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Ruled surface underlying KcsA potassium channels
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Recent experiments have revealed that the opening and closing of the channel is controlled by concertedly

rotating and tilting the ends of the alpha-helices in the KcsA ion channels. We recognize these
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transmembrane alpha-helices as the generating lines of the ruled surface: the hyperboloid of one sheet.

The twist-to-shrink feature of the hyperboloid is adopted by KcsA channels in gating the pore as
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Ion channels are pore-forming proteins across the plasma
membranes of cells that regulate the ions passage, a crucial
process in cell biology."* Specifically, potassium ion channels
represent an important class of ion channels and they are
responsible for the stabilization of the membrane potential.*
Central to this function is the ability of such channels to control
the transmembrane ion flux via the gating mechanism, to open
and close the channel pore. Due to their functions in regulating
the membrane potential, potassium channels constitute
potential drug targets for the treatment of diverse disease
processes and offer tremendous opportunities for developing
new drugs.®* The understanding of the structure-function rela-
tionship behind the gating mechanism of ion channels could
vastly improve the process of high throughput screening of ion-
channel targeted drugs. And it is also of biomimetic signifi-
cance for the design of artificial channels which have extensive
applications ranging from biosensors, water purification to
medical treatment.*® Extensive research on the structure of the
bacterial potassium-ion channel KcsA makes it an ideal system
to explore the relationship between the gating mechanism and
the structure.*®

The KcsA potassium channel has an elegant backbone
structure of four-fold symmetry that is decorated by various
chemical groups. Its essential components include four iden-
tical twisted subunits spanning the membrane, with the wide
end of the channel facing the extracellular space as shown in
Fig. 1.>° Each subunit contains two transmembrane (TM) alpha-
helices, TM1 and TM2, as well as a third short helix that makes
the ion filter. The four TM1 (TM2) helices form the outer (inner)
core of the channel; the TM1 helices face the lipid membrane
and the TM2 helices face the central pore. In the gating process,
the TM helices experience large scale conformational variation
that is coupled with the pH-dependent triggers located at the
extracellular end of TM2.*' The concerted global motion of the
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observed in experiments. Our model may shed light on understanding nature’s design principles of ion
channels. And the conclusions drawn from this study have implications for the design of artificial channels.

inner TM2 helical bundle directly modulates the size of
the central channel pore and controls the opening and closing
of the channel, while maintaining the structural integrity.*”*°
The Electron Paramagnetic Resonance (EPR) technology reveals
that the motions of the TM2 helices can be decomposed into
rotation and tilting relative to the symmetry axis of the
channel.” And a pivot point near 1/3 of TM2 from its extracel-
lular end is identified in the analysis of the data from the EPR
measurement.” In this work, we identify the twisted TM helices
supporting the KcsA channel as the generating lines of the ruled
surface: the circular hyperboloid of one sheet." It is found that
the twist-to-shrink mechanism of the hyperboloid has been
adopted by the KcsA channels in gating the pore as observed in
experiments. The conclusions drawn from this study have
implications for the design of artificial channels and
nanopores.

We focus on the motion of the inner TM2 helices that is
directly related to the gating mechanism. In the geometric
analysis of the TM2 helices, they are modeled as straight lines

(b)
Fig. 1 (a) Stereoview of a ribbon representation of the TM1 and TM2
helices, viewed from the extracellular side. The four subunits are
distinguished by color. It is excerpted from ref. 6. Reprinted with
permission from AAAS. (b) The side view of the TM1 (the outer four

rods) and TM2 (the inner four rods) helices, represented by rods
wrapped by spirals, between the membranes.*?
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considering their rigidity during the gating process.”'® The TM2
helices constitute a set of skew lines, which are non-parallel
lines with no intersections.™ If one rotates a line L about a skew
axis that is not perpendicular to it, the surface of revolution
swept out by the line L is a hyperboloid of one sheet.'* The
straight line L is the generating line of a ruled surface, which is
defined to be the trajectory of moving a straight line in space."*
The TM2 helices are recognized as the generating lines that
uniquely define a one-sheeted hyperboloid [see Fig. 1]. Fig. 2
shows some typical ruled surfaces, where (b) and (c) are one-
sheeted hyperboloids of different aspect ratios. A hyperboloid of
one sheet may also be generated by rotating a hyperbola about
the perpendicular bisector to the line between the foci. Note
that any three of the four TM2 bundles are not parallel to any
plane and also not to each other, so they are excluded from
being the generating lines of a hyperbolic paraboloid, a saddle-
like ruled surface without rotational symmetry.** Ruled surfaces
are seen in architectures at a length scale of 10 m; now it is
interesting to note that they are also involved in biological
design at a length scale of 10 A.*

The twist-to-shrink feature of a one-sheeted hyperboloid can
nicely fulfill the function of gating an ion channel, as will be
illustrated below. Starting from a cylinder composed of rigid
rods [Fig. 2(a)], by twisting the two boundary circles, the shape
evolves in hyperboloids of varying aspect ratios [Fig. 2(b) and
(¢)], and finally reaches a double cone structure [Fig. 2(d)]. It is
important to notice that for an arbitrary generating line, by
simply rotating its end point on the upper boundary circle while
fixing the other end, the waist size of the one-sheeted hyper-
boloid can be significantly changed. Alternatively, one may tune
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Fig. 2 Straight lines span the two boundary circles. By twisting the
upper circle, the surface evolves from cylinder (a), hyperboloid of one
sheet (b and c) to the double cone (d).
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the radius of the boundary circles to change the waist size of the
ruled surface. In both cases, the local motion is converted into a
global conformational change. This scheme also enables one to
control a small structure (the size of the waist) through
manipulating a larger one (the size of the open boundary). The
twist-to-shrink feature of the one-sheeted hyperboloid, as
demonstrated in Fig. 1, is adopted in KcsA channels in
controlling the open and closed states of the pore; both modes
of rotating and tilting relative to the symmetry axis of the
channel have been observed in experiments using EPR
technology.” Biologically, the global conformational change of
the channel is triggered by the local motion of the end points of
the TM2 helices at the extracellular side that are coupled to the
pH-sensitive titratable acidic residues.>'® A similar geometric
pattern and gating mechanism is also found in the bacterial
mechanosensitive (MS) channel of large conductance MscL, a
typical MS channel of five-fold symmetry.>**

