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Abstract We study the quantitative pointwise behavior of the solutions of the linearized
Boltzmann equation for hard potentials, Maxwellian molecules and soft potentials, with
Grad’s angular cutoff assumption. More precisely, for solutions inside the finite Mach number
region (time like region), we obtain the pointwise fluid structure for hard potentials and
Maxwellian molecules, and optimal time decay in the fluid part and sub-exponential time
decay in the non-fluid part for soft potentials. For solutions outside the finite Mach number
region (space like region), we obtain sub-exponential decay in the space variable. The singular
wave estimate, regularization estimate and refined weighted energy estimate play important
roles in this paper. Our results extend the classical results of Liu and Yu (Commun Pure Appl
Math 57:1543-1608, 2004), (Bull Inst Math Acad Sin 1:1-78, 2006), (Bull Inst Math Acad
Sin 6:151-243,2011) and Lee et al. (Commun Math Phys 269:17-37, 2007) to hard and soft
potentials by imposing suitable exponential velocity weight on the initial condition.
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1 Introduction
1.1 The Models

In this paper, we consider the following Boltzmann equation:

{aF+swaF:Qme
F(0,x,8) = Fo(x, &),

where F(t, x, &) is the distribution function for the particles at time ¢ > 0, position x =
(x1,x2,x3) € R3 and microscopic velocity £ = (§1, &2, &3) € R3. The left-hand side of this
equation models the transport of particles and the operator on the right-hand side models the
effect of collisions on the transport

(t,x,6) e RT x R? x R, )

Q(F,G)=/3

R x

o 6 — &1"BW) [F(EDGE) — F(E)G(§)] déwdw.
In this paper, we consider the Maxwellian molecules (y = 0), hard potentials (0 < y < 1)
and soft potentials (—2 < y < 0); and B(?) satisfies the Grad cutoff assumption
0 < B(®) < C|cost,
for some constant C > 0. Moreover, the post-collisional velocities satisfy
=[G - oo, §=6+[¢-§) oo,

and ¥ is defined by

|6 — &) -l

It is well known that the Maxwellians are steady state solutions to the Boltzmann equation.
Thus, it is natural to linearize the Boltzmann equation (1) around a global Maxwellian

cos ) =

I £
ME) = gomew ()

with the standard perturbation f (¢, x, &) to M as
F=M+M"2f
After substituting the above ansatz into (1) and dropping the nonlinear term, we then have

the linearized Boltzmann equation:

O f+§& Ve=Lf, PP
{f(O,x,é):fo(x,s) (t7x»$)€R x R XR, (2)

where

Lf = M2 (oM, M2 ) + QM2 £, M)

The existence theorem of the linearized Boltzmann equation (2) can be found in [17]. It is
well-known that the null space of L is a five-dimensional vector space with the orthonormal
basis {x; }f:(), where

1
Ker(L) = {x0, Xi» x4} = [MW, M2, %qsﬁ — 3)M1/2}, i=1,2, 3.
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Quantitative Pointwise Estimate of the Solution... 929

Based on this property, we can introduce the macro-micro decomposition: let Py be the
orthogonal projection with respect to the Lg inner product onto Ker(L), and P; = Id — Py.

1.2 Main Results

Before the presentation of the main theorem, let us define some notation in this paper. We
denote (£)° = (1 + |£]>)*/2, s € R. For the microscopic variable &, we denote

12
eliz = ([ 18Pag) " lelug = sup leco)

£eR3

and the weighted norms can be defined by
) 1/2
18 20m) = (/ lglPmdg) " Igliom = sup {1g(€)lm}.
3 R3 EER3

here m = m(t, x, £) is a weight function. The Lg inner product in R3 will be denoted by
<.7 ')g .
(o) = [ F@s@e.

For the space variable x, we have similar notation. In fact,

) 1/2
glr2 = (/W gl dX) , lgloe = sup |g(x)].

xeR3

The standard inner product will be denoted by (a, b) or a - b for any vectors a, b € R3. For
the Boltzmann equation, the natural norm in & is | - |72, which is defined by

Y
873 = 1462 gl

Moreover, we define

2 2 2 _ 2
g2 —fR3 l8l72dx, Nglizg) —/RB 18172 gy

and

lgllzeergeim = sup Alg(x, E)m}, llglpiz20m) = f 18112 (mydx-
(x.£)eRO e Rt

Finally, we define the high order Sobolev norms: let sy, s, € N and let a1, oz be any multi-

indexes with |a1| < s1 and |a2| < s7,

”g”H,fng(m): Z ”3)?18”1‘2(,”)7 ||g||LfH;2(m): Z ”8g2g”L2(m)'

loer|<s1 loa|<s2

The domain decomposition plays an important role in our analysis, hence we need to
define a cut-off function x : R — R, which is a smooth non-increasing function, x (s) = 1
fors <1, x(s) =0fors >2and 0 < x < 1. Moreover, we define xg(s) = x(s/R).

For simplicity of notation, hereafter, we abbreviate “ < C” to “ <, where C is a positive
constant depending only on fixed numbers.

The precise description of our main result is as follows.
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930 Y. -C. Lin et al.

Theorem 1 Let f be a solution to (2) with initial data fo compactly supported in x-variable
and bounded in the weighted & -space:

fo(x, &) =0, for |x| > 1.
There exists a positive constant M such that the following hold:

(1) AsO <y < 1, for any given positive integer N, any given 0 < p < 2 and any sufficiently
small a, € > 0, there exist positive constants C, Cy, co and c¢ such that f satisfies

(a) For (x) <2Mt,

(xl—vn?\ " w2\
LX) <Cy |+ 214+ 2 1+ 14+ ——
|f(x)|L§_N(+) (+ 1T ) + ({141 +1+t

x>

-3/2
+1{|x|§vt} (l + t)_3/2 (1 + 1+[>

=y _p
—L'0<t+01 p+I—y x| p+l—y)
—t/C
+e + e C I folll-

(b) For {(x) = 2Mt,

Ay - _p
t4o PTI=V x| PH=Y

_”O( ) 5 g—ce((x)+) TF1=7
[ftx )z =Cle +17e 11 folll-

(2) As =2 < y < 0, for any given 0 < p < 2 and any sufficiently small o, € > 0, there
exist positive constants C, ¢, co and c¢ such that f satisfies

(a) For (x) <2Mt,

Y _P_
|f(, x, )|Lg <Ccl|la +t)_3/2 _i_e—caP*VtP*V

-y _P Iy

P
700(0(@[@4»(1 p+I=y |x‘[’+l_7>
+e 11 folll.

(b) For (x) = 2Mt,

= p vy p
Q P~V t P~V 4 PHI=V |x| PFI=Y

*“0( > 5 g-ce(lx)+) P
|f(t,x,~)|L§§C e + e ™ [ folll-

Here 1y, is the indicator function and

1 folll = max {||fo||L2(e7a\s|P) ; ||f0||L;L§ Mol 2 eecrry ||f0||L§oLgo(68a\s|P)} .

The constant v = /5/3 is the sound speed associated with the normalized global Maxwellian.
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1.3 Method of Proof

The pointwise behavior of the solutions of the linearized Boltzmann equation has been
investigated in [11-13] for the hard sphere case and [10] for the hard potential case. On the
other hand, we are aware that a stronger velocity weight yields not only faster time decay
(see Caflisch [2] and Strain-Guo [15] ), but also space decay (see Golse-Poupand [6]). In this
regard, we are interested in the pointwise behavior of the solution of the linearized Boltzmann
equation with hard, Maxwellian and soft potentials, under an exponential velocity weight
assumption on the initial condition.

In this paper, as in [10-13], we assume the initial condition is compactly supported in the
space variable. This means that we want to understand the detailed propagation of localized
perturbation. Furthermore, we assume an extra exponential velocity weight (¢*¥!”, o > 0
small and 0 < p < 2) on the initial data. Under this assumption, we get an accurate
relationship between decay rates and weight functions.

The main idea of this paper is to combine the long wave-short wave decomposition,
the wave-remainder decomposition, the weighted energy estimate and the regularization
estimate together to analyze the solution. The long wave-short wave decomposition, which
is based on the Fourier transform, gives the fluid structure or time decay estimate of the
solution. The wave-remainder decomposition is used for extracting the singular waves. The
weighted energy estimate is used for the pointwise estimate of the remainder term, in which
the regularization estimate is used. We explain the idea in more details as below.

Inside the finite Mach number region (time like region), the solution is dominated by the
long wave part. In order to obtain its decay rate, we devise different methods for0 < y <1
and —2 < y < 0O respectively. For 0 < y < 1, it is well known that taking advantage of
the spectrum information of the Boltzmann collision operator [4], the complex analysis (for
y = 1) and Fourier multiplier (for 0 < y < 1) techniques can be applied to obtain the
pointwise structure of the fluid part. However, for —2 < y < 0, the spectrum information
is missing due to the weak damping for large velocity. Instead, we use similar arguments as
those in the papers by Kawashima [9], Strain [14] and Strain-Guo [15] to get optimal decay
in time. It is shown that the L? norm of the short wave exponentially decays in time for
0 < y < 1 essentially due to the spectrum gap, while it decays only sub-exponentially for
—2 < y < 0if imposing an exponential velocity weight on the initial data.

