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SEMIGROUPS OF STOCHASTIC GRADIENT DESCENT AND
ONLINE PRINCIPAL COMPONENT ANALYSIS: PROPERTIES AND
DIFFUSION APPROXIMATIONS*

YUANYUAN FENGT, LEI LI¥, AND JIAN-GUO LIUS®

Abstract. We study the Markov semigroups for two important algorithms from machine learning:
stochastic gradient descent (SGD) and online principal component analysis (PCA). We investigate the
effects of small jumps on the properties of the semigroups. Properties including regularity preserving,
L°° contraction are discussed. These semigroups are the dual of the semigroups for evolution of
probability, while the latter are L! contracting and positivity preserving. Using these properties,
we show that stochastic differential equations (SDEs) in R? (on the sphere S~ 1) can be used to
approximate SGD (online PCA) weakly. These SDEs may be used to provide some insights of the
behaviors of these algorithms.
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1. Introduction

Stochastic gradient descent (SGD) is a stochastic approximation of the gradient
descent optimization method for minimizing an objective function. It is widely used
in support vector machines, logistic regression, graphical models and artificial neural
networks, which shows amazing performance for large-scale learning due to its com-
putational and statistical efficiency [2-4]. Principal component analysis (PCA) is a
dimension reduction method which preserves most of the information in the large data
set [8]. Online PCA updates the current PCA each time new data are observed without
recomputing it from scratch [10]. SGD and online PCA are both popular algorithms in
machine learning. Computational efficiency and convegence behavior in the context of
large-scale learning [1,6] of these two algorithms are studied tremendously.

In this paper, we focus on the properties of discrete semigroups for SGD and online
PCA in Section 2 and Section 3 respectively in the small jump regimes. Properties in-
cluding regularity preserving, L> contraction are discussed. These semigroups are the
dual of the semigroups for evolution of probability, while the latter are L' contracting
and positivity preserving. Based on these properties, we show that SGD and online
PCA can be approximated in the weak sense by continuous-time stochastic differential
equations (SDEs) in R? or on the sphere S~ respectively. These will help us under-
stand the discrete algorithms in the viewpoint of diffusion approximation and randomly
perturbed dynamical system. Other related works regarding diffusion approximation for
SGD can be found in [9,11], while diffusion approximation using SDEs on the sphere
for online PCA seems new.
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2. The semigroups from SGD
In machine learning, one optimization problem that appears frequently is

min f(zx), 2.1
i f(o) 21
where f(x) is the loss function associated with a certain training set, and d is the di-

mension for the parameter x. Usually, the training set is large and one instead considers
the stochastic loss functions f(z;€) such that

f(@) =Ef(:8), (2.2)

and f(x;€) is often much simpler (e.g. the loss function for a few randomly chosen
samples) and thus much easier to handle. Here, { ~v is a random vector and v is some
probability distribution. The stochastic gradient descent (SGD) is then to consider

Tp41=%Tn — nvf(xn;gn)a (23)

where 1> 0 is the learning rate and &, ~v are i.i.d so that &, is independent of z,,
with the hope that {z,} can lead to some approximation (if not exact) solution to the
optimization problem (2.1). Our goal in this section is to study the time homogeneous
Markov chains formed by the SGD (2.3).

REMARK 2.1. To make {z,} a time homogeneous Markov chain, the i.i.d assumption
of &,’s might be relaxed (for example, one may assume &, to be independent of the past
conditioning on x,, and the law of &, depends on the value of z, only). Though &,’s
are assumed to be i.i.d, the noises €, :=nV f(x,) —nV f(z,;&,) are not i.i.d and their
laws can even be different. See the example in Section 2.3 for how &, is involved.

We introduce the following set of smooth functions

Cpr(RY) =1 fec™®?) | |f

omi= Y |Dflo<o0p. (2.4)

laf<m

2.1. The semigroup and the properties. Let E;, denote the expectation
under the distribution of this Markov chain starting from ¢ and p™(-;20) be the law of
Zn. Let u(y,-) be the transition probability. Then, for any Borel set E, by the Markov
property:

p (B o) 2/

p(y, E)u" (dy;xo) =/ p" (B 2)p(wo,dz). (2.5)
Rd

Rd

For a fixed test function ¢ € L>°(R?), we define

o) =Eargp(oa)= |l (i) (2.6

The Markov property implies that

W (20) = Eag (Ba (0(@ns1)l1)) = Eqgts™ (1) = /

Rd,u(xo,dxl)/ o(y)u" (dy;z1),

Rd
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which is consistent with (2.5). Given the SGD (2.3), we find explicitly that
u" T (2) =E(u"(x —nV f(2;€))) =: Su" (). (2.8)

