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The aim of the mathematical theory of homogenization is to study the asymptotical
behavior of problems with several parameters which are small compared to the global
dimension of the domain where these problems are setted. The development of this theory
is related in particular, to that of composite materials which have tremendous applications
nowadays. The interest of these materials comes form the fact that in general, they have
“better” properties than their components (significant examples being the concrete or
the superconducting materials). One can describe a composite at a local microscopic
scale, by taking into consideration the characteristics of each heterogeneity and that of
the surrounding material. Such a procedure becomes too difficult (or even impossible) if
the number of heterogeneities is too big. The idea of homogenization is to describe the
material at a macroscopic scale, replacing it by a fictitious homogeneous one (of same
volume), neglecting the fluctuations due to the heterogeneities but having a behavior as
close as possible to the original one.

Let Ω be a bounded domain in RN with a Lipschitz boundary ∂Ω, and let Y =
]0, `1[×...]0, `N [ be a reference cell. Consider the following standard problem:

−
N∑

i,j=1

∂

∂xi

(
aij

(x
ε

) ∂uε
∂xj

)
= f in Ω,

uε = 0 on ∂Ω,

(1)

where f ∈ L2(Ω), A is a N × N matrix α-elliptic (α > 0), defined by aij = aij(y),
i, j = 1, . . . , N , with aij Y− periodic and such that aij ∈ L∞(RN ) for every i, j = 1, . . . , N .
Here Y is a reference (periodicity) cell.

We will apply to this problem the classical methods in homogenization that are
– the multiple scale method, which consists of searching (formally) the solution of (1)

as an asymptotic expansion with respect to ε,
– the oscillating test functions due to Tartar, which is a mathematical one, establishing

a priori estimates and convergence results for the sequence {uε} to the solution of a limit
“homogenized” system,

– the two-scale convergence (again a mathematical method) due to Nguetseng and
Allaire.

1



The three methods unables to obtain the following limiting problem:
−

N∑
i,j=1

qij
∂2u0
∂xi∂xj

= f dans Ω,

u0 = 0 sur ∂Ω,

(2)

where qij are constant coefficients. Error estimates show that uε is close enough to u0
in appropriate functional spaces (so in computations, one replaces (3) by a simple partial
differential equation with constant coefficients).

Other applications are concerned by perforated domains (porous materials), where the
perforations are Y−periodic. Let T ⊂ Y and Y ∗ = Y \T . Set τ(εT̄ ) be the set of translated
images of εT̄ of the form ε(`k + T̄ ), k ∈ ZN , k` = (k1`1, ..., kN`N ), and Tε = Ω ∩ τ(εT̄ ).
Then, the perforated domain Ωε is defined by Ωε = Ω \ T̄ε. Our model problem is now the
following one: 

−
N∑

i,j=1

∂

∂xj

(
aij

(x
ε

)∂uε
∂xj

) = f dans Ωε,

N∑
i,j=1

aij

(x
ε

)∂uε
∂xj

nj = 0 sur ∂Tε,

uε = 0 sur ∂Ωε,

(3)

where f and A are as before and n is the outward normal to Ωε.
Now we have to face a major difficulty: the function uε is defined on the domain Ωε

highly depending on ε. Classically, to homogenize (3) one is lead to construct extensions
of uε to Ω and use afterwards the former three methods.

An alternative is to use another method, namely, the periodic unfolding. This method
unables to transform functions defined on Ωε on the fixed domain Ω× Y . We will present
here the main features of this metod and apply it it to (3).
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