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Large time behaviors of upwind schemes and B-schemes
for Fokker-Planck equations on R by jump processes
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Abstract

‘We revisit some standard schemes, including upwind schemes and some B-schemes,
for linear conservation laws from the viewpoint of jump processes, allowing the study
of them using probabilistic tools. For Fokker-Planck equations on R, in the case of
weak confinement, we show that the numerical solutions converge to some stationary
distributions. In the case of strong confinement, using a discrete Poincaré inequality, we
prove that the O(h) numeric error under £' norm is uniform in time, and establish the
uniform exponential convergence to the steady states. Compared with the traditional
results of exponential convergence of these schemes, our result is in the whole space
without boundary. We also establish similar results on torus for which the stationary
solution of the scheme does not have detailed balance. This work could motivate
better understanding of numerical analysis for conservation laws, especially parabolic
conservation laws, in unbounded domains.

Key words and phrases': upwind scheme, discrete Poincaré inequality, unbounded do-
main, detailed balance, semigroup

1 Introduction

It is well-known that for numerically solving the partial differential equations (PDEs), suit-
able discretization must be used to preserve correct physics. For example, in discretizing
hyperbolic equations or the convection terms in mixed type equations such as the Navier-
Stokes equations, the upwind scheme is usually used to numerically simulate the direction
of propagation of information to ensure desired stability [1]. For nonlinear hyperbolic con-
servation laws, the upwind scheme (and generally the so-called monotone schemes [2]) can
guarantee that the numerical solutions converge to the entropy weak solution [2, 3], impor-
tant for physical phenomena like shocks. Even for parabolic conservation laws where the
solutions are smooth, like Fokker-Planck equations, correct discretization must be adopted
so that the correct equilibrium can be recovered [4]. Such type of discretizations are often
nonlinear, which is necessary even for linear parabolic equations.

We are interested in spatial discretization of linear conservation laws while keeping the
time variable continuous (for simulation, one can use the methods in [5] to get fully dis-
cretized schemes or just leave the time variable continuous as in section 7). In particular,
we apply the upwind schemes, and the B-schemes [6] for linear parabolic equations to the
Fokker-Planck equations on R, given by

O = ~0:(b(a)p) + 50u(0%0), (1.1)

*1ili2010@sjtu.edu.cn
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where p > 0 often describes the density while b(-) and o(+) are given functions. The Fokker-
Planck equations are closely related to the stochastic differential equations (SDEs) (see [7]
and section 2 below for more details). We are interested to see whether these schemes can
capture the correct equilibrium for large time in unbounded domains.

Let us first focus on the upwind schemes for conservation laws and we take the one
dimensional case as the example. In general, the scalar conservation law for p : (z,t) —
p(x,t) in 1D space is given by

Op+ 0u(f(z,p)) = 0 (D(2)0zp). (1.2)

Here 0,(f(z, p)) = 05 f(x, p)+0, f(x, p)Ozp. We will assume all functions are smooth enough,
f(x,0) =0and D(z) > 0. If D(x) = 0, we have the hyperbolic conservation laws. For D = 0,
Kruzkov proved in [8] that if 9, f(x, p) is locally Lipschitz in p, the bounded weak solution
satisfying an entropy condition ([8, Definition 1]) is unique. The existence result of such
solutions in [8] requires that the derivatives of f(z,p) satisfy some boundedness conditions
uniform in x so that the vanishing viscosity method works. In particular, if f(x,p) = fi(p)
with f; being locally Lipschitz, the existence result holds. With suitable assumptions on the
flux f(z, p), like f(z,p) = fi1(p), or some confinement conditions, [, pdx is a constant (see,
for example, [9, Proposition 2.3.6]). For general fluxes that can depend on z, even if the
equation is well-posed, the total mass can decay because some mass can escape to infinity,
like p; + 0. ((1 + 2%)p) = 0. For upwind discretization, we decompose the flux as

f:er_f*a apfﬂ:(xap) 20; f:t(l'vo) :Oa 1= 172 (13)

Clearly, we can set

et = [ @ () do, (1.4)

where we have used 2* =2V 0and 2~ = —2z A0 for z € R. If f € C!, fy is also C*.
We discretize the space with step size h > 0 and set z; = jh. Let p;(t) be the numerical

solution at site x;, with p;(0) being some approximation for £ f;?'*ll//; p(x,0) dz. Then, the
: i

upwind scheme for (1.2) can be constructed based on the flux splitting [3, 10]
ip, _(e@ip) = fe(in i) fo @i, pi4) = f- (25, 05)
dt™’ h h
1

Tz (Dj+1/2/’j+1 — (Djq1/2+Dj_1/2)p; + Dj—1/29j71)7 (1.5)

where D1/ = D(z; + %) We denote fy ; := fi(xj,p;). The upwind scheme (1.5) can be
rearranged to the conservative scheme

d 1
Pt 32 = Jjm1pp] =0 (1.6)
where
Jiv172 = hajpj — hBjt1pjt, (1.7)
with
feilpi 1 foilp; 1
o = HT/pJ + 3 Divy2, B = % + 13 Dj1y2. (1.8)

Hence, it can be further written as the discrete form

P = -1pj-1 + Bit1pian — (a5 + B)p;- (1.9)

According to (1.4), we have for any j € Z, f+ ;/p; > 0 and is bounded for bounded p;. If
p; = 0, the quotient is understood as the partial derivative of fi on p at (z;,0). Hence,
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the upwind scheme ensures that «;, 5; are nonnegative. We can then interpret the upwind
scheme as the master equation of some transition phenomena. In particular, a; can be
understood as the rate of moving the mass from site j to site j + 1 while 8; the the rate of
moving mass from j to j—1. Then (1.9) describes the evolution of mass. Due to this physical
understanding, if the upwind scheme (1.6)-(1.7) is well-posed, we expect that (1.9) is non-
negativity preserving, and is £! non-expansive (i.e. ||p'(t) — p?(t)[|n < [|p*(0) — p?(0)]|¢1).
We remark that the time continuous upwind scheme (1.5) is total variation diminishing
(TVD) for bounded ¢! solutions that decay fast enough (of course, whether the true solutions
of (1.5) decay fast enough depends on concrete conditions on f(x,p) and D(x)). In other
words, if p € L>(0,T; ¢! N£>) is a solution that decays fast enough, > lpj+1 — pj| is non-
increasing. Here, L*°(0,T; X) means the || - ||x norm is essentially bounded on [0, 7] while
0P refers to the usual Banach spaces in numerical analysis (note that there is h involved)

{p:Z =R |lpller == (3 ez hlpsP)/P < o0}, p € [1,00),
{p:Z =R |lplle= :=supjez |pj| < o0}, p = oo.

= (1.10)

The reason that the scheme is TVD is that the numbers

ot oo S @) = Fe(@io1,pin) - o (@ pie) = Fo (25, 05)
I ,a;

Pj — Pi-1 ’ Pi+1 = Pj

are bounded for given j (since we have assumed p is bounded) and non-negative (see [11, 12]).
One can also use similar technique as in the proof of Proposition 4.1 to conclude the TVD
property. The significance of TVD property is that it ensures the boundedness of variation
and L' norms, which imply compactness in L*([0, T] x K) for any compact domain K. Then
one can obtain the convergence of the numerical scheme by compactness in Li. (R). This
is particularly important for nonlinear hyperbolic conservation laws because TVD schemes
satifying entropy inequality can recover the unique entropy weak solution [3, 11, 12]. The
monotone schemes, including upwind schemes, are TVD schemes with no surprise.

In the case of linear parabolic conservation laws with non-degenerate diffusivity (advec-
tion diffusion equations), the so-called B-schemes (including the famous Scharfetter-Gummel
scheme (SG) scheme [13], widely used for silicon diode models) are often adopted. In par-
ticular, let B : R — R satisfy: (i) B is Lipschitz continuous; (ii) B(0) = 1, B(w) > 0 for
all s € R; (iii) B(w) — B(—w) = —w, Yw € R. The flux for

Orp + 0z (s(x)p) = 0x(D(2)0yp). (1.11)
is then given by
D; 1/2 [ ( S‘+1/2h S'+1/2h
J; = It B -2 p, — B L) p; . 1.12
G+1/2 5 Dyirss )" Dyers ) P74 (1.12)

With this flux expression, one can also write out the master equation as in (1.9) (see Section
3 for more details). Again, if the discrete equation is well-posed, one can similarly expect
that the B schemes are nonnegativity-preserving and ¢! nonexpansive.

For summary, these discretizations in space give non-negativity preserving and ¢! non-
expansive schemes (at least in the formal way since the well-posedness needs further in-
vestigation). These properties make them useful in numerical analysis. For example, the
¢! non-expansion will imply the uniqueness of solutions. If the scheme is also TVD as the
upwind schemes for hyperbolic conservation laws, the existence of weak solutions to the
PDEs can be established on R x [0, T] by taking a convergent subsequence of the numerical
solutions. (As we will see in sections 3 and 4, these properties hold and the mass is conserved
for the problems we consider.)

The convergence on R x [0, 7], however, is not enough if we care about the long time
asymptotic behaviors. Our observation is that when the equation is linear, the master
equation (1.9) can be regarded as the forward equation of a jump process (time continuous
Markov chain) [14]. In this case, we can normalize p to the probability measure of the chain
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on Z. Since jump processes are well-studied [14, 15] in the community of probability, we
can then use tools from probability to study the large time behaviors so that it is possible
to show that these schemes can capture the correct physics.

In fact, analyzing the discrete schemes in the viewpoint of time continuous Markov chains
and probability has been widely adopted in literature [16, 17, 18, 19, 20, 21]. In [16, 17, 20],
the upwind discretization was considered for linear transport equations in R?. Using the
fluctuations of the Markov chains, the 1/2 order accuracy of upwind scheme for nonsmooth
initial data was recovered in a nice probabilistic way. The authors of [18, 19] focused on the
finite-dimensional Markov chains and discretization of Fokker-Planck equations in bounded
domains. Using the viewpoints of gradient flows, they were able to establish certain discrete
log-Sobolev inequalities (the relation between relative entropy and Onsager matrix) and show
the convergence of these schemes. In [21], the discretization of the special Fokker-Planck
equation Oy F + v0, F — 9,(0, + v)F = 0 was considered and the exponential convergence
was established. This diffusion is degenerate in x direction so some discrete hypercoercivity
was used. For other related references, one can also refer, for example, to [22, 23, 24, 25].
Donsker invariance principle [22, 23] claims that a certain rescaled random walk converges
to the standard Brownian motion on time interval [0, 1] in distribution. In [24, 25], Markov
chains have been used to approximate diffusion processes and the weak convergence of the
scheme on fixed time interval has been proved.