Then, u® =y and {S™},,>¢ forms a semigroup for the Markov chain.
For the convenience of discussion, let us introduce dist(A, B) to mean the distance
of two sets A, BCR%:

dist(A,B)= inf |z—yl.
ist(A, B) zeg}yEB\w Yl

Let X and Y be two Banach spaces. We introduce ||O| x_y to mean the operator norm
of a linear operator O: X —Y. We have the following claims regarding the effects of
small jumps (small nV f(x,£) ) on the properties of semigroups:

THEOREM 2.1.  We fix time T >0. Consider SGD (2.3). Let u™ and S be defined by
(2.6) and (2.8) respectively. Then:

(i) (Regularity.) Suppose that for some k€N, o€ C*(R?) and supg || f(:;€)[|cr+1 < oo.
Then there exists ng >0, such that

”un”Ck Sc(k7Ta770)H(pHCka v 1 <o, mIST

(#) (L contraction.) [|S||pse—pe <1.

(i4i) (Finite speed.) Ifsuppy C K andsupg||f(+€)|cr <oo, then for anyn>0, nn<T,
we have that dist(suppu™, K) <CT, where C is a constant depending only on f.

(iv) (Mass confinement.) Suppose supg||f(-;€)||c2 <oo and that there exist R>0,0 >0
such that whenever |x|> R, % -V f(x;€)>§ for any . If |xo| <R, then for any

Ed

n>0,n< ng, it holds that

suppu” C B(0, R+Cn).

Proof. (i). Since u" 1 (xg) =E(u"(xo —nV f(20;£))), for any 1<i<d,

d
Oiu" (o) =E | Y 05u" (w0 — 1V f(20;€) (655 — 10305 f (w0,8))

j=1
By supg || f(;€)lor+1 < oo, we have [[u"!]|c1 < (1+Cn)||u”||c1. Similar calculation re-
veals that for any k, there exits 19 >0 such that for any n <o there exists C(k,no)
satisfying

[u"*H on < (L+C (K mo)m)[1u” [l o

Since nn <T', we have

lu™lex < (1+C (ko))" ellor < T gl or < T g i

(ii). That ||S||Le—re <1 is clear by (2.8).

(iii). By equation (2.8), z €suppu"t <z —nV f(x;€) Esuppu™. Hence, with the
assumption supg || f(+;€)[lcr < oo,

dist(suppu™ T, suppu™) < Cn,
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which implies the claimed result.
(iv). If |zn| < R, then |zp41| <|zn|+0|Vf(2n,)| <R+ Cn. If |2, > R,

|$n+1‘2 = ‘mn|2 —27’]55“ Vf<mn7§n)+n2|vf(xn7£n>|2

By assumption, |zn41|? < |2,[2—2n8|z,|+C?n?. If we take n< 22, we obtain that
|7 41]? <|2,|?. Hence we conclude that |z,41]| < R+ Ch for any n>0. |

PROPOSITION 2.1.  Assume supg || f(+;6)[|c2 <oo. If n is sufficiently small, then there
exists S*: LY (R?Y) — LY (R) such that S is the dual of S*, and S* is given by

0=y ) =

/

where h(;€) is the inverse mapping of x+—x—nV f(x;€) and 'o’ means function com-

position. Further, S* satisfies:

(i) [gaS*pdz= [, pdx.
(i) If p€ L' is nonnegative, then S*p>0 and ||S*p|l1=|p|l1. S* is L' contraction.

Proof. From the expression, we see directly that

018|912 (ar ey 09

This inequality implies that if p€ L', then S*pc L'.
Take pe L. Since Su(z) =E(u(x—nV f(x;£))) for ue L>, we find that

(Su(w).)= |

Ra

E(u(z —nV f(2:€)))p(x)dx ZE/W u(@ —nV f(z;€))p(x) de.

When 7 is small, x —nV f(x;€) is bijective for each £ because || f(+;€)||c2 is uniformly
bounded. Denote h(y;€) the inverse mapping of y=x —nV f(x;£). It follows that

P .
(Su(x),p) :E/Rd U(y)m oh(y;€)dy.

