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STABILITY OF BACKGROUND PERTURBATION FOR BOLTZMANN

EQUATION

YU-CHU LIN, HAITAO WANG, AND KUNG-CHIEN WU

Abstract. Consider the Boltzmann equation in the perturbation regime. Since the macroscopic
quantities in the background global Maxwellian are obtained through measurements, there are
typically some errors involved. This paper investigates the effect of background variations on
the solution for a given initial perturbation. Our findings demonstrate that the solution changes
continuously with variations in the background and provide a sharp time decay estimate of the
associated errors. The proof relies on refined estimates for the linearized solution operator and
a proper decomposition of the nonlinear solution.

1. Introduction

1.1. The model. The Boltzmann equation reads

(1)





∂tF + ξ · ∇xF = Q(F, F ),

F (0, x, ξ) = F0(x, ξ),
(t, x, ξ) ∈ R

+ × R
3 × R

3,

where F (t, x, ξ) is the velocity distribution function for the particles at time t > 0, position
x = (x1, x2, x3) ∈ R3 and microscopic velocity ξ = (ξ1, ξ2, ξ3) ∈ R3. The left-hand side of this
equation models the transport of particles and the operator on the right-hand side models the
effect of collisions during the transport,

Q(F,G) =
1

2

∫

R3×S2

|ξ − ξ∗|γB(ϑ)
{
F

′

∗G
′ +G′

∗F
′ − F∗G− FG∗

}
dξ∗dω.

Here the usual convention, i.e., F = F (t, x, ξ), F∗ (t, x, ξ∗), F ′ = F (t, x, ξ) and F ′
∗ = F (t, x, ξ′∗), is

used; the post-collisional velocities of particles satisfy

ξ′ = ξ − [(ξ − ξ∗) · ω]ω, ξ′∗ = ξ∗ + [(ξ − ξ∗) · ω]ω, ω ∈ S2.

Throughout this paper, we consider the Maxwellian molecules (γ = 0) and hard potentials (0 <
γ ≤ 1); and B(ϑ) satisfies the Grad cutoff assumption

0 < B(ϑ) ≤ C |cosϑ| ,
for some constant C > 0, and ϑ is defined by

cosϑ =
|(ξ − ξ∗) · ω|

|ξ − ξ∗|
.

The global Maxwellian states M[ρ,µ,T ], with [ρ, µ, T ] constant,

M[ρ,µ,T ] =
ρ

(2πRT )
3/2

e−
|ξ−µ|2

2RT

satisfy Q(M[ρ,µ,T ],M[ρ,µ,T ]) = 0 and are steady solutions of the Boltzmann equation.
As is well-known, in the perturbative framework, the evolution of the initial perturbation cru-

cially depends on the background Maxwellian. For example, transport coefficients derived from
the Boltzmann equation, such as viscosity, heat conductivity, and macroscopic Euler waves, are
all determined by the background Maxwellian (see [1, 12, 13, 15] for more information).
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Typically, macroscopic quantities in the global Maxwellian, such as density, velocity, and tem-
perature, are obtained through measurements, which can involve errors. Therefore, it is natural
to ask the following questions:

(1) How does the solution change as the background varies for the same initial perturbation?
(2) Can we obtain a sharp estimate for the difference between solutions associated with dif-

ferent background Maxwellians?

In this paper, we aim to answer the aforementioned questions by studying the stability of the
solution of (1) under perturbations of the background with respect to macroscopic quantities. Let
us now formulate our problem. Let F a and F b be solutions to the Boltzmann equation with the
same initial perturbation but for different global Maxwellians. That is,

{
∂tF

a + ξ · ∇xF
a = Q (F a, F a) ,

F a (0, x, ξ) = F a
in (x, ξ) = Ma (ξ) + F0,

and {
∂tF

b + ξ · ∇xF
b = Q

(
F b, F b

)
,

F b (0, x, ξ) = F b
in (x, ξ) = Mb (ξ) + F0,

respectively, where Ma (ξ) and Mb (ξ) are two global Maxwellians

Ma (ξ) =
ρa

(2πRTa)
3/2

e−
|ξ−µa|2

2RTa , Mb (ξ) =
ρb

(2πRTb)
3/2

e
−|ξ−µb|2

2RTb ,

with |ρa − ρb|+ |µa − µb|+ |Ta − Tb| > 0.
In the perturbation regime, if we let F a = Ma +

√
Maf

a and F b = Mb +
√
Mbf

b, we can
obtain that the perturbation functions fα, where α = a, b, satisfy the following equations:

(2)

{
∂tf

α + ξ · ∇xf
α = Lαf

α + Γα (fα, fα)

fα (0, x, ξ) = εfα
0 (x, ξ) ,

where

Lαh =
2√
Mα

Q
(
Mα,

√
Mαh

)
, Γα (h1, h2) =

1√
Mα

Q
(√

Mαh1,
√
Mαh2

)
.

As the initial perturbations are the same, one has

(3)
√
Maf

a
0 =

√
Mbf

b
0 .

Moreover, let G = F b − F a and then it satisfies

(4)

{
∂tG+ ξ · ∇xG = Q (G,G) + 2Q (F a, G) ,

G (0, x, ξ) = Mb (ξ)−Ma (ξ) .

Fixing Ma as a reference background, one can consider G = Mb −Ma +
√
Mag and so

(5) g =

(
F b −Mb

)
− (F a −Ma)√
Ma

.

Plugging this into (4) gives

(6)




∂tg + ξ · ∇xg = Lag + 2Γa

(√
Mb√
Ma

f b,
Mb −Ma√

Ma

)
+ 2Γa (f

a, g) + Γa (g, g) ,

g (0, x, ξ) = 0.

Noting that
√
Mag represents the difference between the perturbation solutions, and the objec-

tive of this paper is to investigate the quantitative behavior of g. Since the Boltzmann equation is
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invariant under Galilean transforms, we may assume that one of the Maxwellians has zero macro-
scopic velocity. Then, without loss of generality and through appropriate normalization, the global
Maxwellians Ma and Mb can be assumed as

(7) Ma = M =
1

(2π)3/2
exp

(
−|ξ|2

2

)
, Mb =

ρ

(2πλ)3/2
exp

(
−|ξ − µ|2

2λ

)
.

For simplicity, we hereafter denote La and Γa by L and Γ.
There are extensive studies on the stability of Boltzmann equation in the literature, with initial

data either near the vacuum or near the same global Maxwellian, see [5, 6] and references therein.
It is important to note that our problem in equation (6) presents a significantly different setting
than the prior research.

1.2. Notations. Let us define some notations used in this paper. We denote 〈ξ〉s = (1 + |ξ|2)s/2,
s ∈ R. For the microscopic variable ξ, we denote the Lebesgue spaces

|g|Lq
ξ
=
( ∫

R3

|g|qdξ
)1/q

if 1 ≤ q < ∞, |g|L∞
ξ

= sup
ξ∈R3

|g(ξ)|,

and the weighted norms can be defined by

|g|Lq
ξ,β

=
(∫

R3

∣∣∣〈ξ〉β g
∣∣∣
q

dξ
)1/q

if 1 ≤ q < ∞, |g|L∞
ξ,β

= sup
ξ∈R3

∣∣∣〈ξ〉β g(ξ)
∣∣∣ ,

and

|g|L∞
ξ

(m) = sup
ξ∈R3

{|g(ξ)|m(ξ)} ,

where β ∈ R and m is a weight function. The L2
ξ inner product in R3 will be denoted by

〈
·, ·
〉
ξ
,

i.e.,

〈f, g〉ξ =
∫

f(ξ)g(ξ)dξ.

For the Boltzmann equation with cut-off potential, the natural norm in ξ is | · |L2
σ
, which is defined

as

|g|2L2
σ
=
∣∣∣〈ξ〉

γ
2 g
∣∣∣
2

L2
ξ

.

For the space variable x, we have similar notations, namely,

|g|Lq
x
=

(∫

R3

|g|qdx
)1/q

if 1 ≤ q < ∞, |g|L∞
x

= sup
x∈R3

|g(x)|.

Furthermore, we define the high order Sobolev norm: let s ∈ N and define

|g|Hs
ξ
=
∑

|α|≤s

∣∣∂α
ξ g
∣∣
L2

ξ

, |g|Hs
x
=
∑

|α|≤s

|∂α
x g|L2

x
,

where α is any multi-index with |α| ≤ s.
Finally, with X and Y being norm spaces, we define

‖g‖XY =
∣∣|g|Y

∣∣
X .

We also denote

‖g‖L2 = ‖g‖L2
ξL

2
x
=

(∫

R3

|g|2L2
x
dξ

)1/2

.

For simplicity of notations, hereafter, we abbreviate “ ≤ C ” to “ . ”, where C is a positive
constant depending only on fixed numbers.
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1.3. Heuristics and a toy model. Starting from (5), we can express g as
√
Mb√
Ma

f b − fa,

where fa and f b are the solutions to (2). Let Gt
α denote the semi-group generated by the linearized

operator −ξ · ∇x + Lα for α = a, b. Since we are considering the perturbative regime, it is
reasonable to expect that the behavior of fα is mainly governed by the linearized equation, i.e.,
fα(t) ≈ Gt

αf
α(0), this is because the decay of the nonlinear part is faster than the linear part,

and thus

g ≈
√
Mb√
Ma

G
t
bf

b(0)−G
t
af

a(0) =

(√
Mb√
Ma

G
t
b

√
Ma√
Mb

−G
t
a

)
εfa

0 ,

where the last equality is due to (3).
This observation suggests to us that the behavior of g should be expressed in terms of the

difference between the two solution operators for linearized Boltzmann equations. Moreover, for
the linearized Boltzmann equation, by the Chapman-Enskog expansion, it is known that the large-
time behavior of the solution to the linearized equation is governed by the linear Navier-Stokes
equation, where the viscosity and heat conductivity are proportional to the power (precisely, the
power is 2−γ

2 ) of the macroscopic temperature (see [2, 7] for more details).
Inspired by the linear Navier-Stokes equation, we consider the possibly simplest toy model, the

heat equation. Given two sets of heat equations,

(8)

{
∂th

α + µα · ∇xh
α = λ(2−γ)/2∆hα

hα|t=0 = h0, α = a, b,

here, positive constants µα and λα are used to mimic the macroscopic velocity and temperature,
respectively. Using Galilean transformation and suitable scaling, we assume that

µa = 0, µb = µ, λa = 1, λb = λ.

To analyze the difference between ha and hb, we can use an explicit heat kernel representation to
yield

hb(t, x) − ha(t, x) =

∫

R3

[
1

(4πκt)3/2
e−

|x−µt−y|2

4κt − 1

(4πt)
3/2

e−
|x−y|2

4t

]
h0(y)dy, κ = λ(2−γ)/2.

By calculating the difference between two heat kernels explicitly (see Appendix A), one obtains
the sharp estimates for hb − ha:

(9)





∣∣hb − ha
∣∣
L∞

x
≤ C(1 + t)−1 |h0|L1

x

(
|λ− 1| (1 + t)−1/2 + |µ|

)
,

∣∣hb − ha
∣∣
L2

x
≤ C(1 + t)−1/4 |h0|L1

x

(
|λ− 1| (1 + t)−1/2 + |µ|

)
,

for t ≥ 1.
It should be noted that this method heavily relies on the explicit expressions of heat kernels.

