Mathematische Annalen (2023) 387:2061-2103

https://doi.org/10.1007/500208-022-02513-6 Mathematische Annalen
)]

Check for
updates

Mixture estimate in fractional sense and its application to
the well-posedness of the Boltzmann equation with very
soft potential

Yu-Chu Lin' . Haitao Wang? - Kung-Chien Wu'-3

Received: 30 June 2022 / Accepted: 8 November 2022 / Published online: 16 November 2022
© The Author(s), under exclusive licence to Springer-Verlag GmbH Germany, part of Springer Nature 2022

Abstract

In this paper, we consider the Boltzmann equation with angular-cutoff for very soft
potential case —3 < y < —2. We prove a regularization mechanism that transfers
the microscopic velocity regularity to macroscopic space regularity in the fractional
sense. The result extends the smoothing effect results of Liu—Yu (see “mixture lemma”
in Comm Pure Appl Math 57:1543-1608, 2004), and of Gualdani—-Mischler—-Mouhot
(see “iterated averaging lemma” in Mém Soc Math Fr 153, 2017), both established
for the hard sphere case. A precise pointwise estimate of the fractional derivative of
collision kernel, and a connection between velocity derivative and space derivative
in the fractional sense are exploited to overcome the high singularity for very soft
potential case. As an application of fractional regularization estimates, we prove the
global well-posedness and large time behavior of the solution for non-smooth initial
perturbation.
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1 Introduction
1.1 The model

In this paper, we consider the following Boltzmann equation:

{3;F+$'VxF:Q(F7F)’ (t,x,&) e RT x R} x R?, M

F(0,x,8) = Fo(x,§),

where F(¢, x, &) is the velocity distribution function for the particles at time t > 0,
position x = (x, x2, x3) € R3 and microscopic velocity £ = (£1, &, &) € R3. The
left-hand side of this equation models the transport of particles and the operator on
the right-hand side models the effect of collisions during the transport,

Q(F,G)=f}

Rox

o &6 — &1 B {F(E)GE) — F(6)G ()} déudow.

We consider the very soft potential (—3 < y < —2) case and B(?) satisfies the Grad
cutoff assumption

0 < B(¥) < C|cos V|,
for some constant C > 0. Moreover, the post-collisional velocities satisfy
£ =6—[¢-&) oo, &=E+[¢ &) oo,
and ¥ is defined by

(€ — &) -l
& — &l

cos i =

Itis well known that the global Maxwellians are steady-state solutions to the Boltzmann
equation (1). Therefore, it is natural to consider the Boltzmann equation (1) around a
global Maxwellian

1 — g7
M(‘i:) = (2]_[)3/2 exp( 2 ) 5

with the standard perturbation f (¢, x, £) to M as

F=M+MP2f  Fy=M+nMV2f,
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where n > 0 is sufficiently small. After substituting F and Fy into (1), the equation
for the perturbation f is

W f+&-Vof =Lf +T(f, 1),

£O.x.8) = nfolx. &) = % @)

where L is the linearized collision operator defined as
Lf = M2 [QM M)+ oM 2 f M),
and I" is the nonlinear operator defined as
L(f, f) = MO f M2 )).

It is well-known that the null space of L is a five-dimensional vector space with the
orthonormal basis {x; }?:0, where

1

NG

Based on this property, we can introduce the macro-micro decomposition: let Py be
the orthogonal projection with respect to the Lg inner product onto Ker(L), and P; =
Id — Py.

The collision operator L consists of a multiplicative operator v(£) and an integral
operator K:

Ker(L) = {xo0, Xi» x4} = {M”z, MY — (5P =MV i =1,2, 3}.

Lf =—-v()f+Kf,

where
v(&) =/B(19)Ié — &' M(EdEdo,

and
Kf=-Kif+Kyf 3)

is defined as [5, 8]:

Kif = / B@)|E — &Y M2 MV (E,) fEDdEdo,
Kyf == / BW)|E — &Y M2 () MV2(E f(EDdEdw

+ / B®)|€ — &Y M2 () M2 (E]) f(£dEdw.
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In the next section, we will present a number of properties and estimates of the operators
L,v(¢)and K.

1.2 Notations

Before the presentation of the main theorem, let us define some notations used in this
paper. We denote (£)° = (1 + |£]%)*/2, s € R. For the microscopic variable £, we
denote the Lebesgue spaces

1/q
IglLe = (/ Iglqd§> ifl =g <oo, Iglry = sup [g@)l,
& R3 £cR3

and the weighted norms can be defined by

1/q
lgle = [(6)f g|"ds) ifl<g<oo, lglie = sup [(£)F g,
€8 R3 S R

and

glzge(m) = sup {1g(§)Im (&)},
EeR3

where 8 € R and m is a weight function. The Lg_. inner product in R will be denoted

by (-, ~)é, ie.,

(f.8)e = / F(E)3EE.

For the Boltzmann equation with cut-off potential, the natural norm in & is | - | 2
which is defined as

2

Y
82, =|©) g .

For the space variable x, we have similar notations, namely,
1/q
gl e = (/ Iglqu> ifl =g <oo, gl = sup [g(x)].
) R3 xeR3

Furthermore, we define the high order Sobolev norm: let s € N and define

|g|1-1éY = Z Lé’ |8|H; = Z }3;{8|L)2(,

ler] <s ler]<s

8§‘g

where « is any multi-index with || <'s.
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Next, we introduce two equivalent definitions of the fractional derivative (—A y)%
for 0 < s < 2, and the interested reader is referred to [16] for other equivalent
definitions. Let f(y) : R® — Rbea function in the Lebesgue space L? (1 < p < 00),
then we have the following two equivalent definitions:

Definition 1 (Singular integral definition). Let 0 < s < 2. The fractional derivative
of f of order s is defined as

f(y+z)—f(y)dZ: lim / f(y+z)—f(y)dz’
|z|>r

—A))2 =Dp.v.
(=Ay)2f(y)=p - EES Jim, BES

provided that the limit exists.