Using the fact that (L')' =L, we conclude that S is the dual operator of S*.
(i) Take u=1, we have Su=1. In this case, [p,S*pdr= [p.pSudr= [G,pdz.
(7) That p>0 implies that S*p>0 is obvious by the expression. Using Crandall-

Tartar lemma [5, Proposition 1], we get ||.S*|| g1 <1.

REMARK 2.2.  We remark that (2.9) is consistent with the first equality in (2.5
see this, assume p” is absolutely continuous to Lebesgue measure so that p™(+;

W Then, (2.5) implies that

). To
$0):

P )= [ na)la— (o =n9 ) dy =50 i),
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2.2. The diffusion approximation. The discrete semigroups are close to the
continuous semigroups generated by certain SDEs in the weak sense. Consider the SDE
in It sense [14] given by

dX =b(X)dt+/nxdW, (2.10)

where b and VI are assumed to be bounded functions in this paper. We use etlp to
represent the solution to the backward Kolmogrov equation

1
Opu=Lu:=b(x) - Vu+ 5772 V2, u(-,0)=¢.
It is well-known that [14]
u(z,t) =el o =E,o(X(t)). (2.11)

Similarly, we use etL*po to represent the solution of the forward Kolmogrov equation
(Fokker—Planck equation) at time ¢:

§ 1
dp="L"p:= —V'(bp)+§772@ij(2ijp)7 p(+,0) = po.
i

Then, {etF} and {e'*"} form two semigroups. If po is the initial distribution of X (t),
then ™" py is the probability distribution at time ¢.

LEMMA 2.1.

(i) If po € L*(R?) and po>0, then €™ po>0 and ||e polli=|poll1. Consequently,

et is L' -contraction, i.e.,

et || Lo <1, VE>0.

(ii) et : L°°(R?) — L*®(R?) is a contraction.
Proof.  (i). Since e'L” is the solution operator to Fokker—Planck equations, it is
well-known that it preserves positivity and probability [15], and for general initial data

pOeLla
/e”‘*podm:/ podx.
R Rd

Then, Yu,ve L' and u<w, it holds e'* u < etr v, and consequently
et || g <1

by Crandall-Tartar lemma [5, Proposition 1].
(ii). Fix ¢ € L. We take p€ L', and have

tL*
p

("o, p)=(p,e" p) <llell=lle’™ pllcr <ll@llzellpll L1,

which yields that ||e*”||ze 0 <1. o

We now show that the discrete semigroups can be approximated by the continuous
semigroups in the weak sense (this is the standard terminology in SDE analysis while
in functional analysis a more appropriate term might be ‘weak-star sense’):



782 SEMIGROUPS OF SGD AND ONLINE PCA

THEOREM 2.2.  Fiz time T'>0. Assume that supg || f(-,§)||cs <oo. Consider the SDE
(2.10) in Ité sense. u™(x) and u(x,t) are given in (2.6) and (2.11) respectively. If we
choose b(x) =—V f(x) and ¥ € CZ(R?) be positive semi-definite, then for all € CiH(RY),
there exist ng >0 and C(T,||¢|lca,m0) >0 such that

sup ||lu" —u(-,nm)llcc <C(T, [[¢llcs,m0)n, Vi <no-
n:nn<T

If instead sup||f(-,€)||c7 <oo and we choose b(z)=-Vf(z)—inV|Vf(2)]?, ==
var(V f(x;€)), then for all o € CS(RY), there exist no>0 and C(T,||¢||cs,m0) >0 such
that

sup [Ju” —u(;nm)loe < C(T, lellcs,mo)n?, i <no.
n:nn<

Proof. First of all, we have
u(z, (n+1)n) = e u(z,nn), ¥n>0. (2.12)

Since supg || f(-,€)||lcs < 0o, for any ¢ € C}f(R?), there exists 1o > 0 such that we have
the semigroup expansion by Theorem 2.1,

e u" () —u™ () —nLu™(x)| < C(|[u"]|ca)n® < C(T, lollca,no)n®, ¥n <o
We therefore have

1
e"Lu"(m) —u™(x) —nb-Vu"(z)— 51722 : V2u”(ac) <C(T, ||<p||c4,770)n2. (2.13)