In this work, we investigate the large time behaviors of the typical numerical schemes
of conservation laws mentioned above using jump processes. We are able to establish the
discrete Poincaré inequality under some assumptions inspired by theories in [14, 15], using
the discrete Hardy’s inequality. Then, we prove the exponential convergence to equilibrium
states and the uniform O(h) error. In particular, with Assumption 2.1, i.e. b(z) -z < —r|z|?
for || large enough and o2 to be uniformly bounded below and above, we show the following.

Theorem (Informal version of Theorem 5.2 and Theorem 3.2). For the upwind schemes
and a class of B schemes, the numerical solutions p"(t) converge exponentially fast to some
stationary solution with rate k1 independent of h (for sufficiently small h)

and p"(t) approrimates the solution of the Fokker-Planck equation (1.1) with uniform O(h)
error, hence also approximating the equilibrium solution.

1
P (6) = Zllp" (O)[em" || < Cexp(—rat),

01

For dynamics on torus, we are also able to establish the results as follows:

Theorem (Informal version of Theorem 6.1 and Theorem 6.2). For the upwind schemes
and the B-schemes, one has similar results for the numerical solutions on the torus even
though the detailed balance does not hold.

These then verify that the mentioned schemes can capture the correct physics even on
unbounded domains. We remark that the existing results regarding exponential convergence
for discrete schemes of conservation laws are often on finite domains (see [18, 19, 26, 27]).
In fact, the large time behavior of B schemes for advection-diffusion equations on bounded
domains has been studied recently in [27] already. Compared with [16, 17, 20], we focus
on the large time behaviors of schemes, and compared with [18, 19, 20, 27], we focus on
equations in unbounded domains. We hope our work will bring more understanding to the
numerical schemes of parabolic conservation laws and inspire understanding for schemes of
hyperbolic conservation laws.

The rest of the paper is organized as follows. In section 2, we give a brief introduction to
SDEs and the associated Fokker-Planck equation. We also have a review of results regarding
the stationary distribution and ergodicity. In section 3, we move on to the discrete schemes
for the Fokker-Planck equations on R and show the uniform error estimates. In section
4, we prove some elementary properties of the jump process for the upwind schemes and
B-schemes. In particular, we show some basic properties of the discrete backward equation
of the Markov jump process and show that the numerical solution converges to a stationary
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solution in the case of weak confinement. In section 5, we focus on the strong confinement and
study the asymptotic behaviors of the numerical schemes. We show the uniform geometric
convergence to the steady states using a discrete Poincaré inequality on the whole space.
We then prove the O(h) accuracy for the stationary solution, proving the unproved claim
(Theorem 3.1) in section 3. Further in section 6, we establish the results on torus for which
detailed balance may not hold. Last in section 7, we propose a Monte Carlo method to
numerically solve the numerical schemes in a probabilistic way.

2 Preliminaries: basic facts of SDEs

We have mentioned that the linear conservation law with positive diffusion is the Fokker-
Planck equation for an SDE. This is the focus of this paper, so we will have a brief review
of SDEs for general dimension d in this section.

2.1 Basic setup of SDEs

The time homogeneous SDEs driven by Wiener process in It sense are given by [7]:
dX =b(X)dt + o(X)dW. (2.1)

Here, X = X (t) is the unknown process, the functions b and o are called the drift and diffu-
sion coefficients respectively. W is the standard Wiener process defined on some probability
space (€, F,P). When b and o are Lipschitz continuous and have linear growth at infinity,
(2.1) has global strong solutions [7, sect. 5.2] for L?(PP) initial data. The conditions imposed
b(+) in [7, sect. 5.2] is too strong for many applications. In fact, it is also known that locally
Lipschitz and confinement conditions can also imply the existence and uniqueness of solu-
tions (For example, in [28, Theorem 2.3.5], it is shown that max(z - b(z),|o|?) < Cy + Ca|z|?
is enough for the well-posedness, which allows b like —(1 + |x|?)Px).
The most frequently used confinement condition in this work is the following.

Assumption 2.1. Suppose b and o are smooth. The function b satisfies
b(x) -z < —rl|z|? (2.2)

when |z| > R for some R. Also, o satisfies |0l < 00 and A = oo? > 511 > 0.
Besides this, we sometimes weaken the conditions as follows.

Assumption 2.2. Suppose b and o are smooth. The function b satisfies

lim 28T (2.3)

Also, o satisfies ||o]|oo < 00 and A = ool > 511 > 0.

We will use E to represent the expectation under P. The notation E, indicates that the
expectation is conditioned on X (0) = z. Let p; be the law of X (¢), which is a measure in
R?. Then we have

BAXW) = o d) = [ (2.4
For smooth bounded function f(z), define
u(x,t) = B f(X(2)). (2.5)
By Ito’s calculus [7], u satisfies
Bru(z, t) = B LF(X (1)), (2.6)
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where L is the generator of the process

1
L:=b-V+ §Aij8ij, (27)

d

where we used Einstein summation convention (i.e. Ay;j0i; =375 i,

Aijaxia:j) and
A=o0T. (2.8)

This is a special case of Dynkin’s formula. The density of the law of X (¢) starting , denoted
by p(t, z,y), is called the Green’s function. When A is positive definite, p(t, z, y) is a smooth
function for ¢ > 0. Equation (2.6) implies that p(¢,z,y) satisfies the forward Kolmogorov
equation, or Fokker-Planck equation for ¢ > 0:

Op =~V - (bw)p) + 300, (Misw)p) = L, (2:9)

where the subindex y means that the derivatives are taken on y variable. By the well-
posedness of (2.1), we have under the confinement conditions that

/Rd p(t,z,y)dy =1, Yz € R% ¢t > 0. (2.10)

Clearly, for general starting probability measure g, the law of X (¢) also satisfies (2.9) in
the distributional sense:

i ) = s £1),

for any smooth bounded f, which is clearly a generalization of (2.6). Moreover, let v :
(z,t) = v(z,t) solve the backward Kolmogorov equation

1
3tv =Lv=b-Vv + §Aij81vjv (211)

with initial condition v(x,0) = f(x). Let X (¢) be the process satisfying (2.1) with initial
condition X (0) = x. We check that M(s) = v(X(s),t — s) is a martingale and therefore

v(z,t) = EM(0) = EM(t) = Eu(X(¢),0) = Ef(X (1) = u(z, ). (2.12)

This means that (2.5) solves the backward Kolmogorov equation. Combining with (2.6), we
can infer that the Green’s function satisfies £y p(t,x,y) = L.p(t, z,y), or

= Oyy (Mg (s, y) =

= Vy - (b(y)p(t, 2, 9)) + 5

1
(@) - Vap(ts ) + 5 A5 ()0, plti ). (213)

2.2 Stationary solutions and ergodicity

Under Assumption 2.1, using Itd’s formula and test function f(x) = exp(c|z|?), one can
show that

E, exp(c|X;|?) < exp(c|z|?)e™"" + C, (2.14)

for some positive constants c,r,C. This implies that the process has certain recurrent
properties so that the SDE (2.1) has a unique stationary distribution 7 [29, sect. 4.4-4.7].
Moreover, 7 has a density with respect to Lebesgue measure [29, Lemma 4.16]. Below, we
may abuse the notation a little bit and use 7(-) to mean this density for convenience. The
Green’s function p(t,,y) converges to 7(y) pointwise as t — oo for all x € R¢ [29, Lemma
4.17]. Clearly, w(y) has finite moment of any order by (2.14). Since m(y) is a solution to
the parabolic equation (2.9) with the diffusion coefficient matrix positive definite, 7(y) is
smooth and 7(y) > 0.
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Often people study the ergodicity of SDEs in the LP spaces. We will use LP(RY) to
represent the LP spaces associated with the Lebesgue measure while LP(v) to mean the LP
spaces associated with the measure v. If v has a density w, we also write LP(v) as LP(w).
The most frequently used weight is w = 7. Let p(+,t) be the density of p;. We often define

p(x,t)
()

and study the convergence of ¢(+,t) to 1 in LP(7) spaces.
Note that A;; is symmetric and

q(z,1) := >0,

1

-V - (b?‘r) + 5813(/\”71') =0, (215)
we have
1 1
Brq = (;v (A7) — b) Vq+ 505054, (2.16)
If the detailed balance condition
1

b=—V-(Am) (2.17)

2

holds (for example, A = 2DI and b = —VV'), which clearly indicates (2.15), then we have
the useful identity

L(fr)=nLf+ fLm=nLf. (2.18)

Then (2.16) can be rewritten as
1
Og =b-Va+ 5704, (2.19)

which is the backward equation (2.11). In this case, the semigroup e'* is symmetric in
L?(r) and e**” is symmetric in L?(1/7) by (2.18). Hence, it is convenient to investigate
u(-,t) — (m, f) and q(-,t) — 1 in L?(7) using (2.11). If the detailed balance is not satisfied,
the modified generator

~ 1 1 ~ 1
corresponds to another SDE
dY =bdt + odyY, (2.21)

which has the same stationary distribution 7, or £*r = 0. Suppose the law of X (0) has a
density p°(y). It follows from (2.21) that

P’ (Y(#))

q(z,t) = E( o) Y0 = x) (2.22)

Hence, though the semigroups generated by £ and £ are not symmetric in L2 (m), one can
still consider the convergence of u(-,t) — (m, f) and q(-,t) — 1 in L?(n) using Kolmogorov
backward equations.

It is well-known that Condition 2.1 implies geometric ergodicity (i.e. convergence to
a unique invariant measure with exponential rate) regarding the convergence of u(-,t) to
(m, f) or py to m using coupling argument for SDEs. In particular, we have the V-uniform
geometric ergodicity for u(-,t) — (m, f) ([30, 31]) or exponential convergence of y; — 7 in
Wasserstein space ([32, 33]). Besides the coupling argument, one may prove the exponential
convergence of u(-,t) to (m, f) in LP(7) spaces using spectral gap and Perron-Frobenius type
theorems (see [30, Chap. 20]; [34, 35, 36, 37, 38] for example). The V-uniform ergodicity
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and ergodicity in LP(w) do not necessarily imply each other, unless extra conditions are
imposed [30, Chap. 20].