As mentioned before, we use the wave-remainder decomposition to extract the singular
waves in the short wave. This decomposition is based on a Picard-type iteration. Such an
iteration is manipulated to construct the increasingly regular particle-like waves; in other
words, the first several terms in the iteration (indeed, the first seven terms of the iteration)
contain the most singular part of the solution, the so-called wave part. In virtue of the pointwise
estimate of the damped transport equation, we have a rather accurate pointwise estimate for
the wave part. On the other hand, the regularization estimate enables us to show the remainder
becomes regular, and together with the L2 decay of the short wave yields the L decay of the
short wave. Combining this with the long wave, we establish the pointwise structure inside
the finite Mach number region.

As for the structure outside the finite Mach number region (space like region), it remains
to estimate the remainder part since we have already gained an explicit estimate for the wave
part. The weighted energy estimate plays an essential role here. The weight functions not
only are chosen delicately for different y and p, but also takes the domain decomposition
into account. It is noted that the sufficient understanding of the structure of the wave part,
which has been obtained previously, is needed in the estimate. The regularization estimate
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932 Y. -C. Lin et al.

makes it possible to do the higher order weighted energy estimate. Then the desired pointwise
estimate follows from the Sobolev inequality.

1.4 Significant Points of the Paper

We point out some significant points of this paper as follows:

e Singular waves: The wave-remainder decomposition plays an important role in this paper.
The significant points of the remainder part will be discussed later. To comprehend the
wave part (singular waves), we have to establish a quantitative estimate of the damped
transport operator S’ (see Lemma 8) first, since the singular waves can be represented
by the combination of operators S’ and integral operator K (the definition of K can
be found in (3)). For the hard sphere case (y = 1), one can get the space and time
decay of the wave part precisely without assuming any velocity weight on the initial data
(see [11]). However, for the hard potential case (0 < y < 1, see [10]), the Gaussian
velocity weight is required to get the decay estimate. How the decay rate depends on
the weight function is not well understood. In this regard, we reinvestigate the hard
potential case, as well as Maxwellian molecules and soft potentials, assuming the initial
condition is compactly supported in x and has a Lgo(e“|§|p) bound, here 0 < p < 2.
Under this assumption, we get exponential time decay for0 < y < 1 and sub-exponential
time decay for —2 < y < 0. Simultaneously, we get sub-exponential space decay for
—2 < y < 1. This wave structure reveals accurate dependence of decay rates on initial
weights, as opposed to the classical hard sphere case ([11]). There are some interesting
observations:

—Y P
(a) For the soft potential case, we get sub-exponential time decay with rate e~ "7 1777 |
which coincides with the results of Caflisch [2] and Strain-Guo [15]. These rates
should be consistent since they studied the torus case with zero moment, and our
wave part excludes the fluid part of the solution.
(b) We give a very precise relation between initial velocity weights and the asymptotic

behavior of the solution (|x| large), i.e., if the initial condition is with weight eoIs1”
1—

Ay _p
then we have sub-exponential decay e~*"* " *1”7*"™7 'Moreover, the asymptotic

behavior of the wave part (Lemma 8) and the remainder part (Equation (64)) are
matched with our estimate.

e Regularization estimate: The regularization estimate plays a crucial role in this paper
(see Lemma 14), which enables us to obtain the pointwise estimate without regularity
assumption on the initial data. We here emphasize that there are two types of regularization
estimates: in the standard L? norm and L2 norm with weight (see Lemma 14). For
the hard sphere case [11,12,13], the regularization estimate in the standard L? norm is
enough to control the solution both inside and outside the finite Mach number regions.
However, for other cases ( —2 < y < 1), in addition to the standard L? regularization
estimate to control the solution inside the finite Mach number region, one also needs
the regularization in the weighted (in both velocity and space) L? space to control the
solution outside the finite Mach number region.

In the proof of Lemma 14, it reveals that the mixture of the two operators S’ and K
transports the regularity in the microscopic velocity £ from K to the regularity in the
space x. Note that K is an integral operator from Lg to H; only when y > —2, that is
why we restrict ourselves to the case y > —2 in this paper. This notion (in the standard
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L? space) was firstly introduced by Liu and Yu for the hard sphere case [11-13] and
they call it as Mixture Lemma. However, their machinery is specifically designed for
the hard sphere case. When naively applying to hard potentials, it will result in ¢>*/¢ 1
weight imposed on the initial data. To resolve this difficulty, we introduce the differential
operator D; = tV, + Vg, which commutes with the free transport operator. This operator
is crucial since it is a bridge between the x derivative and the & derivative. We remark
that the crucial operator D; was firstly introduced in the paper by Gualdani, Mischler and
Mouhot [8], and Wu [19] applied it to give an alternative proof of the Mixture Lemma
used in [10-13]. Through this operator D;, mixing the operator S’ with K enough times
will help the £ regularity transfer to the x regularity (here “enough times” depends on
how many & regularities we want to transfer) without any regularity assumption in & on
the initial data. In other words, mixing operators S’ and K enough times will lead to x
regularity automatically.

Weighted energy estimate: The pointwise estimate of the solution outside the finite Mach
number region is constructed by the weighted energy estimate. The time dependent
weight functions are chosen accordingly to different ¢ (interactions between particles)
and p (initial velocity weight). For the hard sphere case y = 1 (see Liu-Yu [11-13]),
the weight function depends only on the time and the space variables, and exponentially
grows in space (it takes the form exp{%}). Since it commutes with the integral
operator K, the estimate is relatively simple. However, for this paper —2 < y < 1, the
weight function is much more complicated. Indeed, it depends on the velocity variable
as well and thus does not commute with the integral operator K. This results in that
the coercivity of linearized collision operator cannot be applied straightforwardly. The
difficulty is eventually overcome by fine tuning the weight functions, introducing refined
space-velocity domain decomposition and analyzing the integral operator K with weight
accordingly (see Lemma 16).

The rest of this paper is organized as follows: We first prepare some basic properties of the
collision operator in Sect. 2. After that, we construct the long wave-short wave decomposition
in Sect. 3 and the wave-remainder decomposition in Sect. 4. Finally, we establish the global
wave structures in Sect. 5.

2 Basic Properties of the Collision Operator

For

the linearized Boltzmann equation (2) , the collision operator L consists of a multiplicative

operator v(£) and an integral operator K:

Lf =—-v()f+Kf,

where

and

v(E) = / BO)IE — &7 M(EdE,do,

Kf=-Kif+Kf 3
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is defined as [5,7]:
Kif:= / B®)|E — &V M2E M2 () f(EDdEdo,
Kyf = / B®)|E — &V M2 (EIM V2 E) f(EDdEdw

+ / B — £ MY2(E)MY2(ED £ (8 dEwdo.

In this section we will present a number of properties and estimates of the operators L, v(&§)
and K. To begin with, we list some fundamental properties of these operators, which can be
found in [2,6,7,15].

Lemma 2 For any g € L(zr, we have the coercivity estimate of the linearized collision
operator L:
(8. Lg)e < —IP1glys -
& L2

For the multiplicative operator v(§), there exist positive constants vo and vy such that

vo(1+1EDY < v <vi(d+ED". “

Moreover, for each multi-index «,

g v < (&)1 )

For the integral operator K,

Kf=-Kif+ K f = /M —k1(§, &) f (5)dEs —I—/Rz k2 (&, &) f (§x)déx,

the kernels ki (&, &) and ky (&, &) satisfy

1
ki, &) S & —‘wf:xp{—Z (1% + |s*|2)},

1 — 2 _ *22
kg(s,s*)za(s,s*,mexp(—( 8”)[(@"5_';"2) +|s—s*|2D,

and

forany 0 < k < 1, together with

a(E, £, k) < Celé — &7 A+ &) + &Y L

In addition, their derivatives as well have similar estimates, i.e.,

1
[Veki (&, &0, Ve ki (8, £ S 1E — &7 exp {‘Z (11> + |s*|2)} ,

1— 2_ g, 2 2
[Veka(§, 601, Ve ko (8, 6| S [Vea (€, 64) |exp (—( 3 o [(Iéllg _|;||2) +1& —S*IZD .

According to the above estimates of the integral operator K, it follows that for any g1, g2 €
LinLZ
Iglng Igzng for 0<y <,

|(g1,Kg2)§| < (6)
lg1lz2 |82l for =2 <y <0,

@ Springer



Quantitative Pointwise Estimate of the Solution... 935

and for any go € L2,
”KgO”H;Lg < llgoll gz (7

Next, we will provide the sup norm estimate for the integral operator K, which extends
(6.2) in Proposition 6.1 of Caflisch [2] to the case —2 < y < 1.

Lemma3 LetO0 < p <2. Forany 1 > 0and0 < B, < %, the operator K satisfies

|Kg (&) = ‘/k@, £ g (£ dE| S () PITY=2 e BI |g

LgO((g>ﬁ1 eﬁzw) )

Proof We first give an estimate on the kernel £, which extends Proposition 5.1 in [2] to the
case —2 <y < l.Forany 0 < k < 1, we have

1
ki (£,6) S 1E —&” exp {‘Z (1€1* + |s*|2)}
1
< Cele — &2+ g+ 18D exp{—z (1—x) (1617 + |s*|2)},

for some constant C,, > 0. Since

g — |& 2
+1&17) = —&l+ .
(|s| |&.1%) <|s Exl Ty

ki (8,8 SIE— &2+ &+ 18T !