Definition 2 (Fourier transform definition). Let 0 < s < 2. The fractional derivative
of f of order s is defined as

(=22 F() = F YIS FO)),

where
f6) = f e f(y)dy
R3

is the Fourier transform of f(y) and F~! is its corresponding inverse transform.

Finally, with X and Y being norm spaces, we define

Igllxy = |lgly]y -

1/2
— _ 2
gl = lgll 2.2 = </}R3 |g|L§d§> :

For simplicity of notations, hereafter, we abbreviate “< C ” to “<”, where C is a
positive constant depending only on fixed numbers.

We also denote

1.3 Main result I: mixture estimate in fractional sense

Denote the solution operator of the damped transport equation

{azh+é-vxh+v(é)h =0, @

h(0, x, &) = ho,

by S, ie., h(t) = Sg,ho. Moreover, if v(§) = 0, we denote the solution operator as
S'. By the method of characteristics, the solutions Sg,ho and S’ & can be written down
explicitly,

S ho(x. &) = e ho(x — 61,8 ®)
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and
S'ho(x, &) = ho(x — &1, ). (6)

The Mixture Estimate reveals the mechanism that the mixture of two operators
S;/ and K will transfer the regularity in microscopic velocity & coming from K to
the regularity in space x. The precise statement of the Mixture Estimate is stated as
follows.

Theorem 1 (Mixture Estimate) Ler —3 <y < =2, 0 < s < 34 y. Ifhg € L?, then

H(—Ax)% KS;,Kho‘

—s
L2 St Nhollz2 - (N

Furthermore, let M, be a multiple-mixture operator defined inductively as below

t
M, (h) = (S;K) s h =/<> STKR)(z, x, §)d,
and
My (h) = My (M1 (1)) = (S} K ) % Moy ()

t
=/ (S}, T KM,—1(h)(z, x, &)dz, forn > 2.
0

where h(t,-) € L? (R3 X R3). Iterating the Mixture Estimate enough times, it is
shown that the spatial regularity can be improved as many as one desires:

Corollary2 Let =3 <y < —2,0 <s <34y, k € N. Ifh € L? uniformly in time,
then
Mk (W) (Ol 2 s S (140K sup ()] 2 ®
£ 7€[0,1]
The Mixture Estimate plays a crucial role in Theorem 3, which enables us to obtain
the well-posedness and large time behavior of the Boltzmann equation without any
regularity assumption on the initial data.

Since the Mixture Estimate has its own independent mathematical interest, we
present it as Theorem 1 separately. In the literature, there are several papers regarding
“ regularization effect” for the Boltzmann equation. Among them, two works which
are most relevant to the current research are by Liu and Yu [21], and by Gualdani,
Mischler and Mouhot [9]. The reader is also referred to other variants of “regularization
effects” for the Boltzmann equation, such as the “Averaging Lemma” by Golse, Lions,
Perthame and Sentis [7], the “A-smoothing Property” by Glassey and Strauss [6], and
the “L?-L approach” by Guo [12].

In [21], the authors introduced “Mixture Lemma” (Lemma 4.9) to extract the
particle-like wave in construction of Green’s function for Boltzmann equation with
hard sphere. On the other hand, in [9], the authors obtained “Iterated Averaging
Lemma” (Lemma 4.19) for factorization and enlargement theory of the Boltzmann
equation with hard sphere on the torus. Roughly speaking, both “Mixture Lemma”
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and “Tterated Averaging Lemma” reveal the following mechanism: let Sg be a trans-
port type semigroup and A be a smoothing integral operator in &, then mixing S and
A will transfer the & regularity coming from .4 to the space regularity x. Interestingly,
the proofs of these two lemmas are quite different. The proof of “Mixture Lemma” is
based on the Fourier transform with respect to the space variable x, combing with H!
smoothing effect of the integral operator .A. While the key idea in the proof of “Iterated
Averaging Lemma” is to build up a bridge between x derivative and & derivative by
introducing a crucial differential operator D; = tV, + Vg, which commutes with the
free transport operator. Later, Wu [28] gave an alternative proof of “Mixture Lemma”
by employing the operator D;. This method is then adapted to prove variant versions
of “Mixture Lemma” for the Boltzmann equation with —2 < y < 1 [18, 19].

However, all the aforementioned proofs are not applicable to the very soft case, due
to the weak smoothing effect of integral operator K when —3 < y < —2. In fact, the
kernel function of K has a singularity |& — 7| ="\, so that one can have full derivative
estimate V¢ K only when —2 <y < 1.

The above restriction gives rise to some fundamental and interesting questions for
the higher singularity region —3 < y < —2:

(i) Instead of the derivative estimate of V¢ K, can we still gain some fractional
regularity in velocity (—Ag)s/ 2K for appropriate s > 0?

(ii) Given the fractional derivative estimate for K, is it still possible to transfer the
microscopic velocity regularity to macroscopic space regularity in the fractional
case by mixture?

(iii)) Once we establish the Mixture Estimate, can we apply it to get the well-posedness
of Boltzmann equation with very soft potential for non-smooth initial perturba-
tions?

We will answer the question (i) in Sect. 2, the question (ii) in Sect. 3 (see Theorem 1),
and the question (iii) in Sect. 4 (see Theorem 3) sequentially.

