity operator of function pf defined as

o Bk . 1 - Bk
Proxy(mj; — p(div")* (¢h)) = argmin pf (ma) + 5 [ — (m; — p(div")* (h)) 7 2.

mp
and pu, 7 are algorithmic parameters and (divh)* represents the conjugate operator of
div™.
By the definition of conjugate operator, for all m; and uy € Q,, we have

(div" (ma), un)n = (M, (div")* (un)) s
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Then it is easy to check that (divh)* = —V} and
Vi (un) = (On,1Unh, On,2Up, . . ., Op qu),
where each Oy ;up, is
w(x_i,x; +h)—ulx_;,x;))/h, h<xz;<l,
(49) 8h7iuh(x17x2,...,;vd):{é ( =1 ) ( ))/

for i = 1,2,...,d. According to [10], the algorithm is ensured to be convergent if
pr||div™||? < 1.

Similarly, we solve the UOT problem (4.2) with the min-max reformulation
(4.10)  min max L(mpu,nn, o) = f(mn) + af () + (on, div" (my) =, — pr)n

™Mh,Nh Ph

and by the primal-dual hybrid algorithm as

, 1
(my gt = argmin L(mp, nn, @7) + o— (lma — mi |17 o + lnn = nil[7 ),
mMp,Nh 2p
(4.11) Mt = ol kit gt k)
P = argmax Lt i o) - o llen -

Ph

which can be written as

k} *
thr = PTOXHf<mh (le ) ( Z))’
(4.12) T
mptt =omft —mp it =2t )

P = g 4 (A ) — ).
The algorithm is convergent if p7||[div", —I]||? < 1 and we terminate the algorithm
when the primal-dual gap RE,

L1

k k k
Ry = ;(”mh+1 - mh”h o+ It 771}5”%2) *||%0 1

- 902”}212
— 2o — o div® (mET = mf) — (T =),

falls below a predefined threshold e.

(4.13)

4.3. Convergence of the discrete UOT problem. In section 3 we showed
the I'-convergence from UOT to OT in the continuous case. For the discrete problem,
we also have a similar proposition.

PROPOSITION 4.1. Define X = RN and Y), = RN xd, Taking &, == any, in
(3.1) we have that

(4.14) Tn(nmn) =Y (Imn(@)[h? + [€n(2)[n%) ,

zeQy,

and we define
. 1
E}C; = {(Ehvmh) GXh X Yh : leh(mh) — agh — Ph _0} 5

Ep° = {(fh,mh) eXy,xYy,: divh(mh) — Ph ZO} .

Then we have the I'-convergence from Jn + 1go to Jp + 1gee.
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Proof. For the discrete case, the convergence in the space Xj and Y} reduces to
pointwise convergence, and it is obvious that

(4.15) T (s 11n) = Doeq (N, X7, Vi) lim Jp (€m0 ).

Then our goal is to verify that Ej' and E}° also satisfy the conditions given in
Lemma 2.5:
(i) If & — &,m§ — my, and (&), my) € EY for infinitely many «, then
(én,mp,) € Ep°.
(ii) If (&p,mp) € Ep° and & — &, then there exists m — my such that
(&, my) € Ey for « large enough.
For (i), due to the fact that (£, m¢) € EY for infinitely many «, we have

s « 1 «
(4.16) div"(mg) — —& = =0.

As & — &, the sequence {&5} is uniformly bounded, and divh(mﬁ) is a simple
matrix-vector multiplication for the discrete problem, then letting @ go to infinity in
the equality (4.16) we obtain that

(4.17) div" (my) — pp, =0,

which leads to (£, my) € Ef°.
For (ii), as (&n,mp) € E5°, for any o >0 and the given sequence {&}'}, it suffices

to solve the equations directly:

1
(4.18) div" (6m§) = =&,

e’
where dmj, also satisfies the discrete boundary conditions dmy, ;(x_;,x; — h) = 0 if
z;=1forallie{1,2,...,d}. For any u € ker((div")*), V,u =0 yields u = C for some
constant C. Therefore, for all u € ker((div")*), we have

(& un=C ) &b’ =0,

zEQ,

which implies £ | ker((div™)*). Therefore the linear system (4.18) is soluble for any
a > 0. Moreover, with the condition & — &, it is obvious that the right side in
(4.18) L& — 0 as a goes to infinity. Hence for each «, we choose the solution that
has the least norm dmj (which should be perpendicular to the kernel space of div" )
such that 0mjy, — 0 as @ — +oo. Then define

myj =my + omj

and correspondingly m§y —my, and (£, m§) € E} for any a > 0.