2 g 212
xexpi (- )(|s .2 +|'§|'g_f*;'2|>}.

Together with k> (&, &) , it follows that forany 0 < «x < 1,

0| —

4

we deduce

Ik (&, 80| S1E — & 72 (1 + I&] + &7 !
U= e 161 - 162
X exp { 3 (IS &l + e I )

Vk@,s*)g(s*)ds*

1
< 1+ (€] + &)Y
/Rz e S 15D

1— 2_ g, 2 2
X exp (—Vsk) <|s — &7+ w» lg (§:)| dé:

—B2lEI" -1
5 € P a1+ |§|)V |g|L§°((S)5leﬂ2‘5|p> . A($)7

Now, in view of (9),
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936 Y. -C. Lin et al.

where
| (1 =) | ler - I 2|
AG) = | ——— AC L L
©=], |s—s*|2“p[ ('S iy
+ B IEIP — Ba |s*|P} (1 + £ de..
Notice that
&% — 1&1%|
- *2+|7 >2 2 * 5
& — & TRE |IE2 — |&.I?
and )
[EIP — 1617 ] < |IE1% — &6417]7
Picking « = # and w = =2
(1 + (&)~ L lIER — g2
A < A A — — &+
O3 e Te—ar CXP[ w('g S e
—ﬂzymz—|s*|2|+ﬂz||§|2—|s*|2|5}ds*
1 g1 — I& 2
< 1+ |&, )P L LN, | 7
/nw; cp (D exp: (|s s vl L
=],
since

exp (—ﬂz 117 — 1&17| + B2 | 1617 — |s*|2|§> <P

uniformly in &, &, and p. We split [ into two parts: I, with |§,] < % €], and I, with
|« > 5 1&]. Then
L Se TEP (10)

since |€ — &> > % |€]? in that domain. In the domain integration for />, we have (1 + &) >
5 (1+ &), so that

. I |l — le.?|*
L<+ ﬁl/ — exp|- —e e T L) e,
SRR L T exp[ w('S S P :

SA+Ep~Ft, (1)
due to Proposition 5.3 in [2]. Combining (10) and (11), we find
IS +1EnA,

and hence
— — — 14
|Kg (§) S (§) P17 =2 ¢ Pkl |g|LgO(<g>ﬂ1eﬂ2I$\”)'
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In fact, in the course of the proof of this lemma, one can also infer that k (&, &,) is integrable
in &, with

/R3 Ik (€, &)1 & S (1+ 16D 2, 12)

for-2 <y < 1.
Regarding the weighted energy estimate, the following weight functions w(x, &) will be
taken into account:
p(x, &) =1, or exp(ed(x,§)), 13)

where

606 =5(30) 7 (1= x (B0 @7 )
+ [(1—-x(8<x><s>V*P*1))[s<xn<s>V*‘+—3<sw’]x(5<x><s>yfp*w,

with 0 < p < 2; the constants € and § > 0 will be chosen sufficiently small later on. Among
them, the choices of the functions 6 are motivated by [3]. Under these considerations, we
need the estimates of K as below.

Lemmad4 LetO < p <2and gy, g € L?, N L%. Then for any € > 0 sufficiently small,

€ Iglng Igzng for 0 <y <1,
’(gh ee@(xf)Ke—eé(x,é)g2> — (g1, Kg2>§‘ <
y €lgilpz lg2lpz for =2 <y <0.
(14)
In particular,

|gl|L§ |82|L§ for 0 <y <1,
S (15)
|g1lr2 18212 for —2 <y <O.

€0(x.8) g p—€O(x.£)

‘(8176 g2>

Consequently, for gy € L* (),
I1Kgoll2) < N80l L2 (16)

Proof 1t suffices to show that for j = 1 and 2,

eeo(x.é)Kje—eo(x,S) —K; " <e. (17)
G
By the Cauchy-Schwartz inequality,
2
161 — 1
%HE—S*IZZZIISIZ—IE*IZI- (18)
1§ — &l
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938 Y. -C. Lin et al.

Further, we rewrite

eSO Sy (£,8,) e 008 _ &,y (€, &)

N 1 2 _1&P)’
= {a (€, &) exp (—32 [w +E —&FD}

2 2\2
X iexp (—312 [w + & —sﬂ) x (exp{e (0 (x,£) — 0 (x, &)} — 1)

=p¢.&)s (e, 8, &),
where @ (€, &) = a (§. & %) We claim that

sup s (€,&,&,)] — 0 ase — 0.

Ex

Since ]%0 (x, g)‘ < (£)P~2 || uniformly in x for & # 0 and p € (0, 2], we obtain

16(x,€) — 6 (x, &) = 10 (x, [E]) — 6 (x, [&D] S (£4)7 77 [€*[ 11E] — 18]
<cr 1€ — 1817 (19)

for some |£*| between || and |&,|, and some constant ¢; > 0 depending only upon y and
p. Together with (18), whenever € > 0 is sufficiently small with 0 < ec] < 3—12,

1
sup s (e, £, &)| < ecy sup <||‘§|2 — |&41*| exp [—— |1EI* — |s*|2|]> :
£.£. £.E. 32

In other words,
sup |S (E,é, g*)' — 0 ase — 0.

£.8x

Since p (&, &) is also a kernel of a bounded operator on Lg (L(z,) for0<y <l1(-2<y<
0), this completes the estimate for K. As to the case K1, it is easy and we omit the details.
According to the above discussion, we readily obtain that for go € L% (),

[ KgOHLZ(m S ||80||L2(,L)~

Precisely,
Keolzgo = swp [ (Keo) s
g1€L2G). g1 l,2, <1
= sup f{u”zKpf”z (1'g0). M1/281>L§ dx

g1eL2().lIg1ll 2,y =1
1/2
< Clu'goll2 = Cligoll 2 (-

[m}

We here remark that this lemma also includes the following weighted estimate: for any
g0 € L? (¢?®!") withw > O small and 0 < p < 2,

K 8ol L2 (eateiry S 80N L2 caterry- (20)

@ Springer



Quantitative Pointwise Estimate of the Solution... 939

Before we end this section, we recall the spectrum Spec(n), n € R, of the operator —i& -n+L,
in preparation for estimating the Green function of the linearized Boltzmann equation in the
next section.

Lemma 5 [4] Set n = |n|w. For any 0 <y < 1, there exist § > 0 and t = t(8) > 0 such
that

(1) Forany |n| > 6,
Spec(n) C {z € C: Re(z) < —1}.

(2) Forany|n| < 8, the spectrum within the region {z € C : Re(z) > —1} consists of exactly
five eigenvalues {0 (n)}j.zo,

Spec(n) N{z € C: Re(z) > —t} = {0, (N},
associated with corresponding eigenvectors {e; (17)}‘}:0. They have the expansions
0j(m) = —iajinl — Ajlnl*> + Ol
ej(m) =Ej+ O(nD,

with Aj > 0 and

5, 5, ay=a3z=ay =0,

\Fxo+fw X+ bxa.
_\/jXO \/jw X+\/;X4,

Ez——on-F[Xm

Ey = w -
E4=w;- X,

ap =

where X = (x1, X2, x3), and {w1, wa, w} is an orthonormal basis 0fR3. Here {e; (r])}‘}zo
can be normalized by (ej (—=n), 6’1(77)>E =68;;,0<jl<4

Moreover, the semigroup e\~ 17D can be decomposed as

4

g = TEIM g 4 125 ) €@ ej (=), g) e (),
=0

—iE L)

where 1y is the indicator function and there exists C > 0 such that

e(—i§~n+L)tl—I£’_g

—Ct
<e 2.
L§ = |g|L$

3 Long Wave-Short Wave Decomposition

In order to study the large time behavior, we introduce the long wave-short wave decompo-
sition. By the Fourier transform, the solution of the linearized Boltzmann equation can be
written as

G fo=ft,x,8) = f eMHCIET o, £)dy, @n
R

@ Springer



940 Y. -C. Lin et al.

where fmeans the Fourier transform in the space variable and G’ is the solution operator
(or Green function) of the linearized Boltzmann equation. We can decompose the solution f
into the long wave part f; and the short wave part fg given respectively by

fu= /| I G, e
7]<
22)
fs= /| T .y,
T’>

here the positive number § is defined as in Lemma 5.
For the case 0 < y < 1, we further decompose the long wave part as the fluid part and
non-fluid part, i.e., fr = fr.0 + fr.1, where

fro= / ‘ 52e9f<">‘ef”X<ej(—n), Joleej(mdn,
n<

=0 (23)

S = [ ey,
[nl<é

Taking advantage of the spectrum information of the Boltzmann collision operator
(Lemma 5), we will obtain the L? estimates of the non-fluid long wave part and short wave
part directly. On the other hand, the Fourier multiplier techniques can be applied to obtain
the pointwise structure of the fluid part. The estimate of this part is exactly the same as in the
Landau case [18] and hence we omit the details.

Proposition 6 LetQ < y < 1andlet f be the solution of the linearized Boltzmann equation.

(@) (Fluid wave f1.0) Let v = \/5/3 be the sound speed associated with the normalized
global Maxwellian. For any given positive integer N and any given Mach number M > 1,
there exists C > 0 such that if |x] < (M + 1) vt, then

-N —N
_ (lx] —vn)? - x?
|fL;O’L§ <Cny|(+0) 2<1+1+t +d+0 32 1+17+t (24)

2
|x]

—3/2
-3/2 X
F1x<oy A+ 1) / (1 + 1+l> ||f0||LiL§ .

