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Aggregation-diffusion 
equation

•           : density distribution of a large group of particles


•     : pairwise attraction potential (aggregation): 


•                      : diffusion (porous medium type): represent 
localized repulsion among particles (Oelschlager 90’)
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Abstract

This paper studies the large time behavior of aggregation-di↵usion equations. For one

spatial dimension with certain assumptions on the interaction potential, the di↵usion in-

dex m, and the initial data, we prove the convergence to the unique steady state as time

goes to infinity (equilibration), with an explicit algebraic rate. The proof is based on a

uniform-in-time bound on the first moment of the density distribution, combined with an

energy dissipation rate estimate. This is the first result on the equilibration of aggregation-

di↵usion equations for a general class of weakly confining potentials W (r): those satisfying

limr!1 W (r) < 1.

1 Introduction

In this paper we are concerned with the large time behavior of the aggregation-di↵usion

equation

@t⇢+r · (⇢u) = �(⇢m), u(t,x) = �
Z

rW (x� y)⇢(t,y) dy, (1.1)

where t 2 R�0, x 2 Rd are the temporal and spatial variables respectively, and ⇢(t,x) is

the density distribution function of a large crowd of moving agents. The drift term r · (⇢u)
describes the pairwise attraction forces among agents, where a radial interaction potential

W = W (r), r = |x| gives rise to the drift velocity u. The attraction nature is guaranteed by

the condition W
0(r) > 0, 8r > 0. This term leads to the aggregation e↵ect of the agents, i.e.,

they tend to get close to each other. The nonlinear di↵usion term �(⇢m), m � 1 represents

the localized repulsion among agents [31] or the e↵ect of Brownian motions [32, 23], and

the agents tend to avoid being too crowded due to this term.

The aggregation-di↵usion equation (1.1) arises naturally in the study of the collective

behavior of large groups of swarming agents [27, 28, 9, 8, 29, 37] and the chemotaxis phe-

nomena of bacteria [32, 23, 22, 21, 7, 6, 10]. In the modeling of chemotaxis, one usually

assumes d = 2, m = 1 with W being the Newtonian attraction potential, and (1.1) is

called the Keller-Segel model [32, 23]. The most interesting phenomenon of the Keller-Segel

model is the critical threshold on the initial total mass for the existence of global smooth

solution/finite time blow-up.
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Energy structure

• Total energy


• Formal 2-Wasserstein gradient flow structure
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However, when m gets larger, the di↵usion e↵ect is stronger at locations with larger

density, which has a stronger tendency of suppressing blow-up. In fact, it is shown in [5, 36]

that m = 2�2/d is the critical index: global wellposedness of (1.1) holds when m > 2�2/d,

and in particular, this is the case for m � 2 for any spatial dimensions, which will be

assumed in the rest of this paper. Also, the Hölder regularity of the solution has been

studied by [16, 25].

Therefore, it is natural to study the large time behavior of (1.1). To do this, the starting

point is the formal 2-Wasserstein gradient flow structure [1, 14, 15] of (1.1). Define the

total energy

E[⇢] :=
1

m� 1

Z
⇢(x)m dx+

1
2

Z Z
W (x� y)⇢(y) dy⇢(x) dx, E(t) := E[⇢(t, ·)], (1.2)

where ⇢(t, ·) is the solution to (1.1), then E(t) formally satisfies

dE
dt

= �
���
�E

�⇢

���
2
= �

Z ���u(t,x)�
m

m� 1
r(⇢(t,x)m�1)

���
2
⇢(t,x) dx. (1.3)

Therefore E(t) is non-increasing, and a steady state ⇢1 is reached (i.e., equilibration) if and

only the energy dissipation rate is zero, i.e.,

u1(x)� m

m� 1
r(⇢1(x)m�1) = 0, 8x 2 supp⇢1. (1.4)

There have been several works towards the large time behavior of (1.1). [3] shows the

existence of steady state(s), by using scaling arguments. Regarding the uniqueness of steady

state and equilibration,

• In the special case of Newtonian attraction, [26, 35, 11] prove the uniqueness and

radial symmetry1 of the steady state for m > 2 � 2/d. [24] generalizes these results

to cases where the interaction potential is the convolution of the Newtonian potential

with a radially-decreasing function, and prove the exponential equilibration of (1.1)

for radially-decreasing initial data. This work is based on a comparison-principle argu-

ment: it relies on the fact that the radially-decreasing property of solution propagates

in time, which is not true for general interaction potentials.

• For a general class of interaction potentials, [13] shows that every steady state has to be

radially-decreasing. This work uses the continuous Steiner symmetrization (CSS), and

proves that the energy dissipation rate has to be strictly positive if ⇢ is not radially-

decreasing. It also improves [24] to prove the equilibration for general solutions, in the

case of Newtonian attraction, but without an explicit convergence rate.

• [19] shows the uniqueness of steady state for a general class of interaction potentials

in the case m � 2, and non-uniqueness in the case 1 < m < 2 for some potentials.

The main approach to prove the uniqueness for m � 2 (which will be relevant to the

current work) is the design of a curve connecting two radially-decreasing states, having

convexity property for the energy functional.

Although a great amount of e↵ort has been spent on the large time behavior of (1.1) in

the past decade, the equilibration of (1.1) for general interaction potentials remains open.

Once we know the existence and uniqueness of steady state (which is the case of m � 2

with general interaction potential), the biggest di�culty towards equilibration is tightness,

i.e., guaranteeing that no mass can escape to infinity. To be precise, one typical way (as

1A density distribution ⇢(x) is radially-symmetric if ⇢ is a function of r = |x|, and radially-decreasing if ⇢(r),

as a function of r, is decreasing on [0,1).
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Steady states

• Steady states: 


• Questions:


• Existence of steady states?


• Uniqueness of steady states?


• Equilibration: convergence to steady states as                ?