For Boltzmann equation, while there exist constructions of Green’s functions (see [10, 11, 12]), the
expressions are not precise enough to obtain sharp estimates for the difference between them.

Alternatively, for the toy model (8), we set h = ha − hb to obtain

(10)

{
∂th = ∆h+ µ · ∇xh

b −
(
λ(2−γ)/2 − 1

)
∆hb

h (0, x) = 0.

One could still recover (9) by refining estimates for the heat kernel and hb. See Appendix A for
details.

Compared with (6), one may view (10) as a simplified analogue of it. Therefore, it is natural
to ask whether we can establish similar estimates as (9) for the difference g. Our main result
provides an affirmative answer to this question.
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1.4. Main theorem and idea of proof. In our main theorem, we assume the initial condition
fa
0 satisfies

(1 + |ξ|2)β/2fa
0 ∈ L∞

ξ

(
L1
x ∩ L∞

x

)
, β > 3/2 + 2γ ,

in order to ensure the existence of the solution of the Boltzmann equation fa in the space L∞
ξ,β(L

∞
x ∩

L2
x) and to control the nonlinear part of g. Moreover, in view of the assumption (3), when

(1 + |ξ|2)β/2fa
0 ∈ L∞

ξ

(
L1
x ∩ L∞

x

)
is assumed, f b

0 cannot be arbitrary and is determined by

(1 + |ξ|2)β/2
√
Mb√
Ma

f b
0 = (1 + |ξ|2)β/2fa

0 ∈ L∞
ξ

(
L1
x ∩ L∞

x

)

where √
Mb√
Ma

=
ρ1/2

λ3/4
exp

{ |ξ − µ|2
4

(
1− 1

λ

)
+

2(ξ − µ) · µ+ |µ|2
4

}

=
ρ1/2

λ3/4
exp

{
λ− 1

4λ

∣∣∣∣ξ +
µ

λ− 1

∣∣∣∣
2

+
|µ|2

4(λ− 1)

}
,

hence we need to assume λ > 1 later on. The assumption λ < 2 comes from the estimate of the
difference of two Maxwellians in Lemma 14.

The main theorem of this paper is stated as follows:

Theorem 1. Let 1 < λ < λ < λ < 2, 0 < ρ < ρ, 0 < |µ| < |µ|. Assume that fa and f b are
solutions to (2) corresponding to Mα = Ma and Mα = Mb defined as (7), with the initial data

〈ξ〉β fa
0 ∈

(
L1
x ∩ L∞

x

)
L∞
ξ , β > 3/2 + 2γ, and ε > 0 small. Then

∥∥∥∥∥

(
F b −Mb

)
− (F a −Ma)√
Ma

∥∥∥∥∥
L∞

ξ,βL
∞
x

≤ Cε(1 + t)−1
(
|ρ− 1|+ |µ|+ |λ− 1|

)
,

and ∥∥∥∥∥

(
F b −Mb

)
− (F a −Ma)√
Ma

∥∥∥∥∥
L∞

ξ,βL
2
x

≤ Cε(1 + t)−1/4
(
|ρ− 1|+ |µ|+ |λ− 1|

)
.

for some constant C > 0 dependent of ρ, λ, λ and |µ|, but independent of time t.

Some comments on the theorem are as follows:

Remark 2. We say the estimate is sharp in the sense that the decay rate of the estimate is
(1 + t)−1, which is the same as that of the toy model (9). However, for the toy model, the decay
rate for speed variation is (1+t)−1, while for variation of the diffusion coefficient it is (1+t)−3/2. In
contrast, for the Boltzmann equation, we can only obtain (1+t)−1 for variations of all macroscopic
quantities. So far, it is unknown whether it is possible to obtain different decay rates for different
quantities.

Remark 3. The result is established using the L∞
x framework, and no Sobolev regularity is re-

quired. Moreover, the error estimate is given in terms of the L∞
x norm, which appears to be more

realistic in terms of measurement.

Remark 4. The theorem requires the strict inequality 1 < λ < λ < λ < 2. However, it can also
be proven for the case λ = 1, provided that we assume suitable exponential velocity weight on the
initial data.

We will now outline the main idea and strategy to prove our main result. For the equation (6),
we use the solution operator Gt for the linearized operator −ξ · ∇x + L and Duhamel’s principle
to represent g as follows:

(11)

g(t) = 2

∫ t

0

G
t−τΓa

(√
Mb√
Ma

f b,
Mb −Ma√

Ma

)
(τ)dτ

+ 2

∫ t

0

G
t−τΓa (f

a, g) (τ)dτ +

∫ t

0

G
t−τΓa (g, g) (τ)dτ.
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Since the first term on the right hand side is expected to dominate the behavior of g, our primary
objective is to obtain a sharp estimate for it. However, the decay estimates available for the
linearized equation (as shown in Theorem 9) and f b (as seen in Theorem 8) can only yield a
(1 + t)−3/4 decay rate for the L∞

x norm (as indicated in Remark 15). The challenge of this paper
is to improve the decay of this part from (1+ t)−3/4 to (1+ t)−1. Therefore, we need more precise
estimates for both Gt and f b. Through spectral analysis, we decompose the operator Gt into three
parts:

G
t = G

t
L;0 +G

t
L;⊥ +G

t
S ,

where Gt
L;0 is the long wave fluid part, Gt

L;⊥ is the long wave non-fluid part, and Gt
S is the short

wave part. These three parts have different natures. Among them, only Gt
L;0 behaves like the heat

kernel in the toy model (8). We exploit its space-time pointwise structure to obtain Lp
x −Lq

x-type
estimates. However, for Gt

L;⊥ and Gt
S, due to insufficient spectral information, we need to work

in the ‖·‖L2
xL

2
ξ
setting, as shown in Proposition 10.

Next, motivated by the Liu-Yu’s Green’s function approach [10] and bootstrap argument, we
improve the estimate from L2

xL
2
ξ to L∞

ξ,βL
r
x and obtain a more precise estimate for the semi-

group than the classical results [1, 14, 15]. Moreover, we apply the semi-group estimate to the
long and short wave parts of the linearized solution to obtain decay rates, which reveal their
different structures. These decay estimates for the semi-group Gt (including Propositions 10 and
11, Corollaries 12 and 13) are themselves new.

However, even with the above refined estimates for the semi-group, the slow decay of f b still
poses a challenge when applying it to the first term on the right hand side of (11). To address
this issue, we decompose f b into linear and nonlinear parts:

f b = εGt
bf

b
0 +

∫ t

0

G
t−τ
b Γb

(
f b, f b

)
dτ .

Here Gt
b is the semi-group generated by −ξ · ∇x + Lb. The nonlinear part decays fast and is not

problematic. We decompose linear part further into long wave part Gt
b,Lf

b
0 and short wave parts

Gt
b,Sf

b
0 . We carefully analyze each term in the following integral

∫ t

0

(
G

t−τ
L;0 +G

t−τ
L;⊥ +G

t−τ
S

)
Γa

(√
Mb√
Ma

(
G

τ
b;Lf

b
0 +G

τ
b;Sf

b
0

)
,
Mb −Ma√

Ma

)
dτ .

By doing so, we eventually recover the sharp decay estimate. Notably, only the term

G
t−τ
L;0 (· · · )Gτ

b;L

behaves similarly to the counterpart in the toy model. Once we have obtained the sharp estimate,
we propose an appropriate ansatz for g and close the nonlinear problem by an a priori estimate.

1.5. Organization of the paper. The rest of this paper is structured as follows: In Section
2, we begin by introducing some basic properties of the operators L and Γ. We then provide a
review of previously established results concerning decay estimates of semi-groups and perturbation
problems. After that, we develop new refined estimates for the semi-group. Section 3 is dedicated
to the proof of the main theorem, while Appendix A contains detailed estimates for the toy model.

2. Results for the problem around Ma

2.1. Basic estimates for L, Γ and well-posedness results. It is well known that the null
space of L is a five-dimensional vector space with the orthonormal basis {χi}4i=0, where

Ker(L) = {χ0, χi, χ4} =

{
M1/2, ξiM1/2,

1√
6
(|ξ|2 − 3)M1/2, i = 1, 2, 3

}
.

Based on this property, we can introduce the macro-micro decomposition: let P0 be the orthogonal
projection with respect to the L2

ξ inner product onto Ker(L), and P1 ≡ Id− P0.

The collision operator L consists of a multiplicative operator ν(ξ) and an integral operator K:

Lf = −ν(ξ)f +Kf ,
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where

ν(ξ) =

∫

R3×S2

B(ϑ)|ξ − ξ∗|γM(ξ∗)dξ∗dω,

and

Kf = −K1f +K2f

is defined as [3, 4]:

K1f :=

∫

R3×S2

B(ϑ)|ξ − ξ∗|γM1/2(ξ)M1/2(ξ∗)f(ξ∗)dξ∗dω,

K2f :=

∫

R3×S2

B(ϑ)|ξ − ξ∗|γM1/2(ξ∗)M1/2(ξ′)f(ξ′∗)dξ∗dω

+

∫

R3×S2

B(ϑ)|ξ − ξ∗|γM1/2(ξ∗)M1/2(ξ′∗)f(ξ
′)dξ∗dω.

To begin with, we present a number of basic properties and estimates of the operators L, ν(ξ)
and K, which can be found in [4, 8].

Lemma 5. Let 0 ≤ γ ≤ 1. For any g ∈ L2
σ, we have the coercivity of the linearized collision

operator L, that is, there exists a positive constant ν0 such that

〈g,Lg〉ξ ≤ −ν0 |P1g|2L2
σ
.

For the multiplicative operator ν(ξ), there are positive constants ν0 and ν1 such that

ν0 〈ξ〉γ ≤ ν(ξ) ≤ ν1 〈ξ〉γ .
For the integral operator K,

Kf = −K1f +K2f =

∫

R3

−k1(ξ, ξ∗)f(ξ∗)dξ∗ +

∫

R3

k2(ξ, ξ∗)f(ξ∗)dξ∗,

the kernels k1(ξ, ξ∗) and k2(ξ, ξ∗) satisfy

k1(ξ, ξ∗) . |ξ − ξ∗|γ exp
{
−1

4

(
|ξ|2 + |ξ∗|2

)}
,

and

k2(ξ, ξ∗) = a (ξ, ξ∗, κ) exp


− (1− κ)

8




(
|ξ|2 − |ξ∗|2

)2

|ξ − ξ∗|2
+ |ξ − ξ∗|2





 ,

for any 0 < κ < 1, together with

a(ξ, ξ∗, κ) ≤ Cκ|ξ − ξ∗|−1(1 + |ξ|+ |ξ∗|)γ−1.

Furthermore, from Lemma 5 we have some essential properties for the integral operator K.

Lemma 6. Let 0 ≤ γ ≤ 1 and τ ∈ R. Then

(12) |Kg|Lq
ξ,τ+2−γ

. |g|Lq
ξ,τ

, 1 ≤ q ≤ ∞,

and

|Kg|L∞
ξ,τ−γ+3/2

≤ C|g|L2
ξ,τ

.

Moreover,

(13) |̟K̟−1g|Lq
ξ,τ+2−γ

. |g|Lq
ξ,τ

, 1 ≤ q ≤ ∞,

holds for any weight function of the form

(14) ̟(ξ) = exp
{
κ0|ξ|2 + κ · ξ + κ4

}

with κ0, κ, κ4 constant and κ0 > 0.
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Lemma 7. Let 0 ≤ γ ≤ 1 and τ ≥ 0. Then
∣∣ν−1̟Γ(h1, h2)

∣∣
L∞

ξ,τ

≤ |̟h1|L∞
ξ,τ

|̟h2|L∞
ξ,τ

,

for any weight function defined as (14).