If sup || f (.€) | o7 < 0o and we take ¢ € CF(R?), then there exists 10 >0 and we have
for n<ny by Theorem 2.1:

n n n 1 n n
e u” (@) — " (2) = nLu" () = 5u* L2 (2)| < C([u" [ co,mo)n* < C(T [[¢llce o)™

Therefore, we have
1
e u™(2) —u"(x) —nb- Vu" () — 5772(2 +0b7) : V3" ()
1 n
= 1V Vu (@) | <C(Tlellce o). (214)
On the other hand, we apply Taylor expansion to (2.8),

0 (@) " (@) + 0V S (@) T (@)~ PRV @6V (6)7): T (@) <O
(2.15)
If we choose b(x)=—-V f(x), (2.13) and (2.15) imply that

1
R™i= [ut = e u (@)oo < pn? [ VI V" oo + C(T, [ ellosmo)n® <Cn*. (2.16)

If instead we choose b(z)=—V f(z) — 1nV|Vf(2)|? and S=var(V f(z;£)), then (2.14)
and (2.15) imply that

R = [|u™ — e ()| oo < O(T. [l ool (2.17)
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We define E™:= ||u™ —u(-,nn)|| L. (2.12) and the definition of R™ yield that

Bl < HenL (u(-,nn) - u")

+R" <||lu(-,nn) —u"||L~+R*"=E"+R".

The second inequahty holds because e’ is L™ contraction. The result then follows

from E" <y Rm and nn<T. O

REMARK 2.3. To get the O(n) weak approximation, we can even take ¥ =0. Indeed,
with ¥ =0, Z= X (nn) —x, is a noise with magnitude O(,/7). The weak order is O(n)
because EZ =0O(n). Choosing ¥ =var(V f(z;€)) (with b(z) =—V f(x)) does not improve
the weak order from O(n) to O(n?) but we believe it characterizes the leading order
fluctuation, which is left for future study.

2.3. A specific example. In learning a deep neural network with N > 1 training
samples, the loss function is often given by

| N
:N;fk(x)

To train a neural network, the back propagation algorithm is often applied to compute
V fx(z), which is usually not trivial, making computing V f(z) expensive. One strategy
is to pick £ €{1,...,N} uniformly so that

f(@:8) = fe().
The following SGD is applied

Tn41=7Tn — vag(xn)

Such SGD algorithm and its SDE approximation were studied in [11]. The results in
Theorem 2.2 can be viewed as a slight generalization of the results in [11], but our proof
is performed in a clear way based on the semi-groups. The operators S and ¥ for this
specific example are given respectively by

N

Su( NZu z =V fr(x ; — V()@ (Vf(z) =V fr(x)).

Now that we have the connection between the SGD and SDEs, the well-known
results in SDEs can be borrowed to understand the behaviors of SGD. For example,
this gives us the intuition how the batch size in a general SGD can help to escape
from sharp minimizers and saddle points of the loss function by affecting the diffusion
(see [9)).

3. The semigroups from online PCA

Assume some data have d coordinates and they can be represented by points in R?.

Let £ €R? be a random vector sampled from the distribution of the data with mean
centered to zero (if not, we use £ —[E¢) and the covariance matrix to be

T=E(E").

Principal component analysis (PCA) is a procedure to find k (k <d) linear combina-
tions of these coordinates: wng,...,wkTg such that for all i=1,2,...,k, the optimization
problem is solved

maxE(w] €)%, subject to w] w; =d;;, j <i. (3.1)
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It is well-known that wq,...,w; are the eigenvectors of ¥ corresponding to the first k
eigenvalues.

In the online PCA procedure, an adaptive system receives a stream of data £(n) € R?
and tries to compute the estimates of wi,...,wy [12,13]. The algorithm in [12] in the
case k=1 can be summarized as

_ (g !
T (e e T

w"=Q (w" T +nVf(w"E(n))) (3.2)

where f(w;{(n))=(w"¢(n))* and
Qu:=v/|v|.

This algorithm is also called the stochastic gradient ascent (SGA) algorithm.
Suppose we choose 77(n) =7 to be a constant and take

&(n)~v, idd.,

where v is some probability distribution in R?. Then, {w"} forms a time-homogeneous
Markov chain on S%~!. Our goal in this section is to study this Markov chain and its
semigroups.