• Convergence rate?
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Previous results
• Special case: Newtonian attraction. Lieb-Yau (87’), Strohmer (08’), Carrillo-

Castorina-Volzone (15’), Kim-Yao (12’)


• Existence: Bedrossian (11’)


• Radial symmetry (and radially-decreasing) of steady states: Carrillo-Hittmeir-
Volzone-Yao (16’)


• Uniqueness: Delgadino-Yan-Yao (19’)


• Convergence to unique steady state:


• Kim-Yao (12’): exponential convergence for radially-symmetric solutions, for 
Newtonian and its variant


• Carrillo-Hittmeir-Volzone-Yao (16’): convergence for 2D general solutions for 
Newtonian

m � 2

m � 2

m > 0

m > 2� 2

d

m > 1



Tightness
• Once the existence and uniqueness are known, the main 

difficulty towards equilibration is tightness:


• It gives compactness of the set of functions                    , 
enable one to obtain subsequence converging (strongly) to 
the steady state.


• Equilibration may fail if a bulk of particles with positive mass 
is transported to infinity.


8✏ > 0, 9R > 0, s.t.

Z

|x|>R
⇢(t,x)dx < ✏, 8t � 0

{⇢(t, ·)}t�0



Tightness
• Strongly confining potentials:                                                    

tightness follows automatically from energy balance


• Weakly confining potentials: 


how to obtain tightness?


lim
r!1

W (r) = 1

1

2

Z Z
W (x� y)⇢(x)dx⇢(y)dy  E(0)

lim
r!1

W (r) < 1

r

W (r)

r

W (r)

r

W (r)



Tightness

• Issue: tendency of 
local clustering at low 
density region      
(meta-stable states,            
c.f. consensus model, 
Motsch-Tadmor 14’)


• Comparison principle 
arguments cannot 
control the 
propagation of support 
effectively.
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dex m, and the initial data, we prove the convergence to the unique steady state as time

goes to infinity (equilibration), with an explicit algebraic rate. The proof is based on a

uniform-in-time bound on the first moment of the density distribution, combined with an

energy dissipation rate estimate. This is the first result on the equilibration of aggregation-

di↵usion equations for a general class of weakly confining potentials W (r): those satisfying

limr!1 W (r) < 1.

1 Introduction

In this paper we are concerned with the large time behavior of the aggregation-di↵usion

equation

@t⇢+r · (⇢u) = �(⇢m), u(t,x) = �
Z

rW (x� y)⇢(t,y) dy, (1.1)

where t 2 R�0, x 2 Rd are the temporal and spatial variables respectively, and ⇢(t,x) is

the density distribution function of a large crowd of moving agents. The drift term r · (⇢u)
describes the pairwise attraction forces among agents, where a radial interaction potential

W = W (r), r = |x| gives rise to the drift velocity u. The attraction nature is guaranteed by

the condition W
0(r) > 0, 8r > 0. This term leads to the aggregation e↵ect of the agents, i.e.,

they tend to get close to each other. The nonlinear di↵usion term �(⇢m), m � 1 represents

the localized repulsion among agents [31] or the e↵ect of Brownian motions [32, 23], and

the agents tend to avoid being too crowded due to this term.

The aggregation-di↵usion equation (1.1) arises naturally in the study of the collective

behavior of large groups of swarming agents [27, 28, 9, 8, 29, 37] and the chemotaxis phe-

nomena of bacteria [32, 23, 22, 21, 7, 6, 10]. In the modeling of chemotaxis, one usually

assumes d = 2, m = 1 with W being the Newtonian attraction potential, and (1.1) is

called the Keller-Segel model [32, 23]. The most interesting phenomenon of the Keller-Segel

model is the critical threshold on the initial total mass for the existence of global smooth

solution/finite time blow-up.
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Figure 15: Evolution of solution ⇢(x, y, t) to the two dimensional aggregation-di↵usion equation, with

W (x) = �e�|x|2/⇡, ⌫ = 0.1, and m = 3 on the domain ⌦ = [�4, 4] ⇥ [�4, 4]. We choose ⌧ = 0.5,
�x = �y = 0.1, �t = 0.1, � = 0.1144, and � = 0.5. The total iteration number for 40 JKO time steps is
197852. We observe convergence to the a single bump centered at the origin.

Di↵usion dominates both the short and long ranges, and the medium range aggregation leads to
the formation of four bumps, which ultimately approach a single bump equilibrium. (See also [27].)

Keller-Segel equation: blowup vs. global existence for m = 1, 2
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Figure 16: Plot of solution ⇢(x, y, t) to the two dimensional Keller-Segel equation at t = 2. Left: When
m = 2, the solution approaches a bounded, continuous equilibrium profile. Here the computational domain
is [-5,5]⇥[-5,5]. Right: When m = 1, the solution blows up, becoming sharply peaked. The computational
domain here is [-2,2]⇥[-2,2]. For both we choose ⌧ = 0.05, �x = �y = 0.067, �t = 0.1, � = 0.5, � = 0.042.

In Figure 16, we simulate solutions of the Keller-Segel equation, which is an aggregation-di↵usion
equation (4.9) with a Newtonian interaction kernel, i.e. W (x) = 1

2⇡ ln(|x|) in two dimensions for

37

picture from Carrillo-Craig-Wang-Wei (19’), m=3



Our result
• Theorem: for 1D aggregation-diffusion equations, under 

certain assumptions (will be specified later) on                              
equilibration holds with algebraic rate 

• This is the first result for equilibration of aggregation-
diffusion equations, for a general class of weakly-
confining potential.


• Previous equilibration results can only handle Newtonian 
potential and its variants, which is a structural assumption.

result Theorem 2.1. The paper is concluded in section 8.

2 The main result

From now on, we will focus on the case of one spatial dimension (d = 1) with m > 2,

for which (1.1) can be written as

@t⇢+ @x(⇢u) = @xx(⇢
m), u(t, x) = �

Z
W

0(x� y)⇢(t, y) dy. (2.1)

The initial data of (2.1) is denoted as ⇢(0, ·) = ⇢in(·).
We propose the following assumptions:

• (A1) W = W (x) is an attractive potential:

W (0) = 0, W (x) = W (�x), W
0(x) > 0, 8x > 0. (2.2)

• (A2) W
0 satisfies upper and lower bounds:

kW 0kL1(0,1) < 1, �(x) := c↵(1+|x|)�↵  W
0(x)  ⇤(x) := C�(1+|x|)��

, 8x > 0,

(2.3)

for some ↵ � � > 0, c↵, C� > 0.

• (A3) kW 000kL1(0,1) < 1.

• (A4) m > max{2,↵}.