The geometric convergence of ¢(-,t) to 1 (equivalent to the convergence of u(-,t) —
(m, f) for the modified SDE (2.21)) in LP(r) spaces can also be obtained directly using the
Fokker-Planck equation and some functional inequalities (Poincaré inequality, or log Sobolev
inequality etc) [39]. These functional inequalities will imply spectral gaps of the semigroups.
Let us explain this briefly. Take a smooth function ¢ and recall (2.16). We find

d

20(@) = £(¢(@) ~ 50" (@)Asduadya.

Multiplying 7 and taking integral (recall L (m) = 0), we have the energy-dissipation relation

i}' = a4 / o(q)mdx = —1/ ©"(q)Ai;0;q0jq mdx =: —D. (2.23)

dt dt Ju 2 Jn
If ¢ is the quadratic function and the Poincaré inequality associated with 7 can be es-
tablished, the geometric convergence of ¢(-,t) to 1 in L?(r) follows. This clearly implies
that the geometric convergence of ¢(-,t) to 1 in L!(7) and hence the geometric conver-
gence of p(-,t) to m in L'(R?) norm (total variation norm). Alternatively, one may take
©(q) = qlogqg — q + 1 and then F becomes the relative entropy or Kullback—Leibler (KL)
divergence. If the log-Sobolev inequality holds, one can then establish the geometric con-
vergence of the relative entropy and thus in total variation norm by Pinsker’s inequality.
The advantage of log-Sobolev inequality is that the constant is dimension free. For the case
b= —VV and ¢ = v2DI, these results are well-known and one can refer to the review by
Markowich and Villani [40].

For d = 1, we have the following straightforward observation, which is needed for the

error analysis of the discrete schemes:

Lemma 2.1. Letd =1. If b and o satisfy Assumption 2.1, then for any index n > 0, there
exist positive constants Cp, > 0, v, > 0 such that

mn
)j?ﬂ(x)‘ < Cyexp(—vy|z]?). (2.24)

To see this, we note that the detailed balance condition —br + %833(0270 = 0 holds. We
can then solve 0?7 and therefore 7. Using the formula, Lemma 2.1 follows directly. The
details are omitted. For d > 1, in the case b = —VV and ¢ = v/2DI, the claim is also
trivial since 7w o< exp(—V/D). For general dimension and general b, o, we believe Lemma 2.1
is still true due to (2.14) (one may replace the test function exp(c|z|?) with the derivatives
zexp(c|z|?) to get the estimates for derivative of 7). For interested readers, one may refer
to [41] for the pointwise estimates at infinity and to, for example, [42, 43, 41] for the theories
of elliptic equations in unbounded domains.

3 Several schemes for Fokker-Planck equations on R

In this section, we focus on the discretization of one dimensional Fokker-Planck equations,
and view the discrete equations as jump processes. We can rewrite the 1D Fokker-Planck
equation into the conservative form as

0up = ~0u((b— 00')p) + 50u(0°0rp). (31)

We assume
p(z,0) = p°(z) > 0. (3-2)
Clearly, f(z,p) = (b—oc’)p =: s(z)p. In this case, we have the corresponding decomposition

t s, sT>0. (3.3)

A
b—oo' =:s
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Recall that we use spatial step h to discretize the space and x; = jh. Moreover, we use
Ry : C(R) — RZ to mean the restriction onto the grid:

Ryp = (o(z5))- (3.4)

Now, consider the schemes for conservation laws discussed in the introduction. Since
the Fokker-Planck equation is a parabolic conservation law, we consider both the upwind
scheme (1.5) for general conservation laws and the B-schemes for parabolic conservation
laws.

Direct discretization of the conservation form (3.1) using the upwind idea (1.5) yields

gp,(t) _ ] Pi—8_1Pi-1  SjPj+1 — 51 P
dt"’ h h

1
+ 2h2 (032'+1/20j+1 - (0]2‘+1/2 + 032'—1/2)91' + ‘732'—1/291'—1) . (3:5)
The rates (1.8) for the master equation (1.9) are independent of p:

1 55 1

+
_ % 2 _ 2
aj = 5+ 5305y Bi = 5o+ 550510 (36)

Similarly, consider the B schemes with the flux

D'12 8'12h 8'12h 1
Jiy12 = %/ [B (—ﬁ/ p;j — B LY Pi+1|s Djp12 = §U?+1/2~ (3.7)

Dji1/2 Dijt1y2
We have
d 1 S'+1/2h 1 S',l/gh
—pj=-—=D.119B | =2 ; —D;_1,3B (-2 i
dth h2 J+1/2 <Dj+1/2 Pj+1+ h2 1/2 Dj—1/2 Pj—1
1 S'+1/2h) (8]1/2h>:|
— — |Djp19B |~ ) + D1 9B | 2= )| p;. (3.8
h? [ 2 ( Dji10 i-1/2 Dj_1/2 pi- (38)
Consequently,
D S h D;_ Si_1/2h
j+1/2 j+1/2 i—1/2 i—1/2
o = Bl - >0, 8, = B( >>O. 3.9
! h? ( Dj+1/2) ! h? Dj_1/2 39)
If Blw)=14+w" =1+ (—w)™, the flux is given by
D'Jrl 2 _
Jj+1/2 = Jh / (pj - pj+1) + S;F+1/2pj - Sj+1/2pj+1-

This is also an upwind scheme. The difference from (3.5) is that we used a shifted s(-)
function. Clearly, this upwind scheme is also consistent. In the case B(w) = %7, the
scheme is SG scheme. The flux is then given by

—5; h/D;
pj—e Jjt+1/2 / J+1/2pj+1

J; =5,
Jj+1/2 Jj+1/2 1— e—sj+1/2h/Dj+1/2

As Djyq1/2 — 0, the SG scheme will degenerate to the upwind scheme without diffusion.
In this work, for techanical reasons regarding the discrete Poincaré inequality, we only
consider B schemes that satisfy the following.

Assumption 3.1. The function B satisfies

0 < inf B(w) < sup B(w) < +00. (3.10)
w20 w>0
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The function B(w) = 1 +w~ = 1+ (—w)* satisfies Assumption 3.1, while the SG
scheme does not. However, we emphasize that we can modify the B function for large w
so that the modified SG scheme satisfies the assumption. The modification near +o0o does
not alter the behaviors of the schemes too much as the local behavior of B near 0 matters.
If limy s yoo B(w) has a limit, as Dji 1/ — 0, the modified SG scheme still tends to the
upwind scheme without diffusion. The point of Assumption 3.1 is that as s;; 10 — +00,
the o rate does not vanish so that the diffusive behavior at +oo still exists.

The implication of Assumption 3.1 due to B(w) — B(—w) = —w is that
B(w)

=1, lim_ Blw] = 0. (3.11)

lim

s—+o0 B(—w)

Below, we discuss these schemes uniformly in the viewpoint of jump processes. Denote
the sequence

pM(t) = (pj(1))jez. (3.12)
We assume p°(-) € L*(R) and p"(0) is constructed such that
1" (0) = Rgp°ller < Ch, [llp"(O)ler = 16°]| 22 | < Ch. (3.13)

Recall that ¢! and L*(R) spaces are introduced in equation (1.10) and section 2.2 respectively.
Let p°(x) = p°/[|p°||L1(r)- With Assumption 2.2, the SDE (2.1) is not explosive by [28,
Theorem 2.3.5]. Hence, p(x,t), the density of the law of X (), exists and is unique with
pr(x,t) dz = 1. Tt is the solution of (3.1) with initial condition p(z,0) = p°(x), and thus
p(x,t) = p(a, )] 0° L1 w).-

Since the discrete equation is also linear, we can normalize

o Pi(D)
P = oy = (814)

so that p;(0) > 0 and }_, p;(0) = 1. For convenience, we define the sequence

P (1) = (p; (1)) jez- (3.15)

Remark 3.1. Note that p”(t) is the numerical approximation of p(-,t), but p"(¢) is not
the numerical approximation of the continuous probability density p(-,t) directly. Instead,
h~1p"(t) approximates the probability density p(-,¢) and the reason we use this convention
shall be clear soon.

The upwind scheme (3.5) and the B-schemes (3.8) ensure that «;,5; are nonnegative.
Hence, the equation for p”(t)

=05 = g1pi—1 + Bipin — (o5 + Bj)p; =t (Lip");. (3.16)
can be regarded as the the forward equation (discrete Fokker-Planck equation) of a jump
process or time continuous Markov chain Z(t) [14]. «; is the rate of jumping from site j to
site j + 1 while 3; the the rate of jumping from j to j — 1.

Here, L7, : R% — RZ is defined for any sequence, but the equation may not have solutions
for arbitrarily given initial data. Later in Section 4, we will see that under Assumption 2.2
the chain is nonexplosive and equation (3.16) is well-posed for ¢! initial data. Moreover,
pj(0) > 0 and >, p;(0) = 1 imply that and that p;(t) >0, 3°; p;(t) = 1. Then p;(t) is the
probability of appearing at site j and this is why we use the normalization in (3.14).

For the convenience, we define the semigroup as

eCrp(0) == p"(b). (3.17)

With the well-posedness facts and the discussion in the introduction (section 1), we can
deduce easily the following, and we omit the proofs.
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Lemma 3.1. The semigroup e‘“r for upwind scheme (3.5) or (3.16) is £* non-expansive and
nonnegativity preserving. Moreover, the scheme (3.5) is TVD for ph € ¢* (i.e. > lpit) —
pj—1(t)| is non-increasing.)

Remark 3.2. The jump process interpretation for general d is straightforward like in [16].
The focus of [16] is to establish the convergence accuracy using the viewpoint of jump
processes, so the analysis can be generalized to multi-dimensions. For our purpose, theoretic
study of the large time behavior is nontrivial for multi-dimensional space, especially for non-
uniform meshes in unbounded domains. One issue is that we may lose the detailed balance
for discrete schemes and the uniform functional inequalities for these cases are hard to prove,
lacking also compactness. We expect that the functional inequalities for bounded domains
are doable, possibly using the ideas in [18, 19].

3.1 Stationary solutions
Consider a stationary solution 7" to (3.16) or (1.6). We then find
JJ}-LH/Q = J = const.
We take j — oo and find J = 0. Hence, we have
ijﬂ';b = 6j+171—;'1+1' (318)
This is the detailed balance condition.

Lemma 3.2. Suppose the weak confinement 2.2 holds. Then, there is a unique stationary
distribution 7" for the jump process Z(t) corresponding to (3.16).