As hinted by the singularity |§ —n|" in the kernel functionof K when -3 < y < -2,
one may expect for a fractional regularity (—Ag)* /2K for0 < s < 3+ y. However,
it is nontrivial to achieve this goal. Firstly, the kernel function of K is given by an
integral expression for very soft potential rather than a closed form for hard sphere.
Secondly, the fractional derivative is a non-local operator, which brings more com-
plexities when acting on an integral expression. Furthermore, a uniform upper bound
of fractional derivative is insufficient for the Mixture Estimate, and what we need is a
pointwise estimate. To this end, we adopt the singular integral definition of the frac-
tional derivative (Definition 1) and obtain a precise pointwise estimate for (—Ag)?* I2K.
In the course of calculations, we need to control the singularity (for |§€ — n| small) and
maintain the decay estimates of K (for |§| or |n| large) simultaneously. The former
one is important in the regularization estimate as it is. While the decay estimates are
also indispensable to ensure the integrability. We decompose the integral domain into
different regions by recognizing the dominant term, and the whole proof is finished
based on refined estimates for each of them (see Sects. 2.2, 2.3, 2.4 and 5). To the best
of our knowledge, this is the first result regarding the pointwise estimate of fractional
derivative of the integral part of the linearized Boltzmann collision operator. As corol-
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laries of the pointwise estimates, some function space inequalities for (—Ag)s/ 2K are
followed immediately (see Corollary 15).

With the fractional regularity of K in velocity &, we are able to develop the Mixture
Estimate. Since we are dealing with the fractional derivative, it is natural to use the
Fourier transform as a tool to clarify the mechanism of regularization effect, rather
than using the differential operator D; as in [9]. Taking the Fourier transform of the
free transport equation with respect to both the x and & variables, together with the
Fourier transform definition of the fractional derivative (Definition 2), we set up a
connection (34) between (—A,)*/? and (—Ag)‘v/ 2 for the free transport equation in
terms of Fourier variables. This actually can be viewed as a fractional version analogue
of the connection given by the operator D;. To complete the proof of the Mixture
Estimate, one also needs to bound (—Ag)s/ 2[e= @1k (&, )], which is induced by the
extra damping term v(£) in the damped transport equation, and the integration by
parts to absorb the & derivative. We obtain its estimate mainly through the Kato-Ponce
inequality or “fractional Leibniz rule” (see Proposition 16). It is exactly the Mixture
Estimate that enables us to obtain the global well-posedness without imposing any
regularity on the initial data. Worthy of mention is that at first glance we seemingly
employ two different definitions of fractional derivative in the proof of the Mixture
Estimate, but they are in fact equivalent in the Lebesgue space L? for 1 < p < oo.

1.4 Main result II: well-posedness of the Boltzmann equation

With the help of the Mixture Estimate, we are able to obtain the well-posedness and
large time behavior of the Boltzmann equation for —3 < y < —2 with non-smooth
initial perturbations, the result is stated as follows.

Theorem3 Let —3 < y < =2, 0 < p < 2, B > 3/2, a > O sufficiently
small, and j > O sufficiently large. Assume that the initial data nfo satisfies
fo € Lg?ﬁ+3j (eo‘(S)p)(L}C N L) where n > 0 is sufficiently small. Then there is

a unique solution f to (2) in Lg?ﬁ+2j (e"‘@)p)L)zC N L Yy (e"‘@)p)L)‘?O with

§.8
_3
||f(t)||L§?ﬂ(ea(E>p)L)2( <nCi(1+1)~% ”fo”L?‘{’ﬂﬂj(ea(@l’)(L}OLgo) s 9
_3
”f(t)”Lgfﬁ(ea(E)”)Lgo <nCy(1+1~2 ”fO”L;?ﬁ+3j(e“<5>p)(L}(ﬁL§°) s (10)
||f(t)||L§?ﬁ+2j(e”<f>p)L.% <nC; “fo||L§{°ﬂ+2j(e’1<5>p)(L}cﬁL§§°) s (11)
”f(t)”L?ﬂ_*_”(ea(&)”)Lgo <nC ”fO”Lgf’ﬁ+2j(e”(5>p)(L}ﬂL§°) s (12)

for some positive constants Cy,Ca, C1, C2 depending on 'y, o, p, B, and j.

In this theorem, we generalize the Green function approach of Liu and Yu [21] from
hard sphere case to very soft potential case (—3 < y < —2) and then establish the
well-posedness and large time behavior for non-smooth initial perturbations. In the
literature, there are several energy methods for the study of the Boltzmann equations
near Maxwellian in the whole space, for instance [11, 14, 22, 26]. In these works,
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people are aware that the large time behavior is governed by the long wave part
in terms of the Fourier variables of the linearized equation. Meanwhile, in order to
close the nonlinear problem, some suitable Sobolev regularity assumptions on the
initial condition are necessarily required. By contrast, in the current paper we further
employ the wave-remainder decomposition to analyze the solution, which enables us
to remove the regularity assumption of the initial condition. Indeed, there exist several
works concerning the L{° initial data. For whole space problem, the time decay result
is proved in [27] for hard potential by investigating the L? — L> smoothing effect of
Mixture operator. In [3], the global existence for some type large amplitude data is
established, whereas no decay estimate in whole space. In the bounded domain, the
initial-boundary value problem associated with non-smooth initial perturbations has
been considered as well. An L>-L> theory was developed in [12] to obtain the global
existence and the exponential decay rate of the solution around a global Maxwellian for
hard potentials associated with appropriate boundary conditions. Then, its extension to
soft potential in a bounded domain is proved by [20] in which a sub-exponential decay
rate is obtained, and the reader is also referred to [4, 13, 15] for recent advancements
of this theory. All the above-mentioned results are dealing with cut-off case. See [23]
for the global smooth solution in torus for L data and non-cutoff hard potential.