• (A5) The initial data is radially-symmetric: ⇢in(x) = ⇢in(�x), non-negative, com-

pactly supported, with total mass 1:
R
⇢in(x) dx = 1.

• (A6) The initial data is sub-critical, in the sense that

E(0) <
1
4

lim
x!1

W (x) + 2E[⇢1,1/2], (2.4)

where ⇢1,1/2 denotes the unique steady state determined by the same W and m

with total mass 1/2 (whose existence and uniqueness are guaranteed by the results

in [3, 13, 19] with the previous assumptions).

Then we state the main result:

Theorem 2.1. Under the assumptions (A1)-(A6) on W , m and ⇢in, the solution to (2.1),

denoted as ⇢(t, ·), satisfies

E(t)� E1  C(1 + t)�1/�
, � = 2 + ↵+ 4

↵
2

�
+

↵
3

�2
, (2.5)

for some C > 0, where E(t) is as defined in (1.2), and E1 = E[⇢1] with ⇢1 being the

unique steady state of (2.1) with total mass 1.

This result shows the equilibration of (2.1) with an explicit algebraic decay rate. Before

discussing the proof, we first give a few remarks on the assumptions:

1. The lower bound with �(x) in (A2) dictates the decay rate of W 0(x) as x gets large.

In particular, if ↵ > 2, this lower bound is consistent with weakly confining potentials,

i.e., those W satisfying limx!1 W (x) < 1. For example, W (x) = � 1
(1+|x|)↵�1 + 1 is

a weakly confining potential satisfying (A1) and (A2) with parameter ↵, if ↵ > 2.

4

� > 0

W,m, ⇢in



Assumptions
• W is attractive, satisfying upper and lower bounds:


• W is smooth enough on            , behavior like Newtonian near 0


•  


•         is symmetric, compactly supported,                                     
total mass=1, satisfying sub-critical condition


result Theorem 2.1. The paper is concluded in section 8.
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⇢in

avoid running into this situation

Lemma: 

symmetry, sub-critical

implies: for         large

Proof. We start by defining an alternative of m1:

m�(t) :=

Z
�(x)⇢(t, x) dx, �(x) =

8
>>>><

>>>>:

0, |x|  5R1

1
2
(|x|� 5R1)

2
, 5R1  |x|  6R1

R1|x|�
11
2
R

2
1, |x| � 6R1

, (3.14)

where � is a convex function, designed to satisfy �
00 = �[�6R1,�5R1][[5R1,6R1], and R1 > 0 is

a large constant to be chosen. It is clear that the uniform-in-time bound of m1 is equivalent

to that of m�, for any choice of R1. Then it is important to observe that

d
dt

Z
�(x)⇢(t, x) dx

=

Z
�(x)(�@x(⇢u) + @xx(⇢

m)) dx =

Z
�
0(x)⇢u dx+

Z
�
00(x)⇢m dx

=�
Z

�
0(x)⇢(t, x)

Z
W

0(x� y)⇢(t, y) dy dx+

Z

5R1|x|6R1

⇢(t, x)m dx

=� 1
2

Z Z
W

0(x� y)(�0(x)� �
0(y))⇢(t, y) dy⇢(t, x) dx+

Z

5R1|x|6R1

⇢(t, x)m dx


Z

5R1|x|6R1

⇢(t, x)m dx,

(3.15)

where the last equality symmetrizes x and y by using W
0(�x) = �W

0(x), and the last

inequality uses the facts that both W
0(x � y) and �

0(x) � �
0(y) have the same sign as

x� y (a consequence of the attractive nature of W and the convexity of �). Then Theorem

3.2 follows from the finiteness of
R1
0

R
5R1|x|6R1

⇢(t, x)m dx dt, which is guaranteed by

the uniform L
1 bound of ⇢(t, x) (Lemma 3.9) and the following two propositions, for the

non-radially-decreasing part and radially-decreasing part respectively.

Proposition 3.3. For R1 su�ciently large and R2 > 2R1, we have

Z 1

0

Z

[2R1,R2]

µ(t, x) dx dt  CR
4↵+↵2

�
2 . (3.16)

Proposition 3.4. For R1 su�ciently large, we have

Z 1

0

Z

[5R1,6R1]

⇢
⇤(t, x) dx dt  CR

↵+4↵2

� +↵3

�2

1 . (3.17)

The proof of these two propositions will be given in section 5, with the aid of the variants

of CSS curves discussed in section 4.

We finally remark that the critical threshold assumption (A6) is used in the proof of

these two propositions, by the following lemma:

Lemma 3.5. For R1 su�ciently large, there exists c⇢ > 0 such that

Z

[0,R1]

⇢(t, x) dx � c⇢, 8t � 0. (3.18)

Proof. We first show that the function s 7! E[⇢1,s] (where ⇢1,s is the unique steady state

with total mass s) defined on R>0 is continuous and increasing in s. In fact, for any s > 0

and |�| < 1,

E[⇢1,(1+�)s]  E[(1 + �)⇢1,s]  max{(1 + �)m, (1 + �)2}E[⇢1,s], (3.19)

8
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Outline of proof
• Tightness: uniform bound on the first moment


• reduce to the finiteness of a time integral


• deal with non-radially-decreasing part


• deal with radially-decreasing part


• Convergence rate: energy dissipation rate estimate

Then the solution ⇢(t, x) to (2.1) satisfies

d
dt

���
t=0

E[⇢(t, ·)]  �
( d

dtE[⇢t(·)])2R
v2t ⇢t dx

���
t=0

. (3.8)

Notice that the denominator
R
v
2
t ⇢t dx represents the infinitesimal cost of the curve ⇢t

in the sense of the 2-Wasserstein metric, in align with the Benamou-Brenier formulation [4].

Proof. Write v(t, x) = u(t, x) � m
m�1@x(⇢(t, x)

m�1) as the velocity field of (2.1). Then the

2-Wasserstein gradient flow structure reads

@t⇢(t, x) + @x(⇢(t, x)v(t, x)) = 0,
d
dt

���
t=0

E[⇢(t, ·)] = �
Z

v(0, x)2⇢in(x) dx. (3.9)

We also have

d
dt

���
t=0

E[⇢t] = �
Z

v0(x)v(0, x)⇢in(x) dx � �
✓Z

v0(x)
2
⇢in(x) dx ·

Z
v(0, x)2⇢in(x) dx

◆1/2

,

(3.10)

in case the LHS is negative, and the conclusion follows.