Proof. Using (3.18), we find

With the condition, b(x;) < 0 and |b(x;)| — oo for j — oco. For the usual upwind scheme

with rates (3.6), and for the B schemes due to (3.11), we have lim;_,, O‘é‘_l — 0. Hence, 71';‘
J

decays with at least geometric rate. This means ) >0 7T§-L < o0o. Similarly, > <0 7r§l < o0

also holds. Hence, > j ﬂ? < oo and we can normalize it to a probability distribution so that

7l is determined uniquely. O

Similar with p", 7" does not approximate the density 7(-) of stationary distribution of
(2.1). Instead, h~ 17" approximates 7(-). In fact, in section 5.2, we will prove the following,
which says that h~17" approximates 7(-) with error h:

Theorem 3.1. Suppose Assumption 2.1 holds with S; < 0? < Sy. Let 7" be the stationary
distribution of the jump process Z(t) for (3.16) corresponding to the upwind scheme (3.5)
or the B-schemes (3.8) satisfying Assumption 3.1, and let () be the stationary solution of
(1.1) with total mass 1 (or density of the stationary distribution of (2.1)). Then there exist
ho >0 and C > 0 such that (recall (3.4) for R,)

HRQW - %whHﬂ < Ch, Vh < ho. (3.19)
On bounded domain, usual techniques for the finite difference method of elliptic equations
can be used to prove such type of results. The difference is that now the domain is infinite.
The proof relies on the spectral gap of the operator. See Section 5.2 for more details.
Now, as an example, let us apply the upwind scheme (3.5) to the Ornstein-Uhlenbeck
(OU) process with b(z) = —x, 0 = 1. Then,

0= B =3+ g2, 20
O‘j:|j|+27}1125 5j:#?]<0

11
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= ;‘il , we find that w;-‘ is even. Hence, we only need to focus on j > 0.
J

Clearly, for j > 1

J
1
h _ —. .
= Ay l}:[l o = A (3.20)
where Aj, = 7. Let w := 2rRym (whether “7” means the circular ratio or stationary

distribution should be clear), or

n(a) = = ep(=(i)) = =y (321)

As j — oo, the leading behavior of v; is like

J
vj = exp ( - Zln(l + 2kh2)> ~ exp(—Chjlnyj)
k=1

which decays slower than w;.
Clearly, v; is decreasing and

Vs

E hv < wvjh E 2 =L,
K571 1+ 2]h 25h
Hence, we find

‘Zhv] Zhwj‘ <

JEZL JEZL

Um CW(J?M)
2Mh Mh

Z hlv; — w;|| +

l7lI<M

(3.22)

Moreover, since —z < —In(1 +z) < —z + 122, using 31 _, k2 < j3, we find
w; exp(—jh?) < v; < wjexp(—jh* + 25°h).
It follows that |v; —w;| < w;C max(jh?,253h*) for j3h* < 1 and jh? < 1. Since there exists
C independent of h such that
> hw; max(jh, 25°h%) < C,
JEZL
we find (3.22) can be controlled by

’ Zhvj Zhwj

JEZ JEZ

21}1\/1 CTF(xM)
2Mh Mh

<ch+ Vas—p-1s2 < Cih.

Hence, |h=1A; — \/%\ < Cyh. Consequently, h=trh — Ry is controlled by h both in £*°
and in /.

Remark 3.3. This OU process considered here is the homogeneous Fokker-Planck equation
in [21]. The same discrete equilibrium formula is obtained there. Moreover, they also prove
a discrete Poincaré inequality regarding this discrete equilibrium with the Poincaré constant
to be 1. The proof in [21] needes the concrete property of the equilibrium state. The discrete
Poincaré inequality we establish in Section 5 is more general and the proof is different.

3.2 Uniform error estimates

Note b(z) = b(z) (since for d = 1 the detailed balance condition is satisfied always). We
now use the equation for ¢ to investigate the uniform approximation of upwind scheme to
the Fokker-Planck equation.

In [44, sect. 3.1], the following exponential decay has been proved:

12
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Proposition 3.1. Suppose that Assumption 2.1 holds and that the derivatives of b and o
are bounded. Then for any index n > 0, there exist a polynomial p, and ~y, > 0 such that
671
g (4@ 1) = 1)] < pa(2) exp(=ynt). (3.23)
Proposition 3.1, Lemma 2.1 and Theorem 3.1 imply that

Theorem 3.2. Suppose that Assumption 2.1 holds and that the derivatives of b and o are
bounded. Then, for any n > 0, there exist C,, > 0 and 7, > 0 such that

o (e t) — 7(@))| < O exp(rafol?) exp(~0t). (324)

Suppose 7" is the stationary solution for (3.16) with > 7Tjh =1 and recall Ry (3.4). Then

1
supz Ip(z;,t)h — p;(t)| < Ch+2 HRgﬂ' — —a"|| <Ch. (3.25)

h
20 jez,

yat

Hence, the upwind scheme (3.5) and the B-schemes (3.8) satisfying Assumption 3.1 can
solve the Fokker-Planck equation (1.1) with O(h) error uniformly in time:

sup [| Ryp(-,t) - p"(t)] e < Ch. (3.26)

Proof. Note that p — 7 = n(¢ — 1). Lemma 2.1 and Proposition 3.1 imply (3.24).
We insert ¢ := p— into the discrete Fokker-Planck equation (3.16) and by the standard
Taylor expansion in numerical analysis scheme, we have

d
%w(x]‘at) = CZW%‘J) + g(xjat)hv

where ||g(z;,t)[|n < Cexp(—~yt) holds uniformly for small h by (3.24). Then, we have
plag.t) = m(a;) = ei(p(x;,0) — w(x;)) + h [y e~ Ehgds. Since the p;(t) = (e'“p"(0));
= etlh

and 7" 7", we have

play, 1) — m(ay) — 3 (py(0) — ) =

. 1 e
€123 (play,0) = mlay) = 3 s(0) = 7)) + b [ gy, 5)d.
0
Since e'£h is ¢! non-expansive by Lemma 3.1, we have

1 h
il = 2HR97T “nT

t
. +hC/ exp(—vyz)dz.
0

| Ropt 1)~ 10 ) o [Ror0) = 50 00)

The first claim (3.25) follows by noticing (3.13) and Theorem 3.1. The claim (3.26) follows
from the relation between p" and p” given in (3.15). O
4 Properties of the jump process

We will investigate the forward and backward equations associated with the jump process
Z(t) corresponding to (3.16). It is convenient to introduce the Green’s function

pii.3) = P(Z(t) = j12(0) = i) > 0. (4.1)

Following [14, Chapter 2], we introduce the @ matrix as

Qi) = Epulis oo (42)
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4.1 Forward and backward equations

The Green’s function p, (4, j) is a solution to (3.16) with the initial distribution po(i, j) = d;;
(possibly not unique without Assumption 2.2). The equation for the Green’s function is

%pt(la]) = o ape(i, g — 1) + Bjrape(i, 5 + 1) — (o + B)pe (4, 7). (4.3)
It follows that

QU J) = —(aj +8;), Q(j,j—1) =p;, Qj,j+1) =qy. (4.4)
Recall the definition of irreducibility

Definition 4.1. [1/, Definition 2.47] A Markov chain is irreducible if p:(i,5) > 0 for all
i,j andt >0

The following observation follows from positivity of a; and §; [14], for which we omit
the proofs.

Lemma 4.1. The jumping process Z(t) corresponding to (3.16) is irreducible.

Then, by [14, Corollary 2.58] and Lemma 3.2, if Assumption 2.2 holds, the chain is
recurrent.
The backward equation corresponding to the forward equation (3.16) reads

%uz(t) = Z Q(Z,j)uj (t) = Biu;_1 — (ai + ,Bz)ul + Ui = (Ehu)i. (45)
JEZ

Clearly, £, : RZ — R” is the dual operator of £ . In fact, letting

(u, vy = Z hu;v;, (4.6)

JEL

we have

(Lng, [)n =9, L1 )n,

for any test sequence f that has finite nonzero entries. (Note that sequences with finite
nonzero entries are dense in £ with p < oo, so this is general enough.) Let u(t) = (u;(t)) ez
be the solution of (4.5). The semigroup defined by

e“nu(0) = u(t) (4.7

is the dual of e*“h.
It is well-known that besides the forward equation (4.3), the Green’s function also satisfies
the backward equation (see [14, Theorem 2.14]):

%pt(z’,yd =" Q. k)pe(k.§) = Bipe(i — 1,5) — (o + B)pei. §) + cupe(i + 1,5).  (4.8)
kEZ

Formally, P = €!? and we have Qe!? = ¢*?Q. This fact is an analogy to the continuous
case (2.13). Since the chain is irreducible and recurrent, by [14, Corollary 2.34], the total
probability is conserved Zj pe(i,5) = 1 for all i (i.e. no probability leaks to infinity). By [14,
Theorem 2.26] and [14, Exercise 2.38], the backward equation (4.8) has a unique bounded
solution in £°° given any initial data «(0) € £>°. Correspondingly, for general initial data
p(0) € ¢!, the solution is a linear combination of p;(i,7). Hence, the forward equation is
also well-posed, nonnegativity preserving and it preserves sum

> pit) =" p;(0). (4.9)

jez jez
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Hence e*** maps £°° to £°° and the semigroup e*“» given in (3.17) maps £* to (1.

Note that though the Green’s function p (4, j) satisfies the backward equation, the prob-
ability distribution p;(t) for general initial data does not. Instead, the lemma below shows
that >, p+(j,4)u;(0) satisfies the backward equation. Before we state the results, we in-
troduce the weighted ¢P spaces here, which are analogies of the weighted LP(w) spaces in
section 2.2. Given w with w; > 0, we define 7 (w) as

(W) = q: gl = O wilgi[P)/P < o0 p . (4.10)
JEL
Proposition 4.1. Let S(t) := e**». Then,
(1) For any u(0) € £>°. It holds that
(Su(0)); =Y pelj, i)ui(0). (4.11)
i€L
(2) The semigroup S(t) is TVD, i.e., ifu(0) € £, then > lug(t) —uj—1(t)| is nonincreasing.
(3) S(t) is symmetric in £2(7") for any t > 0.
(4) S(t) is non-expansive in (P(7") for any p € [1, 00].
Proof. (1). Let v;(t) = >, pe(j,%)ui(0). Using Fubini theorem, we find that v € £,
Moreover, since p;(j,+) € ¢! for all j and t > 0, we find by (4.8),

%vg‘(t) = (ijt(j — L)+ aypi(j +1,0) — (a; + 5j)pt(j,i))ui(0)

i€
= ,@j’Uj_l(t) + Oéjl/j_;,_l(t) — (OZj + Bj)vj(t).
Hence, v = u by the uniqueness of the bounded solution.