(b) (Non-fluid long wave f.. ) There exists a constant ¢ > 0 such that
”fL;L”Hng 5 eict”fO”LQ (25)

forany s > 0.
(c) (Short wave fs) There exists a constant ¢ > 0 such that

I fsliz2 S e Ml foll 2 (26)

Alternatively, for —2 < y < 0, the spectrum information is missing due to the weak damp-
ing for large velocity. Instead, we use similar arguments as those in the papers by Kawashima
[9], Strain [14] and Strain-Guo [15] to get optimal time decay. All related estimates have
been done in [15] and thereby we simply sketch the proof.

@ Springer



Quantitative Pointwise Estimate of the Solution... 941

Proposition7 Let —2 < y < 0 and let f be the solution of the linearized Boltzmann
equation. For 0 < p <2 and o > 0 small, we have
(a) (Long wave f1)

_3
Ifzllzgerz S A+D72 W foll 112 v - 27

(b) (Short wave fg) There exists ¢, > 0 such that
Y P

I fslizz S e Py foll o eairy - (28)

Proof Following the same argument as in [14], we find that there exists a time-frequency
functional £ (¢, ) such that

- 2
s ~|fa, n>|L§ : (29)
where forany # > O and n € R3, we have
o~ -~ 2
8E (t.m) +0p () [f . m|; <0, (30)

for some constant o > 0. Here we use the notation p () = min({1, |n|2}. Moreover, there
exists a weighted time-frequency functional &, p, (¢, n) such that

alglP ~ 2
Eap(t,m) = e 2" f(t. )| €1Y)
L2
£
where for any # > 0 and 5 € R?, we have
0 &a,p (t,m) < 0. (32)

For the long wave part, the argument basically follows the paper [14]. In fact, by (30) and
(32), we have

3k
||fL||HA1_<L§ SA+n"iz ||f0||L}L§(ea\fl”)' (33)

With the aid of the Sobolev inequality, (27) holds. For the short wave fg, applying the same
argument as in [15, Sect. 5], together with (30) and (32), we get (28). ]

4 Wave-Remainder Decomposition

In this section we introduce the wave-remainder decomposition, which is the key decompo-
sition in our paper. The strategy is to design a Picard-type iteration, treating K f as a source
term. Specifically, the zero order approximation A() of the linearized Boltzmann equation
(2) is defined as

h® +&-v.hO +vER =0, (34)
hO0,x,8) = folx, ),
and thus the difference f — 2® satisfies
0 (f =hO) +& - Vo(f =)+ 0@ (f — D) = K(f —h®) + Kn©,
(f =h D)0, x,£) = 0.
We can define the j™ order approximation 2, j > 1, as
ahD + &V hD fuE)D) = KhU—D, 35
h90,x,8) =0. (35)
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Now, the wave part and the remainder part can be defined as follows:
6
w©o — Zh(j)’ RO — f - w®, (36)
j=0

R© solving the equation:

{ RO +&. VRO = LRO® + Kh©®,

RO(0, x, &) = 0. 37

In fact, R can be solved by using Green function G’ for the full linearized Boltzmann
equation, namely

t
RO = f G'*Kh® (s)ds. (38)
0
4.1 Estimates on the Wave Part

We denote the solution operator of the damped transport equation

=8th+$~vxh+v($)h =0,

h(0, x, £) = ho, 39)

by S, i.e., h(t) = S'hy. By the method of characteristics, the solution S/ can be written
down explicitly; that is,

S'ho(x, &) = h(t, x, &) = e " ho(x — &1, £). (40)

In addition, it is easy to see that #/) can be represented by the combination of operators S’
and K.

In the sequel, we will find the pointwise decay of the solution S/ in both time variable
t and space variable x upon imposing some weights on the velocity variable £. Through
the pointwise decay of the solution S'hg and Duhamel’s principle, we thereby obtain the
pointwise estimate of the wave part W© . Moreover, we will provide the L2 estimate for
S'ho with an exponential weight as well, which leads us to obtain the L? estimates for 4 (/)
(0<j<6)and RO,

Lemma8 Leta > 0,0 < p <2andp > 3/2. Thenfor0 <y < 1,
=y _p
12
|S"ho(x, ')’Lgc(@)ﬂ) = supe 7o (3, o (ewtsir gy - (41)

and for =2 <y <0,
v _p_ Loy _pr__
PVt PV 4a PHY |x—y| PFI-Y )
lho (v, ')lL?(eaIE\”@)ﬁ) ,
(42)

—C()(O{
!tho(xv )|L§°((E)ﬂ) < C (0!, ]/) Sl;pe

where co = c (y) > 0and C («, y) > 0 are constants.
Proof In view of (40), let x — &t = y and then it suffices to find the lower bound of
vo(t +x =y 1Y ey = y|P P

Case 1. Hard potentials 0 < y < 1:
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Case la. As p > y. We discuss the lower bound separately in the two regions

L ety 1 prley
[x —y| <ar-rt pv and|x —y|>ar—rt rv .

1 p+ly 1 p—y
Iflx —y| <arrt rv <<:> t>oarti=r|x — yIP“*V) , then

t+Ix—yhre'7 > Iy »
lx — y[" 1! > a7 7 |x — y|PFT

which implies that
- 1 -y _p
(t+1x —yD"t yZE t4arty |x — y[pH=y ).

_1 ptl-y 1 Py
Iflx —y|>ar-rt rr <<:) t <aprtl=v|x — y|rtl-y ) , then we have

(t+lx =y =1,

and
_ Ly _r__
alx —ylP 177 = apir |x — y| Py

As a consequence,
1— _ =y _pr
vo(t +|x —yD"t 7V dalx —y|P TP > co [t +aPTTT |x — y|F )

for some cop = ¢ (y) > 0, so that
1=y _pr
t4o PV [x—y| PFHI=Y

“ )
|h(t, x, ')|L§0((§>ﬁ) = Sl}Pe [ho (v, ')|L§O(6alé\/’<§)ﬁ) .

y
Case 1b. As 0 < p < y. We can apply a similar argument in Case 1a to obtain (41) as well.

Case 1c. As 0 < p =y, itis easy to see that

volt + |x —yD"t'™" +alx —y|P 1P

(vobx = ¥I7 11°7) % 4 (= yIP 77T

v 1—
voor 7V lx = y|P,

A%

A%

due to Young’s inequality. Therefore,

Vot

vy 7V Jx — |7,

vt + x = yD" ' farfx =y P =
which follows that
vo(t+1x =yt talx —ylP 7P = o (t+a' 77 |x =y,

for some co = ¢ (y) > 0, as desired.
Case 2. Soft potentials —2 < y < 0:
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944 Y. -C. Lin et al.

1 prly 1 p—y )
Case2a. |x —y| <ar=rt 77 (<$ t>arti=r|x —y| P*'*V> and |x — y| > 7. In this case

we have t > « and

1 opriy\7 v _p_
t+ar-rt r =Y > Ve vy,

(t+ 1 —ypre'™r = ( 1
S ,
2V |x — y|Y =Y > v gy |x — y|PFI=7

so that
4

([+| _ Yy l=y 23/*1 =y % % _ _HL_
x—yDhrt > aPr Py 4 Pty [x — y|pFl=y )

Thus, (42) holds.
_1 prlzy 1 p—y )
Case2b. |x — y| <ar-rt r~7 (@ t>artl-r|x — y|P+1*V) and |x — y| <. In this case

we have
ptl-y

1
[x —y| <minf{ar-rt P=v t}.

_1 ptl=y
Ifar=rt p=v >t,thent > o and

1 pti=y\ 7V —y

-
t+ar—rt rv 1= > qrrtrr

@+l =y = <
-y P 1—y p
2Vt =Vt PTTY Py > QY P |x — y| P

which implies that

(l+| o y =y y—1 - L % _ _HL_
x—yD¥t >2 aPr Py 4 @ptlv | x — y|ptl=y |

Hence, (42) holds.

1 ptl—y
14

Ifav=rt »=7 < t, then we deduce t < « and thus |x — y| < a. Since
1— 1 Py
(t+lx =yt 77 =2t > 2V a btV |x — y[PITY,

we have 1 -
(t —I'- |x - y|))’tl*y Z 2}’*1 (t +ap+l—y |x — y|p+l—y) .

Together with the fact that < « and |x — y| < «, we deduce
(e, x, )] < e 0D 0y g

1 rP—y
—2r-1 0¥ =y PFIV |y —y| PHTY
e P T H e P e lho(y, &)

A

Y P -y P
—2r~Lyga P=7 1 77 =Ly PFIY |x—y| PFI=7
—[Qe ’ ] Crem2 et Iho(y. 6
=y _p_ 1=y p
—2r Yo aP=7 ¢ PV 4o PFIV |x—y| PFI=Y
=Ce

%%@f% C =Cy,

where
P

€xp (zyilvo (a%tﬁ - t)) <exp[2'wa] = C (. y),

and

y—1 o a 1 p—y y
exp | 2" g (@7 T |x — y| PR — a7 |x — y|[ P ) | < exp (27 voa) = Ci (o, ¥) -
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Thus, (42) holds.
1 pHl—y

1 pl-y 1 _p=v_ .
Case 2c. |[x — y| > av—rt rv (<:> t <arti-v|x — y|1'+'*y> . In this case we have

ale—ylPr P =0 1y o
QP fx — y| 7
so that
v _p_ 1=y _pr__
7% P~V (D7 4o PFIV |x—y| PFI=Y

|h(t, x, ’)|L§°((§)ﬂ) = Sl{Pe ) |ho (y, ’)|Lg°(ea\§ll’(§>ﬂ) .

y
]

Immediately from Lemmas 3 and 8, we get the pointwise estimate of i) o< j <6, as
below.