This lemma can also be applied at any time t rather than the case at the initial time

(t = 0) as stated above. Combined with various constructions of the curve ⇢t, it allows us

to bound the energy dissipation rate from below for certain types of density distributions

⇢(t, ·).
The proof of Theorem 2.1 has two main steps:

1. Give a uniform-in-time estimate of the first moment

m1(t) :=

Z
|x|⇢(t, x) dx, (3.11)

see Theorem 3.2. This gives the necessary tightness for the equilibration.

2. Give a quantitative estimate of the energy dissipation rate, in terms of the size of

support R(t) = max{|x| : x 2 supp⇢(t, ·)}:

d
dt

E(t)  �c(R)(E(t)� E[⇢1]), (3.12)

see Theorem 3.6. The uniform moment estimate basically says that the size of support

is uniformly bounded, up to a small tail, and a perturbed version of Theorem 3.6 gives

the algebraic convergence rate (c.f. section 7).

In the rest of this section, we outline the important intermediate steps for the uniform

moment estimate and the quantitative dissipation rate estimate.

3.3 Uniform estimate of the first moment

We formulate the uniform estimate of the first moment as follows:

Theorem 3.2. We have

m1(t) :=

Z
|x|⇢(t, x) dx  C, (3.13)

for all t � 0.

We prove this theorem as follows, with the aid of intermediate results stated in this

section:

7
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0

Z

5R1|x|6R1

⇢(t, x)mdxdt

Z 1

0

Z

5R1|x|6R1

µ(t, x)dxdt

Z 1

0

Z

5R1|x|6R1

⇢⇤(t, x)dxdt

8t � 0



Tightness
• Theorem:  

• Idea: using the following convex test function
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⇢(t, ·).
The proof of Theorem 2.1 has two main steps:

1. Give a uniform-in-time estimate of the first moment

m1(t) :=

Z
|x|⇢(t, x) dx, (3.11)

see Theorem 3.2. This gives the necessary tightness for the equilibration.

2. Give a quantitative estimate of the energy dissipation rate, in terms of the size of

support R(t) = max{|x| : x 2 supp⇢(t, ·)}:

d
dt

E(t)  �c(R)(E(t)� E[⇢1]), (3.12)

see Theorem 3.6. The uniform moment estimate basically says that the size of support

is uniformly bounded, up to a small tail, and a perturbed version of Theorem 3.6 gives

the algebraic convergence rate (c.f. section 7).

In the rest of this section, we outline the important intermediate steps for the uniform

moment estimate and the quantitative dissipation rate estimate.

3.3 Uniform estimate of the first moment

We formulate the uniform estimate of the first moment as follows:

Theorem 3.2. We have

m1(t) :=

Z
|x|⇢(t, x) dx  C, (3.13)

for all t � 0.

We prove this theorem as follows, with the aid of intermediate results stated in this

section:
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8t � 0

Proof. We start by defining an alternative of m1:

m�(t) :=
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�(x)⇢(t, x) dx, �(x) =

8
>>>><

>>>>:
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2
(|x|� 5R1)

2
, 5R1  |x|  6R1

R1|x|�
11
2
R

2
1, |x| � 6R1

, (3.14)

where � is a convex function, designed to satisfy �
00 = �[�6R1,�5R1][[5R1,6R1], and R1 > 0 is

a large constant to be chosen. It is clear that the uniform-in-time bound of m1 is equivalent

to that of m�, for any choice of R1. Then it is important to observe that

d
dt

Z
�(x)⇢(t, x) dx

=

Z
�(x)(�@x(⇢u) + @xx(⇢

m)) dx =

Z
�
0(x)⇢u dx+

Z
�
00(x)⇢m dx
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Z

�
0(x)⇢(t, x)

Z
W

0(x� y)⇢(t, y) dy dx+

Z

5R1|x|6R1

⇢(t, x)m dx

=� 1
2

Z Z
W

0(x� y)(�0(x)� �
0(y))⇢(t, y) dy⇢(t, x) dx+

Z

5R1|x|6R1

⇢(t, x)m dx


Z

5R1|x|6R1

⇢(t, x)m dx,

(3.15)

where the last equality symmetrizes x and y by using W
0(�x) = �W

0(x), and the last

inequality uses the facts that both W
0(x � y) and �

0(x) � �
0(y) have the same sign as

x� y (a consequence of the attractive nature of W and the convexity of �). Then Theorem

3.2 follows from the finiteness of
R1
0

R
5R1|x|6R1

⇢(t, x)m dx dt, which is guaranteed by

the uniform L
1 bound of ⇢(t, x) (Lemma 3.9) and the following two propositions, for the

non-radially-decreasing part and radially-decreasing part respectively.

Proposition 3.3. For R1 su�ciently large and R2 > 2R1, we have

Z 1

0

Z

[2R1,R2]

µ(t, x) dx dt  CR
4↵+↵2

�
2 . (3.16)

Proposition 3.4. For R1 su�ciently large, we have

Z 1

0

Z

[5R1,6R1]

⇢
⇤(t, x) dx dt  CR

↵+4↵2

� +↵3

�2

1 . (3.17)

The proof of these two propositions will be given in section 5, with the aid of the variants

of CSS curves discussed in section 4.

We finally remark that the critical threshold assumption (A6) is used in the proof of

these two propositions, by the following lemma:

Lemma 3.5. For R1 su�ciently large, there exists c⇢ > 0 such that

Z

[0,R1]

⇢(t, x) dx � c⇢, 8t � 0. (3.18)

Proof. We first show that the function s 7! E[⇢1,s] (where ⇢1,s is the unique steady state

with total mass s) defined on R>0 is continuous and increasing in s. In fact, for any s > 0

and |�| < 1,

E[⇢1,(1+�)s]  E[(1 + �)⇢1,s]  max{(1 + �)m, (1 + �)2}E[⇢1,s], (3.19)
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of CSS curves discussed in section 4.