(2). The backward equation (4.5) can be rearranged into u; = aj(uj41 —u;) — B;(u;
uj—1). It follows that

d
a(“j+1 —uj) = ajp1(ujra — wjv1) = (o + Bjpa) (ujrr — uj) + Bj(u; —uj1).

This is a forward equation for the sequence {u;y1 — u;} and the rates are given so that
the equation is well-posed. Note that {u;(0) —u;_1(0)} € ¢! since u(0) € ¢*. Since well-
posed forward equations are £* non-expansions, S(t) is TVD. (Intuitively, we can multiply
oj :=sgn(u;y1 —u;) on both sides of the equations and use o (uj12 —ujt1) < |Ujto —Ujtl,
O'j(Uj — uj—l) S |’U,j — ’U,j_1| to obtain

%\Uﬁl —uj| < ajpafujro —wipa| = (o + Biva)lujrr — ugl + Biluy —ujq].

(3). We denote S := S(1) and p(i,j) := p1(i, ). Clearly, we only have to show that S is
symmetric by the semigroup property. Using the detailed balance, we have:

ZngSg ZZf]gmpJ, Zprfng ngsz

(4). Let (u}(t)), i = 1,2 be two solutions and define @; = uj — u5. Then (i) is also a
solution and for any convex function ¢ it holds that

jt () = Lnp(@); + () + ' () (U511 — ) — @(Uj11))

+ Bi(p(as) + ' () (W51 — 5) — (1)) < Lpp(a);. (4.12)
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If ¢ is not differentiable at @;, ¢'(@;) is understood as one element in the subdifferential.
Multiplying w;? and applying the detailed balance (3.18), we have 4 Ly ho(iij) < L (mp(i));.
Taking sum on j yields that < j 71'?()0(71]') < 0. Choosing ¢(z) = |z|? which is convex, we
have the claims for p € [1, 00).

For p = oo, we multiply o; := sgn(4;) on both sides of the equation and obtain

d ., -
%|Uj| < Lylal;.

This implies that ||@]|¢~ is non-increasing. O

An important observation is that the discrete scheme always satisfies the detailed balance.
If we define

() = (40 ez a5(0) = P2 (4.13)

Ty

then ¢" satisfies the backward equation using the detailed balance condition (3.18):
d
at?

With this interpretation, the relation (4.11) can be checked directly:

p:(0)
j thl Pt a] Zpt 5] ;(h

J €L €7 J

= Bigj—1 + g1 — (aj + B5)g;- (4.14)

Using the detailed balance (3.18), we have m/'p; (i, j) = py(j, i)7. Hence,
= " (4, 1)a:(0). (4.15)
i€z
4.2 Convergence for the weak confinement

The theory for irreducible time continuous Markov chain with countable state space is well-
developed. See [14, Chapter 2]. We now use these theories to establish some basic properties
of the jump processes and the numerical schemes we consider. We have the following:

Proposition 4.2. Suppose Assumption 2.2 holds. The jump process Z(t) for (3.16) satisfies

e, ) = 7, t — oo, for alli,j.

Moreover, if we assume p;(0) = % < C’]T for all j € Z, we then have
> Ipi(t) = 7l =0, t — oo, (4.16)
jez

Consequently, for the upwind scheme (3.5) and the B-schemes (3.8) satisfying Assumption
3.1,

Proof. By [14, Theorem 2.88,Theorem 2.66], we have for all 4, j that p:(z,j) — 7T]h ast — oo.

Now, in general, we have
t) = pi(0)pe(i, ).
i€z

o (1)~ 7" (0)

- 0. (4.17)
[1

Since |p:(4,7)| < 1, the dominant convergence theorem implies that

p;(t) —>7r§-1, t— 00, Vj €Z.
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Equation (4.14) has the maximal principle following the last claim in Proposition 4.1:

lg;(t) — 0] < max|q;(0) — 6|, V0 € R.
JEZ

In particular, we take § = 1. By the assumption, we have |¢;(0)| < C and thus |g;(t) — 1| <
Ch, ¥t > 0. Since p;(t) — 7!, we have ¢;(t) — 1,Vj. Dominant convergence theorem then
yields

Zﬂ;’\qj(t) -1 = Z Ip;(t) — 7rjh| — 0, t = 0.

JEL JEL

Using the relation between p” and p", we find

1
6" &) = 271" O

1—>0,t—>oo.
¢

O

The above proof makes use of the boundedness of p;(i,j) heavily. This clearly has no
correspondence in the continuous case as h — 0. Naturally, one may wonder whether we
have the convergence uniform in A — 0. We will investigate this in the next section.

5 Large time behaviors for strong confinement

In section 4.2, we have seen that the distribution of the jump process converges to the
stationary solution under the weak confinement assumption. However, we do not have any
rate for the convergence. Under the strong confinement (Assumption 2.1), we know that
the convergence of the distribution for SDE (2.1) in L'(R) norm is exponential, which is
obtained by using relative entropy and log Sobolev inequality [40]. Naturally, we desire that
under Assumption 2.1 the jump process (3.16) has uniform geometric ergodicity under ¢!
norm.

The convergence of p”(t) to 7" in total variation norm (or h=!p"(t) — h~'z" in £)
is equivalent to convergence of ¢"(¢) to 1 in ¢! (7"). Hence, we can consider the geometric
convergence of ¢"(t) to 1 in ¢?(z") (p > 1), which is closely related to spectral gaps of the
semigroup {e***}. This is a typical Perron-Frobenius type question. Besides the traditional
compactness requirement of the semigroup {e***} in ¢P(7"), some sufficient conditions for
the Perron-Frobenius type theorems include the hypercontractivity and uniform integrability
[45, 37, 46]. The classical result of Gross [47] tells us that the hypercontractivity is equivalent
to log-Sobolev inequality. Proving such type of results for finite dimensional Markov chains
can be found, for example, in [18, 19]. For infinite discrete states, one may prove the discrete
log-Sobolev inequality using the results in [48, 49] and similar strategy in section 5.1. It
happens to us that showing the discrete Poincaré inequality seems more convenient, which
uses a quadratic Lyapunov function compared with the relative entropy for log-Sobolev
inequalities.

In subsection 5.1, we use the quadratic function as the Lyapunov function and derive the
discrete Poincaré inequality. In subsection 5.2, we establish the uniform geometric ergodicity.

5.1 A discrete Poincaré inequality

Slightly different from equation (4.12), we note the following for a smooth function ¢:

@ 0(a) = £1(@ @0 + G051 (0) — ¢ (@0) + g5 (#() ~ #lgz0)). (1)

By the detailed balance condition (3.18), this gives for convex function ¢ that

% Y omhela) ==Y ami(e; — 4+1) (@ (4) — @' (g541)) 0. (5.2)
JEL JEL

17



368

369

370

371

372

373

374

375

376

This is the energy dissipation relation. If ¢(¢) = qlogg—q+1, Zj W}Lgo(qj) gives the relative

entropy. What we find useful is the quadratic function ¢(q) = %(q — >, mhq)?. Then, we
have

d
—F, =-D .
at’ " h (5:3)

with
1 2
=3 > ol (qJ' - Zﬂi%) , Dii= Y agm(a; — gj41)* (5.4)
jez kez jez

Now we need to control Fj using D;. This type of control is achieved by Poincaré
inequality. Below is a lemma modified from [15, Proposition 1] or [46, Lemma 1.3.10], which
is a discrete Hardy inequality. For the convenience of the readers, we also attach the proof
in Appendix A. See also [49] for relevant discussions.

Lemma 5.1. Let 0 be a non-negative sequence with Zj 0; < oo and i be a positive sequence

on Z. Set
A—sup max 29 (Z ) ZG(ka) :Zujf]zzl (5.5)
>0 k=0 j<—1 JEZ
and
B::max(sup(z )ZGk, sup(z,uk )Zek) (5.6)
720 Yo k>j k<j
Then it holds that B < A < 4B.
Using Lemma 5.1 and the approach in [46, sect. 1.3.3], it is straightforward to find:
Lemma 5.2. Let « and (B be the rates in (3.16) for the jump process Z(t). Define
1nf{ZaJ T fi = £)2 > =1 alf _0} (5.7)
JEZL JEZ JEZL
Then we have
J
! < 8max | sup (Z ) ) Z 7, sup (Z ) ) Z . (5.8)
720 2 5 k>j+1 j=0 k<j—1
Proof. Consider 0, i1, A and B in Lemma 5.1. Let
hm T0(C0) '+ o( L) S -
§>0 k=0 j<—1 JEL

Then we have A < A; < 2A4.
Clearly, for any sequence g we can define a sequence f such that

fo=0, gk = frt1 — fx

and this is a one-to-one correspondence. Then, we can rewrite A; in terms of f as

A= Sl}p Zejij-H + Z 017 : ZMj(fjH —f)?=1fo=0,. (5.9)

§>0 j<—1 jez
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It is clear that

0 0i(firr = fo)2 + 22,1 0;(f; — fo)?
Zjez“](f]-‘rl fi)?

Ay = sup
f

I # const, S i(fren — £7) < oo}. (5.10)

JEL

Now we define 0; = 7rj+1 for 7 > 0 and 0; = 7rh for j < —1, and let p; = a;7;. Then,
A; under this partlcular choice of 6 and p is

Z]ez J(f fO)

A; =sup . f # const, am (fip1 — fi)2 <oop. (5.11)
f ZjEZ J j(fj+1 - fj) jezz IR !
It is then straightforward to find
ATt 1nf Sl (s — )7 mh (= fo)?=1p. (5.12)
JEL JEZ

In fact, if all sequences with ZjEZ angb(fjﬂ — f)? < oo, f # const satisfy ZjEZ W;L(fj —
fo)? < oo, then (5.12) is clear. If there exists f such that 3., o (fir1 — f5)? < o0
but ZjeZ W;l(fj — f0)? = oo, then A; = oco. If this case happens, we can then take fV =
An(filjij<n)iez with Ay picked so that 3, (N — f¥)? = 1. Then, Ay — 0 and the
infimum in (5.12) over fy is zero. Hence, (5.12) holds.