Lemma 9 (Pointwise estimate of /), 0 < j < 6) Ler fy (x,) € Lgo <e7"‘|§‘p (S)ﬁ with
compact support in variable x, where 0 < p <2, 8 > 3/2 and o > 0 is small. Then there
exists co = ¢ (y) > O such that for0 <y < 1,

Ay - p
—co t+a PHI-Y |X\p+lfy
J
Stle

| ) ||f0||L§OL§°(e(-/+1)“|E\1’ £)F)

WDt x, - ‘
’ ( )L§°(<s>*5

and for =2 <y <0,

-y _p 1—y p
—co| @ P~V t P~V da PHI=V x| Py
<tle

) . > ;
‘h (t, x, )‘Lg)((g)ﬂ) S ||f0||L§oL§o(e<;+1>a\5\P@/3)-

Remark 10 1t is noted that the pointwise structure of singular waves for hard potentials [10]

implicitly assumed the Gaussian velocity weight e?¢!” on the initial condition.

In order to get the L estimate of 4/, we need the L? estimate of the damped transport
operator S'.

Lemma 1l Leta > 0and0 < p <2.Thenfor0 <y <1,
Hgtho ”L2 < e ! lholl2

and for =2 <y <0,

Y _P_
ISho 2 S e A0l 2 (eateiry »

where the constant ¢ > 0 depends only upon y and p.

Proof We only prove the case —2 < y < 0 since the case 0 < y < 1 is obvious. In view of
(4) and (40),

”SthO”LZ < (Sgpevot(wél)yaélp) ||h0||L2(ea\g|l’),
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946 Y. -C. Lin et al.

since hg has compact support in x. As for -2 < y < 0,

”SthOHLZ < (Sgpe—vot(l—kél)l’_aIEI”) ||h0||L2(e°‘\5|p)

< | sup e—vot(l+\§|)7_oc|§|p + sup e—vot(l+|§\)V_ot\5|p ||h0||L2( ‘5‘1))
— eOf
lEl<1 [§1>1

IA

o _ov Y _alE|P
(e 2 vol+|51‘1p e 2 votElY —alg] )||h0||L2(eo,g|p)
El>1

A p
p=v (*yZV vo) PV =7 >r,_y

oy 7(—V P
62u01+e

IA

||h0||L2(ea\sw)

-v P
—ca PV PV
Se ! B0l 2 paerr)

for some constant ¢ = ¢ (y, p) > 0, since 2" vyt |£|” + o |£|? attains a minimum at |£| =
1
7)/23’110! =3
(=5)" :

Combining Lemma 11 and (20), we thereby get the L2 estimates of 1), 0 < j <6.

Lemma 12 (L2 estimate of ), 0 < j < 6) Let fy (x, -) € L2 (em‘f"’) , whereO < p <2
and o« > 0 is small. Then there exists a constant ¢ > 0 such that for0 <y < 1,

9], < e

and for =2 <y <0,
1A% < tjeﬂ'“%’ﬁ I foll .
2~ 0 L2(e(/+1)w\5\p) .
4.2 Regularization Estimate

In the previous subsection, we have carried out the pointwise estimate of the wave part
and the L? estimates of R®. To obtain the pointwise estimate on R(®, we still need the
regularization estimate for R(®. In light of (38), we turn to the regularization estimate for
h©® in advance. To proceed, we introduce a differential operator:

Dy =tVy + V.
This operator D; is important since it commutes with the free transport operator, i.e.,
[Dr, 0 +& - Vi] =0,
where [A, B] = AB — BA is the commutator.

Lemma 13 Forany gg € L% H;c_l (), we have

||Kg0||L§H§1(M) S lgoll 2y 1K (Ve 2 S lgoll2 (s (43)
||St80||L2(,L) = eicyt”gO”LZ(,l)v (44)
ID:S goll 12y S (1 +1) e—c-yf||go||L§H51 W’ (45)
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herec, > 0for0 <y <landc, =0for -2 <y <0.
Consequently,
||DtStKg0||L2(M) S+ e_c"t”gO”LZ(My (46)

Proof The estimate of (43) can follow the same procedure as in Lemma 4 and hence we omit
the details.
Denote g (1) = S' go. Direct Computation shows that

1d

5 7 leliag) = f (=& - Vag — v (£) ) gpdxds

1
=5 [ €V lgP ande ~ [ v© lgP navas
< ede [ (6 lgP udxds — [ v(©) 16 naxde,

since [Vyu| < € (£)r~L. After choosing €, § > 0 sufficiently small with ce§ < vg, we have

1d
57 18liag = =¢ / (§) 181> ndxds = —lIgoll 7z -

for some constant ¢’ = ¢ (y) > 0. As a result,

lgllz2g < e 7" llgoll 2 47

here the constant ¢, > Ofor0 <y <landc, =0for-2 <y <0.
Furthermore, set y = D,S’ gy = D, g and then y satisfies the equation

{ Wy+E-Viy=—vEy—(Vev(®)e,
y(0,x,8) = (Vego) (x.8).

Immediately, by Duhamel’s principle and (47)
t
DS g0 12y = 17120y S €™ 1 VeSOl L2y + /0 e g () ll 2 ds
S e (10l 20y + 11180l 20) £ A+ 1€ lgoll 251
]

We are now in the position to get the regularization estimate of 7(®). We find that without
any regularity assumption on the initial condition, 4® has H xz regularity automatically.

Lemma 14 (Regularization estimate on h©)

1B 2120 < 1A+ D2 W foll 2.
herec, >0for0 <y <landc, =0for -2 <y <0.
Proof It follows immediately from Lemma 13 that

1A 2200 S 1% 1 foll 2o
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Next, we prove the estimate for the first x-derivative of 4(®. Notice that

v, h© @)
4 S1 52 53 54 S5 s1 — 8
L L LR
! 0 JO 1 — 83
t
+V / [ ! [ T2 T g g K S KSHTS KSHTOKS' fy d

1 =53

0 JO 0
t S1 52 53 54 S5 1
:/ / / / / / A(s1,52,....5,x,&,1) ds,
0 Jo 0 0 0 0o S1—33

where ds = dse¢dssdssdsidsyds; and

—— SIS TR KSR RS T KSH TS KSS T KS fy ds

A(S1,82,...,56,X,&,1)
SITSiK ( =8 — Vg) SR KSR2TR KSR T KSH TS KSS T K S £y

+ S"TIKST T2 K (Dyy,—gy — Vi) SPTHKSB T KSHTSKSSTHKS' f.

From Lemma 13, it follows that

m)“//////(
<ot [/ / / = dszdS3dsl+r}||fo||Lz(m

S (4 2) e W foll 2

+ 1) I foll L2y ds

Hv h©® ()

Similarly, we have

VZh© ()

t 51 52 53 S4 S5
L L
0 Jo 0 0 0 0

|:(Sl — 852 452 —53) (54 — 55+ 55 — S6)

1 — 83 sS4 — S6

SIS TR KSR K ST KSH TSRS TOKS fy ] ds

L pst S22 £S3 LS4 S5 1
:/ / / / / / ———————BGus2.....56x.8§0)ds
oJo Jo Jo Jo Jo (s1—s53)(s54 —56)

where ds = dsedssdssdsydsydsy and

B (s1,82,...,56,%,&,1)
= §'7K (Dyy gy — Vi) STTRKS2TIKSS T K (Dy,_ys — Ve) SHTSKSSTOKS fy

S'TUKS" 2K (Dyy—s, — V) SPTBKSH T KSU TS K (Dys—ss — Vi) ST TCKS™ fy
S'TIUKST 2K (Dyy—gy — Vi) S?TUKSYTH K (Dyy—gs — Ve) SHTSKSSTOKS® fy

F S TIKSITRK (Dyyyy — Vi) SPTHKSH T KSHTSK (Dyg_gg — V) STTOKS f.
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By Lemma 13 again, we deduce

e

L2 ()

t 51 ) 53 54 S5 1 1
< p—Cyt
~ € v ”fO”LZ(M) 1 + 1 + ds
0 Jo 0 0 0 0 §1— 83 4 — S6

geﬁwQﬁ+ﬁ+4ﬁnmmAw.

(©6) 4 2 —cyt
Therefore, ||h ”H}L§(M) S+ e foll 2w O
As a consequence, owing to (38) and Lemma 14, we find

(Aol gy, O<v <,

(48)
(1 +1)? I foll2y» =2 <y <O.

t
6 6
IR l2020) < /0 1S O gz ds < {

Here {a A b} = min{a, b}.

5 Global Wave Structures

In this section we will complete the proof of Theorem 1 by discussing the global wave
structures inside the finite Mach number region and outside the finite Mach number region
separately.

5.1 Inside the Finite Mach Number Region

By the long wave-short wave decomposition and wave-remainder decomposition, we have
f=fo+fs=w®+RO.