We finally remark that the critical threshold assumption (A6) is used in the proof of
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Proof. We first show that the function s 7! E[⇢1,s] (where ⇢1,s is the unique steady state

with total mass s) defined on R>0 is continuous and increasing in s. In fact, for any s > 0

and |�| < 1,
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decreases convex moment

pairwise repulsion / diffusion

increases convex moment

Z 1

0

Z

5R1|x|6R1

⇢(t, x)mdxdt

result Theorem 2.1. The paper is concluded in section 8.

2 The main result

From now on, we will focus on the case of one spatial dimension (d = 1) with m > 2,

for which (1.1) can be written as

@t⇢+ @x(⇢u) = @xx(⇢
m), u(t, x) = �

Z
W

0(x� y)⇢(t, y) dy. (2.1)

The initial data of (2.1) is denoted as ⇢(0, ·) = ⇢in(·).
We propose the following assumptions:

• (A1) W = W (x) is an attractive potential:

W (0) = 0, W (x) = W (�x), W
0(x) > 0, 8x > 0. (2.2)

• (A2) W
0 satisfies upper and lower bounds:

kW 0kL1(0,1) < 1, �(x) := c↵(1+|x|)�↵  W
0(x)  ⇤(x) := C�(1+|x|)��

, 8x > 0,

(2.3)

for some ↵ � � > 0, c↵, C� > 0.

• (A3) kW 000kL1(0,1) < 1.

• (A4) m > max{2,↵}.

• (A5) The initial data is radially-symmetric: ⇢in(x) = ⇢in(�x), non-negative, com-

pactly supported, with total mass 1:
R
⇢in(x) dx = 1.

• (A6) The initial data is sub-critical, in the sense that

E(0) <
1
4

lim
x!1

W (x) + 2E[⇢1,1/2], (2.4)

where ⇢1,1/2 denotes the unique steady state determined by the same W and m

with total mass 1/2 (whose existence and uniqueness are guaranteed by the results

in [3, 13, 19] with the previous assumptions).

Then we state the main result:

Theorem 2.1. Under the assumptions (A1)-(A6) on W , m and ⇢in, the solution to (2.1),

denoted as ⇢(t, ·), satisfies

E(t)� E1  C(1 + t)�1/�
, � = 2 + ↵+ 4

↵
2

�
+

↵
3

�2
, (2.5)

for some C > 0, where E(t) is as defined in (1.2), and E1 = E[⇢1] with ⇢1 being the

unique steady state of (2.1) with total mass 1.

This result shows the equilibration of (2.1) with an explicit algebraic decay rate. Before

discussing the proof, we first give a few remarks on the assumptions:

1. The lower bound with �(x) in (A2) dictates the decay rate of W 0(x) as x gets large.

In particular, if ↵ > 2, this lower bound is consistent with weakly confining potentials,

i.e., those W satisfying limx!1 W (x) < 1. For example, W (x) = � 1
(1+|x|)↵�1 + 1 is

a weakly confining potential satisfying (A1) and (A2) with parameter ↵, if ↵ > 2.
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Gradient flows
• Notation:              : solution to AG eq;            : a curve of 

density distributions


• Lemma: let            be a curve of density distributions, 
satisfying the transport equation 

and                           Then


• This idea has been used in CHVY16, DYY19

• ⇢ = ⇢(x), with possible t-dependence stated as below, always denotes a density distri-

bution function which is radially-symmetric, non-negative, compactly supported, with

total mass 1. ⇢(t, ·) always denotes the solution to (2.1) with (A1)-(A6) satisfied.

• ⇢t(·) always denotes a family (also called curve) of density distributions, depending on

the parameter t, for 0  t  t1 with t1 > 0. Usually ⇢0 is taken as the initial data ⇢in

and the curve is constructed from ⇢0, and generally it does not coincide with ⇢(t, ·).
⇢t may refer to di↵erent curves in di↵erent context.

• We write the total energy E[⇢] into the internal part S[⇢] and interaction part I[⇢]:

E[⇢] = S[⇢] + I[⇢], S[⇢] = 1
m� 1

Z
⇢
m dx, I[⇢] = 1

2

Z Z
W (x� y)⇢(y) dy⇢(x) dx.

(3.1)

We further define a bilinear form for the interaction energy:

I[⇢1, ⇢2] =
Z Z

W (x� y)⇢2(y) dy⇢1(x) dx, I[⇢] = 1
2
I[⇢, ⇢]. (3.2)

• We will denote ⇢
# as the Steiner symmetrization of ⇢, defined implicitly as:

⇢
#
⇣
|{x : ⇢(x) > h}|/2

⌘
= h, 8h > 0. (3.3)

It is clear that ⇢# is radially-decreasing, compactly supported, with total mass 1, and

S[⇢] = S[⇢#].

• The radially-decreasing part ⇢
⇤ of ⇢ is defined as the radially-decreasing distribution

with largest total mass such that ⇢⇤(x)  ⇢(x), 8x. It is explicitly given by

⇢
⇤(x) = min

0yx
⇢(y). (3.4)

Then we decompose ⇢(x) into

⇢(x) = ⇢
⇤(x) + µ(x), µ(x) = µ(x)�(0,1)(x) + µ(x)�(�1,0)(x) =: µ+(x) + µ�(x),

(3.5)

where µ(x) = µ[⇢](x) is the non-radially-decreasing part of ⇢(x) (its dependence on

⇢ will be omitted when it is clear from the context). µ is radially-symmetric, non-

negative and compactly supported.

• C and c always refer to positive constants which may depend on

kW 0kL1 , kW 000kL1 ,↵, c↵,�, C� ,m, ⇢in, as appeared in the assumptions (A1)-(A6),

and they may di↵er from line to line. Usually C refers to a large constant and c refers

to a small constant.

3.2 Outline of the proof

We give an outline of the proof of Theorem 2.1. The starting point is the following lemma,

which reduces the estimate for energy dissipation rate into finding a suitable curve ⇢t with

large energy decay rate and small cost. It is indeed a consequence of the 2-Wasserstein

gradient flow structure of (2.1).

Lemma 3.1. Let ⇢t(x), 0  t  t1, t1 > 0 satisfy ⇢0 = ⇢in and

@t⇢t + @x(⇢tvt) = 0, (3.6)

for some velocity field vt(x) with
R
v
2
t ⇢t dx < 1. Assume

d
dt

���
t=0

E[⇢t] < 0. (3.7)
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to a small constant.