In what follows, we discuss the strategy of the proof of Theorem 3. By using
the long wave-short wave decomposition and the wave-remainder decomposition, we
first obtain the large time behavior of the linearized equation in the normed spaces
LgL)ZC and L§L§°. Note that the combination of these two decompositions was initially
investigated by Liu and Yu [21] for hard sphere case and then generalized to hard and
soft potentials (i.e., —2 < y < 1) in [18, 19]. The restriction of —2 < y < 1 is due
to the absence of regularization estimate for the remainder part when y < —2. This
crucial difficulty can be resolved by the Mixture Estimate in this paper and then we
can generalize the LgL% and L?Lﬁo estimate of the linearized problem to the case
—3 < y < —2.To solve the nonlinear problem, we need the Lgo weighted estimate of
the linearized problem. Inspired by Ukai’s bootstrap argument to the integral equation,
we can improve the Lg estimates to the Lgo weighted spaces. It worth mentioning
that when —3 < y < —2, the singularity of the integral operator K is too high to
bootstrap the solution from Lg to Lgo directly. Fortunately, it can be obtained by
applying finite steps of bootstrap argument with the aid of the interpolation result
of the integral operator K (see Sect. 4.1, Step 2). Furthermore, given a source term
I" (h1, hy) with prescribed time decay (see (60)), we establish the large time behavior
for the inhomogeneous linearized equation. The large time behavior of the nonlinear
problem (2) then follows from an iteration scheme.

The rest of this paper is organized as follows: In Sect. 2, we first review some basic
properties of the operators L, v(§) and K, then provide the fractional derivative esti-
mates of K and v(&). The lengthy proof of the estimate (=A) %k (&, n) is postponed
to Sect. 5 for the sake of readability. Then, we prove the Mixture estimate (Theorem 1)
in Sect. 3 and demonstrate the well-posedness and large time behavior of the solution
(Theorem 3) in Sect. 4.
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2 Revisit of the linearized collision operator

In this section we will present a number of properties and estimates of the operators
L,v(§) and K. To begin with, we list some fundamental properties of these operators,
which can be found in [1, 8, 25]. The rest of this section is devoted to the estimate

of the fractional derivative for v(§) and K, here we use singular integral definition
(Definition 1) to define the fractional derivative.

2.1 Basic estimates of L, v(¢) and K
Lemma4 Forany g € L%,, we have the coercivity estimate of the linearized collision
operator L:

(8. Lg)e < —IPigly .

Lemma 5 For the multiplicative operator v(€), there exist positive constants vy and
vy such that

v (§)” =v(&) = v (§). 13)

Moreover; for each multi-index o € N3,

g vE)| S (&)1l (14)
For the integral operators K1 and K, we have the following representations.

Lemma 6 The integral operator K| can be represented as

<mn®=éﬁ@mmmm

where the kernel k1 (&, n) is given by

k = —nl” “Liep 2 15
1, m) =y l§ —nl"exp 1 1§17+ nl7) ¢ (15)
for some positive constant yy. The integral operator K> can be represented as

(&ﬂ@zéfﬁwvwm

where the kernel k> (¢, n) is given by

& —n~! In+wl?+ & +w|?
b@w%—————/ exp [ —
wl(E—-n)

- (27_[3)1/2 4
y—1 /4
B©O) B —0)
2 2\ 2 2 2
_ d*w,
(|§ 1l +|w|) (|cos9| P w
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with arctan 6 := % Moreover, the kernel ky (&, ) satisfies

ko (€, M| S 1E — nl” (1 +[&] + n))? !

1 2 112)2
exp <—§ [% +1& — 77|{|> fory € (=3, -2]. (16)

Immediately from Lemma 6 and [26], we have the following result.
Proposition7 Let -3 <y < -2, 71 e R 0< 8 < J—V and 0 < p < 2. Ifk(&,n) =

—ki1(§,n) +ka(&, ), then

/ k (&, )17 ()T e PN’ dy < (g)THa—D=1 ,=BE"

R3

f kGl () e PO dg < ()Tra@ DTl em B (17)
R3

provided that 1 < g < _iy

Consequently, we have

Proposition8 Lett € Rand —3 <y < —2. Then

<
\Kglpg ., S18lg -1 =g =00 (18)
and
Kgly= | <Clgl,y (19)
§rl—y+g &1

3

provided that 1/qg +1/q' = 1land 1 < g < = (that is, ¢’ > %)

Proposition9 Ler -3 <y < -2, 7R 0<8 < %, and 0 < p < 2, then

IKg (S)”L?Hz (eP7) Slg (§)||L?1(6ﬁ<s>/’)~ (20)

g

Next, we will focus on the estimate of the fractional derivative for e V¢ and
& —nl”.

2.2 The fractional derivative of e V©t and | & — n|Y

Proposition10 Let —3 <y < —2. Foranyt > 0and 0 <s < 3 4 y, we have

‘(—As)% VN

SE. 21
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Proof By definition of the fractional derivative, we separate the following integral into
two domains |z| < (1 4+ |£]) /2 and |z| > (1 + |&]) /2, 1.e.,

e*\)(é‘i’z)l _ efv(é)t

Ag)Ze v ®r = / d
( 5) p-v R3 |Z|3+s <

e~ VETD _ pmv(E)
= p.v. d
Y /|z|< g T /|z|> 14El |z|3+s ¢

=T+ 1.