We now define the tail part as fgr = R©® — f; = fg — W©. Therefore f can be rewritten
as f = fL + WO + fp.

From Propositions 6, 7 and Lemma 9, the pointwise estimate of the long wave part f; and
the wave part W® are completed. It remains to study the tail part f. It is easy to see that

Il follp2, for 0<y <1,

1Rl = IR = fDllg2r2 S

HZL

A+ foll 2, for —2 <y <0,
due to (48), and using Propositions 67 and Lemma 12 gives
e foll2, for 0<y <1,
/&l =1 fs = WOl S i

— pP=vtpP=v
co t
e

||f0||L2(e7ot\E\P) for —2<vy <0,

for some constants C, ¢ > 0. The Sobolev inequality [1, Theorem 5.8] implies

3/4 1/4
<
IleLg < ||fR||L§Lgo S ||fR||H3L§||fR||L2

—lcr
e 3 foll2, for 0<y <1,
<
S (49)

—Y
_1 . =y —
e gea vy ||f0”L2(e70“5‘p) s for —2 < Yy < 0.
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Combining Propositions 6—7, Lemma 9 and (49), we obtain the pointwise estimate for the
solution inside the finite Mach number region.

Proposition 15 Let f be the solution to the linearized Boltzmann equation (2) and let v =
/5/3 be the sound speed associated with the normalized global Maxwellian. Then

(1) As 0 < y < 1, for any given positive integer N, and any given 0 < p <2, B > 3/2,
sufficiently small o > 0, there exist positive constants Cy, C and co such that

2\ N 2\ N
— vt
[f(tx )z <Cy | +0)72 (1 + (|x|1+t)> + (1417372 (1 + H[)

w2\
X
F1{rjzony L+ <1 + )

ey o _p
t+o PHI=V x| PHI=Y

1—
o )
+e +e7 S 1 follr-

2) As =2 <y <0, for any given 0 < p <2, B > 3/2 and sufficiently small « > 0, there
exist positive constants C, ¢ and co such that

Y _P_
|f(t7_x, )|L§ EC (] + t)*3/2 + efcotP—th’—V

I—y

v p_ 1= _p
_Co<a1771/;pfy +a Py \x|p+lfy)
+e Il follr-

Here 1y is the indicator function and

[l foll; = max {||f0||Lz(e7a\s|l’) , ||f0||LlL§ , ||f0||L§oLgo(e7a\sv’<g>ﬂ)} .

5.2 Outside the Finite Mach Number Region

In the previous section we have well investigated the pointwise behavior for the wave part

W© (see Lemma 9). To clarify the wave structure outside the finite Mach number region,

we still need to estimate the remainder part R(®). Here, the weighted energy estimate plays

a decisive role. We remark that the estimate for —2 < y < 1 is nontrivial in the sense that a

subtle space-velocity domain decomposition and delicate estimates of the integral operator

K with weights are needed. In this subsection, the analysis has been carried out in detail.
Consider the weight

w(t,x,§) =exp(ep(t,x,8)/2), (50)
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with
_p ) -M
p(t,x, &) =5(8((x) — M) 7¥1=7 (1 — X (W))
8 ((x) — M) _
+ [(1 - X (WM)) [8 ((x) — MD](E) ™" +3 <s>1’]

5 ((x) — M1)
XX( (&)7F17 )

where €, § > 0 will be chosen sufficiently small and M > 0 large enough later on. We define
Hi = {(x,8) : 8 ((x) = M) > 2(§)P 7177},
Ho = {(x.§) 1 ()P <8 ((x) = M) <2(§)"T177),

and
Ho = {(x,8):8((x) — Mt) < ()P},

To go further, we need to estimate |f (g, (Ke — K) 8)¢ dx|,where K. = P8 g o—ept.x.f)
This estimate will be used in the weighted energy estimate of R(®) (Proposition 17). For sim-
plicity of notation, let Pog = Z‘,"zo bixj,bj = <g, Xj>$~

Lemma 16 Let O < p < 2. There exists a constant C = C (y, p) > 0 such that for any
0<exl],

’/<g, (Ke — K) g)s dx sCe/W IP1gP? dédx

+Ce [ [6 ((x) — MD)]7T7 [Pog|? dEdx
Hy

+f lPoglzdédxj|. (51)
HyUH_
Consequently,
/ (8, Leg)e dx < / (. Lg)s dx + Ce / (&) PrgP? ddx
—1
+Ce [/ [8 ((x) — MD)]7 77 [Pog|? dEdx
Hy
+ / |Pog|2d5dx] , (52)
HyUH_
where Le = P08 [e=eP(1:5,8)
Proof We split the integral into several pieces:
f (5. (Ke — K) g) dx = f (Prg. (Ke — K)Pig); dx + / (Pog. (K. — K) Pog); dx

+ / (Prg. (Ke — K) Pog)e dx + / (Prg, (K_. — K)Pog)y dx.
(53)
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Firstly, following the same procedure as in Lemma 4, we have that for any € > 0 sufficiently
small,

‘ f (Prg. (K — K)Pighe dx| S € [Pigl?, (54)

Next, we estimate [ (Pog, (Ke — K)Pog)s dx.
Estimate on f (Pog, (Ke — K) Pog)¢ dx. We split the integral

/ (Pog, (Ke — K)Pog)e dx

f6(<x>—Mr)>0 f6<<x>—Mt)>2<s>P+‘*V fa((x)—Mz)sms*)P“*V

+fa<<x>—Mr)>0 8((x) =M <2(g)PH1=Y J3((x) =M1y =2 (£, PV

T Jsc)—mn>0Js()—mn=<26)p+1=r Jo()—mn <2, r+i-v

+f6<<x>—Mt>so 8((x)=Mn<2E)PTITY Js((x) - M1)<2(&,) PV
Pog (§) k (§,54) Ae (1, x, &, &) Pog (5x) dE,dEdx
=L+, +1.+11,

where A¢ (1, x, &, &) = [e€-x8) P25 — 1] We remark here that Ac (7, x, &, &) =0
whenever § ((x) — M) > 2/(&)PT17Y and § ((x) — Mt) > 2 (£)PT'77; in other words,
there is no contribution to the integral in this region. Note that p (¢, x, &) also satisfies

lp (t,x,&) — p (t,x, E)] < c1 [IE1* — &2

whose proof is similar to Lemma 4, hence

)

[Ac (1, x, 8, 8] S € [|E]2 — £ 2] erelEP—1&P]
Now, for 1,, we have
172 12

4
2]
j=0

4
|Ac (1.2, €, E) Pog (6] S |12 — 5. 2[ 1IEPEFL {57 5 6

=0
and thus
/ / IPog (6)k (£, £) Ac (1, x, £, &) Pog (6.)] dénd
S((x)=M1)>2(6)PH1=Y J5((x)=M1)<2(&,)PH! =Y
12

Ik (&, £.)] e~ g, de

/a (x)—M1)<2(8,)PH1=Y

4
Se f [Pog ()] b?
() =Mn)>2(5)P+1-7 ; !

172

4 4
2
Se f i ®F b | exp (=<' 18 () = M1 ) dg
S((x)—M1)=2(g)P+1-r ; / JX:(:) J

S eexp(~¢'13 ()~ M7 ) [ IPog  d

S((x)—=M1)=>2()PT1-v

+e / [Pogl® dE.
S({x)—Mry=2(g)PHi=y

1/2
The first inequality is valid since |&| < |&,| and (ijo |Xj (§)|2> decays exponentially;

2
the second inequality holds due to the fact that el <exp (—c’ [6 ((x) — Mt)]r+i=y ) for
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some constant ¢’ > 0 whenever § ({x) — Mt) < 2 (£)PT1~7 and that |k (€, -)| is integrable.
Hence,

B -1
| < e / (5 ((x) — MDY [PogP didx + / Pog® didx
LJ H HyUH_ i

Similarly for I, it follows

Il < e / (6 ((x) — MDY 7577 [Pog P dEdx +/
Hy HoUH_

[Pog|> d&dx | .

On the other hand, by symmetry

[1c] 52616/ / /
S((x)=Mn)>0 Js((x) =M1 <2(&)PH1=7 Js((x) =M1 <2(8,) P17V g | < |
2 2
Pog (§) k (&, £ Pog (&) |IE 1 — |&.17| 1€~ lag qeax,

applying a similar argument for /, gives

L < e [/ (6 ({x) — M1)] 77 |Pog P dédx +/
Hy

|Pog|2d5dx] :
HyUH_

as well.
Following the same argument as the proof of (14) in Lemma 4, it is easy to see that

11 < e/ / IPog? dédx
S((x)—M1)<0

= e/ / |Pog|” d&dx
S((x) =M1 <0 Js((x)—M1)<2(g)P 1Y

< e/ IPog? dédx.
H.