3.2 Outline of the proof

We give an outline of the proof of Theorem 2.1. The starting point is the following lemma,

which reduces the estimate for energy dissipation rate into finding a suitable curve ⇢t with

large energy decay rate and small cost. It is indeed a consequence of the 2-Wasserstein

gradient flow structure of (2.1).

Lemma 3.1. Let ⇢t(x), 0  t  t1, t1 > 0 satisfy ⇢0 = ⇢in and

@t⇢t + @x(⇢tvt) = 0, (3.6)

for some velocity field vt(x) with
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t ⇢t dx < 1. Assume
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Then the solution ⇢(t, x) to (2.1) satisfies

d
dt

���
t=0

E[⇢(t, ·)]  �
( d

dtE[⇢t(·)])2R
v2t ⇢t dx

���
t=0

. (3.8)

Notice that the denominator
R
v
2
t ⇢t dx represents the infinitesimal cost of the curve ⇢t

in the sense of the 2-Wasserstein metric, in align with the Benamou-Brenier formulation [4].

Proof. Write v(t, x) = u(t, x) � m
m�1@x(⇢(t, x)

m�1) as the velocity field of (2.1). Then the

2-Wasserstein gradient flow structure reads

@t⇢(t, x) + @x(⇢(t, x)v(t, x)) = 0,
d
dt

���
t=0

E[⇢(t, ·)] = �
Z

v(0, x)2⇢in(x) dx. (3.9)

We also have

d
dt

���
t=0

E[⇢t] = �
Z

v0(x)v(0, x)⇢in(x) dx � �
✓Z

v0(x)
2
⇢in(x) dx ·

Z
v(0, x)2⇢in(x) dx

◆1/2

,

(3.10)

in case the LHS is negative, and the conclusion follows.

This lemma can also be applied at any time t rather than the case at the initial time

(t = 0) as stated above. Combined with various constructions of the curve ⇢t, it allows us

to bound the energy dissipation rate from below for certain types of density distributions

⇢(t, ·).
The proof of Theorem 2.1 has two main steps:

1. Give a uniform-in-time estimate of the first moment

m1(t) :=

Z
|x|⇢(t, x) dx, (3.11)

see Theorem 3.2. This gives the necessary tightness for the equilibration.

2. Give a quantitative estimate of the energy dissipation rate, in terms of the size of

support R(t) = max{|x| : x 2 supp⇢(t, ·)}:

d
dt

E(t)  �c(R)(E(t)� E[⇢1]), (3.12)

see Theorem 3.6. The uniform moment estimate basically says that the size of support

is uniformly bounded, up to a small tail, and a perturbed version of Theorem 3.6 gives

the algebraic convergence rate (c.f. section 7).

In the rest of this section, we outline the important intermediate steps for the uniform

moment estimate and the quantitative dissipation rate estimate.

3.3 Uniform estimate of the first moment

We formulate the uniform estimate of the first moment as follows:

Theorem 3.2. We have

m1(t) :=

Z
|x|⇢(t, x) dx  C, (3.13)

for all t � 0.

We prove this theorem as follows, with the aid of intermediate results stated in this

section:
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• ⇢t(·) always denotes a family (also called curve) of density distributions, depending on

the parameter t, for 0  t  t1 with t1 > 0. Usually ⇢0 is taken as the initial data ⇢in

and the curve is constructed from ⇢0, and generally it does not coincide with ⇢(t, ·).
⇢t may refer to di↵erent curves in di↵erent context.

• We write the total energy E[⇢] into the internal part S[⇢] and interaction part I[⇢]:

E[⇢] = S[⇢] + I[⇢], S[⇢] = 1
m� 1

Z
⇢
m dx, I[⇢] = 1

2

Z Z
W (x� y)⇢(y) dy⇢(x) dx.

(3.1)

We further define a bilinear form for the interaction energy:

I[⇢1, ⇢2] =
Z Z

W (x� y)⇢2(y) dy⇢1(x) dx, I[⇢] = 1
2
I[⇢, ⇢]. (3.2)

• We will denote ⇢
# as the Steiner symmetrization of ⇢, defined implicitly as:

⇢
#
⇣
|{x : ⇢(x) > h}|/2

⌘
= h, 8h > 0. (3.3)

It is clear that ⇢# is radially-decreasing, compactly supported, with total mass 1, and

S[⇢] = S[⇢#].

• The radially-decreasing part ⇢
⇤ of ⇢ is defined as the radially-decreasing distribution

with largest total mass such that ⇢⇤(x)  ⇢(x), 8x. It is explicitly given by

⇢
⇤(x) = min

0yx
⇢(y). (3.4)

Then we decompose ⇢(x) into

⇢(x) = ⇢
⇤(x) + µ(x), µ(x) = µ(x)�(0,1)(x) + µ(x)�(�1,0)(x) =: µ+(x) + µ�(x),

(3.5)

where µ(x) = µ[⇢](x) is the non-radially-decreasing part of ⇢(x) (its dependence on

⇢ will be omitted when it is clear from the context). µ is radially-symmetric, non-

negative and compactly supported.

• C and c always refer to positive constants which may depend on

kW 0kL1 , kW 000kL1 ,↵, c↵,�, C� ,m, ⇢in, as appeared in the assumptions (A1)-(A6),

and they may di↵er from line to line. Usually C refers to a large constant and c refers

to a small constant.

3.2 Outline of the proof

We give an outline of the proof of Theorem 2.1. The starting point is the following lemma,

which reduces the estimate for energy dissipation rate into finding a suitable curve ⇢t with

large energy decay rate and small cost. It is indeed a consequence of the 2-Wasserstein

gradient flow structure of (2.1).

Lemma 3.1. Let ⇢t(x), 0  t  t1, t1 > 0 satisfy ⇢0 = ⇢in and

@t⇢t + @x(⇢tvt) = 0, (3.6)

for some velocity field vt(x) with
R
v
2
t ⇢t dx < 1. Assume

d
dt

���
t=0

E[⇢t] < 0. (3.7)
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• Deal with non-radially-decreasing part:


• Continuous Steiner symmetrization (CHVY 16’) and its 
variants.