Theorem 8 (The large time behavior for 0 ≤ γ ≤ 1, [9]). Let β > 3/2+γ and let ̟ = ̟(ξ) be any
weight function defined as (14). Assume that the initial data εfα

0 satisfies ̟fα
0 ∈ L∞

ξ,β(L
1
x ∩ L∞

x )

and ε > 0 is sufficiently small. Then there is a unique solution fα to (2) in L∞
ξ,β(̟)(L2

x ∩ L∞
x )

with

‖̟fα(t)‖L∞
ξ,βL

2
x

≤ εC1(1 + t)−
3
4 ‖̟fα

0 ‖L∞
ξ,β(L

1
x∩L∞

x ) ,

‖̟fα(t)‖L∞
ξ,βL

∞
x

≤ εC2(1 + t)−
3
2 ‖̟fα

0 ‖L∞
ξ,β(L

1
x∩L∞

x ) .

for some positive constants C1 and C2.

2.2. Refined estimate for the linearized Boltzmann equation. Let u be the solution of the
linearized Boltzmann equation

(15)

{
∂tu+ ξ · ∇xu = Lu,

u (0, x, ξ) = u0 (x, ξ) ,

and Gt the corresponding solution operator, i.e., u = Gtu0. Then we have known that

Theorem 9 ([9, 17]). Let u be the solution of (15) and β > 3/2. Then
∥∥Gtu0

∥∥
L∞

ξ,βL
∞
x

≤ C (1 + t)−3/4
[
‖u0‖L∞

ξ,βL
∞
x
+ ‖u0‖L∞

ξ,βL
2
x

]
,

∥∥Gtu0

∥∥
L∞

ξ,βL
2
x
≤ C

[
‖u0‖L∞

ξ,βL
2
x

]
,

for u0 ∈ L∞
ξ,β

(
L∞
x ∩ L2

x

)
, and

∥∥Gtu0

∥∥
L∞

ξ,βL
∞
x

≤ C (1 + t)
−3/2

[
‖u0‖L∞

ξ,β
L∞

x
+ ‖u0‖L∞

ξ,β
L1

x

]
,

∥∥Gtu0

∥∥
L∞

ξ,βL
2
x
≤ C (1 + t)

−3/4
[
‖u0‖L∞

ξ,β
L2

x
+ ‖u0‖L∞

ξ,β
L1

x

]
,

for u0 ∈ L∞
ξ,β

(
L∞
x ∩ L1

x

)
. Moreover, if P0u0 = 0, then we will get extra (1 + t)−1/2 decay rate in

each estimate above.

To attain the desired time decay rate, we need to refine these estimates for the linearized
Boltzmann equation. According to the semigroup theory, the solution u to (15) can be represented
by

u (t, x, ξ) = G
tu0 = (2π)

−3
∫

R3

eix·ηe(−iξ·η+L)tû0 (η) dη,

where û0 is the Fourier transformation of u0 with respect to the space variable x. Based on the
spectrum analysis of the operator −iξ · η + L, the semigroup e(−iξ·η+L)t can be decomposed as

e(−iξ·η+L)t = χδ (η)

4∑

j=0

eλj(η)t
∣∣ej (η)

〉〈
ej (η)

∣∣+ χδ (η) e
(−iξ·η+L)tΠ⊥

η + (1− χδ (η)) e
(−iξ·η+L)t

= : ĜL;0 (η, t) + ĜL;⊥ (η, t) + ĜS (η, t)

where χδ (η) is a smooth cutoff function with 0 ≤ χδ ≤ 1, χδ (η) = 1 for |η| ≤ δ
2 and 0 for |η| ≥ δ,

for δ > 0 sufficient small. Note that the spectrums of ĜL;⊥ (η, t) and ĜS (η, t) are strictly away
from imaginary axis (with negative real part). Moreover for |η| ≪ 1, the spectrum Spec (η) of
the operator −iξ · η + L consists of exactly five eigenvalues λj (η) (0 ≤ j ≤ 4) associated with the
corresponding eigenfunctions ej (η) ([2, 11, 16]):

λj(η) = −i aj|η| −Aj |η|2 + O(|η|3),

ej(η) = Ej + O(|η|),
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here Aj > 0, 〈ej(−η), el(η)〉ξ = δjl, 0 ≤ j, l ≤ 4 and




a0 =
√

5
3 , a1 = −

√
5
3 , a2 = a3 = a4 = 0,

E0 =
√

3
10χ0 +

√
1
2ω · χ+

√
1
5χ4,

E1 =
√

3
10χ0 −

√
1
2ω · χ+

√
1
5χ4,

E2 = −
√

2
5χ0 +

√
3
5χ4 ,

E3 = ω1 · χ,
E4 = ω2 · χ,

where χ = (χ1, χ2, χ3), η = |η|ω (ω ∈ S2) and {ω1, ω2, ω} is an orthonormal basis of R3. And
then we define

uL;0 = G
t
L;0u0 = (2π)

−3
∫

R3

eix·ηĜL;0 (η, t) û0 (η) dη,

uL;⊥ = G
t
L;⊥u0 = (2π)−3

∫

R3

eix·ηĜL;⊥ (η, t) û0 (η) dη,

uS = G
t
Su0 = (2π)

−3
∫

R3

eix·ηĜS (η, t) û0 (η) dη,

called the fluid part and nonfluid part of the long wave of u, and the short wave of u, respectively.
In the meanwhile, we define

u0L := (2π)
−3
∫

R3

eix·ηχδ (η) û0 (η) dη,

u0S := (2π)
−3
∫

R3

eix·η (1− χδ (η)) û0 (η) dη.

One can see that the long wave uL := uL;0 + uL;⊥ satisfies the equation

(16)

{
∂tuL + ξ · ∇xuL = LuL,

uL (0, x, ξ) = u0L (x, ξ) ,

and the short wave satisfies

(17)

{
∂tuS + ξ · ∇xuS = LuS ,

uS (0, x, ξ) = u0S (x, ξ) .

According to [8, 12], the wave structure is given by

∥∥∂α
xG

t
L;0 (x, t)

∥∥ ≤ CN (1 + t)−|α|/2


 (1 + t)

−2
BN (|x| − ct, t) + (1 + t)

−3/2
BN (|x| , t)

+1{|x|≤ct} (1 + t)
−3/2

B3/2 (|x| , t)




for all N ∈ N if 0 ≤ γ ≤ 1, where α = (α1, α2, α3) is a multi-index with |α| ≥ 0, ‖·‖ denotes the

operator norm from L2
ξ to L2

ξ, the number c =
√

5
3 is the sound speed, 1D is the characteristic

function of the set D and

BN (z, t) =

(
1 +

z2

1 + t

)−N

.

We then have the following proposition:

Proposition 10. Let u be a solution to (15) with the initial data u0. Then

(18)
∥∥∂α

xG
t
L;0u0

∥∥
Lq

x(L2
ξ)

≤ C (1 + t)
− 3

2 (
1
p− 1

q )−
|α|
2 ‖u0‖Lp

xL2
ξ
, 1 ≤ p ≤ q ≤ ∞ ,

(19)
∥∥∂α

xG
t
L;⊥u0

∥∥
L2

xL
2
ξ

≤ Ce−
t
c ‖u0‖L2

xL
2
ξ
,
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(20)
∥∥Gt

Su0

∥∥
L2

xL
2
ξ

≤ Ce−
t
c ‖u0‖L2

xL
2
ξ
,

and moreover, if P0u0 = 0, then
∥∥∂α

xG
t
L;0u0

∥∥
Lq

x(L2
ξ)

≤ C (1 + t)
− 3

2 (
1
p− 1

q )− 1
2−

|α|
2 ‖u0‖Lp

xL
2
ξ
, 1 ≤ p ≤ q ≤ ∞ ,

for some constants C, c > 0, where α = (α1, α2, α3) is a multi-index with |α| ≥ 0.

In view of (19), we have ∥∥Gt
L;⊥u0

∥∥
Lr

xL
2
ξ

≤ Ce−
t
c ‖u0‖L2

xL
2
ξ

for 2 ≤ r ≤ ∞. However, we have the L2
x estimate for Gt

Su0 only. In order to obtain the L∞
x

estimate, we apply the singular-regular decomposition as those in [8, 10]: We denote the solution
operator of the damped transport equation

{
∂th+ ξ · ∇xh+ ν(ξ)h = 0,

h(0, x, ξ) = h0,

by St, i.e., h(t) = Sth0. Then we design the series as

G
tu0 =

m∑

j=0

u(j) +R(m) = W (m) +R(m),

for some m ∈ N (precisely, m ≥ 6), where u(j) and R(m) are defined by

u(0) = S
tu0 , u(j) =

∫ t

0

S
t−τKu(j−1)(τ)dτ , 1 ≤ j ≤ m,

and

R(m) =

∫ t

0

G
t−τKu(m)(τ)dτ .

Combining the singular-regular decomposition with Proposition 10, we are able to get the Lr
x

estimate of Gtu0 for 2 ≤ r ≤ ∞:

Proposition 11. Let u be a solution of (15) with the initial data u0. Then
∥∥Gtu0

∥∥
Lr

xL
2
ξ

. (1 + t)−
3
2 (

1
p− 1

r ) ‖u0‖Lp
xL2

ξ
+ e−

t
c

(
‖u0‖L2

ξL
2
x
+ ‖u0‖2/rL2

ξL
2
x
‖u0‖1−2/r

L2
ξL

∞
x

)
,

∥∥Gtu0

∥∥
L∞

ξ,βL
r
x
. (1 + t)

− 3
2 (

1
p− 1

r ) ‖u0‖Lp
xL2

ξ
+ e−

t
c

(
‖u0‖L∞

ξ,βL
r
x
+ ‖u0‖L2

ξL
2
x
+ ‖u0‖2/rL2

ξL
2
x
‖u0‖1−2/r

L2
ξL

∞
x

)
,

∥∥̟G
tu0

∥∥
L∞

ξ,βL
r
x
. (1 + t)−

3
2 (

1
p− 1

r ) ‖u0‖Lp
xL2

ξ
+e−

t
c

(
‖̟u0‖L∞

ξ,βL
r
x
+ ‖u0‖L2

ξL
2
x
+ ‖u0‖2/rL2

ξL
2
x
‖u0‖1−2/r

L2
ξL

∞
x

)
,

for β ≥ 0, 2 ≤ r ≤ ∞ and 1 ≤ p ≤ r. Moreover, if P0u0 = 0, then we will get extra (1 + t)−1/2

decay rate in the above estimates.

Proof. By Lemma 6,

(21)
∥∥∥W (m)

∥∥∥
Lq

ξL
p
x

. e−
t
c ‖u0‖Lq

ξL
p
x
, 1 ≤ p , q ≤ ∞,

(22)
∥∥∥W (m)

∥∥∥
L∞

x Lq
ξ

. e−
t
c ‖u0‖Lq

ξL
∞
x
, 1 ≤ q ≤ ∞.