Using Lemma 2.5 we obtain that 1ge = Iseq(N, Xp, Yh*)limlE}o;, and using
v a

Theorem 2.6 one can conclude that Jj, + 1gg is I-convergent to Jj, + 1p. 0

The I'-convergence for discrete problems indicates that the minimizers, which are
bounded obviously, would have a convergent subsequence with the limit being the
minimizer of the discrete OT problem.

In fact, for the discrete problem, we can show a stronger convergence for the
minimizers of the two problems, as shown in the following theorem.
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THEOREM 4.2. Suppose Q = [0, L]% where d is the dimension of the space and L
is the length of the interval in each dimension. Let Qp = [h, L]h ={h,2h,...,L}? be
the discrete meshgrid of Q defined in (4.1) and Nh=1L. If « > 4L then the optimal
ny. of the discrete UOT problem equals to 0. Consequently, the mmzmzzer reduces to
that for OT.

Proof. Different from before, here we will use the optimal conditions to show the
result. Using the Lagrangian multiplier and omitting the scaling 2%, the discrete UOT
problem (4.4) is equivalent to the following min-max problem:

(4.19) min max Y (|mn(@)]g + alna(@)]) + (en, div" (ma) —nn — pr),

™Mp,Nh Pr
L h e

where the inner product (-,-) = iTld<’ Yp. Suppose (m}, 0}, ;) is an optimal solution
o (4.19); then by the first-order optimal conditions, for each point = € §2;, we have
that

0 € 0lmj,(z)|q — Vil (),
(4.20) Oeaa|(7lh(33) — ¢ (),
0 =div"(mj,(x)) — nj; () — pa(x).

Here 0|mj (x)|q and 0|(n}; ()| represent the subgradients of £;,-norm of vector mj (z)
and the absolute value of 0} (x), respectively. From the second condition we obtain
that for any point (zi,,2,,...,2:,) € (h, L4,

*
—a < @i (Tiy, Tig, o Tiy) <

To show n;j = 0, without loss of generality, we suppose that there exists a point
(Tiys Tigy .-, xi,) in [k, L]¢ such that 0} (@i, 2iy,...,2i,) > 0; then by the second
condition we have
Op(Tiy s Tigy ooy Tiy) = QL
Notice that for any ¢ € [1,+00), the subgradient of d|m} (x)|, is defined as
* d T *
dmy,(2)|g = {veR": [vly <1, v mj(z) = [mj(2)]4} ,

where 1/¢+1/¢' =1 and for ¢ =1, |v|y implies Lo,-norm of vector v. Then by the
first condition in (4.20), we have that for each = € 2,

IVen (@)l <1,

which indicates that the absolute value of each component of Vi (x) is also less
than 1. More precisely, we have the following different situations:
e For h <z;, <L, at the point (z_;,,x;,) and (z_;,,x;, —h) we can get that

(421) Vh(QOZ(xfzk,.’Ezk)) € a|(m2(x*ik5xik)|Qa
Vil@h (@ iy, i, —h)) €M (x4, xi, — h)lg,

which leads to
Lp;kL(‘CC*Zk y Liy, + h) B SOZ (.’E,ik ) x’bk)
(4.22) h

goz(x*ik’xik) - ‘p)}kb(x*imxik - h)
h

€ 3\’”2,1@(557@ ) xik)‘7

€ a‘m;,k(x*ikvxik - h’)|

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/24/24 to 111.186.40.99 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