In order to illustrate the variation of the waist size of the
ruled surface with the rotating and tilting of generating lines,
we consider the geometric configuration in Fig. 3, where the red
line represents an arbitrary generating line of the ruled surface
spanning the two boundary circles. The shape of the surface
changes as the red line experiences rotation (from the straight
dashed blue line to the solid red line) and tilting (from the solid
red line to the dashed red line). A geometric argument leads to
the relationship between the radius of the waist w and the
rotating angle 6:

0
w=R c0s 5. (1)

It shows that continuous rotation along the same direction
(increasing ), either clockwise or counter-clockwise, leads to
shrinking of the waist (decreasing w). The cylinder and double
cone are the two limiting cases of a one-sheeted hyperboloid
(see Fig. 2). The rotating angle # € (0, w) for a one-sheeted
hyperboloid. Eqn (1) leads to

ﬂ:_ﬁ sing. (2)

Fig. 3 Schematic plot of a generating line (the solid red line) spanning
the two boundary circles, to illustrate how rotating and tilting influence
the waist size of the ruled surface.
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The absolute value of the RHS of eqn (2) reaches a maximum
at # = m. It indicates that when approaching the double cone
(0 approaches ), the same amount of rotation brings maximum
change of the waist radius. In addition to the rotation mode, the
tilting relative to the z-axis is also observed in the KcsA channel.”
Now we derive how the radius of the waist w changes by tilting
the red line in Fig. 3 away from the z-axis by 8R. The radius of
the waist is the distance between the tilted line and the z-axis.
Given two skew lines passing through the points {x;, x,} and
|e-(a x b)|

laxb| ’
where a = x, — x5, b = X, — X3 and ¢ = x; — x;. After some
calculation, we obtain the increase of the radius of the waist due
to the tilting of the generating lines (see Fig. 3):

dw 1 0

dR 2% 7 (3)

{xs, X4} respectively, their distance is given by"* D =

Since # € (0, 7) for a one-sheeted hyperboloid, dw/dR > 0,
indicating that tilting towards the z-axis (dR < 0) decreases the
radius of the waist. Eqn (2) and (3) describe how the size of the
waist changes in rotating and tilting the generating lines. In
order to get the magnitude of rotation and tilting for opening a
typical ion channel, we insert the following parameters into eqn
(2) and (3): 3w ~ 1 A (the magnitude of the size of an ion),
R ~ 10 A (the size of an ion channel) and the rotating angle
0 = m/2. We finally obtain the variation of the rotating angle
30 = 0.3 rad and the amount of tilting 3R =~ 3 A, which are
reasonably small numbers that are possible to be realized in vivo
and in vitro.

Now we compare the geometric model with experiments
where in the gating process the TM2 helices concertedly rotate
about 8 degrees and tilt by about 8 degrees with respect to the
membrane normal.” The pivot points are located near 1/3 of the
length of the TM2 helices from their extracellular ends, arising
from complicated interactions among protein residues.” We
work in the coordinates in Fig. 4. The radii of the lower and

. 5 o
upper boundary circles are R; = §R2 and R, = 10 A, respec-

tively.” The height z, = 40 A. Due to the symmetry of the
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Fig. 4 The schematic plot of the four inner TM2 helices that are
represented by straight lines. They are recognized as the generating
lines of the one-sheeted hyperboloid (see text for more information).
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generating lines, we pick up an arbitrary line, say the blue one,
to perform the calculation. In the closed state as in Fig. 4, the
coordinates of the two end points of the blue line are x; =
{0, —R4, 0} and x, = {R, cos(w/4), R, sin(m/4), z,}. The pivot point
XnixiS located at 1/3 of the line near the upper end point, so

2 s .
Xfix = X1 + 3 (x2 — xq). After tilting and rotating by 8 degrees, the
new coordinates of the upper end point are x, = {R; cos(w/4 +
. 1
d0rot), Ry sin(m/4 + db,41), 2o}, where R, = R, — Ezoﬁﬁtm and 86,

= 3041 = 8 degrees. The increase of the waist size is 20w = 3 A,
which is comparable with the experimental value of 2 A.” This
deviation may be attributed to the slight bending of the TM2
helices.” Our calculation also shows that the narrowest point of
the channel is located at Zpamow = 9.3 A instead of the z = 0
plane, which qualitatively agrees with the experimental value of
Znarrow = 12 A7

This study shows that the organization of the trans-
membrane proteins is nicely compatible with their gating
mechanism by following the shape of the one-sheeted hyper-
boloid. Concerted local rotating and tilting of one end of the
TM helices are shown to be able to tune the waist size of the
channel that is crucial for the gating of the pore. The twist-to-
shrink feature of the ruled surface of the one-sheeted hyper-
boloid may find its application in the design of artificial
channels embedded on lipid membranes or bilayer
graphenes.
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