Utilizing the Mixture Lemma [8, 10] yields

(23)
∥∥∥R(m)

∥∥∥
H2

xL
2
ξ

=
∥∥∥R(m)

∥∥∥
L2

ξH
2
x

. ‖u0‖L2
ξL

2
x
.

Note that Gtu0 = Gt
L;0u0 +Gt

L;⊥u0 +Gt
Su0 = W (m) +R(m). In light of Proposition 10, (21) and

(23), we find
∥∥∥Gt

Su0 −W (m)
∥∥∥
L∞

x L2
ξ

,
∥∥∥Gt

Su0 −W (m)
∥∥∥
L2

ξL
∞
x
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.
∥∥∥Gt

Su0 −W (m)
∥∥∥
3/4

L2
ξL

2
x

∥∥∥Gt
Su0 −W (m)

∥∥∥
1/4

L2
ξH

2
x

.
∥∥∥Gt

Su0 −W (m)
∥∥∥
3/4

L2
ξL

2
x

∥∥∥
(
G

t
L;0u0 +G

t
L;⊥u0

)
−R(m)

∥∥∥
1/4

L2
ξH

2
x

. e−
t
c ‖u0‖L2

ξL
2
x
,

and so
∥∥Gt

Su0

∥∥
L∞

x L2
ξ

≤
∥∥∥Gt

Su0 −W (m)
∥∥∥
L∞

x L2
ξ

+
∥∥∥W (m)

∥∥∥
L∞

x L2
ξ

. e−
t
c

(
‖u0‖L2

ξL
2
x
+ ‖u0‖L2

ξL
∞
x

)

due to (22). By the interpolation with (20),

(24)
∥∥Gt

Su0

∥∥
Lr

xL
2
ξ

. e−
t
c

(
‖u0‖L2

ξL
2
x
+ ‖u0‖2/rL2

ξL
2
x
‖u0‖1−2/r

L2
ξL

∞
x

)

for 2 ≤ r ≤ ∞. Together with (18)-(19), we conclude

(25)
∥∥Gtu0

∥∥
Lr

xL
2
ξ

. (1 + t)
− 3

2 (
1
p− 1

r ) ‖u0‖Lp
xL2

ξ
+ e−

t
c

(
‖u0‖L2

ξL
2
x
+ ‖u0‖2/rL2

ξ
L2

x
‖u0‖1−2/r

L2
ξ
L∞

x

)

for 2 ≤ r ≤ ∞ and 1 ≤ p ≤ r.
Next we will derive the weighted estimate. In view of (15),

u = G
tu0 = S

tu0 +

∫ t

0

S
t−τKu (τ) dτ ,

and then

|u|Lr
x

≤
∣∣Stu0

∣∣
Lr

x
+

∫ t

0

∣∣St−τKu (τ)
∣∣
Lr

x
dτ

≤ e−
t
c ‖u0‖L∞

ξ Lr
x
+

∫ t

0

e−
t−τ
c ‖Ku (τ)‖L∞

ξ Lr
x
dτ

. e−
t
c ‖u0‖L∞

ξ Lr
x
+

∫ t

0

e−
t−τ
c ‖u (τ)‖Lr

xL
2
ξ
dτ

. e−
t
c ‖u0‖L∞

ξ Lr
x
+ (1 + t)

− 3
2 (

1
p− 1

r ) ‖u0‖Lp
xL2

ξ
+ e−

t
c

(
‖u0‖L2

ξL
2
x
+ ‖u0‖2/rL2

ξL
2
x
‖u0‖1−2/r

L2
ξL

∞
x

)

for 2 ≤ r ≤ ∞ and 1 ≤ p ≤ r, by using (25). Through the bootstrap argument,
(26)

‖u‖L∞
ξ,βL

r
x
. (1 + t)

− 3
2 (

1
p− 1

r ) ‖u0‖Lp
xL2

ξ
+ e−

t
c

(
‖u0‖L∞

ξ,βL
r
x
+ ‖u0‖L2

ξL
2
x
+ ‖u0‖2/rL2

ξ
L2

x
‖u0‖1−2/r

L2
ξ
L∞

x

)
,

for β ≥ 0.
Furthermore,

∣∣∣̟ (ξ) 〈ξ〉β u
∣∣∣
Lr

x

=

∣∣∣∣̟ (ξ) 〈ξ〉β Stu0 +

∫ t

0

̟ (ξ) 〈ξ〉β St−τKu (τ) dτ

∣∣∣∣
Lr

x

≤ ̟ (ξ) 〈ξ〉β
∣∣Stu0

∣∣
Lr

x
+

∫ t

0

̟ (ξ) 〈ξ〉β
∣∣St−τKu (τ)

∣∣
Lr

x
dτ

≡ (I) + (II) .

It readily follows that

(I) . e−
t
c ‖̟u0‖L∞

ξ,βL
r
x
.

For (II), we split the integrand into two parts |ξ| ≤ θ and |ξ| > θ, where θ > 0 will be determined
later. That is, for any β ≥ 0,

̟ (ξ) 〈ξ〉β
∣∣St−τKu (τ)

∣∣
Lr

x

≤ e−ν(ξ)(t−τ)

[
sup
|ξ|≤θ

̟ (ξ) 〈ξ〉β |Ku (τ)|Lr
x
+ sup

|ξ|>θ

̟ (ξ) 〈ξ〉β |Ku (τ)|Lr
x

]

. e−
t−τ
c

[
ec1|θ|

2 ‖u (τ)‖L∞
ξ,βL

r
x
+ (1 + θ)

γ−2 ‖̟Ku (τ)‖L∞
ξ,2−γ+βL

r
x

]
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. e−
t−τ
c

[
ec1|θ|

2 ‖u (τ)‖L∞
ξ,βL

r
x
+ (1 + θ)

γ−2 ∥∥̟K̟−1̟u (τ)
∥∥
L∞

ξ,2−γ+βL
r
x

]

. e−
t−τ
c

[
ec1|θ|

2 ‖u (τ)‖L∞
ξ,βL

r
x
+ (1 + θ)

γ−2 ‖̟u (τ)‖L∞
ξ,βL

r
x

]

by (13) and so

(II) .

∫ t

0

e−
t−τ
c

[
ec2|θ|

2 ‖u (τ)‖L∞
ξ,βL

r
x
+ (1 + θ)

γ−2 ‖̟u (τ)‖L∞
ξ,βL

r
x

]
dτ .

From (26) it follows that

‖̟u (t)‖L∞
ξ,βL

r
x

. e−
t
c

[
‖̟u0‖L∞

ξ,β
Lr

x
+ C (θ)

(
‖u0‖L∞

ξ,β
Lr

x
+ ‖u0‖L2

ξ
L2

x
+ ‖u0‖2/rL2

ξL
2
x
‖u0‖1−2/r

L2
ξL

∞
x

)]

+ C (θ) (1 + t)
− 3

2 (
1
p− 1

r ) ‖u0‖Lp
xL

2
ξ
+ (1 + θ)

γ−2
∫ t

0

e−
t−τ
c ‖̟u (τ)‖L∞

ξ,βL
r
x
dτ .

After θ is chosen sufficiently large,

‖̟u (t)‖L∞
ξ,βL

r
x

. (1 + t)−
3
2 (

1
p− 1

r ) ‖u0‖Lp
xL2

ξ
+ e−t/c

(
‖̟u0‖L∞

ξ,βL
r
x
+ ‖u0‖L2

ξL
2
x
+ ‖u0‖2/rL2

ξL
2
x
‖u0‖1−2/r

L2
ξL

∞
x

)

holds for β ≥ 0, 2 ≤ r ≤ ∞ and 1 ≤ p ≤ r. �

In view of (16), we see uL = Gtu0L. Observe that

‖u0L‖L∞
ξ,βL

∞
x

=

∥∥∥∥(2π)
−3
∫

R3

eix·ηχδ (η) û0 (η) dη

∥∥∥∥
L∞

ξ,βL
∞
x

≤ (2π)
−3

∣∣∣∣∣

∫

|η|<δ

|χδ (η) û0 (η)| dη
∣∣∣∣∣
L∞

ξ,β

. ‖u0L‖L∞
ξ,β

L2
x

and similarly for ‖̟u0L‖L∞
ξ,βL

∞
x
. Hence ‖̟u0L‖L∞

ξ,βL
r
x

. ‖̟u0L‖L∞
ξ,βL

2
x

and ‖u0L‖L∞
ξ,βL

r
x

.

‖u0L‖L∞
ξ,βL

2
x
for 2 ≤ r ≤ ∞. It immediately follows from Proposition 11 that

Corollary 12. Let u be a solution of (15) with initial data u0. Then uL = G
tu0L satisfies

‖uL‖Lr
xL

2
ξ
. (1 + t)

− 3
2 (

1
p− 1

r ) ‖u0L‖Lp
xL2

ξ
+ e−

t
c

(
‖u0L‖L2

xL
2
ξ
+ ‖u0L‖2/rL2

xL
2
ξ
‖u0L‖1−2/r

L2
ξL

∞
x

)
,

‖uL‖L∞
ξ,βL

r
x
. (1 + t)

− 3
2 (

1
p− 1

r ) ‖u0L‖Lp
xL2

ξ
+ e−

t
c ‖u0L‖L∞

ξ,βL
2
x
,

‖̟uL‖L∞
ξ,β

Lr
x
. (1 + t)

− 3
2 (

1
p− 1

r ) ‖u0L‖Lp
xL

2
ξ
+ e−

t
c ‖̟u0L‖L∞

ξ,β
L2

x
,

for β > 3/2, 2 ≤ r ≤ ∞ and 1 ≤ p ≤ r. Moreover, if P0u0 = 0, then we will get extra (1 + t)−1/2

decay rate in the above estimates.

On the other hand, in view of (17),

uS = S
tu0S +

∫ t

0

S
t−τKuS (τ) dτ .

Applying similar argument as those for u, together with (24), we get the Lr
x estimate of the short

wave uS for 2 ≤ r ≤ ∞ as well.

Corollary 13. Let u be a solution of (15) with initial data u0. Then

‖uS (t)‖L∞
ξ,βL

r
x
. e−

t
c

(
‖u0S‖L∞

ξ,βL
r
x
+ ‖u0‖L2

ξL
2
x
+ ‖u0‖2/rL2

ξL
2
x
‖u0‖1−2/r

L2
ξL

∞
x

)
,

‖̟uS (t)‖L∞
ξ,βL

r
x
. e−

t
c

(
‖̟u0S‖L∞

ξ,βL
r
x
+ ‖u0‖L2

ξL
2
x
+ ‖u0‖2/rL2

ξL
2
x
‖u0‖1−2/r

L2
ξL

∞
x

)
,

for β ≥ 0, 2 ≤ r ≤ ∞ and 1 ≤ p ≤ r.



BOLTZMANN EQUATION 13

2.3. Estimates for the solution around Mb. In this section we mention that the foregoing
results stated in Subsections 2.1 and 2.2 are also valid for the solution around Mb, up to constants

depending on ρ, λ and µ. To see this, write F b (t, x, ξ) = σF̃
(
t̃, x̃, ξ̃

)
by the change of variables

σ = ρλ−3/2, x̃ = x− µt, t̃ =
√
λt, ξ̃ =

ξ − µ√
λ

,

and we discover 



∂t̃F̃ + ξ̃ · ∇x̃F̃ = ρ
√
λ
(γ−1)

Q
(
F̃ , F̃

)
= Q̃

(
F̃ , F̃

)

F̃
(
0, x̃, ξ̃

)
= Ma(ξ̃) +

√
Ma(ξ̃)f̃0

(
x̃, ξ̃
)
,

where f̃0

(
x̃, ξ̃
)
= 1√

σ
f b
0

(
x̃, µ+

√
λξ̃
)
.