Using (5.12), we have

2
H—lnf Za] m (fir1 — f] Zw (j}—me’ﬁ) =1 ZAl_l'
k

JEZ JEZ

This is because for f € ¢£2(7"), the constant ¢ that minimizes inf, D jeer(xh) mh(fj —c)? is
the mean ¢ =), f;ﬂr,@. Hence, we conclude by Lemma 5.1 that
B~

k>-A"1>

N |~
| —

Using the detailed balance akwl’; = BkHWZH for k < —1, we have

j 0
B = max { sup (Z o) > Z P, Sup Z(ﬁkm@_l Z s
k=0

720 k>j+1 <O\ k=; k<j—1
The claim then follows. O

Lemma 5.3. Suppose S; < 0% < Sy for S > Sy > 0 and b is a smooth function. Then,
fizing R > 0, we can find C(R) > 0 and hg > 0 such that

max 7 <C(R) min 7« Vh < hg. (5.13)
0<j<[R/h]+1 T 0<j<[R/hl+1 7’
and that
max 7 < C(R) min Vh < hg. (5.14)

—[R/h]—1<5<0 7 —[R/h]—1<5<0 J

Proof. We only prove the claim for 0 < j < [R/h] 4+ 1. The other case is similar.

19



386

387

388

389

390

391

392

393

394

395

396

397

For the upwind scheme (3.5):

ﬁak 1 oHSk 1/htof g/ (207) (5.15)

it s Jht ol ,/(2h7)

Hence, for h small enough, we have

J
b <l TT (1 + 2020l 1
H1+2h| s, =T —”Oklill( M ) (5.16)

Using (5.16), we find

[R/R]+1

[R/h]
MaXg<;<[R/h]+1 7Th H (1+2h ($k71)|) 11 (1+2h|8($k)|>.
MiNo<j<(r/n41 T} S1 Pl S

Note that H[R/h]+1 (1 + QhM) < exp(l %R/lh]ﬂ h|s(zk)|). The inside of the right

hand side is the Riemann sum for the integral Z- 0R+h |s(z)| dz. Hence, the right hand side
is bounded by a number depending on R when h is small enough. Similarly, [R/ h]H(l +
2he=l) < oy (R).
For the B-shemes (3.8), we note
B(-s) s 1
=1+ = —. (5.17)
B(s) B(s) 1- g5
When h is small enough, B (%) > 1 and thus by (5.17),
ey < S
s(Tp_1/2
The arguments are similar. O

Now, we are able to conclude the discrete Poincaré inequality:

Theorem 5.1. Suppose Assumption 2.1 holds with S; < 62 < So. Let " be the stationary
distribution of the jump process Z(t) corresponding to the upwind scheme (3.5) or the B-
schemes (3.8) satisfying Assumption 3.1. Then the discrete Poincaré inequality holds for
measure ™" when h is small enough. In other words, there exist hg > 0 and k1 > 0
independent h so that for any f € ¢%(7"), we have

Soah ;= O mi )| <D (i — 1) (5.18)

JEZ kEZ jE€Z

where o is the rate in (3.6).

Proof. Recall that

J 0
By := max { sup (Z ) ) Z 7, sup Z(ﬁkﬂ,@)_l Z s

320 \ 2o k>j+1 I<0 \ =5 k<j—1
= (I+7 I—)a

Below, we consider I} only because the discussion for I_ is just parallel.
We can find R > 0 such that s(z) = b(z) — o(z)o’(x) < —r|z| for z > R. Let us recall

that ,
J Qg
h _ _h -1
=m0 ]|
k=1
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For j > [R/h] +1 =: 57,

\ Qi1 - 01'24-'—1 2 -
e =T H gﬂ o }—[1 Ui2+j1/;+/2h51+ 1;[ 1+ 2th+]/52 net
Hence, we have
h 1 So 77?
2 ST D ARG I ST - o G DR (5-19)

k>j+1 k>j+1

where we have used s;, ; > r(j + 1)h for i > 1.
Let K := 52, If 0 < j < [R/h] = j* — 1, we have by (5.19) that

Z h<(-*7-) a h+K TF;L*
7)o K

k>j+1
Consequently, by Lemma 5.3,
h2(j +1) (max ) Z 7 < ((R+ h)? + K)C(R),
k>j+1

and the right hand side is uniformly bounded for h < hyg.
If j > j*, using (5.19) again, we have

h2(j +1) <max ) > o gK(mm wk>17r;? < KC(R).

<k 0<k<j
E>j+1
The last inequality holds because
min W,ff = mln( min m’g,ﬁ).
0<k<j 0<k<j*
1_h

Clearly, 7; h < 7rh If7rh > ming<p<; 71'1,@7 then (ming<x<; WLL)_l h < (ming<p<j+ 71',@)_ Ty
C(R) by Lemma .3. Otherwme (ming<g<j mp) L ;L— 1. Hence I, is bounded.

We now consider the B-schemes satisfying Assumption 3.1. Using (3.9), we find

IN

Q-1 B(wy) _ 1

Bk B(—wk) o 1+%’

with
k120

W = — .
Dy_1/2

For k > j*, B(w,) has both upper and lower bound. Also, the rate «; is bounded below
by hl for all 5 > 0 due to Assumption 3.1 (when 0 < j < j*, |wj| is bounded independent of
h so B(wj;) is also bounded).The argument is similar as above for the upwind scheme (3.5).

Overall, B; is bounded by a constant M depending on R,r,S7,S3 and hg. Then, by

Lemma 5.2, we have

1 1
e
— 8B1 T 8M

Taking k1 = 1/(8M) finishes the proof. O

5.2 Uniform ergodicity

Recall that ¢! and P(w) are defined in equation (1.10) and equation (4.10) respectively.
Using Theorem 5.1, we are able to conclude that
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Theorem 5.2. Suppose Assumption 2.1 holds with S; < 0% < Sy. Consider the jump
process Z(t) corresponding to (3.16) and q defined by (4.13). Then for the upwind scheme
(3.5) or the B-schemes (3.8) satisfying Assumption 3.1,

(FROED I

JEL

ey = 17O = Uiy < g (0) = Uagampe ™" (5.20)

Consequently, p(t) converges to 7" exponentially fast in the total variation norm:

3 Ipi(t) — | < Cexp(—rit), ¥t > 0. (5.21)
JEZ
and
1
\ o) = Ll O) | < Cesp—ni) (5.22)
Zl

Proof. Recall the definition of Fj, and Dy, in (5.4). Then, by Theorem 5.1, we have

d
%’Fh = —D), < —2k1.Fp.

Noticing Y-, 7lq; = > pj =1 and Fj, = [lg = 3, W?qu?z(wh), the first claim follows.
By Holder’s inequality, it holds that
Z i) =751 = llg" () = Ulor(any < [lg" () = Ul g2y < C exp(—rat).
JEL

Since

pi(t) = 110" Ol s 1),

we then have
1
" = £ 1" @l < 0" @)l 3 Ipst) = 7| < Cexp(=rrt).
J

O

Using the second claim of Theorem (5.2), we conclude the following property of the
semigroup et£h:

Corollary 5.1. Suppose that v € £* and Zj hv; = 0. Then,

Proof. Let vt = {v; v 0} and v~ = {—v; A 0} so that v = v —v™. Let

et[:h,u

\41 < Cexp(—kat). (5.23)

+
hv 9

ot P

hv~

lo=ller”

PH(E) = et (t) = et

By Theorem (5.2), we have
Z |p§(t) - W;l\ < Ciexp(—kit), i =1,2,
JEZ

for some constants Cj;.
Note that - hv; = 0 implies [[vT || = [[o7[|n = llv]ler. We have

. - 1 ,
letielln = 3|0 ot (e) — o o3 @)] = 5ol 3 1936) - pA0)] < C exp(—rat).
JEZL JEZ

O
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Corollary 5.1 tells us that e/ has a spectral gap in ¢*. For any v € ¢!, we define the
projection onto the space spanned by 7" as

Py = (Z;fwj) (iwh) . (5.24)

Clearly, Pv is invariant under e*». Corollary 5.1 implies that if v has no component in the
direction of 7", then e'£hv decays exponentially fast.

Now, we are able to conclude Theorem 3.1, i.e. bounding the error for approximating
7(x;) using 7. Note that for j € Z

c (w(mj) - #@L) — £} (n(z;)) = 5, (5.25)

where |7;] < C and }; h|7;| < C by direct Taylor expansion and Lemma 2.1. Intuitively,
P(Rgm — %wh) = O(h), and £} has a spectral gap in ¢*. Hence, we may possibly invert £}
and obtain

Rym — lﬂ'h < Ch.
h o

This understanding is not quite a rigorous proof. Below, we provide a rigorous proof.

Proof of Theorem 3.1. We have the following identity for operators from ¢! to ¢!:
* t *
I=eth 4 / =L L ds. (5.26)
0

In fact, for any v € ¢! that does not depend on time, we set f = Ly v. Then, %v +Liv=Ff
implies that v(t) = e**nv(0) + fg exp((t — s)L5) f(s)ds. Since we have assumed v(t) = v,
the identity is proved.

Now, we act the identity on E; = w(x;) — %ﬂ';b Using equation (5.25), we have

t
E =¢e*"E+ h/ et=9)Ehr ds,
0

where ||7||;s < C. Since 7 is in the range of £}, we therefore have (recall (4.6))

Zth = <1,Tj>h = <£h1,E>h =0,
JEZ

by approximating FE with sequences that have finite nonzero entries. Moreover, we define

1 $j+h/2
7_7—]' 7T(y) dyv

and have |7 — Ry||pn < Cih. Applying Corollary 5.1, we have

1Bl < €50 (7 — Rym) s + Jimm |65 (7 — b7l + B / Ce(=9mt g
0

The second term is zero by Corollary 5.1 and the result follows. O

6 Finite domain with periodic boundary condition

If the domain is finite with periodic boundary condition or we consider the problems on
torus with length L

T = R/(LZ), (6.1)
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many of the proofs above can be significantly simplified. However, the proofs in this sec-
tion also differ from the above arguments in the sense that there is no detailed balance.
Hence, this section may give inspiration to general schemes of conservation laws in higher
dimensions.

The Wiener process W is the standard Wiener process in R wrapped into T. Hence, the
generator and the Kolmogorov equations are unchanged. For SDEs on torus, one may refer
to [50, 51]. We will assume generally the following.

Assumption 6.1. Assume b, o are smooth functions on T and o2 > S; > 0.
By [50, section 2], Assumption 6.1 implies that the SDE has a unique stationary measure

with smooth density. In fact for d = 1, we can verify this directly. Letting v(z) = 7(z)o?(z)
and by (z) = b(x)/0?(x), the equation L£*7 = 0 implies that

o(a) = exp (- / () dy) (v<o> e / " exp / bi(y) dy) dz) . (6.2)

0
Using v(L) = v(0), we find

v(0) + C/OL exp (/OZ b1(y) dy) dz = v(0) exp (/OL b1(y) dy) >0, (6.3)

which determines C' uniquely. Since i exp( [y b1(y) dy) dz < fOL exp(fy bi(y) dy) dz, v(z) >

0 for all € [0, L]. Hence, we can normalize so that fOL m(x)dx = 1.