768 ZHE XIONG, LEI LI, YA-NAN ZHU, AND XIAOQUN ZHANG

e For z;, = L, at the point (z_;, ,z;, —h) we can get that

vh(@Z(x*ik7$ik - h)) € 8|m2(w*1k7xlk - h)|q7

ie.,
5 —ig i) T 5 —ig e —h *
(ag) BT DAt 20 e 0, i)
e For x;, = h, at the point (x_;, ,z;, ) we can get that
Vh(‘p;:(x—iwxik)) € a|mz(x—lk’xlk)|q’
ie.,
R @i i, +h) — 5 (T, @i, «
(424) SDh(.’L' 1o Ly, + ) Sph(l' kL k) €a|mh’k(m7ik7mik)|‘

h
For all the cases we get that (if it exists)

1< wz(x—ik7xik)_i;;(x—ik7xik _h) ,
(4.25) .

1< @iy, Tip, +h) — @p (T, @i, ) <1,

A <

Similarly, we can continue to use the first condition at all the points (z_;, ,z;, — h)
and (z_;,,x;, +h) for k=1,2,...,d (if it exists) and get the restriction of ¢} at any
point on the meshgrid [h, L]¢:
(4.26) a—dL=a—dNh<yj(x cnry ) <o V(x,,25,,.,75,) € (b, L4

11’ Z2a s Vig i1 Vg

k=1,2,....d,

k=1,2,....d.

On the other hand, as p and p} are equal mass, from the third condition we get

Z my(x) = Z (Anmy,) — Z pr =0

z€Q z€Q €N
For n; (xi,, iy, .., %i,) > 0, there must exist another point (x;,,x;,,...,%;,) in the
space 1, such that 7} (x;,,2;,,...,2;,) < 0. Then by the second condition, we get
@5 (x4, Ty - -, xj,) = —a. Then for a > dL/2, we have
5 (Tjy s Tjyye -, Tj,) =—a<a—dL,

which is contradiction to the condition (4.26). Therefore the optimal 77 =0 on the
space ), and mj is a solution to the OT problem. 0

Remark 4.3. Note that the condition given in the theorem is only sufficient; in
practice the exact threshold of n; = 0 tends to be smaller than dL/2. Moreover,
though we only prove for Q = [0, L]¢, the theorem holds for the general triangular
case Qp, = [a1,b1] X [ag,bs] X - -+ [ag,bq] and the corresponding condition of « should
be changed as o > dmax;{b; — a;}/2.

The above result indicates that the Beckmann formulation is advantageous as the
usual discretization is asymptotic preserving, which means that the convergence of
UQOT to OT can be preserved as a — co. This property is beneficial in the sense that
when a numerical method is applied to the discretization problems, the numerical
method can reduce to the one for OT as o — oo automatically.

In fact, as for the iterations (4.8) and (4.12) in the primal dual algorithm, with
some restriction to the parameter o, we can get the connection between them, which
is stated as the following theorem.
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THEOREM 4.4. Suppose in (4.8) and (4.12), p and 7 are set the same and satisfy
the convergence condition p||[div™, —I]||> < 1. Then there exists a constant M > 0
such that for all o > M, we have that 77}]3 =0 on Qp for k large enough. Correspond-
ingly, the subsequent iterates of UOT (4.12) reduce to those of OT (4.8).

Proof. By the equivalence of norms in finite dimensional space and the conver-
gence analysis in [23] it leads to

QL > (@) = miy (@) + |ok(2) = ¢ (2)]) =0,
zeQy,

where (m}, 0y, ¢}) is a group of optimal solutions to the UOT problem (4.4). There-
fore combining Theorem 4.2, for any a > % we have 1} =0 and (m}, ¢}) is a pair of
optimal solutions to the OT problem (4.5). Correspondingly,

(4.27) Jim 3 (@) + Ieh() - i) =0,
TEQ

which indicates that
(4.28) i (i lln,co + [l = @7llnco =0,
—+o0
where the norm |||, o is defined as
lul|h,00 = max|u(z)|, for Vue ROVHD?,
€N,

Equivalently, one has that for any € > 0, there exists an integer N > 0 such that for
any k> N,

(4.29) 1k~ llnsoe + ™ = @hllneo <e.