3. Proof of the Main Theorem

Now we turn to equation (6). In view of (6), g can be expressed by

(27) g =

∫ t

0

G
t−s

{
2Γ

(√
Mb√
Ma

f b,
Mb −Ma√

Ma

)
+ [2Γ (fa, g) + Γ (g, g)]

}
ds ≡ χ1 + χ2.

Precisely,

χ1 = 2

∫ t

0

G
t−sΓ

(√
Mb√
Ma

f b(s),
Mb −Ma√

Ma

)
ds

and

χ2 =

∫ t

0

G
t−s [2Γ (fa, g) (s) + Γ (g, g) (s)] ds.

Keep in mind that P0Γ (h1, h2) = 0 during the course of the proof, and it will give extra (1 + t)−1/2

time decay rate under the operator Gt.
Furthermore, we write g = g1 + g2, where g1 and g2 solve the equations





∂tg1 + ξ · ∇xg1 + ν(ξ)g1 = 2Γ

(√
Mb√
Ma

f b,
Mb −Ma√

Ma

)
+ [2Γ (fa, g) + Γ (g, g)] ,

g1(0, x, ξ) = 0,

and 



∂tg2 + ξ · ∇xg2 + ν(ξ)g2 = Kg,

g2(0, x, ξ) = 0,

respectively. By the Duhamel principle, they can be written in terms of the damped transport
operator St as

g1(t, x, ξ) =

∫ t

0

S
t−s

[
2Γ

(√
Mb√
Ma

f b,
Mb −Ma√

Ma

)
+ 2Γ(fa, g) + Γ(g, g)

]
ds,

and

g2(t, x, ξ) =

∫ t

0

S
t−sKg(s)ds.

In what follows we will estimate ‖g‖L∞
ξ,βL

2
x
and ‖g‖L∞

ξ,βL
∞
x
. The estimates will be expected to

involve the quantity (Mb −Ma) /
√
Ma. Before proceeding, we show that this quantity can be

simply dominated by the parameters ρ, µ and λ.

Lemma 14. Let 1 < λ < λ < λ < 2, 0 < ρ < ρ and β ≥ 0. There exits a constant C > 0 such
that

|Mb −Mb√
Ma

〈ξ〉β | ≤ Ce−
2−λ
16 |ξ|2 (|ρ− 1|+ |λ− 1|+ |µ|) ,

where Ma and Mb are given as (7).
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For the brevity of presentation, we denote the difference of macroscopic quantities by

(28) B = |ρ− 1|+ |λ− 1|+ |µ| .

Proof. Define

M(θ) =
1 + (ρ− 1)θ

(2π(1 + (λ− 1)θ))
3/2

e−
|ξ−θµ|2

2(1+(λ−1)θ) .

Then by Mean Value Theorem

Mb −Ma = M(1)−M(0)

= M(θ)

[
− 3(λ− 1)

2(1 + θ(λ− 1))
+

µ · (ξ − θµ)

1 + θ(λ− 1)
+

(λ − 1) |ξ − θµ|2
2(1 + θ(λ − 1))2

+
ρ− 1

1 + θ(ρ− 1)

]∣∣∣∣∣
θ=θ0

for some 0 < θ0 < 1. Then we have

|Mb −Ma√
Ma

| ≤ Ce−
|ξ−θ0µ|2

2(1+(λ−1)θ)+
|ξ|2

4
[
|λ− 1|+ |µ||ξ − θ0µ|+ |λ− 1||ξ − θ0µ|2 + |ρ− 1|

]

≤ Cδe
− |ξ−θ0µ|2

2λ(1+δ)
+ |ξ|2

4 [|ρ− 1|+ |µ|+ |λ− 1|] ,

where the polynomial |ξ − θ0µ| is absorbed by the exponential function and δ can be any positive
number.

Note that

e−
|ξ−θ0µ|2

2λ(1+δ)
+ |ξ|2

4 = e−
2−λ(1+δ)
4(1+δ)λ

|ξ|2+ θ0µ·ξ

(1+δ)λ
− θ20 |µ|2

2(1+δ)λ .

In view of 1 < λ < λ < λ < 2, one can choose δ > 0 sufficiently small to ensure the coefficient in
front of |ξ|2 is negative. It then follows that any polynomial 〈ξ〉β with β ≥ 0 can be absorbed by
the exponential function. This completes the proof. �

3.1. L2
x Estimate of g. Let T > 0 be any finite number and β > 3/2 + 2γ. Then for 0 ≤ t ≤ T ,

〈ξ〉β |g1|L2
x

.

∫ t

0

e−ν(ξ)(t−s)ν(ξ)

∥∥∥∥ν
−1Γ

(√
Mb√
Ma

f b,
Mb −Ma√

Ma

)∥∥∥∥
L∞

ξ,βL
2
x

(s)ds

+

∫ t

0

e−ν(ξ)(t−s)ν(ξ)
[
‖ν−1Γ(fa, g)‖L∞

ξ,βL
2
x
(s) + ‖ν−1Γ(g, g)‖L∞

ξ,βL
2
x
(s)
]
ds(29)

. B
∫ t

0

e−ν(ξ)(t−s)ν(ξ)

∥∥∥∥
√
Mb√
Ma

f b

∥∥∥∥
L∞

ξ,βL
2
x

(s)ds

+

∫ t

0

e−ν(ξ)(t−s)ν(ξ)
[
‖fa‖L∞

ξ,β
L∞

x
‖g‖L∞

ξ,βL
2
x
(s) + ‖g‖L∞

ξ,β
L∞

x
‖g‖L∞

ξ,βL
2
x
(s)
]
ds

. εB
∫ t

0

e−ν(ξ)(t−s)ν(ξ)(1 + s)−
3
4 ds

∥∥∥∥
√
Mb√
Ma

f b
0

∥∥∥∥
L∞

ξ,β(L
∞
x ∩L1

x)

+ ε

∫ t

0

e−ν(ξ)(t−s)ν(ξ)(1 + s)−
3
2− 1

4 ds sup
0≤s≤T

(1 + s)1/4‖g‖L∞
ξ,βL

2
x

+

∫ t

0

e−ν(ξ)(t−s)ν(ξ)(1 + s)−
1
4−1ds sup

0≤s≤T
(1 + s)1/4‖g‖L∞

ξ,βL
2
x
· sup
0≤s≤T

(1 + s)‖g‖L∞
ξ,β

L∞
x

. εB(1 + t)−3/4 + ε(1 + t)−7/4 sup
0≤s≤T

(1 + s)1/4‖g‖L∞
ξ,βL

2
x

+ (1 + t)−5/4 sup
0≤s≤T

(1 + s)1/4‖g‖L∞
ξ,βL

2
x
· sup
0≤s≤T

(1 + s)‖g‖L∞
ξ,β

L∞
x
,
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by Theorem 8, Lemma 14 and the remarks in Section 2.3. Here B is the difference of macroscopic
quantities defined in (28).

〈ξ〉β |g2|L2
x
.

∫ t

0

e−ν(ξ)(t−s)ν(ξ)‖ν(ξ)−1Kg‖L∞
ξ,βL

2
x
(s) ds

.

∫ t

0

e−ν(ξ)(t−s)ν(ξ)‖g‖L∞
ξ,β−γL

2
x
(s) ds

. (1 + t)−1/4 sup
0≤s≤T

(1 + s)1/4‖g‖L∞
ξ,β−γL

2
x
.

To obtain sup0≤s≤T (1 + s)1/4‖g‖L∞
ξ,β−γL

2
x
, we now estimate ‖χ1‖L∞

ξ,β−γL
2
x
and ‖χ2‖L∞

ξ,β−γL
2
x

instead. In view of Theorems 9, 8 and Lemma 14,

‖χ1‖L∞
ξ,β−γL

2
x

.

∫ t

0

(1 + t− s)
−1/2

∥∥∥∥2 〈ξ〉
β−γ

Γ

(√
Mb√
Ma

f b,
Mb −Ma√

Ma

)∥∥∥∥
L∞

ξ L2
x

(s) ds

. B
∫ t

0

(1 + t− s)
−1/2

∥∥∥∥〈ξ〉
β

√
Mb√
Ma

f b

∥∥∥∥
L∞

ξ L2
x

(s) ds

. εB
∫ t

0

(1 + t− s)
−1/2

(1 + s)−3/4ds

. εB(1 + t)−1/4,

and

‖χ2‖L∞
ξ,β−γL

2
x

.

∫ t

0

(1 + t− s)−5/4
(
‖Γ(fa, g)‖L∞

ξ,β−γL
2
x
(s) + ‖Γ(fa, g)‖L∞

ξ,β−γL
1
x
(s)
)
ds

+

∫ t

0

(1 + t− s)−5/4
(
‖Γ(g, g)‖L∞

ξ,β−γL
2
x
(s) + ‖Γ(g, g)‖L∞

ξ,β−γL
1
x
(s)
)
ds

. ε

∫ t

0

(1 + t− s)−5/4(1 + s)−1ds sup
0≤s≤T

(1 + s)1/4‖g‖L∞
ξ,βL

2
x

+

∫ t

0

(1 + t− s)−5/4(1 + s)−5/4ds

(
sup

0≤s≤T
(1 + s)1/4‖g‖L∞

ξ,βL
2
x

sup
0≤s≤T

(1 + s)‖g‖L∞
ξ,βL

∞
x

)

+

∫ t

0

(1 + t− s)−5/4(1 + s)−1/2ds

(
sup

0≤s≤T
(1 + s)1/4‖g‖L∞

ξ,βL
2
x

)2

which implies that

‖χ2‖L∞
ξ,β−γL

2
x

. ε(1 + t)−1 sup
0≤s≤T

(1 + s)1/4‖g‖L∞
ξ,βL

2
x

+ (1 + t)−1/2

(
sup

0≤s≤T
(1 + s)1/4‖g‖L∞

ξ,βL
2
x

)2

+ (1 + t)−5/4

(
sup

0≤s≤T
(1 + s)‖g‖L∞

ξ,β
L∞

x

)2

.

Therefore, we obtain

(1 + t)1/4‖g2‖L∞
ξ,βL

2
x
. εB + ε sup

0≤s≤T
(1 + s)1/4‖g‖L∞

ξ,βL
2
x

(30)

+

(
sup

0≤s≤T
(1 + s)1/4‖g‖L∞

ξ,βL
2
x

)2

+

(
sup

0≤s≤T
(1 + s)‖g‖L∞

ξ,β
L∞

x

)2

.
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Summing up above estimates, we have the L∞
ξ,βL

2
x estimate of g:

(1 + t)1/4‖g‖L∞
ξ,βL

2
x
. εB + ε sup

0≤s≤t
(1 + s)1/4‖g‖L∞

ξ,βL
2
x

+

(
sup

0≤s≤t
(1 + s)1/4‖g‖L∞

ξ,βL
2
x

)2

+

(
sup

0≤s≤t
(1 + s)‖g‖L∞

ξ,β
L∞

x

)2

,(31)

for 0 ≤ t ≤ T .