Note that for the Fokker-Planck equation on torus, the corresponding jump process may
not be reversible (the stationary distribution does not have detailed balance). The function
q(z,t) = p(x,t)/7(x) satisfies (2.16) and the modified SDE is given by

dy = <71Taz(a%) - b> dt + o dW. (6.4)

As before, 7 is also the stationary solution to the modified SDE, and (2.22) still holds. With
this observation, we have

Lemma 6.1. Suppose Assumption 6.1 holds. Then, let u(z,t) = E,p(X) for the SDE (2.1)
or u(z,t) = E,o(Y) for the modified SDE (6.4) where ¢ € C*°(T). Then for any integer
k > 0 we have for some A\, > 0 that

llu— <77790>Hck(11') < Cexp(—Axt). (6.5)
Consequently, for any index n, we can find 7y, > 0 such that

n

sup W(p(w,t) —7(x))| < Cpexp(—7nt). (6.6)
z€T 10T
The proof of Lemma 6.1 follows closely [44, section 6.1.2], and we put it in Appendix B
for convenience. This fact is also used in [51, H3].
For the discretization, we pick a positive integer N and define

L

hzﬁ,szjh,OSjSN—l. (6.7)
If j falls out of [0, N], we wrap it back into [0, N] using periodicity. (For example, j = N +2
will be understood as j = 2.) We again consider the upwind scheme (3.5) and the B-schemes
(3.8). However, we emphasize that the Assumption 3.1 for the B-schemes is no longer needed
in this section.
Lemma 6.2. Equation (3.16) has on T has a unique stationary solution up to multiplicative
constants. Besides, the one with Zj W;‘ = 1 satisfies 7r§‘ > 0 for all j. Moreover, we have
for any sequence f that

N-1 N-1 h h
) 6'4_171'» 1+Oé'7l'»
=2 milnli= ) Ty U = ), (6.8)
=0 =0

where Ly, is the generator of the jump process Z(t) for (3.16) on T.

24



463

464

465

466

467

468

469

470

471

472

473

474

475

476

477

478

Proof. Note that the jump process Z(t) is irreducible and aperiodic with finite states. The
existence of a unique stationary distribution follows from the standard theory of Markov
chains. See [14], for example. This stationary distribution (denoted as 7") is clearly a
positive solution of L; f = 0 with Zj 77? = 1. We fix this 7" now, and show that all
solutions are multiples of 7".

Direct computation shows that for any j =0,...,N —1

finfi = 5En?)s = 2R = 1P = B = Sy
Multiplying w;? and taking the sum on j yield (6.8).

According to (6.8), we find that £, f = 0 only has constant solutions. This means that
the right eigenspace of £, corresponding to eigenvalue 0 is one dimensional. Hence, the left
eigenspace of L), for eigenvalue 0 is also one dimensional. This means that £} f = 0 has a
unique solution up to multiplying constants O

The stationary solution has the following property:

Lemma 6.3. There exists a constant C' independent of h such that for sufficiently small h

max 71';»‘ <C min 71'?. (6.9)
0<j<N-1 0<j<N-1
Proof. We introduce the variable
zj =l /m(x;), j=0,...,N— L (6.10)

Since 7(-) is bounded from below and above, we only need to investigate z;.

The discussion for the upwind scheme (3.5) and the B-schemes (3.8) are similar. We
only take (3.5) as the example.

Consider first the equation for ﬂ;?.

B <8f77(90j)2j —siam(@im)zion s m(@4) 24 — Sfﬂ(xj)za)
h h

1
+ W(U]2'+1/277(Ij+1)2j+1 - (‘7324-1/2 + ‘7]2'—1/2)7"(551')21' + 032'—1/277(173‘—1)21'—1) =0. (6.11)
Since 7(z) is a solution to L£*m = 0, there exists hg > 0 such that for all h < hy,
Lyn(x;) =Tjh, VO<j <N -1, (6.12)

where ||7}]|¢~ < C; uniformly for h < hy. Subtracting (6.11) with z;£;7(z;) and using
(6.12), we have

Zi— Zi_1 _ Zjt1 — 24
Thzj = — (Sjlﬂ(mil)JhJ - Sj+177($j+1)]hj>

1
t o (U?+1/27T(90j+1)(2j+1 = 2j) = Gy pm(xjo1)(2 — Zj—l)) = —zj7;h. (6.13)

Expanding 7(z,+1) in 0?i1/277(xji1) terms around ;41 2, it is not hard to see T}, is a first
order consistent difference scheme for the modified backward operator

o= Lo (02000 — (Lo20.m —
Lq = 30.(n0*0,q) (20— By sw)@z% (6.14)

which is clearly the same as the one in (2.20).
The crucial observation is that both 7} and £ with Dirichlet boundary conditions have
maximum principles. This allows us to prove the stability of T}. Let us now investigate this
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in detail. Assume z; attains the maximum value at j*. Without loss of generality, we can
assume j* = 0. Then, define for j =0,..., N — 1 that

Zj
= T 6.15
%= 5 (6.15)
We find then
Zj .
Th¢; = ——2—jh, for j=1,...,N — 1,
2| ¢
Co=Cv=0.

Consider the equation ~
Lo(x) =1, ¢(0) = ¢(L) =0.

By the maximum principle, ¢(z) < 0 for z € (0, L). Since T}, is a consistent scheme for £,
for sufficiently small h, we have

Thé(zj) >1/2, j=1,...,N —1.
Letting &; := 2||7||co¢(2;)h — (;, we have for j =1,...,N —1,
Tn(§); 2 0
with {y = £&x = 0. This means £; < 0 by maximum principle and hence
G 2 2l lloc@(;)h.

Similarly, replacing ¢ with —¢, we have (; < —2||7||co¢(z;)h. This means

B
% 1\ < 2 llol@ll b (6.16)

max |(;| = max
20

0<j<N-1 0<j<N-1

Hence, for all j =0,...,N —1,
Z; 1
=2 1=27]xllglch = 5, (6.17)
20

when h is sufficiently small. The claim (6.9) follows since 7 is bounded from above and
below by positive numbers. O

Now, we prove the uniform consistency, which is an analogy of Theorem 3.1 and Theorem
3.2.

Theorem 6.1. Consider the upwind scheme (3.5) or the B-schemes (3.8), and the jump
process Z(t) corresponding to (3.16) on T. Suppose Assumption 6.1 holds. Then,

(i) The stationary distribution of (3.16) satisfies that

1 4,
—7"" —7w(x;)| < Ch. .
O<§n<a13/< . ()| < Ch (6.18)

(ii) The following uniform error estimate holds for (3.5). sup,q |[Rgp(-,t)—p"(t)[ < Ch.

The first claim is essentially proven in the proof of Lemma 6.3. There, we have seen that
1zj/IIzllcc — 1| < Ch. Since |3, hm(z;) — 1| < Cih and 3, zjm(x;) = 1, we then conclude
that |h=1||2||¢=~ — 1| < C2h. The second claim can be proved in the same way as in the proof
of Theorem 3.2.

We now move on to the convergence to equilibrium. Using Lemma 6.3 and that the
torus is a bounded domain, the following version of discrete Poincaré inequality (analogy of
Theorem 5.1) can be proved in a straightforward way (one can refer to [26, Proposition 4.6]
for similar discussion).
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Lemma 6.4. Suppose Assumption 6.1 holds. Then there exists hg > 0 and k1 > 0, so that
for any sequence f, we have

= = 2 Bjam) +1 + oy}
K1y (fj - w?ﬁ) < Z ! L (fia1 = f3) (6.19)
3=0 =0
so  Proof. Since f; — fo = Zizl(fk — fr—1), we have
N-1 N-1 j
T = f0)? <Y wY (e — i)’
§=0 j=1 k=1
N-l Bkﬂ—]}; + o 17Tk 1 Qjﬂ'?
= 2 (fk - fk 1 Z 6 h + h .
k=1 jok PRTE T Qk—1Tg—q
501 The claim follows from the fact that when h is sufficiently small
25 2N2
P e
k<j<N-1 Brmy + ap—1my_; — min; , (8 WTk/7r + o 17Tk 1/7r )
2C'N?
~ ming (Br41 + ax)
2C
< ——N?n?,
=73,

s2  where we have applied Lemma 6.3 to obtain minJ /7rh > 1 and min; 7} 1/7rh > l for
s any k. Since Nho= L and }_; 7r§‘ (fi =>, ﬂ,flfl) <Xy ( — fo)?, the claim follows O

504 The chain in general is not reversible. In fact, for the stationary solutions, we have
Jjy1/2 = J = const.

If J = 0, then we must have H = 0 aj = H;.V:_Ol Bj, which may not be true. Hence, in general
J # 0 and the process is not reversible. Defining

h h
~ « ™ ; T
By = L1t aj::ﬁ]Lhﬂ“,jzo,...,N—l (6.20)
Ty i

s5  we have i
oj+Bj=a;+85, ij=0,...,N—1.