•

Z 1

0

Z

5R1|x|6R1

µ(t, x)dxdt

µ(x)

µ(x)

⇢(x)

⇢⇤(x)

I0(h) I1(h)

h

Figure 1: Illustration of ⇢⇤(x) (the white region under the curve), µ(x) (the red regions), C(h) =
S

j Ij(h) (the blue dashed segments), and the CSS1 curve (red arrows).

This implies that for the CSS we will define in the following subsections, the internal

energy is always decreasing, by the following:

Corollary 4.2. If C(h) is admissible, and C̃(h) satisfies

|C̃(h)| = |C(h)|, (4.7)

then Z
�(⇢[C̃](x)) dx 

Z
�(⇢[C](x)) dx. (4.8)

Remark 4.3. We will consider several curves ⇢t for a given ⇢0, defined by ⇢t = ⇢[Ct] for

some well-designed Ct with C0 = C[⇢0]. To apply Corollary 4.2, we take C = C[⇢0] which is

clearly admissible, and C̃ = Ct, t > 0. In fact, in all the applications in this paper, C̃ = Ct is

also admissible and the equality in (4.8) holds, but we still want to formulate Corollary 4.2 in

the general form as stated. We believe Corollary 4.2 is comparable to the entropy condition

in the study of hyperbolic equations, and this comparison deserves further investigation.

4.2 Basic lemmas for CSS

Before we introduce the variants of CSS, we first give two lemmas which will be useful

for the energy decay estimates for CSS.

The following lemma gives the interaction energy decay rate when a point mass is moving

towards the center of the characteristic function of a symmetric interval:

Lemma 4.4. Let r, x > 0. Then

d
dt

���
t=0

I[�[�r,r], �x�t]  �2�(r + x)min{r, x}, (4.9)

where �x denotes the Dirac delta centered at x.

12

cj(h)

R1 R2cut at

Figure 3: Illustration of the CSS2 curve: only the red regions are moving left.

Lemma 4.9. Fix 0 < 2R1 < R2 < R3, with R1 large enough such that (3.18) holds. Then

we have the estimate

d
dt

���
t=0

I[⇢t] �
Z X

j>0, cj(h)2[R1,R2]

|Ij | dh ·
h
c⇢

2
�

⇣
2R2 +

4R1

c⇢

⌘

�
⇣
kW 0kL1

Z R3

R2

µ(x) dx+ ⇤(R3 �R2)

Z 1

R3

µ(x) dx
⌘i

.

(4.29)

Proof. We will further cut every interval Ij at R3, and this does not a↵ect the definition of

CSS2 since all Ij , j > 0 which are moving are inside [0, R2] (because every Ij has been cut

at R2). By using the bi-linearity of I,

d
dt

���
t=0

I[⇢t] =
1
2

Z Z X

Ij⇢C(h1)

X

Ik⇢C(h2)

d
dt

���
t=0

I[�Ij,t ,�Ik,t ] dh1 dh2

.

(4.30)

For any C(h), we write

C(h) = I0 [ C1 [ C2 [ C3 [ C�1 [ C�2 [ C�3, (4.31)

where C1,2,3 contains those Ij , j > 0 whose cj are inside [0, R1), [R1, R2], (R2,1) respec-

tively (similarly C�1,�2,�3 are for j < 0). By definition of CSS2, only those Ij ⇢ C±2 are

moving, and thus the terms on RHS of (4.30) are nonzero only when Ij ⇢ C±2 or Ik ⇢ C±2,

and we only need to analyze the case Ij ⇢ C2 by symmetry.

Take Ij ⇢ C2(h1) (whose cj is in [R1, R2] and moving to the left). Then4

• If Ik ⇢ C1,0,�1,�2,�3,(h2) then clearly d
dt

���
t=0

I[�Ij,t ,�Ik,t ]  0 by Lemma 4.5 since Ik

is either staying or moving to the right (i.e., d
dt

���
t=0

ck,t � 0) and ck < cj .

4Below, items 3,4 are the quantitative good contribution, and item 5 is the bad contribution.
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CSS1: moving all slices CSS2: moving those slices

with center in [R1,R2]



• Deal with radially-decreasing part:


• Local clustering curve:


•  


Z 1

0

Z

5R1|x|6R1

⇢⇤(t, x)dxdt

r 6R1

v(x)

Figure 4: Illustration of the local clustering curve: the shaded region is transported by v(x) and

becomes the region under the red dashed curve.

which justifies that all rk are well-defined, and rk  1.5R. This implies limk!1 rk  1.5R.

(5.15) clearly implies limk!1 ⇢(rk) = 0, and thus ⇢|[2R,3R] = 0. This contradicts the

assumption (5.9) with r = 2R.

Remark 5.2. Lemma 5.1 is false for m = 1. In fact, fix any R > 0, and then the function

⇢(x) = e
�Ax

gives Z 3R

r

⇢(x) dx =
1
A
(eAr � e

A·3R), (5.21)

and

Z 3R

r

(x� r)⇢(x) dx = � 1
A
(3R� r)e�A·3R +

1
A2

(eAr � e
A·3R)  1

A
· 1
A
(eAr � e

A·3R), (5.22)

which clearly fail (5.6) with m = 1 for any R  r  2R, if A > a.

Based on the above counter-example for m = 1, we believe that Lemma 5.1 is a rem-

iniscent of the following fact: the ODE
dy
dx = �ay

1/m
with m = 1 has solutions like

y(x) = Ce
�ax

which never decays to zero, but all solutions decay to zero within finite

distance if m > 1. The proof of this lemma can be viewed as a discrete analog of this ODE.

Proof of Proposition 3.4. We take R1 satisfying (3.18) and R2 � 7R1, being large and to

be chosen. Given a density distribution ⇢ = ⇢0, we define ⇢t, t > 0 by the velocity field

@t⇢t + @x(⇢tv) = 0, v(x) = ��[r,6R1]
x� r

4R1
, x > 0, v(�x) = �v(x), (5.23)

where r is given by5 Lemma 5.1 (with ⇢
⇤(x) and R = 2R1), satisfying 2R1  r  4R1.

Clearly
R
v
2
⇢ dx  1 since |v(x)|  1, 8x 2 R. See Figure 4 as illustration.

5Notice here that the choice of r, and therefore v(x), may depend on R1 and ⇢.
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becomes the region under the red dashed curve.

which justifies that all rk are well-defined, and rk  1.5R. This implies limk!1 rk  1.5R.