By the Newton—Leibniz formula and Lemma 5, we have

teVETY g
/|.z|<1+|e / TPt V(S + yz)dydz

1 (€ + yz)e VEHYD! B
/II JE / |2+ (1+[€ + yz) ™" dydz
7|I<—=

—dz
/I Lelel |z)2+s

SET.

|T1| =

Combining this with that

1
< < (E)7F.
|| NfllE Rl s @

the proof is completed. O

Before going to the estimate of the fractional derivative of K f, we calculate the
fractional derivative of |& — n|" first.

Lemma1l Let -3 <y < —2and0 < s < 1. Then
(=2¢) 1 | S 1 = 1. @2)

Proof Denote { = & — 1. By using spherical coordinates, the fractional derivative of
|& — n|¥ can be written as

(—Ap)2|E — I
|E—n+ZIV—|§—nI”d

=PV |Z|3+a z

Y

27r 2 2 2

+re42 cos @ 4
—pv/ / / |§| ! "|3§:r|€ ) mi r? sin OdpdOdr

PR
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o] T %
=2 -p.v./ [ |:(I§I2+r2+2r|§|cose> — |§|Vi| r~ 175 sin0dodr,
0 0

where 0 is the angle between ¢ and z. Direct computation gives

1n<|¢|+r>‘ l‘nnu rl

r

g l=r*2=(gl+r)7+?
(=2=y)rlZ] ’

fory = =2,

Y
2

/ (1¢1* +r? 4+ 2r|¢| cos 0)
0

sinf0do =
for -3 <y < —-2.

Hence, for y = —2, we have

(—Ag)2[E — )7
/°°1n(|c|+r) 1n||;|—r|—2r|c|1
“Jo r2ts|c|

€172 oo N n (1¢] 4 1) — In|g] — r| — 2r[¢] !
=27 - puv. +/ ) d
T -p.v <[0 2 r2+s|§-| d

=:2nm - (T11 + T2) .

=21 -p.v

By the Newton-Leibniz formula,

12172 2

1
— )| —dpd
<|z|+p |;| |c|>r2+f|;| par

Ié“l/2 \CI/2 1 ird
/ / |;|2<|c|+p><|c| p) r2ts TP

2 1¢1/2 p2 1 1 .
- 1+S/0 IZ2 s+ p) (12— p) <p‘+s - (|c|/2)1+“) g
ST

~

|T11] =

Letting r = A|¢| gives

dr S el

o [ In(14A) + [In |1 — Al + 24
Tl =117 [ o

Combining the estimates for 771 and 77, we obtain the desired estimate when y = —2.
Next, for =3 < y < —2, we also split the integral into two domains, that is,

(—Ag)2|E —n)”
=27 - pv/oollfl—rly+2 g1+ 172 —2r(=2 = p)lgr*!
(=2 —y)r?+s||
_, </|;|/2 / )||;| P2 — (g )T = 2r (=2 — )P
=21 - p.v. 5 2+s dr
1z1/2 (=2—=p)r [Z]

=21 - (To1 + T22) .
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Using similar argument as above, we have

. ‘ 1g1/2 pr 1 1 2 1 dod
= + -
| 21| A /0 <(|§'|+p)_y_l (|§_|_p)—y—l |§|—y—]> r2+S|é‘| par

€172 plel/2 | | ’ C ‘
+ —_
/0 /,, ((|;|+p)y1 (g1 —p) 7T |c|—v—1>r2+s|z| e

1 ke 1 1 2 1
e 2 )L
s+1Jo Wl+p)7 " qgl—pr gl el

< [ 1 )d
ps-H (|§-|/2)s+l p

1172 1 1
5/ o —dp S
AN

Also, letting r = A|¢] gives

00 1= AYt2 — A+ )2 =2 (=2 —
T = / Ig“ly"" | (I4+2) ( J/)d)\
12 (=2 — y)a2ts
SIelr .

Combining the estimates for 751 and 7T,;, we obtain the desired estimate when
-3 <y<-2. O

In what follows, we will compute (_AE)% ki(£,7n) and (_AE)% ko (&, n), respec-
tively.

2.3 The fractional derivative of k;

Proposition12 Let -3 <y < —2and0 <s <3+ y. Then

02

s | 2
(a0 k| S 16—l @7 H e @)
Proof Up to a constant multiple, one has

(—Ae)? ki )

e 2 2 2
= P-V-/R3 |:|§ —n+z|” exp (—M) —|& — n|” exp <_W)}

1
|Z|3+s dz
—p.v / |«§—n+z|y—IS—'Ilye_\sﬂxmde oy
o R3 |Z|3+s Ve
_ \s+z\i+w2 _ \swzj‘rwz
£ —n+2l” _ dz =T +1»
R3 |Z|3+s . .
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It immediately follows from (22) that
112 +1n 12
T S 16 —nl e 40
By the Newton-Leibniz formula,
_ ez _1e24in?
T |& + z|¥ ¢ : _ : dz
=p.v. —
2 =P 3 n |Z|3+S
lE—n+zl” w2 1 s (E412)-z2
=p.v. - 4 ¥ (—1) ————dtdz,
p.v ./11%3 EES e A e (-1 > z
which implies that
\n\2+\§+t 2
|Z>| </ / & —n+z|Y EES —————dtdz. (24)

Now we discuss the estimate for 7, into three cases, respectively.

Case 1: |£€ — n| < 1 and |€] > 10. Then we have |§] — 1 < |n| < ||+ 1, and

Tl < e_m_ﬁ & —n+z|” I)2
2 €] |Z|2+s

lzl<51 5!

|Z\>7

Since

/ IS—nJrzP’dZ
\z\<£2‘ |Z|2+s

dz+e 5 2|7 "2 dz.