Hence, using (3.16), we can write the equation for ¢" = p//z" (p" and ¢" are similarly
defined as in (3.15) and (4.13)) as

0= Bigj—1 + a;q01 — (@5 + B))q; = (Lng")j, 5=0,...,N —1. (6.21)

It is easily verified that 7" is also a stationary solution of Z";L, the dual operator of Lj:
(EZ?Th)j = O~Zj_17T§L_1 — (d] + Bj)?‘f’? + B]’+17T§1+1 = ,Bjﬂ';-l — (Oéj + ,Bj)ﬂ';l + Oéjﬂ'? =0. (622)
506 With the preparation, we easily conclude the following, similar to Theorem 5.2.

sov  Theorem 6.2. Consider the upwind scheme (3.5) or the B-schemes (3.8), and the equiv-
ss alent discrete Fokker-Planck equation (3.16) on torus. Suppose Assumption 6.1 holds.
s Then, we have [|q"(t) — |2y < [1¢"(0) — 1l 2(eme™"t. Consequently, p"(t) converges
s to " exponentially fast in total variation norm > 1pit) — ﬂ'ﬂ < Cexp(—kit), and thus

s [l0"(E) = Lo O)llam e < Cexp(=rat).
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Proof. Let ¢ be a smooth function defined on T. Applying (6.21) and using similar calcu-
lation as in equation (4.12), we have

d N— N—1
7 Z mra;(o(g;) + €' (a5)(g41 — @) — e(gi41))
=0 §=0
N—
Z 0(g5) + ¢'(@)(gj-1 — 45) — ¢(gj-1)) . (6.23)
7=0

If we take ©(q;) = $(q; — >, m'q;)?, we then have by (6.23) and (6.20) that

N-1 2 N-1 ~ h, 5 h
1d ;s + BT
92 dt Z W;'l (%‘ - Zﬁlf}i) = - ! 5 = (gj41 — Qj)2
=0 i =0
N-1 h h
P11 + oy}
=- Z . 5 L (i1 — ;) (6.24)
=0
2

< - (gj+1 — q;)*

Using Lemma 6.4, the remaining proof is similar to the proof of Theorem 5.2, and we omit.
O

7 A Monte Carlo method

In this section, we propose some Monte Carlo methods [52] to approximate the upwind
scheme (3.5) or the B-schemes (3.8). One idea is to construct a jump process {Z2t} with
transition probability P = I + At Q using forward Euler scheme in time. In other words,
the probability distribution satisfies

P = (1 + AtQ)p", (7.1)

where p™ refers to the probability distribution at n-th step. There are two drawbacks.
Firstly, the forward Euler introduces numerical errors in time discretization; secondly I +
At () may have negative entries for any At. One can also consider the backward Euler scheme
where the transition probability is (I — At Q)~!. The disadvantage of this matrix is that it is
usually full and inconvenient for the full space R. Another idea is to use the continuous time
random walk. The process waits for a random time that satisfies an exponential distribution
at a site and then performs a jump. This idea can avoid using the time discretization to
recover (3.5). If we consider the schemes on R, we need the exponential distribution for
the waiting time to depend on the site j, and a corresponding Monte Carlo method can be
developed. For the jump process Z(t) on torus, we can choose the exponential distribution
independent of the sites. Then the number of jumps is a Poisson process and this motivates
another Monte Carlo algorithm. For the convenience, we focus on the problems on torus
only and explain this Monte Carlo algorithm in detail.

Lemma 7.1 ([14, Example 2.5]). Let P be a transition matriz. Let N'(t) be a Poisson process
of intensity X. If Z1(t) is the process that takes transitions at jumps of N(t) according to
P, then Zy(t) is a continuous time jump process with Q matriz to be

Q=P -1I). (7.2)

Recall that @) matrix is defined in (4.2) so that pi(i,j) = P(Z1(¢t) = j|Z1(0) = i) satisfies
d
(7)) = Zszpth Zmzk ,J)-
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Lemma 7.1 follows easily from the fact Z;(¢) is Markovian and that

(A
pilis ) = EPVO(i, ) = e S P gy ) (73)
— nl
Here, P™ is defined inductively by P™ (i, j) = 3", P™ (i, k)P(k, j) with P! = P. If Q(i, 5)
is bounded, we can take A large enough so that

P=T+)1'Q (7.4)

has nonnegative entries. For problems on torus, we can do this and then Z; (¢) is a realization
of Z(t). This then gives the following Monte Carlo method:

1. Fix T > 0. Pick A > max(a + §) with «, 8 in (3.6) or (3.9). Pick M for the number
of samples.

2. Form=1:M:

e Sample N ~ Poisson(AT'), and jo ~ p;(0).
e Sample Y, according to the jo-th row of PN (In other words, we have a discrete

time Markov chain {Y;}V_, with Y = jo and transition matrix P in (7.4), or
P(]v]) =1- Ail(aj +Bj)a P(]7j - 1) = Ailﬁja and P(]a] + 1) = /\710@")

3. Let p be the empirical distribution of Yy (with M values of Yjs). Then, p(x;,T) =
h=Y|ph||¢1p; is the numerical solution.

As well-known, the Monte Carlo method converges with error bound y/var(Z(t))/M
[52]. While the variance is bounded here in time according to the uniform ergodicity, the
convergence is uniformly in the rate 1/v/ M.

Remark 7.1. Since EN' = AT, A\7! is like the time step. Hence, A™! max(a+ 3) <1 is like
the CFL condition (for parabolic equations).

Note that we may use fast algorithms to pre-compute P" to save time. Consider the
following SDE on T with L = 27 and

b(x) = cos(x) exp(sin(z)), o(x) = exp (% sin(:z:)).
It follows that
s(x) =b(x) — o(z)o'(z) = %cosxexp(sin x), w(z) o exp(sin(x)).

By the symbol “7” in this example, whether we mean the circular ratio or the stationary
solution should be clear in the context.

Now, we take p(z,0) = 5= so that limy_o p(x,t) = 7(x). The initial distribution for
Jjo is therefore the uniform distribution. Figure 1 shows the computed p for the upwind
scheme (3.5) at t = 1,4,10,12, where we take number of grid points N = 25, h = 27/N,
A = max(a; + ) + 10 ~ 291.7 and the number of samples M = 10°. We find that
numerical solution of the Monte Carlo method for the jump process indeed converges to a
stationary solution fast. Moreover, the stationary solution of the numerical solution is close
to the stationary distribution of the SDE. This example therefore verifies our theory and

the Monte Carlo method.
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Figure 1: Monte Carlo simulation of the jump process corresponding to the upwind scheme
(3.5). Number of grids N = 2° X\ ~ 291.7 and number of samples M = 10°. The solid
black line shows the exact stationary solution 7(-). Others show the computed numerical
solution at ¢t = 1(green dots), ¢t = 4 (brown dotted line), ¢ = 10 (red dash-dotted line) and
t = 12 (blue dashed line). The stationary solution of the numerical solution is close to the
stationary distribution of the SDE.

A Proof of Lemma 5.1

Proof of Lemma 5.1. Recall that 6 is a non- negatlve sequence with Z f; < oo and pis a

positive sequence on Z. We first pick f; = Ljo,ar1(4). By the definition of A, we have

M [e%s} j 2
A =AY =Y (sz) >3 (L) o
k=0 k=—o0 >0 k=0 i>M

,u;ll[_My_l] (1), we have

-1 S —1 1 2
AN =AY mfi= Y0 (DR = Y (Z ,uk1> 0;.
k=M kh=—M

k=—o0 j<—1 k=j J<—M

Similarly, if we pick f; =

This verifies that A > B.
On the other hand, let us assume Z o f2 = 1. Note the basic inequality

2\[ <vVb—+a, a>0,b>0. (A.1)

Now let v; := Zi:o 1y ' Applying (A.1) and noting vo = 15 ', we obtain

kofﬁ f Z”k\/%“l<m+2\/7] 270 < 2\/7;- (A.2)

ej Zz>] - z>]+1 Z < 9 0
—L = / (A.3)
;ﬂ ZiZj 0; ;c \/ 2>J ;
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Consequently, we find

Z%(

Jj=0

fk> <Y, <Z f,fukﬁk> (Z %)

k= >0 k=0

<2) 6 ﬁjszum

7>0

<2VBY

Fvar
7>0 \/212]921;) K ’

— B Py S

k>0 P>k i>;0i

<4B> fiu <A4B.
k>0

s The first inequality is due to Holder inequality. The second inequality is due to (A.2). The
s third inequality is due to (recall the definition of v; and definition of B)

N Z@iﬁ\/g.

i2]

se0o The second last inequality is due to (A.3)

VAR Y =t <27 [>_6: < 2VEB.
>k i>i b i>k
570 Similarly, defining v; = Z;ZI y ,u,;17 one can control

2

-1
S0 Y f] <4B.
k=j

j<-1

571 Hence, A < 4B. [

» B Proof of Lemma 6.1

si3 Proof of Lemma 6.1. Recall the notation

m. f) = / f(@)n() de

Without loss of generality, we assume (7, ) = 0 and consider the equation of u for SDE
(2.1) (the proof for the modified SDE (6.4) is just the same):

1
Owu = Lu=b0,u+ §A8mu. (B.1)

s We see (m,u) =0 for all ¢ > 0. Multiplying 2u, we have
O|ul? = Lluf* — A|0yul>.

Multiplying 7 and integrating yields

i/w(m)\uﬁ(x) dw:—/wA|8mu\2dx§ —A/7T|u\2d;v. (B.2)
dt Jr T T
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The inequality follows from Poincaré inequality since (m,u) = 0. We then obtain the expo-
nential decay of (r, |u|?):

(m, [uf?) = / P dz < (m, o) exp(—At).

(A—o)t

Consequently, multiplying e in (B.2) for 6 > 0 small and taking integral,

oo > d
/ (A—0)t / 7TA|8.@U|2 dr — 7/ e(A=0t =2 / 7r|u‘2 dxdt < C.
0 T 0 dt Jr

This means that [, e~ (r |9,u|?) dt < oo.
Now, we perform induction. For the convenience, we will use D to mean either % or

%. Assume that we have proved that for all m <n — 1
(m,|D™ul?) < Cpn exp(—mt) (B.3)
and that for all m <n
/ e (| D™ul?) dt < oco. (B.4)
0

We show (B.3)-(B.4) hold for m < n and m < n + 1 respectively. Taking the nth order
derivative of (B.1), we have

D" u = LD"u+ gno(z)D" u+ g, 1 () D u + Z In.n—m+1D"u,

m<n—1

where gy, ., (x) are smooth functions involving b, o and their derivatives. Multiplying 27 D™u
and taking integral, we have

Oy(m, | D™ul?) < —/A\D"+1u|2ﬂ'dx+0/ | D" D™ u|r dx
T T

+ C(m,|D™ul?) + Z Cp(m,|D™uD"ul). (B.5)

m<n—1

Since [; |D" T tuD"u|r dz < v{m,|D" ul?) + & (7, |D"ul?), the D"y term is controlled

by the first term on the right hand side. Multiplying on both sides with e*»* and taking
integral from 0 to ¢, one can get the results (B.3), (B.4) for m = n and m = n+1 respectively.
This then finishes the induction.

Now (B.3)-(B.4) hold for all m > 0. Since 7 is bounded from below, we find that
lu — (m, 50>||§1k(1r) < Cp exp(—7nt). The claims for the decay of ||u — (7, ¢)||cr follow from
Sobolev embedding.

Since p(x,t) = q(x,t)7(x) where g satisfies the backward equation for the modified SDE
(6.4). The first part of this lemma says that ||¢(-,t) — 1||cr < Cexp(—7xt). Since 7 is
smooth on T, we then have ||p(+,t) — 7||cx = ||7(g(+,t) — 1)||c+ decays to zero exponentially
fast. O
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