3.2. L∞
x Estimate on g. Applying similar argument as those for the L2

x estimate of g, we have
for 0 ≤ t ≤ T and β > 3/2 + 2γ

(1 + t)‖g1‖L∞
ξ,β

L∞
x

. (1 + t)−1/2εB + ε(1 + t)−3/2 sup
0≤s≤T

(1 + s)‖g‖L∞
ξ,β

L∞
x

+ (1 + t)−1

(
sup

0≤s≤T
(1 + s)‖g‖L∞

ξ,βL
∞
x

)2

(32)

and
〈ξ〉β |g2|L∞

x
. (1 + t)−1 sup

0≤s≤T
(1 + s)‖g‖L∞

ξ,β−γ
L∞

x
.

As same as the L2
x case, , we will obtain sup0≤s≤T (1 + s)‖g‖L∞

ξ,β−γL
∞
x

by estimating χ1 and χ2.

For χ1, we have

‖χ1‖L∞
ξ,β−γL

∞
x

. ε (1 + t)−1 B.
We need some refined estimate for the linearized Boltzmann equation in Section 2.2 to prove this
estimate. Since the proof is delicate and lengthy, we postpone the detail to the next subsection
(Proposition 16).

For χ2, by Theorems 8 and 9 we have

‖χ2‖L∞
ξ,β−γL

∞
x

.

∫ t

0

(1 + t− s)
−5/4

(
‖Γ (fa, g)‖L∞

ξ,β−γL
∞
x
(s) + ‖Γ (fa, g)‖L∞

ξ,β−γL
2
x
(s)
)
ds

+

∫ t

0

(1 + t− s)
−5/4

(
‖Γ (g, g)‖L∞

ξ,β−γL
∞
x
(s) + ‖Γ (g, g)‖L∞

ξ,β−γL
2
x
(s)
)
ds

. ε (1 + t)
−5/4

(
sup

0≤s≤T
(1 + s) ‖g‖L∞

ξ,β
L∞

x
+ sup

0≤s≤T
(1 + s)

1/4 ‖g‖L∞
ξ,βL

2
x

)

+(1 + t)
−5/4

[(
sup

0≤s≤T
(1 + s)

1/4 ‖g‖L∞
ξ,βL

2
x

)2

+

(
sup

0≤s≤T
(1 + s) ‖g‖L∞

ξ,βL
∞
x

)2
]
.

Therefore,

(1 + t)‖g2‖L∞
ξ,βL

∞
x

. εB + ε

(
sup

0≤s≤T
(1 + s) ‖g‖L∞

ξ,βL
∞
x
+ sup

0≤s≤T
(1 + s)

1/4 ‖g‖L∞
ξ,βL

2
x

)
(33)

+

(
sup

0≤s≤T
(1 + s)

1/4 ‖g‖L∞
ξ,βL

2
x

)2

+

(
sup

0≤s≤T
(1 + s) ‖g‖L∞

ξ,β
L∞

x

)2

.

Combining (32) and (33), we conclude the L∞
ξ,βL

∞
x estimate of g:

(1 + t)‖g‖L∞
ξ,βL

∞
x

. εB + ε

(
sup

0≤s≤T
(1 + s) ‖g‖L∞

ξ,βL
∞
x
+ sup

0≤s≤T
(1 + s)

1/4 ‖g‖L∞
ξ,βL

2
x

)
(34)

+

(
sup

0≤s≤T
(1 + s)

1/4 ‖g‖L∞
ξ,βL

2
x

)2

+

(
sup

0≤s≤T
(1 + s) ‖g‖L∞

ξ,β
L∞

x

)2

.

Now let

Q (T ) = sup
0≤s≤T

(
(1 + s)

∥∥∥〈ξ〉β g/B
∥∥∥
L∞

ξ L∞
x

+ (1 + s)1/4
∥∥∥〈ξ〉β g/B

∥∥∥
L∞

ξ L2
x

)
,

for any finite T > 0. From (31) and (34) it gives the inequality

Q (T ) ≤ C1ε+ C2εQ (T ) + CBQ2 (T )
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for any finite T ≥ 0. Since g (0, x, ξ) = 0, we get Q (T ) ≤ C̃ε for some constant C̃ > 0 and for all
T ≥ 0 whenever ε > 0 is sufficiently small. The proof is completed. �

3.3. L∞
ξ,β−γL

∞
x estimate of χ1. In this section we are devoted to the estimate of ‖χ1‖L∞

ξ,β−γ
L∞

x
,

β > 3/2 + 2γ.

Remark 15. At the first sight, it readily follows from Theorems 8 and 9 that

‖χ1‖L∞
ξ,β−γL

∞
x

. εB
∫ t

0

(1 + t− s)
−5/4

(1 + s)
−3/4

ds . εB (1 + t)
−3/4

.

However, this estimate for χ1 is not satisfactory and we can improve it up to the time decay rate
(1 + t)

−1
by the refined estimate for the linearized Boltzmann equation.

Proposition 16. Let β > 3/2 + 2γ. Then χ1 defined as (27) satisfies

‖χ1‖L∞
ξ,β−γL

∞
x

≤ Cε (1 + t)
−1 B

(∥∥∥∥
√
Mb√
Ma

f b
0

∥∥∥∥
L∞

ξ,β(L
∞
x ∩L1

x)

+
∥∥f b

0

∥∥
L1

xL
2
ξ

)

for some constant C > 0 independent of t.

To prove this, we represent f b by

f b = εGt
bf

b
0 +

∫ t

0

G
t−τ
b Γb

(
f b, f b

)
(τ) dτ

and then write χ1 as

χ1 =

∫ t

0

G
t−τΓ

(√
Mb√
Ma

f b ,
Mb −Ma√

Ma

)
(τ) dτ

= ε

∫ t

0

G
t−τΓ

(√
Mb√
Ma

G
τ
bf

b
0 ,

Mb −Ma√
Ma

)
(τ) dτ

+

∫ t

0

G
t−τΓ

(√
Mb√
Ma

∫ τ

0

G
τ−s
b Γb

(
f b, f b

)
ds ,

Mb −Ma√
Ma

)
(τ) dτ

≡ χ11 + χ12.

We further split χ11 into two parts

χ111 = ε

∫ t
2

0

G
t−τΓ

(√
Mb√
Ma

G
τ
bf

b
0 ,

Mb −Ma√
Ma

)
(τ) dτ ,

and

χ112 = ε

∫ t

t
2

G
t−τΓ

(√
Mb√
Ma

G
τ
bf

b
0 ,

Mb −Ma√
Ma

)
(τ) dτ .

Among them, χ112 is delicate, so we first deal with this term and use the long-short wave decom-
position to split the integrand into six parts

χ112 = ε

∫ t

t
2

(
G

t−τ
L,0 +G

t−τ
L,⊥ +G

t−τ
S

)
Γ

(√
Mb√
Ma

(
G

τ
b,L +G

τ
b,S

)
f b
0 ,

Mb −Ma√
Ma

)
(τ) dτ .

For the purpose of simplification, we denote

T h := Γ

(√
Mb√
Ma

h ,
Mb −Ma√

Ma

)
.

We will estimate them term by term.
In view of Proposition 10, Corollary 12, and the fact that P0T Gτ

b,Lf
b
0 = 0,

∥∥∥Gt−τ
L,0 T G

τ
b,Lf

b
0

∥∥∥
L∞

x L2
ξ

. (1 + t− τ)
− 3

2p− 1
2
∥∥T G

τ
b,Lf

b
0

∥∥
Lp

xL2
ξ
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. (1 + t− τ)
− 3

2p− 1
2

∥∥∥∥Γ
(√

Mb√
Ma

G
τ
b,Lf

b
0 ,

Mb −Ma√
Ma

)∥∥∥∥
Lp

xL2
ξ

. (1 + t− τ)
− 3

2p− 1
2 B
∥∥∥∥ν (ξ)

√
Mb√
Ma

G
τ
b,Lf

b
0

∥∥∥∥
Lp

xL2
ξ

. (1 + t− τ)
− 3

2p− 1
2 B
∥∥∥∥
√
Mb√
Ma

G
τ
b,Lf

b
0

∥∥∥∥
L∞

ξ,βL
p
x

. (1 + t− τ)
− 3

2p− 1
2 (1 + τ)

− 3
2 (

1
r− 1

p ) B
(∥∥∥∥

√
Mb√
Ma

f b
0L

∥∥∥∥
L∞

ξ,βL
2
x

+
∥∥f b

0L

∥∥
Lr

xL
2
ξ

)
,

for 2 ≤ p ≤ ∞ and 1 ≤ r ≤ p. Taking r = 1 and p > 3 gives

(35)

∫ t

t
2

∥∥∥Gt−τ
L,0 T G

τ
b,Lf

b
0

∥∥∥
L∞

x L2
ξ

dτ . (1 + t)
−1 B

(∥∥∥∥
√
Mb√
Ma

f b
0L

∥∥∥∥
L∞

ξ,βL
2
x

+
∥∥f b

0L

∥∥
L1

xL
2
ξ

)
.

By the Sobolev inequality,
∥∥∥Gt−τ

L,⊥T G
τ
b,Lf

b
0

∥∥∥
L∞

x L2
ξ

.
∥∥∥∇2

xG
t−τ
L,⊥T G

τ
b,Lf

b
0

∥∥∥
1/2

L2
xL

2
ξ

·
∥∥∥∇xG

t−τ
L,⊥T G

τ
b,Lf

b
0

∥∥∥
1/2

L2
xL

2
ξ

.
∥∥∥Gt−τ

L,⊥T ∇2
xG

τ
b,Lf

b
0

∥∥∥
1/2

L2
xL

2
ξ

·
∥∥∥Gt−τ

L,⊥T ∇xG
τ
b,Lf

b
0

∥∥∥
1/2

L2
xL

2
ξ

.

In view of Proposition 10 and Corollary 12,
∥∥∥Gt−τ

L,⊥T ∇2
xG

τ
b,Lf

b
0

∥∥∥
L2

xL
2
ξ

. e−
t−τ
c

∥∥T ∇2
xG

τ
b,Lf

b
0

∥∥
L2

xL
2
ξ

. e−
t−τ
c

∥∥∥∥Γ
(√

Mb√
Ma

∇2
xG

τ
b,Lf

b
0 ,

Mb −Ma√
Ma

)∥∥∥∥
L2

xL
2
ξ

. e−
t−τ
c B

∥∥∥∥ν (ξ)
√
Mb√
Ma

∇2
xG

τ
b,Lf

b
0

∥∥∥∥
L2

xL
2
ξ

. e−
t−τ
c B

∥∥∥∥
√
Mb√
Ma

∇2
xG

τ
b,Lf

b
0

∥∥∥∥
L∞

ξ,βL
2
x

. e−
t−τ
c (1 + τ)

− 3
4− 2

2 B
(∥∥∥∥

√
Mb√
Ma

f b
0L

∥∥∥∥
L∞

ξ,βL
2
x

+
∥∥f b

0L

∥∥
L1

xL
2
ξ

)
.

Similarly,

∥∥∥Gt−τ
L,⊥T ∇xG

τ
b,Lf

b
0

∥∥∥
L2

xL
2
ξ

. e−
t−τ
c (1 + τ)−

3
4− 1

2 B
(∥∥∥∥

√
Mb√
Ma

f b
0L

∥∥∥∥
L∞

ξ,βL
2
x

+
∥∥f b

0L

∥∥
L1

xL
2
ξ

)
.