—nl” —n4z Y
5/ 1§ =l 2_12! dz+/ I =ntzl” 2+l dz—i—/ 2|7 7275 dz
J2|< 151 |z] Enl <))< Azl & —n| l2|> 2l

_< & —n+zl” .
SR | Bt g sig— i,
e+ <Lz |§ —nl=
and
/ |27 7> dz SIEP ST S g =Pt
|z|> &l
we get

- ys P KR
T2l S lg—nl~tem s 0

Case2: |€ — n| > 1 and |€] > 10. Let z = w — & and thus

_ w+nl? _ e+
3 e 7

. _
7> = p.v. d
2 pV/Rs w— |V w— €[

(25)
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= p.v. / —i—/
(w—s|<§' w—1>15

_ JwlP+in? _ER+n?
dw =: A1 + A,.
) w— 57w — £ b

For A1, by the Newton—Leibniz formula, we have

2

B | et _
AP Y s ST
lw—g<l Jo

dtdw
|w_77|_y|w_§|2+s
12 2 1
Se =%

dy.
yl<ll [y + (€ —m|77|y|*Fs

Similar to (25), it follows that

lni? _ g2 s S ik
Al Se ™ 7w g —n"TTT S -l e T
For A»,

_|w\21\n|2 + _\s|21rm|2
e e
[ Az </

lw—&|>

dw=:A A
e T

In view of [10], we have

fﬁ e_# ¢ o In?
S ———dw 3 v < _”T —3—s
|A2]| ~ |§|3+s /|‘w§|>§| |w — ’7| v w |%‘|3+S (n) Se <%.>
Finally,
&2 +1n12 |
| A2l S e*f/ _ i
(|w—€|>‘%')/\(|w—n|>1) lw — 75|~ |w — &3+

- 3+vdw
£ )/\(|w—17|<l) [w—n|77|w — &[>T
2 2
S-S )y e

_ g2 +m? 1
+e 4

Thus we have

_ Ao lEPtm? In2
1Tol S JE =l S () 35 e 5

e T (5)7,
Case 3: |£]| < 10. In view of (24), it follows

— Y 2
|12|§/ E—n+zl” w2

WEE e dz.
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Similar to (25), we have

_In?
6

)2
1Tol S 16— P TS e s <jg — VS ()Y 3 5e

The last inequality is due to the fact that |£] < 10.
Gathering Case 1-Case 3, we conclude that

In|? |

Tl SIE—nlP S (g e 6 4 (g) e T
Combining this with the estimate for 7|, we obtain

In|?

|(-8) ki, | S 1 —nl s 7 e 4 e

O
2.4 The fractional derivative of k;
Proposition 13 Let —3 <y < —2and0 <s <3+ y. Then
s le—n/?
(~86) hate. )| S 16— ¢
F A+ 1E=nD 7 A+ g+ 7!
+ L+ D A+ E+ ) (26)

for some C > 0.

The estimate of (—Ag)% k2(£€, n) plays a central role in our technical preparations
for fractional Mixture Estimate. Its proof is based on refined analysis simultaneously
respecting singularity and decay of the kernel function. However, as the calculations
are lengthy, to offer a panoramic view of the paper as soon as possible, we postpone
the proof of Proposition 13 until Sect.5.

According to Propositions 12 and 13, we have the following results for the fractional
derivative of the operator K in Lebesgue spaces.

Proposition14 Let —3 <y < —2and0 < s <3+ y. Ifk(&,n) = -k (§,n) +

ko (€, 1), then

ae) k@ )| dn 5 €00, @7)

(—ae) ke | g < a0+, 28)

3
—y+s’

provided that 1 < g <

Consequently, we have
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Corollary 15 Let =3 <y < —2and0 <s <3+ y. Then

| (—A¢)? Kg|Lg S |g|Lg, 1 <g <ooc. (29)

3 Proof of the mixture estimate

In this section, we will prove theorem 1: the Mixture Estimate in fractional sense.
As mentioned in the Introduction, the fractional derivative estimates of the kernel
k (£, 1) e="™" should be taken into account firstly. We have the following two propo-
sitions:

Proposition16 Let —3 <y < —2and 0 <s <3+ y. Ifk(&,n) = -k (&, n) +
k> (&, 1), then
.

for some constant C > 0, provided that 1 < q <

(~a0) [k me]["an s c. (30)

3
—y+s®

Proof To prove this, let us recall the Kato—Ponce inequality or the so called “fractional
Leibnizrule” ([2], Proposition 3.3): Let 1 < r, p1, p2.q1.q2 < cowith 1 = ﬁﬂ% =

L4+ 1 Given0 <s < 1, we have
2

(—A)z g

(ot s|ats] ) el + £l

La

Now using (17), (21), (28) associated with the Kato-Ponce inequality, we have

‘ (_A’?)% (k(é, n)e—v(n)t)

q
L’I

< \(—An)'f e LIKE g+ \e‘”“’” 7| (ZA)7 kE | 5
n n n
SC,
111 -~ 3 =
wherea_?+;w1th1<q<q<_y+sandsp>3. O

Proposition17 Let —3 <y < —2and0 < s <3+ y. Ifk(&,n) = -k (§,n) +
ky (&, m), then

fR (=80) [k me™ " gndn

/S |g|LP ’
L ¢

3
—y+s°

where%:%(3—§)and1<q<
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Proof In view of (30), we have by Minkowski integral inequality
‘ [ a0 [keme ”(”)’]g(n)dn‘ S sl (D)
L

and by Holder’s inequality

[ a0 [keme ™ gindn| < iel,y (32)
R3 Lgc £
provided that1/g+1/q’ = land1 < g < ,— And then applying the Riesz—Thorin
Interpolation Theorem to (31) and (32) ylel(fs

' [ a0t [keme ”(”)’]g(n)dﬂ‘ sl

L
1 _1li3_2

where 5= 5( q). O

In order to prove our main theorem, we consider the mixing operator K Sg/ first.
Note that Proposition 17 will be used in the proof of the following lemma.