(5.15) clearly implies limk!1 ⇢(rk) = 0, and thus ⇢|[2R,3R] = 0. This contradicts the

assumption (5.9) with r = 2R.

Remark 5.2. Lemma 5.1 is false for m = 1. In fact, fix any R > 0, and then the function

⇢(x) = e
�Ax

gives Z 3R

r

⇢(x) dx =
1
A
(eAr � e

A·3R), (5.21)

and

Z 3R

r

(x� r)⇢(x) dx = � 1
A
(3R� r)e�A·3R +

1
A2

(eAr � e
A·3R)  1

A
· 1
A
(eAr � e

A·3R), (5.22)

which clearly fail (5.6) with m = 1 for any R  r  2R, if A > a.

Based on the above counter-example for m = 1, we believe that Lemma 5.1 is a rem-

iniscent of the following fact: the ODE
dy
dx = �ay

1/m
with m = 1 has solutions like

y(x) = Ce
�ax

which never decays to zero, but all solutions decay to zero within finite

distance if m > 1. The proof of this lemma can be viewed as a discrete analog of this ODE.

Proof of Proposition 3.4. We take R1 satisfying (3.18) and R2 � 7R1, being large and to

be chosen. Given a density distribution ⇢ = ⇢0, we define ⇢t, t > 0 by the velocity field

@t⇢t + @x(⇢tv) = 0, v(x) = ��[r,6R1]
x� r

4R1
, x > 0, v(�x) = �v(x), (5.23)

where r is given by5 Lemma 5.1 (with ⇢
⇤(x) and R = 2R1), satisfying 2R1  r  4R1.

Clearly
R
v
2
⇢ dx  1 since |v(x)|  1, 8x 2 R. See Figure 4 as illustration.

5Notice here that the choice of r, and therefore v(x), may depend on R1 and ⇢.

23

Evolution of aggregation-di↵usion equation, smooth interaction kernel
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Figure 15: Evolution of solution ⇢(x, y, t) to the two dimensional aggregation-di↵usion equation, with

W (x) = �e�|x|2/⇡, ⌫ = 0.1, and m = 3 on the domain ⌦ = [�4, 4] ⇥ [�4, 4]. We choose ⌧ = 0.5,
�x = �y = 0.1, �t = 0.1, � = 0.1144, and � = 0.5. The total iteration number for 40 JKO time steps is
197852. We observe convergence to the a single bump centered at the origin.

Di↵usion dominates both the short and long ranges, and the medium range aggregation leads to
the formation of four bumps, which ultimately approach a single bump equilibrium. (See also [27].)

Keller-Segel equation: blowup vs. global existence for m = 1, 2
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Figure 16: Plot of solution ⇢(x, y, t) to the two dimensional Keller-Segel equation at t = 2. Left: When
m = 2, the solution approaches a bounded, continuous equilibrium profile. Here the computational domain
is [-5,5]⇥[-5,5]. Right: When m = 1, the solution blows up, becoming sharply peaked. The computational
domain here is [-2,2]⇥[-2,2]. For both we choose ⌧ = 0.05, �x = �y = 0.067, �t = 0.1, � = 0.5, � = 0.042.

In Figure 16, we simulate solutions of the Keller-Segel equation, which is an aggregation-di↵usion
equation (4.9) with a Newtonian interaction kernel, i.e. W (x) = 1

2⇡ ln(|x|) in two dimensions for
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attraction towards center vs. increment of internal energy

picture from Carrillo-Craig-Wang-Wei (19’), m=3



Local clustering
• Lemma of local clustering: Let            ,          be decreasing 

non-negative on           ,            . Then there exists             
such that


•    has to depend on     .


• The conclusion fails if             . 


Counterexample:


By Corollary 4.10, these guarantee that, for all time except a time length of E(0)�E1
4�(2R3)2c

4
1
, we

have

d
dt

E[⇢(t, ·)] �
Z R2

2R1

µ(t, x) dx · c⇢
8
�

⇣
2R2 +

4R1

c⇢

⌘
. (5.4)

Therefore
Z 1

0

Z

[2R1,R2]

µ(t, x) dx dt  E(0)� E1
c⇢
8 �

⇣
2R2 +

4R1
c⇢

⌘ +
E(0)� E1

4�(2R3)2c41
 CR

4↵+↵2

�
2 , (5.5)

where we used R1  R2 and R3 ⇠ R
↵/�
2 .

5.2 Controlling the radially-decreasing part

To prove Proposition 3.4 we first state the following lemma, which is the key to enforce

the formation of local clusters for radially-decreasing distributions:

Lemma 5.1 (Lemma of local clustering). Let R > 0, ⇢(x) be a decreasing non-negative

function defined on [R, 3R], and m > 1. Then there exists r 2 [R, 2R] such that

Z 3R

r

⇢(x)m dx  a

Z 3R

r

(x� r)⇢(x) dx, a =
Cm

R
⇢(R)m�1

. (5.6)

Proof. We choose Cm by

Cm = max{10000, 200 · 22/(m�1))}. (5.7)

The key property we will use is that, for all 0  q  ( 200
Cm

)1/2  1
2 ,

1X

k=0

q
mk


1X

k=0

⇣
(
200
Cm

)(m�1)/2
⌘k

=
1

1� ( 200
Cm

)m�1
 2. (5.8)

We may assume ⇢(x) > 0 for x 2 [R, 1.5R] since otherwise ⇢(x)|[1.5R,3R] = 0 by its

decreasing property, and the conclusion follows trivially by setting r = 1.5R. Then we

assume the contrary of the conclusion:

Z 3R

r

⇢(x)m dx > a

Z 3R

r

(x� r)⇢(x) dx, 8r 2 [R, 2R]. (5.9)

For a fixed r 2 [R, 1.5R], let s = s(r) > r 2 [R, 1.6R] be the unique number such that

�r(s) := 2⇢(s)m�1 � a(s� r) = 0, (5.10)

whose existence and uniqueness follow from the decreasing property of �r, and �r(r) > 0,

�r(1.6R)  2⇢(R)m�1 � Cm
R ⇢(R)m�1 · 0.1R  0 (by (5.7)). Furthermore,

s+ 0.1
p

R(s� r)  1.6R+ 0.1
p
0.6R2  2R. (5.11)
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