Therefore,

∥∥∥Gt−τ
L,⊥T G

τ
b,Lf

b
0

∥∥∥
L∞

x L2
ξ

. e−
t−τ
c (1 + τ)

− 3
2 B
(∥∥∥∥

√
Mb√
Ma

f b
0L

∥∥∥∥
L∞

ξ,βL
2
x

+
∥∥f b

0L

∥∥
L1

xL
2
ξ

)

and

(36)

∥∥∥∥∥

∫ t

t
2

G
t−τ
L,⊥T G

τ
b,Lf

b
0dτ

∥∥∥∥∥
L∞

x L2
ξ

. (1 + t)
− 3

2 B
(∥∥∥∥

√
Mb√
Ma

f b
0L

∥∥∥∥
L∞

ξ,βL
2
x

+
∥∥f b

0L

∥∥
L1

xL
2
ξ

)
.

By Proposition 10, Corollary 13 and the fact that P0T Gτ
b,Sf

b
0 = 0,

∫ t

t
2

∥∥∥
(
G

t−τ
L,0 +G

t−τ
L,⊥

)
T G

τ
b,Sf

b
0

∥∥∥
L∞

x L2
ξ

dτ .

∫ t

t
2

(1 + t− τ)−
5
4
∥∥T G

τ
b,Sf

b
0

∥∥
L2

xL
2
ξ

dτ(37)
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. B
∫ t

t
2

(1 + t− τ)
− 5

4

∥∥∥∥ν (ξ)
√
Mb√
Ma

G
τ
Sf

b
0

∥∥∥∥
L2

ξL
2
x

dτ

.

∫ t

t
2

B (1 + t− τ)−
5
4

∥∥∥∥
√
Mb√
Ma

G
τ
Sf

b
0

∥∥∥∥
L∞

ξ,βL
2
x

dτ

. e−
t
2cB

(∥∥∥∥
√
Mb√
Ma

f b
0S

∥∥∥∥
L∞

ξ,βL
2
x

+
∥∥f b

0

∥∥
L2

ξ
L2

x

)
.

In accordance with (24) and Corollary 13,

∫ t

t
2

∥∥Gt−τ
S T G

τ
Sf

b
0

∥∥
L∞

x L2
ξ

dτ(38)

.

∫ t

t
2

e−
t−τ
c

[∥∥T G
τ
Sf

b
0

∥∥
L2

ξL
2
x
+
∥∥T G

τ
Sf

b
0

∥∥
L2

ξL
∞
x

]
dτ

.

∫ t

t
2

e−
t−τ
c B

(∥∥∥∥ν (ξ)
√
Mb√
Ma

G
τ
Sf

b
0

∥∥∥∥
L2

ξL
2
x

+

∥∥∥∥ν (ξ)
√
Mb√
Ma

G
τ
Sf

b
0

∥∥∥∥
L2

ξL
∞
x

)
dτ

. B
∫ t

t
2

e−
t−τ
c

(∥∥∥∥
√
Mb√
Ma

G
τ
Sf

b
0

∥∥∥∥
L∞

ξ,β
L2

x

+

∥∥∥∥
√
Mb√
Ma

G
τ
Sf

b
0

∥∥∥∥
L∞

ξ,β
L∞

x

)
dτ

. B
∫ t

t
2

e−
t−τ
c e−

τ
c dτ

(∥∥∥∥
√
Mb√
Ma

f b
0S

∥∥∥∥
L∞

ξ,β(L
2
x∩L∞

x )

+
∥∥f b

0

∥∥
L2

ξ(L
2
x∩L∞

x )

)

. e−
t
2cB

(∥∥∥∥
√
Mb√
Ma

f b
0S

∥∥∥∥
L∞

ξ,β(L
2
x∩L∞

x )

+
∥∥f b

0

∥∥
L2

ξ(L
2
x∩L∞

x )

)
.

By the Sobolev inequality, Proposition 10 and Corollary 12,

∥∥Gt−τ
S T G

τ
Lf

b
0

∥∥
L∞

x L2
ξ

.
∥∥∇2

xG
t−τ
S T G

τ
Lf

b
0

∥∥1/2
L2

xL
2
ξ

·
∥∥∇xG

t−τ
S T G

τ
Lf

b
0

∥∥1/2
L2

xL
2
ξ

. e−
t−τ
c

∥∥T ∇2
xG

τ
Lf

b
0

∥∥1/2
L2

ξL
2
x

∥∥T ∇xG
τ
Lf

b
0

∥∥1/2
L2

ξL
2
x

. e−
t−τ
c (1 + τ)

1
2 (− 3

4− 2
2 )+

1
2 (− 3

4− 1
2 ) B

(∥∥∥∥
√
Mb√
Ma

f b
0L

∥∥∥∥
L∞

ξ,βL
2
x

+
∥∥f b

0L

∥∥
L1

xL
2
ξ

)

and so

(39)

∫ t

t
2

∥∥Gt−τ
S T G

τ
Lf

b
0

∥∥
L∞

x L2
ξ

dτ . B(1 + t)−3/2

(∥∥∥∥
√
Mb√
Ma

f b
0L

∥∥∥∥
L∞

ξ,βL
2
x

+
∥∥f b

0L

∥∥
L1

xL
2
ξ

)
.

Gathering (35)-(39), we obtain

‖χ112‖L∞
x L2

ξ

. ε (1 + t)
−1 B

(∥∥∥∥
√
Mb√
Ma

f b
0L

∥∥∥∥
L∞

ξ,βL
2
x

+
∥∥f b

0L

∥∥
L1

xL
2
ξ

+

∥∥∥∥
√
Mb√
Ma

f b
0S

∥∥∥∥
L∞

ξ,β(L
2
x∩L∞

x )

+
∥∥f b

0

∥∥
L2

ξ
(L2

x∩L∞
x )

)

. ε (1 + t)
−1 B

(∥∥∥∥
√
Mb√
Ma

f b
0

∥∥∥∥
L∞

ξ,β(L
2
x∩L∞

x )

+
∥∥f b

0

∥∥
L1

xL
2
ξ

)
,
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since
∥∥f b

0L

∥∥
L1

xL
2
ξ

.
∥∥f b

0

∥∥
L1

xL
2
ξ

and

∥∥∥∥
√
Mb√
Ma

f b
0S

∥∥∥∥
L∞

ξ,βL
∞
x

=

∥∥∥∥
√
Mb√
Ma

(
f b
0 − f b

0L

)∥∥∥∥
L∞

ξ,βL
∞
x

≤
∥∥∥∥
√
Mb√
Ma

f b
0

∥∥∥∥
L∞

ξ,βL
∞
x

+

∥∥∥∥
√
Mb√
Ma

f b
0L

∥∥∥∥
L∞

ξ,βL
2
x

.

Next we see ‖χ111‖L∞
x L2

ξ
. In light of Theorem 9 and Proposition 11 and the fact that P0Γ

(√
Mb√
Ma

Gτ
bf

b
0 ,

Mb−Ma√
Ma

)
=

0,

‖χ111‖L∞
x L2

ξ
= ε

∥∥∥∥∥

∫ t
2

0

G
t−τΓ

(√
Mb√
Ma

G
τ
bf

b
0 ,

Mb −Ma√
Ma

)
dτ

∥∥∥∥∥
L∞

x L2
ξ

. εB
∫ t

2

0

(1 + t− τ)
− 5

4

(∥∥∥∥ν (ξ)
√
Mb√
Ma

G
τ
bf

b
0

∥∥∥∥
L2

xL
2
ξ

+

∥∥∥∥ν (ξ)
√
Mb√
Ma

G
τ
bf

b
0

∥∥∥∥
L2

ξL
∞
x

)
dτ

. εB
∫ t

2

0

(1 + t− τ)
− 5

4

(∥∥∥∥
√
Mb√
Ma

G
τ
bf

b
0

∥∥∥∥
L∞

ξ,βL
2
x

+

∥∥∥∥
√
Mb√
Ma

G
τ
bf

b
0

∥∥∥∥
L∞

ξ,βL
∞
x

)
dτ

. εB
∫ t

2

0

(1 + t− τ)
− 5

4 (1 + τ)
− 3

4 dτ

(∥∥∥∥
√
Mb√
Ma

f b
0

∥∥∥∥
L∞

ξ,βL
2
x

+

∥∥∥∥
√
Mb√
Ma

f b
0

∥∥∥∥
L∞

ξ,βL
∞
x

+
∥∥f b

0

∥∥
L1

xL
2
ξ

)

. ε (1 + t)−1 B
(∥∥∥∥

√
Mb√
Ma

f b
0

∥∥∥∥
L∞

ξ,β(L
2
x∩L∞

x )

+
∥∥f b

0

∥∥
L1

xL
2
ξ

)
.

Therefore,

(40) ‖χ11‖L∞
x L2

ξ
= ‖χ111 + χ112‖L∞

x L2
ξ
. ε (1 + t)−1 B

(∥∥∥∥
√
Mb√
Ma

f b
0

∥∥∥∥
L∞

ξ,β(L
∞
x ∩L2

x)

+
∥∥f b

0

∥∥
L1

xL
2
ξ

)
.

Note that χ11 can be expressed by

χ11 =

∫ t

0

S
t−τ

[
Kχ11 (τ) + εΓ

(√
Mb√
Ma

G
τ
bf

b
0 ,

Mb −Ma√
Ma

)]
dτ .

By Proposition 11 and (40), we have

‖χ11‖L∞
x L∞

ξ
.

∫ t

0

e−
(t−τ)

c

(
‖χ11 (τ)‖L∞

x L2
ξ
+ εB

∥∥∥∥ν (ξ)
√
Mb√
Ma

G
τ
bf

b
0

∥∥∥∥
L∞

x L∞
ξ

)
dτ

. ε (1 + t)−1 B
(∥∥∥∥

√
Mb√
Ma

f b
0

∥∥∥∥
L∞

ξ,β(L
∞
x ∩L2

x)

+
∥∥f b

0

∥∥
L1

xL
2
ξ

)
,

and then

(41) ‖χ11‖L∞
x L∞

ξ,β−γ
. ε (1 + t)−1 B

(∥∥∥∥
√
Mb√
Ma

f b
0

∥∥∥∥
L∞

ξ,β
(L∞

x ∩L2
x)

+
∥∥f b

0

∥∥
L1

xL
2
ξ

)

via the bootstrap argument.
Finally, we consider ‖χ12‖L∞

ξ,β−γL
∞
x
. Owing to Theorems 8 and 9, we have

‖χ12‖L∞
ξ,β−2γL

∞
x

.

∫ t

0

(1 + t− τ)
− 5

4

∥∥∥∥Γ
(√

Mb√
Ma

∫ τ

0

G
τ−s
b Γb

(
f b, f b

)
ds,

Mb −Ma√
Ma

)∥∥∥∥
L∞

ξ,β−2γ(L
2
x∩L∞

x )

dτ

. B
∫ t

0

(1 + t− τ)−
5
4

∫ τ

0

∥∥∥∥
√
Mb√
Ma

G
τ−s
b Γb

(
f b, f b

)∥∥∥∥
L∞

ξ,β−γ(L
2
x∩L∞

x )

dsdτ

. B
∫ t

0

(1 + t− τ)
− 5

4

∫ τ

0

(1 + τ − s)
− 5

4

∥∥∥∥
√
Mb√
Ma

Γb

(
f b, f b

)∥∥∥∥
L∞

ξ,β−γ(L
1
x∩L2

x∩L∞
x )

dsdτ
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. ε2B
∫ t

0

(1 + t− τ)−
5
4

∫ τ

0

(1 + τ − s)−
5
4 (1 + s)−

3
2 dsdτ

∥∥∥∥
√
Mb√
Ma

f b
0

∥∥∥∥
2

L∞
ξ,β

(L1
x∩L∞

x )

. ε2B (1 + t)
− 5

4

∥∥∥∥
√
Mb√
Ma

f b
0

∥∥∥∥
2

L∞
ξ,β(L

1
x∩L∞

x )

.