Note that for the step n¥ in (4.12), at each point z € €}, we have

i (x) = Proxaus () (z) + pey ' (x)
. 1 - ~
(4.30) =argmin [n,| + —|nn — (0} (@) + pey (@))[17 2
Mh 2o

k—1

k-1 F 71 (@) - max {|nf ! (@) + pef " (@)] — ap, 0}

=sign(n, " (z) + pey,

L . .
M= { . i e |

and for any a > M, let € < min{l, u} (o — M) in (4.29). Then for any k > N we
obtain that

(4.31)

Iy (@) + el @) < Iy Hlneo + alle) ™
<10 oo + 1l = @hllnos + plloh Inco

<max {1, 1} (175 Nnoo + lef " — Ohllnse) + 12l ln.00

< max {1, u} ¢ + pulioh oo < max {1} ¢ + M < ap,

Define

'l

h,00

which indicates that n¥(x) =0 for any x € ),. And correspondingly, the iterates of
UOT (4.12) reduce to those of OT (4.8) for k large enough. d
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Fia. 2. p,ll.

5. Numerical experiments. In this section we use two examples, shape de-
formation and color transfer problems, to illustrate the application of UOT and OT
problems using the primal-dual hybrid algorithm discussed above.

I. Shape deformation The first example is used to illustrate the convergence
of the UOT problem to the OT problem. Particularly, we take d = 2, Q; = [0,1]?
and the discrete distributions p), p} are the silhouettes of cat images of the same
mass [27], as shown in Figures 1 and 2. The size of both images is 256 x 256 and the
algorithm is terminated when the primal-dual gap RZ <1079 or the iteration number
reaches 300000.

e Convergence with a. We tune the value of o from 0.01 to 1 with an
interval of 0.01 and get an optimal solution (m,,7,) for each a in the UOT
problem. Also we can obtain an optimal solution m of the OT problem. As
Theorem 4.2 states, the solution of the discrete UOT problem (4.4) converges
to the solution of the discrete OT problem (4.5) as « gets larger, i.e., m, —
My, and 7, — 0. Figure 3 shows the difference in mgir = |[mq — Moy |p,2 and
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F1G. 3. The figure shows the difference in normal y-azis (left) and log y-axis (right). Here we
choose N = 256. It can be seen that both mgir and nqif go to 0 as a gets sufficiently large. In
particular when a = 0.6, mgir = 3.2011 x 10~8 and nqir = 0, and when « is larger than 0.6061,
Ndaig =0 and mg;y =0, which is consistent to the results proved in Theorems 4.2 and 4.4.

TABLE 1
The value of |n}|n,2 with different a and different N (or h).

N =128 N =256 N =512 N =1024
a=0.1 0.3621 0.3583 0.3570 0.3563
a=04 0.0296 0.0288 0.0285 0.0283
a=0.6 0.1301 x10—4 0.1048 x10~4 0.1369 x10~4 0.1515 x10—4
a=0.63 0.1248 x10~7 0 0 0
a=1.0 0 0 0 0
Nait = |Na|n.2 with different . For av = 0.6, mair = 3.2011 x 1078 and ng;t =0,

and when « is larger than some constant between 0.6 and 0.7, nq;f = 0 and
maif = 0, which is consistent with the results proved in Theorems 4.2 and 4.4.
In particular, we fine tune o from 0.59 to 0.61 with interval equal to 104,
and when « overrides 0.6061, both mgis and 7q;¢ come to 0, which indicates
that 7, =0 and the UOT degenerates to OT with m, =mg;.

e Independence to the size of meshgrid h. Notice that in Theorem 4.2,
the convergence of UOT to OT is unrelated to the choice of grid size h for
a > dL/2; the optimal solution of UOT is always convergent to OT. We note
that here dL/2 = 1. In the experiments we choose four different sizes of images
with 128 x 128, 256 x 256, 512 x 512, 1024 x 1024, and the length is unified
to 1, i.e., Nh =L = 1. For different o =0.1,0.4,0.6,0.63,1.0, the results are
listed in Table 1. As we can see, for any fixed «, |1};¢|n,2 remains almost the
same and when « is larger than 0.63, which is smaller than dL/2 = 1, all
[nkisln.2 equal to O for different N.