Lemma 18 Ler —3 < y 5—2,0<s<3+y.1f%:%(3—§)withl <q<
we have

3
Fs

S

[ a0t kS| L S Mhollypis + 71 (=80 oo (33)

Proof Let
h(t,x,§) = S'ho = ho(x — &1, §).

Taking the Fourier transform in both x and & variables, we have
hit,£,8) = ho(®, § +15),
where X and é are the Fourier dual variables of x and &, respectively. Notice that

~

#1002, 8) = I PRCL £ B + 17 (181 — EF) B £, 6).
Then applying the inverse Fourier transform to both sides gives

(A h =17 (=Ag) h+ 1 F ) {(|w€|s - |§|S) ht, %, é)} . (34
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Hence,

| =803 K8,

L2

<t

Ke v ®1p-1 [(|ne|f - |§|-Y) h, %, é)]

—v(E)t 5t —
Ke™ (—AE)ZS}ZQHLZ-FI $ 12

=t (N + D).
In view of (18),
1= |F (i - i) a5 6}

< H |t% + £ ho(%, 1% + é)‘

L2

L3212
7

< H (—a¢)? h0’

L2’

For the estimate of T}, note that

Ke V®! (—Agﬁh:/ k(€, n)e=" ! (—An)%h(z,x,n)dn
R3

/ (=a0)* [k& e [ nt, x, man.
R3
By Proposition 17, we have

IT1] <

[ 80)* ke me ™ thie, iz dn‘ S Mhllgrz S Mol ps
R3 x* Lg £&x &

This completes the proof of the lemma. O

Proof of Theorem 1 Applying Lemma 18, (18) and (29), we have

|80 K8, Kho|

St 1K holl 2 + 17|l (=Ag)? Kholl 2

L2
< s

~

€)7ho|

+ 1 |lholl .2
L{L?
St holl g2+t llholl 2.

This completes the proof of Theorem 1. O

4 Proof of theorem 3

In this section we go back to equation (2) and investigate the well-posedness and large
time behavior of the Boltzmann equation for the very soft potential case =3 < y < —2
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(Theorem 3). First, we study the large time behavior of the linearized Boltzmann
equation
{a,g+g.vxg=Lg, (t,x, &) e R* x R? x R3. (35)

g(0,x,8) = go(x, §),

Then, we study the large time behavior of the linearized equation with extra source
term I'(h1, hy), where h1, hy are prescribed with time decay (60). Finally, based on
the result of the inhomogeneous linearized equation, we design an iteration scheme for
solving equation (2) and thus establish the well-posedness and large time behavior of
the Boltzmann equation for the very soft potential case. In what follows, we elaborate
our proof.

4.1 Large time behavior of solution to the linearized equation

In this subsection we will prove the large time behavior of the solution to (35) in L%
and L{° with certain £-weight as below.

Proposition19 Let —3 <y < —=2,0 < p <2, B > 3/2, a > O sufficiently small,
and let j > 0 be sufficiently large. Assume that gy € Lg?ﬂﬂ. (e"‘@)p)(Lj?Q N L)l(). Then
there are positive constants C; and Ci, i = 1, 2, such that the solution g to (35)
satisfies

_3
||g(t)||L§fﬂ(e“<5>p)L§ <Ci(1+1)"% ”gO”Lg?ﬂﬂ(ea(é)”)(LiQLQO) ’ (36)
_3
18Ol e ooy < C20+072 Ngoll e, omuiozz - GD)
Moreover,
”g(t)||L§°ﬁ+f(ea<5>")L§ = C_‘1 ”gO||L§°§+,.(ea<5>’])(L;rWL;°) , (38)
||g(t)||L§?ﬁ+j<ea<5>”)L;>° = 62 ”go||L§f’ﬁ+.,~(e“<5>”)(L}ﬂL§°> . (39

The main idea is to obtain the Lé% L% and Lg L$° estimates of the linearized equation

followed by the bootstrap argument. The L%L% and L%Li" estimates is based on the
long wave-short wave and wave-remainder decomposition; and regularization estimate
plays a significant role in the course of the proof. Furthermore, to obtain the £ -weighted
L% and L$° estimate, we apply finite steps of bootstrap argument with the aid of the
interpolation result of the integral operator K.

o Step 1. LgL% and Lg_.L)‘?O estimates of the linearized equation.