Gathering the estimates for 1, I, I. and I yields

‘ / (Pog. (Ke — K) Pog)g dx

Se [ / [(3 ((x) — MO)PT7 |Pog|? dédx
Hy

+/ [Pogl? d&dx} ) (55)
HyUH_

Estimate on [ (P1g, (Kc — K)Pog)s dx + [ (P18, (K—e — K) Pog)s dx. We split the inte-
gral

f (P1g. (Ke — K) Pog)e dx + / (P1g. (K—c — K)Pog); dx

fa<<x>—Mr)>0 fa<<x>—Mt>>2<s>1'+'*V fé((x)—MZ)ﬁZ(E*)”“’V
+f6(<x>—Mr>>0 S((x)—Mn)<2(E) P17 J5((x) = M1)=2(,) P17
T Js()—mn>0 Js()-mn <2617 Js()-mn<ag) iy
T Js(y—mn=0 sy —mn <217 Js()—mn <2, r+1-r
P1g (§) k (§, &) Be (t,x,&, &) Pog (§,) dé,dEdx

1+ 1P+ 1c+1r,
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where B (¢, x, &, &) = Ac (1, x,&, &) + Ac (1, x, &, §) . It readily follows from the defi-
nition of B, that
2 2
|Be (1, %, 6, 8] S € |15 — |6 2] ecrelEF 1], (56)

According to the above discussion, we obtain

2
19| 56/ / [P1g (&)l exp (—c/ (0 ({x) — Mt))"“—V)
8((x)—=M1)>0 J8((x)—Mr1)>2()PH1-7

4 1/2
< [Y 03] dedx
j=0
56/@))’ IPig|?> dédx
_2
i 6/ / ()7 exp (=2¢/ (5 ((x) = M) 717 )
S({x)—M1)>0 5((x)—Mt)>2<§)P+1*V
4
< [ Y p? ) atax.
j=0
ForO0 <y <1,

4
2
(€)7V exp (—2¢" (8 ((x) — Mt))rFi—7 b? | dedx
/B((x)fMt)>O/z;<x>7Mt)>2(E)/’+1_V ( ) Z /

3 2
N/(S((X)_Mz)>0 [(8 ({x) NIE vexp( c (8 ({x) )7 V) Z 2 dx
<16 W) - Moy |P0g|zd5dx+/ Pogl? deds.
i HyUH_

and for -2 <y <0,

/ / ()77 exp (—2c’ (8 ((x) — Mz))r%—y) 3 b? | dedx
S()—MD)>0 Js((x)—Mny>2(g)P+1-7

3—y ,
N/‘S((x)_Ml)>0 [(8 ({x) N1? vexp( ¢’ (8 ((x) )P y) Z 2] dx
< [ 16 () — M1 Pogl ddix + / Pogl? deds.
i HyUH_

Hence, we conclude

1] Se (f (&) |P1gl* dEdx +fH [(5 ((x) — MO)PT7 |Pogl? dédx
+

+/ |Pogl® dfdx) .
HoyUH_
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For 11, similar to Lemma 4,
111" e/ |(€) > Pigl,2 [(£)* Pog| > dx
S((x)—M1)<0 § 3

< ef (&) [Prgl ddx +e/ () [Pogl® didx

8 <x>fMt)§0-/8 (x)—Mr1)<2(£)P*1-7
< ef (€)7 |P1g|* dédx +ef |Pog|? dédx.

For 1°, we observe that |€,| < |£] in this region. Further, note that
ki (§,80) |Be (1, x, &, &) Pog (54
1 1
S 16— &7 exp (‘Z E° =5 |s*|2) |Be (1, %, §,§) Pog (5]

- 1o, 1,
=P (5,8 % [GXP <—*|EI — g & >|Be (r,x, 8, &) Pog (S*)I]

8
satisfies
Lo 1 2
exp —glél —glé*l Be (1, x,§,8) Pog (§:)
. 1/2
1 2 2 2
S 6eXp<—T6IEI) Zb,-) exp (—c2 1817,
j=0
and

ky (8, 8+) Be (1, x, &, &) Pog (§4)

1 2 g ?)
=p¢.&) {CXP (— [w +1& —$*|2:|) X Be (t,x,8,&) Pog (%'*)}

satisfies

1 [ (gP - 1el?)’
‘exp (—32 |:(|%__%_*|2) +1& - §*|2i|> Be (1, x, &, 8:) Pog (§5)

. 1/2

1/2
1 4
Seexp(—§||f|2—|5*|2|) (Z\mmlz (Zb?
Jj=0

j=0
X 4 12
< GGXP<—§|*§I2> > b3 exp (—c2 &%) .
Jj=0

for some ¢ > 0, where p (€, &) and p (&, &) are kernels of bounded operators on Lg. Since

ekl ¢ Lg* and
2
(S)_% e mEP <exp (—C3 [6 ({x) — M1)] n+17y)
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956 Y. -C. Lin et al.

for some constant ¢3 > 0 as 8 ((x) — M) <2 (£)P1177 | we obtain
5 4
| e [ @rpigPaza+e | exp (—263 13 () = M) PH*V) 2_bj | dx
(x)—M1)>0

8 =0

56/<€>V IPyg|? dédx

+e [/ [8 ((x) — Mt)]il)r—flr [Pog|? d&dx +f [Pog|? dgdxi| .
Hy

HyUH_

Finally, we split the integral

=) /
S((x)=Mn)>0 Js((x) =M <2(&) P17 Js((x) - M) <2(8,) P77 &, | <&

/ — 1)/ X)— 2(& — 2 f X)— 2 13
S({x)—M1)> S({x)—M1)<2(§)? ! 78((x)—=M1)<2(5)P =y S({x)—M1)<2(&)P ! 7 1E]> 18]

Similar to 1%,

|1 | 56/@-‘)’/ |Pig|* dédx

te [/ [6 (x) — MO [Pog|? dEdx +/ |P0g|2dgdx].
Hy

HyUH_

In view of (56),

f k(8. £) Be (1, x. £, &) Pog (5] &
S((x)=MD)<2(E) P17 | g <|&4]

1/2 1/2

4 4
e[ f LGSR W PI GO IE
Z(:) ! 8((x)=M1)<2(g) P17 o Zy 16| :
j= J=
4 172 i
selxe) | k(5. &l 5 d,
20 8((x)=M1)<2(&) P17
4 2 v c”’ _2
Se z(:)bj exp<—7[8(<x)—Mt)]P+‘*V>
=

_de 2
x/ k(&80 e 6P e,
S({x)—M1)<2(g)PH1—Y
12

4 " /
Sel Db exp(—%[s(m—Mmﬁ)e—%w (by (8))
=0
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for some constants 0 < ¢’ < 1/2 and ¢” > 0, and then by the Cauchy inequality,

|15 56/ (&)Y |P1g|? dedx
4

exp (—c” 16 ((x) — Mr)]ﬁ) S bldx

e [T esa.
S({(x)—M1t)>0 j=0
se/ (&) [Prgl? dEdx

+e [[ [ ((x) — MO)PT7 |Pogl? dédx +f
Hy

|Pog|2d§dx:| .
HyUH_

Consequently, we obtain

’/(Plg, (Ke — K)Pog)e dx+/(P1g, (K—e — K)Pog)s dx

Se |:/ (€)Y [P1g|* dédx +/ [8 ((x) — Mf)]% IPog|* dédx
Hy

+ / |Pog|* d‘g‘dx} : (57)
HyUH_
Combining (54), (55) and (57), we get our result. ]
Now, we are ready to get the weighted energy estimate of R©.

Proposition 17 (Weighted energy for R©) Consider the weight

w(t,x,8) =exp(ep (t,x,8)/2), (58)

with

Pt x.E) =55 ((x) — M) (1 — (M))

(g)ypti-r

+ [(1 —x (M» [ ((x) — MDY (€)7 " +3 <s>1’]

(g)pti=r

S ({(x) — Mt)
XX( (&)=Y )

where €, § > 0 are sufficiently small, M > O sufficiently large, and 0 < p < 2. Then we
have

[wR@| S Aol 0=y <1,

H2L

and
H wR©

5 3
w2 SEA+0 1 fol2gy, —2<y <O

Proof Letu = wR® = e%R(@, and then u solves the equation

oju+&-Viu — %(8,,0 +&-Vip)u —eTL (e_%u) = e%Kh(G).
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The energy estimate gives

14 L K p®
S5 | (wu)gdx — (u,eZKh > dx
2dt Jrs R3 &

€ @ _e
:A}E(u,(atp—ké-pr)u)sdx—I—/R}(u,eZL(e 2u>>édx.

In view of Lemma 16,

/ <u,e%L(ef%u)> dx E—M/ |(§>%P1M|izdx
R3 & R3 §

+Cre [ [8 (bx) — MO1PT7 Poul® dédx
Hy

+ / |Pou|2d5dx] ,
HyUH_

for some constants 4 > 0 and C; > 0. One can easily check that

Sp

- _ y=1(_ "7
dp =—8M (&) (p+1—y

[(8 ((x) — M1)) (5)”_”_1]% I=x)+x1- X))
+8M <5 [(8 ((x) — M1)) (E)V""l]# — (1 =20 [ (x) — MD)) ()7 "7
—3> €7 'x <0

(the constants 5 and 3 are chosen intentionally such that the quantity in the latter bracket is
nonnegative on Hy), and

5p

_ y=1(__ “F
Vip =8 (Vi (x)) (§) (p-l—l—)/

[ ((x) — M1) <s>V—P—1]% (=) +x(1 - x))
—5.(V, () (5 [8 (x) — M1y (g)7 P ] 777
— (1 =2y [(8 ((x) — MD)) ()7 P71 ] - 3) €7 x'

Hence,

0p=&-Vyp=0 on H_,
1901 S SM (€)™ and |£-Vip| S8(E) on Hy,

and we have

SpSM =l
9hp =——"——[8({x) = M)]»H1r,
ptl—-y
5pé  &-x y-1
-Vx = > 1§ - M pHI—y s
£ Vap = oy D () — M)

on H,. Direct calculation together with the Cauchy inequality show that
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€

[ 6 Veprugax
R3

Jas 1) Pru?dx
< C268 ¢ y—1
+ [, [8 (x) = MO)]7F7 [Pou|?dédx + [y [Pou|*dédx

and

e/ (u, (0rp)u)g dx 568MC3/
R3

Y
| (6) Prul?,dx
R3 &

—1
- 65MC4/ [ ((x) — M0)]7 77 [Pou|?dEdx
Hy
+65MC5/ [Pou|’dédx.
Hp

In conclusion, we get

1d
2dt Jgr3

< —(1n—€8Cy — €SMC3) / | (€)% Prul2,dx
R3 §

(u,u)gdx—/ (u,th@) dx
R3 §

— e (BMCy —8Cs — cl)/ [5((x) — M0)] 717 [Poul2dEdx
Hy

+€(8Cy +8MCs +C1) | |Poul*dédx +ec1/ |Poul’dédx.
Hy H_

Choosing 8, € > 0 small and M > 0 large enough, we have

d 2
Tl S

Slull 2 lwK A @2+ llull 2 IR®l 2.