II. Color transfer Besides the transformation between shape images, we also
provide an application of the UOT model for color transfer between three-channel
images.

The given target and source images are first transferred to the CIE-lab space
(I,a,b), where the l-space represents the luminance of the image, and a and b are
chromaticity coordinates. We fix the [-space as it is related to the lightness and
normalize a- and b-components into [0, 1]. Then both a- and b-components are divided
into 32 intervals and the color histograms are obtained on these intervals respectively.
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For both a- and b-components, we solve both UOT and OT problems to get the
optimal flux mj. Then we can compute the velocity field with a value in a-space and
b-space through the connection in Lemma 3.1 as follows:

mj, (x) _ mj(x)

(5.1) ““wﬁ:mﬂxy+ﬂ—iwdwY_lh@)’

where t is virtual time and z € [0, 1] is the partition position. In practice, the supports
of po and p; are not always the same. To ensure the existence of v(¢;x) and eliminate
the singularity of v(¢;x) caused by small u;, we add a small perturbation € on 4, i.e.,

L m}(x) _ my(@)
(5.2) ”E(t’x)_tpl(g;)+(1h—t)po(x)+6 _Mt(;)_Fe.

For each xg sampled from pg, the corresponding trasported z; in p; can be ob-
tained by solving the following ODE:

(5.3) {f’c(t)Zve(t;x(t», te(0,1),

x(0) =z,

and x(1) is the target distribution.
By the one-step forward Euler method, we obtain the formula

mj(z(tk—1))

(54) x(tk):@"(tk—l)“' utk_l(x(tk_l))'i‘

for k=1,2,...,N,
€

where t, = kAt and NAt=1.

Following this procedure, we transport the a and b components of every pixel
in the target image to the corresponding one in the new image. Figure 4 shows the
results of color transfer for three pair of images of size 512 % 512.

FiG. 4. In each row, the first two columns are the target and source images, respectively. The
last four are the results by color transferring with different o =0.05,0.1,0.2,0.5, respectively. As the
value of a increases, the color distribution of the target image is partially transferred.
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6. Conclusions. In this paper, we established the convergence from the Beck-

mann formulation of UOT to that of OT in both continuous and discrete settings. We
proposed to apply a primal-dual hybrid algorithm for solving the UOT problem, and
we provided a lower bound for the regularization parameter a of UOT for its solution
reducing to the one of OT problem. Finally, we provided some applications of the
UOT model and illustrated the convergence numerically.

Acknowledgment. We thank the Student Innovation Center at Shanghai Jiao

Tong University for providing us with the computing services.

(1]

[10]
(11]
(12]
(13]

(14]

(15]

[16]

(17]

(18]
(19]

20]

REFERENCES

M. ARJOVSKY, S. CHINTALA, AND L. BoTTOU, Wasserstein generative adversarial networks,
in Proceedings of the International Conference on Machine Learning, PMLR, 2017,
pp. 214-223.

J. W. BARRETT AND L. PRIGOZHIN, Partial L1 Monge-Kantorovich problem: Variational for-
mulation and numerical approzimation, Interfaces Free Bound., 11 (2009), pp. 201-238.

M. BECKMANN, A continuous model of transportation, Econometrica, 20 (1952), pp. 643—660.

J.-D. BENAMOU AND Y. BRENIER, A computational fluid mechanics solution to the Monge-
Kantorovich mass transfer problem, Numer. Math., 84 (2000), pp. 375-393.

E. BERNTON, P. E. JACOB, M. GERBER, AND C. P. ROBERT, Inference in Generative Models
Using the Wasserstein Distance, preprint, arXiv:1701.05146, 2017.

A. BRAIDES, I'-Convergence for Beginners, Oxford Lecture Ser. Math. Appl. 22, Oxford Uni-
versity Press, Oxford, UK, 2002.