Note that

χ12 =

∫ t

0

S
t−τΓ

(√
Mb√
Ma

∫ τ

0

G
τ−s
b Γb

(
f b, f b

)
ds ,

Mb −Ma√
Ma

)
(τ) dτ +

∫ t

0

S
t−τKχ12(τ)dτ .

Hence in view of (12), Theorem 8 and Proposition 11,
∣∣∣〈ξ〉β−γ χ12

∣∣∣
L∞

x

. B
∫ t

0

e−ν(ξ)(t−τ)ν (ξ)

∫ τ

0

∥∥∥∥
√
Mb√
Ma

G
τ−s
b Γb

(
f b, f b

)∥∥∥∥
L∞

ξ,β−γL
∞
x

dsdτ

+

∫ t

0

e−ν0(t−τ) ‖χ12‖L∞
ξ,β−2γL

∞
x
(τ)dτ

. ε2B
∫ t

0

e−ν(ξ)(t−τ)ν (ξ)

∫ τ

0

(1 + τ − s)
−5/4

(1 + s)
−9/4

dsdτ

∥∥∥∥
√
Mb√
Ma

f b
0

∥∥∥∥
2

L∞
ξ,β(L

1
x∩L∞

x )

+ ε2B
∫ t

0

e−ν0(t−τ)(1 + τ)−5/4dτ

∥∥∥∥
√
Mb√
Ma

f b
0

∥∥∥∥
2

L∞
ξ,β(L

1
x∩L∞

x )

. ε2B(1 + t)−5/4

∥∥∥∥
√
Mb√
Ma

f b
0

∥∥∥∥
2

L∞
ξ,β(L

1
x∩L∞

x )

,

so that

(42) ‖χ12‖L∞
ξ,β−γL

∞
x

. ε2B(1 + t)−5/4

∥∥∥∥
√
Mb√
Ma

f b
0

∥∥∥∥
2

L∞
ξ,β(L

1
x∩L∞

x )

.

Combining (41) and (42), the proof of Proposition 16 is completed. �

Appendix A. Heat equation

Theorem 17. Let µ ∈ R3, 1 ≤ λ ≤ 2. Assume that ha and hb satisfy the heat equations in the
whole space R

3, i.e.,
∂th

a = ∆ha,

and
∂th

b + µ · ∇hb = λ(2−γ)/2∆hb,

with initial data ha
0 = hb

0 = h0 ∈ L1
x

(
R3
)
. Then there exists a constant C > 0 independent of time

such that ∣∣hb − ha
∣∣
L∞

x
≤ C(1 + t)−1 |h0|L1

x

(
|λ− 1| (1 + t)−1/2 + |µ|

)
,

∣∣hb − ha
∣∣
L2

x
≤ C(1 + t)−1/4 |h0|L1

x

(
|λ− 1| (1 + t)−1/2 + |µ|

)
,

for t ≥ 1.

To simplify the notation, we set κ = λ(2−γ)/2. We will provide two different methods to prove
the theorem. The first method is to study the difference of the two solutions. In view of the exact
solution formula associated with the heat kernel, we have

ha (t, x) =

∫

R3

1

(4πt)
3/2

e−
|x−y|2

4t h0 (y) dy,

hb (t, x) =

∫

R3

1

(4πκt)3/2
e−

|x−µt−y|2

4κt h0 (y) dy,
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so that

ha (t, x)− hb (t, x) =

∫

R3

[
1

(4πt)
3/2

e−
|x−y|2

4t − 1

(4πκt)3/2
e−

|x−µt−y|2

4κt

]
h0 (y) dy.

To proceed, we need the following lemma:

Lemma 18. For µ ∈ R3, 1 ≤ λ ≤ 2, t > 0,
∣∣∣∣∣
e−

|x|2

4t

(4πt)3/2
− e−

|x−µt|2

4κt

(4πκt)3/2

∣∣∣∣∣
Lp

x

≤ Ct−
3
2 (1− 1

p )
[
|κ− 1|+ |µ|

√
t
]
, 1 ≤ p ≤ ∞ ,

for some constant C > 0 independent of λ, u, p.

Proof. By mean value theorem

e−
|x−µt|2

4κt

(4πκt)3/2
− e−

|x|2

4t

(4πt)3/2
=


 e−

|x−θµt|2

4(1+(κ−1)θ)t

(4π(1 + (κ− 1)θ)t)3/2



θ=1

θ=0

=

∫ 1

0

e−
|x−θµt|2

4(1+(κ−1)θ)t

(4π(1 + (κ− 1)θ)t)3/2

[
− 3(κ− 1)

2(θ(κ− 1) + 1)
+

µ · (x− θµt)

2(θ(κ− 1) + 1)
+

(κ− 1) |x− θµt|2
4t(θ(κ− 1) + 1)2

]
dθ.

It then immediately follows that for 1 ≤ p ≤ ∞,
∣∣∣∣∣
e−

|x−µt|2

4κt

(4πκt)3/2
− e−

|x|2

4t

(4πt)3/2

∣∣∣∣∣
Lp

x

≤
∫ 1

0

∣∣∣∣∣∣
e−

|x−θµt|2

4(1+(κ−1)θ)t

(4π(1 + (κ− 1)θ)t)3/2

[
− 3(κ− 1)

2(θ(κ− 1) + 1)
+

µ · (x− θµt)

2(θ(κ− 1) + 1)
+

(κ− 1) |x− θµt|2
4t(θ(κ− 1) + 1)2

]∣∣∣∣∣∣
Lp

x

dθ

.

∫ 1

0

∣∣∣∣∣
e−

|x−θµt|2

Ct

t3/2

[
|κ− 1|+ |µ|

√
t
]∣∣∣∣∣

Lp
x

dθ . t−
3
2 (1− 1

p )
[
|κ− 1|+ |µ|

√
t
]
.

The polynomial x− θµt is absorbed by exponential function in the second inequality. �

From the Young’s inequality for convolution, together with Lemma 18, it follows that

|hb − ha|Lr
x
≤ | e

− |x−µt|2

4κt

(4πκt)3/2
− e−

|x|2

4t

(4πt)3/2
|Lp

x
|h0|Lq

x

≤ Ct−
3
2 (1− 1

p )
[
|κ− 1|+ |µ|

√
t
]
|h0|Lq

x

≤ Ct−
3
2 (

1
q− 1

r )
[
|κ− 1|+ |µ|

√
t
]
|h0|Lq

x
,

where 1
p + 1

q = 1 + 1
r , p, q, r ≥ 1. Therefore, taking q = 1, r = ∞ and q = 1, r = 2, respectively,

gives
∣∣hb − ha

∣∣
L∞

x
≤ C |h0|L1

x

(
|κ− 1| t−3/2 + |µ| t−1

)
,

∣∣hb − ha
∣∣
L2

x
≤ C |h0|L1

x

(
|κ− 1| t−3/4 + |µ| t−1/4

)
.

Noting that |κ− 1| ≤ |λ− 1|, the proof of Theorem 17 is completed.
Next, we provide an alternative proof for the difference. Let h = ha − hb. Then h satisfies the

equation {
∂th = ∆h+ µ · ∇hb − (κ− 1)∆hb ,

h (0, x) = 0,
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and it is given by

h (t, x) =

∫ t

0

∫

R3

1

[4π (t− s)]
3/2

e−
|x−y|2

4(t−s)
[
µ · ∇hb (s, y)− (κ− 1)∆hb (s, y)

]
dyds

=

∫ t
2

0

∫

R3

1

[4π (t− s)]
3/2

e−
|x−y|2

4(t−s)
[
µ · ∇hb (s, y)− (κ− 1)∆hb (s, y)

]
dyds

+

∫ t

t
2

∫

R3

1

[4π (t− s)]
3/2

e−
|x−y|2

4(t−s)
[
µ · ∇hb (s, y)− (κ− 1)∆hb (s, y)

]
dyds

≡ h1 (t, x) + h2 (t, x) .

Recall the fact that
∣∣∂α

x h
b
∣∣
Lq

x
≤ C (1 + t)−

3
2 (1− 1

q )−
|α|
2 |f0|L1

x
, 1 ≤ q ≤ ∞,

for some constant C > 0, where α = (α1, α2, α3) is a multi-index. Thus, the integration by parts
gives

h1 (t, x) =

∫ t
2

0

∫

R3

1

[4π (t− s)]3/2
e−

|x−y|2

4(t−s)
[
µ · ∇hb (s, y)− (κ− 1)∆hb (s, y)

]
dyds

=

∫ t
2

0

∫

R3

1

[4π (t− s)]
3/2

e−
|x−y|2

4(t−s)
− (x− y)

2 (t− s)
·
[
µhb (s, y)− (κ− 1)∇hb (s, y)

]
dyds,

and for t ≥ 1,

|h1|Lr
x

≤ C |f0|L1
x

∫ t
2

0

(t− s)−
3
2 (1− 1

p )− 1
2

(
|µ| (1 + s)−

3
2 (1− 1

q ) + |κ− 1| (1 + s)−
3
2 (1− 1

q )− 1
2

)
ds

. |µ| (1 + t)
−1+ 3

2r + |κ− 1| (1 + t)
− 3

2+
3
2r

by the Young convolution inequality with 1
p +

1
q = 1+ 1

r and − 3
2

(
1− 1

q

)
+ 1

2 > 0. With the same
r,

|h2|Lr
x

≤
∫ t

t
2

∣∣∣∣∣
1

[4π (t− s)]3/2
e−

|x|2

4(t−s)

∣∣∣∣∣
Lp

x

∣∣µ · ∇hb − (κ− 1)∆hb
∣∣
Lq

x
ds

≤ C |h0|L1
x

∫ t

t
2

(t− s)
− 3

2 (1− 1
p)
(
|µ| (1 + s)

− 3
2 (1− 1

q )− 1
2 + |κ− 1| (1 + s)

− 3
2 (1− 1

q )−1
)
ds

. |µ| (1 + t)−1+ 3
2r + |κ− 1| (1 + t)−

3
2+

3
2r

for t ≥ 1, by the Young convolution inequality with 1
p + 1

q = 1 + 1
r , − 3

2

(
1− 1

p

)
+ 1 > 0. Hence,

for 1 ≤ r ≤ ∞,

|h|Lr
x
≤ C

(
|µ| (1 + t)

−1+ 3
2r + |κ− 1| (1 + t)

− 3
2+

3
2r

)
, t ≥ 1,

where C > 0 is a constant independent of λ, u and r. In particular,

|h|L∞
x

≤ C
(
|µ| (1 + t)

−1
+ |κ− 1| (1 + t)

− 3
2

)
,

|h|L2
x
≤ C

(
|µ| (1 + t)−

1
4 + |κ− 1| (1 + t)−

3
4

)
,

for t ≥ 1.
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