Jull 2w kh @1+ [ pouPdsax
HoyUH_
Moreover, since d;p < 0, the weight w is decreasing in #, so that
lwKh N2 < In 2Kl 2 = KRN 200 S 1260,
due to (16). It implies
d
Jrllze S Wl + IR e,

For the x-derivative estimate, we only need to control the commutator terms:

€ /R? (ax,-u, ax,- (8tp +§ : VXIO) u>§ dx’ (59)
=) _e _e
6/ <8xiu,e2 K (e 2 Bxipu>> dx :e/ <(8xl.,o)u,e TKe? (Bx,.u)> dx, (60)
R3 § R3 §
e/ <8xiu,3x,.pe%pl(e_%u> dx =e/ <3Xip3xiu,e%l(e_%u> dx, (61)
R3 § R3 §
and
f <ax,.u, s, (th<6))> dx. (62)
R3 &
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It is obvious that the decay of 9y, (3,0 + & - Vi p) is faster than (3;0 + & - Vi p), hence the

—1
first term (59) is easy to control. Since dy; 0 = 0 on H_, |3x,-P| S8 ((x) — M1)] =y on
H, and |3x,-,0} <$é (€)"~! on Hy, we have

<(8 ) ZKeZ (Bxiu),>$dx

5([ 5 ((x) — M) 757

+/ % Ke? (axlu)‘dédx>.
Hy

ue_% Ke% (Bxiu)‘ dédx

Similar to (15), e~ TKe? and e Ke~7 are bounded operators on Lg. Notice that

—1
S({(x) —Mt) > 1land [6 ({(x) — Mt)]l'ilfr < (E)”l on H, U Hy, hence direct computation
shows that

[8 ((x) — M)
Hy

» 1/2
5/ [5 ((x) — M)] 777 (/ |u|2ds>
S((x)=Mn>1 S((x)—M1)>2()PH1-7
5 1/2
x</ || dg) dx
]R3
-1 1/2
< f [8 ((x) — M) P77 ( / |u|2ds>
S(x)—Mn)=1 8((x)—M1)>2(g)P+1~Y
5 1/2
x </ |0 u| dé) dx
S((x)—Mr1)>2(g)PT1-r
- 1/2
+/ [8 ((x) — M1)] 717 (/ |u|2ds>
S((X)—Mn)>1 S((x)—Mn)>2(E)PH1-y
5 1/2
x <f |0 | ds) dx
PV <5 ((x)— M) <2(g)P 1Y
» 1/2
e 2
+ / [8 ((x) — M) P77 (/ ul ds)
S((x)—M1)=1 S((x)—M1r)>2()P+1-Y

) 1/2
X </ |8xl.u‘ d.§> dx
S((x)—M)<(§)PT1Y

5/ [8 ((x) — M) 7577 |u|2d5dx+/ [8 ((x) — MO)FT7 [0,,u]* didx
Hi Hy

+/ |0, u|” dedx
HyUH_

/ [ ((x) — MOTFT7 [Pody, u|> dédx
Hy

ue TKe? (Bxiu)‘ dédx

< )z :
S |@FPiagu] ,+
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+/ Pod,,u|* dédx
HyUH_
y 2 _y=l 5
@, + [ 1500 - 01T Pl dedx,
Hy

and similarly,

ue T Ke? (8Xl.u) ‘ dédx

5/[6(<x>-—Mr>]7517
Ho

y—

</ [8 ({x) —Mt)]ﬁ |u|2dsdx+/ [8 ((x) —Mt)]% |8Xl.u|2d$dx
Hy Hy

~

+/ |0u|” dedx
HyUH_

2 —1
< H (€)% Prayu L2 +f [6 ((x) — M7 [Pody,u|® dedx
Hy

+/ Podu|® dédx
HoUH_

o GRS

2 2

+/ |Pou|”dédx.
L? Ho
Therefore,

/ <(8xip)u,e_%Ke% (axiu),> dx
R3 &

2 —1
+/ [8 ((x) — Mt)]il"yH*V \Poax,u\zdgdx
L2 Hy

€

<es (H (€)% Proyu
+/ |P08x,.u|2d§dx>
HyUH_
z 2 L 2 2
+es ([ @)% Piu 2+f [6 ((x) — M0)] 777 [Poul dsdx+/ Poul? ddyx ) .
L Hy Hy

Likewise,

e/ <8xip8xiu,e%l(e*%u> dx
R3 &

565<W9%Pﬁmu

+/ |P08x,.u|2d§dx>
Hp

4 2 y—
tes (H €% P, + /H [5 ((x) — MO)]7T7 [Poul? dédx
+

+f |P0u|2d.f,:dx> .
HyUH_

2 -1
+/ [6 ((x) — MD)]777 |Pody,u|* dEdx
L? H,
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On the other hand,

[ foa (wkn®)), s o, (wkn®)|

The second derivative estimate is similar and hence we omit the details. We then deduce that

S loxul 2

L2’

d
—uunHZLz S el 2 2 WK RO a2 + / Poul® + [PoV,ul* + |PoViu|d&dx
HyUH_
S el g2 2 WK RO 22+ el g2 2 IR g2 12

Sl gz (19N 20260 + IR 22

the last inequality holds since | Vi p|, xp| < (£)7~! and the weight w is decreasing in ¢.

It follows that
l < |h© ©)
g2z S 220 + IR gz 2

In view of Lemma 14 and (48),

*”“H 272 {{[4/\1} (”fOHLz(IL)"i'”fO”LZ), 0<y<l,
H2L? (L + 02 (Il foll 2y + L foll2) . =2 <y <O.

This completes the proof of the proposition. O

Through Proposition 17 and the Sobolev inequality, we will establish the pointwise esti-
mate for R© in the following. Combining this with the wave part W© (see Lemma 9), we
complete the wave structure of the solution outside the finite Mach number region.

Proposition 18 Let R©) be the remainder part of the linearized Boltzmann equation (2) with
—2 <y < 1,and 0 < p < 2. There exists a positive constant M such that for (x) > 2Mt,
we have

RO x, -)]Lg < Crfemetbr T 1 foll 2 ety (63)
where the constant € > 0 is sufficiently small and C, c are some positive constants.
Proof Let w be the weight function defined as (50). Observe that for (x) > 2Mt,
Pt x,8) 2 (3((x) — M) P
Applying Proposition 17, it follows from the Sobolev inequality [16, Proposition 3.8] that

LEB(Lx) =My PF=T

LELE®

1/2 1/2
< |92 (ur) [ o (om0 % fom]

RO x|, = [0R®] = [
L L}

H2LE
< {{25 A ollizgy . 0=y <1,
(1 +1)? Il foll L2y, =2 <y <O.
Here € > 0 can be chosen as small as we want. Note that for (x) > 2M1t,
(x) Mt

—Mr> 84—
(x) >3+3
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and
I follz2¢y < W0l L2 elerr s

due to the fact that f has compact support in variable x. Therefore there exist positive
constants C and ¢, such that

P
e TI=
)R(ﬁ)(t,x, .)‘LZ < Cde—Cce(x)+n PH=y ”fO”LZ(eE\EI”y (64)
&

[}

6 Conclusion

In this paper, we obtain the quantitative pointwise behavior of the solutions of the linearized
Boltzmann equation for hard potentials (0 < y < 1), Maxwellian molecules (y = 0) and
soft potentials (—2 < y < 0), with Grad’s angular cutoff assumption, by assuming the
exponential velocity weight ¢*/§1” on the initial data. Here « is a small positive number and
0 < p < 2. For hard potentials, we extend the result [10] with the Gaussian velocity weight
" to more general exponential velocity weights ¢*€1” 0 < p < 2. For Maxwellian
molecules and soft potentials, our result is the first attempt aiming at the pointwise structure
of the solution.

It would also be interesting to consider the quantitative pointwise behavior for other
kinetic equations. In fact, our approach is applicable to the Landau kinetic equation [18].
Furthermore, it has potential to be adapted to the Boltzmann equation with non cut-off hard
potentials, where the regularization mechanism is analogous to Landau type equations rather
than cut-off cases. The study of the non cut-off Boltzmann equation is in progress.
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