H. BrEzIS AND W. A. STRAUSS, Semi-linear second-order elliptic equations in L', J. Math.
Soc. Jpn., 25 (1973), pp. 565-590.

G. BurTAazzO AND G. DAL MAsO, I'-convergence and optimal control problems, J. Optim.
Theory Appl., 38 (1982), pp. 385-407.

L. A. CAFFARELLI AND R. J. MCCANN, Free boundaries in optimal transport and Monge-Ampere
obstacle problems, Ann. of Math., 171 (2010), pp. 673-730.

A. CHAMBOLLE AND T. PoCK, A first-order primal-dual algorithm for convex problems with
applications to imaging, J. Math. Imaging Vision, 40 (2011), pp. 120-145.

L. CHizAT, G. PEYRE, B. SCHMITZER, AND F.-X. VIALARD, An interpolating distance between
optimal transport and Fisher-Rao metrics, Found. Comput. Math., 18 (2018), pp. 1-44.

L. Cuizat, G. PEYRE, B. SCHMITZER, AND F.-X. VIALARD, Unbalanced optimal transport:
Dynamic and Kantorovich formulations, J. Funct. Anal., 274 (2018), pp. 3090-3123.

F. DE Gogs, K. BREEDEN, V. OSTROMOUKHOV, AND M. DESBRUN, Blue noise through optimal
transport, ACM Trans. Graphics, 31 (2012), pp. 1-11.

Y. DuKLER, W. L1, A. LIN, AND G. MONTUFAR, Wasserstein of Wasserstein loss for learning
generative models, in Proceedings of the 36th International Conference on Machine Learn-
ing, Proceedings of Machine Learning Research 97, K. Chaudhuri and R. Salakhutdinov,
eds., MLR, 2019, pp. 1716-1725, https://proceedings.mlr.press/v97/dukler19a.html.

H. EnnaJI, N. IGBIDA, AND V. NGUYEN, Beckmann-Type Problem for Degenerate Hamilton-
Jacobi Equations, hal-03020324, 2020.

E. Esser, X. ZHANG, AND T. F. CHAN, A general framework for a class of first order primal-
dual algorithms for convex optimization in imaging science, STAM J. Imaging Sci., 3 (2010),
pp. 1015-1046, https://doi.org/10.1137/09076934X.

K. Fatras, T. SEJOURNE, R. FLAMARY, AND N. COURTY, Unbalanced minibatch optimal
transport; applications to domain adaptation, in Proceedings of the 38th International
Conference on Machine Learning, Proceedings of Machine Learning Research 139, M.
Meila and T. Zhang, eds., MLR, 2021, pp. 3186-3197, https://proceedings.mlr.press/
v139/fatras2la.html.

S. FERRADANS, N. PAPADAKIS, G. PEYRE, AND J.-F. AuJOL, Regularized discrete optimal trans-
port, SIAM J. Imaging Sci., 7 (2014), pp. 1853-1882.

A. FiGaLLl, The optimal partial transport problem, Arch. Ration. Mech. Anal., 195 (2010),
pp- 533-560.

A. FicaLLl AND N. GIGLI, A new transportation distance between non-negative measures, with
applications to gradients flows with Dirichlet boundary conditions, J. Math. Pures Appl.,
94 (2010), pp. 107-130.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.


https://arxiv.org/abs/1701.05146
https://proceedings.mlr.press/v97/dukler19a.html
https://doi.org/10.1137/09076934X
https://proceedings.mlr.press/v139/fatras21a.html
https://proceedings.mlr.press/v139/fatras21a.html

Downloaded 04/24/24 to 111.186.40.99 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

e

(21]
(22]
23]

[24]
25]

(26]

27]

(28]

29]

(30]
(31]
(32]
(33]
(34]
(35]
(36]
(37]

(38]

C.

Ww.

B.

ZHE XIONG, LEI LI, YA-NAN ZHU, AND XIAOQUN ZHANG

FROGNER, C. ZHANG, H. MoBAHI, M. ARrRAYA-PoLO, AND T. PoGaGlo, Learning with a
Wasserstein Loss, preprint, arXiv:1506.05439, 2015.
GANGBO, W. Li, S. OSHER, AND M. PUTHAWALA, Unnormalized optimal transport,
J.Comput. Phys., 399 (2019), 108940.