For the convenience of following discussion, we assume:

ASSUMPTION 3.1.  There exists C >0 such that V€ ~wv,

lgl<c.
3.1. The semigroups and properties. Similarly as in Section 2, fix a test
function p € L>(S%1), and define
W) =Eunplu”) = [ ol (dSin®). (33)

Again by the Markov property, for the SGA algorithm, we have
™ (w) = Eu" (Q(w + g™ w)) = Su” (w), (3.4)

with u®(w)=p(w). Clearly, {S"},>¢ form a semigroup.
For discussing the dynamics on sphere, we find it is convenient to extend w into a
neighborhood of the sphere as

T
w=—, reR?,

|z
and introduce the projection:
P=I—-wQuw. (3.5)

This extension allows us to perform the computation on sphere by performing compu-
tation in RY. For example, if 1y € C*(S?1), then we extend 1 into a neighborhood as
well and the gradient operator on the sphere can be written in terms of this extension
as:

Vsth(w) =PVih(2)|pmw = ([ —w@w) - Voo (w), we S, (3.6)
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Clearly, Vgt only depends on the values of ¢» on S¢~!, not on the extension. The
extension is introduced for the convenience of computation. We use C*(S~1) to denote
the space of functions that are k-th order continuously differentiable on the sphere with
respect to Vg, with the norm:

[l crga-1y:= Y sup [Vp(w)|. (3.7)
o <kWEST
Here a=(ay,...,q,,) , m<k is a multi-index so that for a vector v=(v!,v?,...,v9),

v =[]} v,

Now we study the semigroups for the online PCA:

PROPOSITION 3.1.
(i) S:L>(S? 1) — L>(S?1) is a contraction.
(i4) Fiz time T >0. For any ¢ € CF(S41), there exists no >0 and C(k,no,T) such that

[u™ lonsa—1y <Ck,T)lpllorsa—1y, Yn<no, nn<T.

(iii) There exists S*:L'(S?~1)— LY(S?1) such that S is the dual of S*. S* is a
contraction on L'. Further, for any p€L' and p>0, we have S*p>0 and
15 plla=1lpll1-
Proof. (i). That S is an L* contraction is clear from (3.4).

(ii). For each k, there exists 19 >0 and C(k,T,79) > 0 such that
1Q(w+ 1" w) || or sa-1,5a-1) <1+Cn, n<np.
By (3.4) and chain rule for derivatives on sphere, we have
[ | or g1y < (L+Crm) || cx a-1y, 11 <10, (3.8)
and the second claim follows.
(iii). Similar to Proposition 2.1, we find that S* is given by

S*p(v) =E(p(h(v;€))|Jn(v;€))]),

Ty—1
where h(v;€) = % is the inverse mapping of Q(w+né¢Tw), and |.J,| accounts
for the volume change on S%~! under h. The properties are then similarly proved as in

Proposition 2.1. 0

3.2. The diffusion approximation. Now, we move onto the SDE approxima-
tion to the online PCA, i.e. seeking a semigroup generated by diffusion processes on
sphere to approximate the discrete semigroups.

Before the discussion, let’s consider the matrix VZu

Viu=Vg(Vsu). (3.9)

Note that VZu is not the Hessian of u on the sphere as a Riemannian sub-manifold.
The Hessian has the matrix representation in R% as

H(u)=Viu-P. (3.10)
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Recall that for a vector field ¢ € C?(S9~1;R9), the divergence of ¢ is defined as

/Sdli1 div(¢) pdS = 7/§d—1 ¢-VspdS.

Again we extend the vector field into a neighborhood of the sphere so that we can use
formulas in R¢ to compute. Using the formula Jsa-1 Vs -0dS = [a 1 (V-w)w-¢dS =
(d—1) Jsa—r w-¢dS, one can derive that

div(¢) = Vs - (Po). (3.11)

Indeed, the covariant derivative of P¢ along a tangent vector Y is P(Y - V(P¢)) and the
divergence of P¢ is tr(Vg(P¢) -P)=Vg- (P¢). It follows that

tr(Viu) =Vg- (Vsu) =div(Vsu)=tr(H(u)) =: Asu, (3.12)

because PVgu=Vgu. Ag is called the Laplace-Beltrami operator on Se-1,
Next we give the Taylor expansion and the proof can be found in Appendix A.

LEMMA 3.1. Let weS? !, and veR?. Suppose uc C3(S?1), then we have

1
“(ﬂ%) = u(w) + 7o Vsut 3 (vo: H(w) — 2w w00 V) + R,

where R(n) is a bounded function.

Now, we introduce f(w;&)= %wafTw and thus
1
f(w):Ef(w;{):§wTZw. (3.13)
Define the following second moment:

M(w):=EV f(w;6)Vf(w,&) =wew:E(EQERERE). (3.14)

Recall (3.4). By Lemma 3.1, we then have:

u" T (w) =u"(w) +nVsf(w) Vsu"

P (M(w): H(u") 2w M(w)-Vsu") + R, (315)

We now construct SDEs on S~ whose semigroups approximate the semigroup
{S™} >0 based on (3.15). Consider the following general SDE in Stratonovich sense in
R

dX =Pb(X)dt+Po(X)odW, (3.16)

where W is the standard Wiener process (Brownian motion) in R% while ‘o’ here repre-
sents Stratonovich stochastic integrals, convenient for SDEs on manifold [7].

LEMMA 3.2. X stays on St if X(0)€S9=t. In other words, | X (t)|=1.

To see this, we only need to apply It6’s formula (for Stratonovich integrals) with
the test function f(z)=|z|? and noting PVf=Vgsf=0.
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Let o € C3(S%~1) and we extend it to the ambient space of S?~!. Consider
u(z,t) =Ezo(X). (3.17)

We find using It6’s formula (for Stratonovich integrals) that (the explicit expression of
V% in Appendix A is needed to derive this)

1

Oyu=(Pb+Pby(c))-Vsu+ §IP’JUTIP’ :H(u)=: Lgu, (3.18)

where
1
(Pbl (0’)),:§(P0’)]€](P6k0’)w (319)
The operator Lg is elliptic on sphere.
REMARK 3.1. Clearly, if we take o =1, then we have
1
8tu = iASu

This means that dX =PodW gives the spherical Brownian motion, which is the
Stroock’s representation of spherical Brownian motion [7, Section 3.3].

With (3.15) and (3.18), we conclude that the discrete semigroups for online PCA
can be approximated in the weak sense by the stochastic processes on the sphere:

THEOREM 3.1.  Assume Assumption 3.1. Consider the SDE (3.16) with o =:,/nS:
dw=Pb(w)dt+/nPS(w) odW. (3.20)
u™ and u(w,t) are given as in (3.3) and (3.17) respectively. If we take Pb(w)=

Vsfw)=(I-w@w) -Xw and S(-) € CE(S¥1) to be positive semi-definite, then for all
0 € C(SI7Y), there exist no>0 and C(T,|¢|lc1,m0) >0 such that ¥n<no,

sup [lu™ —u(-,nn)| poo sa-1)y < C(T, [|@ll o2 ,m0)7-

n:nn<T

If instead we take

var(V f(w:€)) = / M (w) ~ Vs () Vs f (w)T,

Pb(w) = Vs f(w) —nP(S(w)? - w) —nPby (S)(w) - %nvsf(w) H(f)(w).

where Pby (") is given in (3.19), then for all @€ CP(S?™1), there ezist no>0 and
C(T|l¢llcs,m0) >0 such that ¥n<no,

sup |[Ju” —u('vnﬂ)HLw(sH) <C(T, H@|\06,770)772-
n:nn<T

The proof is similar as that for Theorem 2.2 and we omit it here for brevity.
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By

Appendix A. Proof of Lemma 3.1.
Proof. (Proof of Lemma 3.1.) We set

s=u( )

lw+nvl
the fact that |w|=1 and direct computation, we have

g (0)=Vu- (I —wew)-v=v-Vgu,

and that

g"(0)=(v- (I —ww))-V*u-((I —ww)-v)+Vu-(—2v(w-v) —w(v-v)+3ww-v)?).

Since w=x/|z|, we have for z=w cS?! that

Vw=1—-w®uw.

It follows that

Viu(w) =T —w@w) Vuw) (I -wew)—[(w-Vu)(I —wew)+ (I —ww)- Vu) @w].

Hence, we find that

g (0)=v@v:Viu+Vu- (ww-v)?—v(w-v))=v®v: H(u)—2w-v@v-Vsu.

Moreover, g"”’(n) is bounded by the assumption. Hence, the claim follows from Taylor
expansion. O
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