S. He, X. L. Fu, AND Z. K. JIANG, Prozimal-point algorithm using a linear proximal term,
J. Optim. Theory Appl., 141 (2009), pp. 299-319.

L. V. KANTOROVICH, On a problem of Monge, J. Math. Sci. (N.Y.), 133 (2006), pp. 1383-1392.
S. KONDRATYEV, L. MONSAINGEON, AND D. VOROTNIKOV, A new optimal transport distance on

D.

W.

M.

J.

4 W a Z @

the space of finite Radon measures, Adv. Differential Equations, 21 (2016), pp. 1117-1164.
L1, M. P. LAMOUREUX, AND W. Liao, Application of an unbalanced optimal transport
distance and a mized 11/Wasserstein distance to full waveform inversion, Geophys. J.
Int., 230 (2022), pp. 1338-1357.

L1, E. K. Ryu, S. OsHER, W. YIN, AND W. GANGBO, A parallel method for earth mover’s
distance, J. Sci. Comput., 75 (2018), pp. 182-197.

LiErRO, A. MIELKE, AND G. SAVARE, Optimal entropy-transport problems and a new
Hellinger—Kantorovich distance between positive measures, Invent. Math., 211 (2018),
pp. 969-1117.
Liu, W. YN, W. Li, aND Y. T. CHOw, Multilevel optimal transport: A fast approxi-
mation of Wasserstein-1 distances, SIAM J. Sci. Comput., 43 (2021), pp. A193-A220,
https://doi.org/10.1137/18M1219813.

. MONGE, Mémoire sur la théorie des déblais et des remblais, Mem. Math. Phys. Acad. Royale

Sci. (1781), pp. 666-704.

. PAapADAKIS, Optimal Transport for Image Processing, Ph.D. thesis, Université de Bordeaux,

2015.

. PEYRE AND M. CuTuRl, Computational optimal transport: With applications to data

science, Found. Trends Mach. Learn., 11 (2019), pp. 355-607.

. PiccoLr aND F. Ross1, Generalized Wasserstein distance and its application to transport

equations with source, Arch. Ration. Mech. Anal., 211 (2014), pp. 335-358.

. SALIMANS, H. ZHANG, A. RADFORD, AND D. METAXAS, Improving GANs Using Optimal

Transport, preprint, arXiv:1803.05573, 2018.

. SANTAMBROGIO, Optimal Transport for Applied Mathematicians, Progr. Nonlinear Differen-

tial Equations Appl. 87, Birkhauser, Cham, 55(58-63):94, 2015.

. S. TRUDINGER AND X.-J. WANG, The Monge-Ampere equation and its geometric applica-

tions, Handb. Geom. Anal., 1 (2008), pp. 467-524.

. VILLANI, Topics in Optimal Transportation, Grad. Stud. Math. 58, AMS, Providence, RI,

2021.

. Zuou, J. CHEN, H. Wu, D. YANG, AND L. Qiu, The Wasserstein-Fisher-Rao Metric for

Waveform Based Earthquake Location, preprint, arXiv:1812.00304, 2018.

Copyright (C) by STAM. Unauthorized reproduction of this article is prohibited.


https://arxiv.org/abs/1506.05439
https://doi.org/10.1137/18M1219813
https://arxiv.org/abs/1803.05573
https://arxiv.org/abs/1812.00304

	Introduction
	Background on <0:inline-formula ><0:tex-math 0:notation="LaTeX" 0:version="MathJax" ><?LDGXML	?></0:tex-math></0:inline-formula>-convergence
	Notation and definitions
	Useful results

	Convergence from UOT to OT
	Problem descriptions
	Existence of minimizers
	Convergence

	Convergence in a discrete setting and the asymptotic preserving property
	Discretized problems
	A primal-dual hybrid algorithm
	Convergence of the discrete UOT problem

	Numerical experiments
	Conclusions
	Acknowledgment
	References