For -3 <y <-2,0<p<2,8>3/2, a > 0sufficiently small, we will show that
if g0 € Lg% (&) (L> N L), then there are positive constants C;, i = 1, 2, such
that the solution g to (35) satisfies

_3
lg®ll 223 = Cr+07F g0l oy @tz (40)
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_3
||g(t)”L§L§° <G+ 2 ||gO||L§§ﬁ(ga<£>P)(L}CmLQC) . 41

To this end, we first introduce the long wave-short wave decomposition. By the
Fourier transform, the solution of the linearized Boltzmann equation (35) can be written
as

G'go=g(t,x,8) = / . eHAH IS DG, (} £)di, (42)
R

where fmeans the Fourier transform of f in the space variable x and G’ is the
solution operator (or Green’s function) of the linearized Boltzmann equation. We can
decompose the solution g into the long wave part g;, and the short wave part gg given
respectively by

o :/ PHEHCIEIG & g g
%] <6
(43)
gs = /| . TSI (£, £)d S,
X|>

for § > 0 small. Using similar arguments as those in the papers of Kawashima [14],
Strain [24] and Strain-Guo [25], we get time decay as follows:

_3
lgrllz2pee S (L +1)72 N80l 2?11 » (44)
§L3 gLy
_3
llgLllz2 S+ ”g()”L%(e“@)p)L}( > (45)
v _p

PV tP—

lgsllzz S e rr® " llgoll L2 gater - (46)

if the initial data go € Lg (e &7 (LY NL),0 < p <2and > 0 small; therefore,
(40) is obtained. All related estimates about the proof have been done in [25] and so
we skip the proof.

To obtain L§L§° estimate for g, we further introduce the wave-remainder decom-
position; the strategy is to design a Picard-type iteration, treating K g as a source term.
Specifically, we write

g=Wm LR

where

n
wm — Zh(i)’ RM — g— W(n), (47)
=0

are called the wave part and remainder part, respectively, which are defined as below:

#O =S 10 = SR s, “8)

for1 < j <nand

t
RMW — / G Kh"™ (s)ds, (49)
0
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where G’ is the Green’s function of the full linearized Boltzmann equation. Note that
h(J) can be represented in terms of the multiple-mixture operator M j»as

R =M;R O, j > 1.

Because of the argument in [18, Lemmas 8§ and 11] being also valid in the case
—3 < y < 2, we readily get the L™ and L? estimates of #/) and so does the wave
part W:

b
Hh(])HLOO«E)ﬂ)LOO S t]e—coal Vip—r ||g0||L§°(e(j+l)m§)p(‘§>ﬂ)l‘§c B (50)
§

X

—Y P
/ | —calP=vitpPV
|10 L S e goll o) (51

for some constants co, ¢ > 0, where gy € Lg° (e(j“)a@)p (S)ﬂ> (L NL2,0 <

p<2B>3/2anda > 0issmall with (j + D@ < a.
Next, we obtain the regularization estimate of hCR  which is a consequence of
Corollary 2.

Lemma 20 (Regularization estimate on h(2k)) For =3 <y < =2, choose 0 < s <
34+ vy, k € N such that sk = 2, then we have

1802 < (14D igoll 2.
Therefore, in view of (49), taking n = 2k, we find
! 2k k(2 1
IRl 2p2 < / 1K @) 2 ppd S A+ D igoll2 . (52)
! 0

Combining above estimates, one can obtain (41) by following the same argument
presented in [18, Section 5.1].

e Step 2. Bootstrap
Subsequently, we will prove (37) and the others can be proved in a similar way. In
terms of the damped transport operator S,, g can be written as

t
g () =S)g0 + /0 S, T Kg(r)dr. (53)
LetT >0.Forany0 <t <T,

O g (1)l < e

t
S’ygo‘ +e°’<§>”/ ‘Sf;ng(z)‘ dv=1+11I.
0 L

L
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It is easy to see that

I < sup (e"‘<
&

<(1+I)V||80||Loo (et S A+07 goll e,

3

&P gt (&)t g\—J
SngIL;)O) = (supe (&) ) ||g0||L§?j(ea(E)P)L$o

"L

(54)

since j is sufﬁciently large. For I1,let1/q+1/q' = 1 and g intheregion 1 < ¢ < _iy

(that is, g’ > 7 = 3), it follows from (19) and (20) that

P (f—
8N T)v(§)|Kg(‘L')|L§>o

| 1
< VO (gyr=log [Sup (@ ) IKg()I 1 )

[E]<A

+ sup ((&)7F7 e (g2 |K8(T)|L;>C>:|

[&]>2
—y+l+— w ()P
SU+t—1) 7 ( > ||K¢‘>’(T)||Loo L
§—y+l+g
el ,
+(1 42" a<§>‘Kg(r)H N Oc)
L LS

el

< _ a(l+1)P ,
(tr—0) 7 ( 8Ol

141

H 42T Ng @ e aterr )L§°)’

—y+1+

1
4 < —= thatis,

Mlb-)

for any A > 0. Here we restrict ¢ such that

1 < g < min s 1
—y =2 -

However, ||g(7)]| is unknown. We claim that
‘7 L

llg Il 4 o s +1)73 IgollLee, , (LinLee) s

for 0 <t < T. Suppose this is the case, we can deduce

11
1
VR X

< Cce! II(g’olngcﬂ+
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141 3
+C A+ sup [ 4D 1@l e utor o
0<s<T 4 *

4 ortlg 3
~/(1+t—r) v (I+71) 2dr

0
<C'e*M' (141" 2||go||Loo @ EP)(LINL)

141 _3 3
+C A+ A0 sup [+ D3 1@y |- 56)

0<t<T
1
After selecting A > 0 sufficiently large with C’ (1 + )»)_1+3 < 1/2, we obtain

3
sup [(1+ 0% g0 yie | = € lgollugs, eyt
0<t<T § A

due to (54) and (56). It implies that
”g(t)”Lgo(e“ )Loo < Cl(l +t) 2 ”gOHLOC (em )(L)lcmL)?o) (57)

for 0 <t < oo, since T > 0 is arbitrary.

Now, to obtain (55), we need some interpolation result of the integral operator
K. Applying the Riesz-Thorin interpolation theorem to the operator (£)!~71/4 k|
l<gqg< %y, associated with (18) and (19), we have

Kh Sk
IKRI2y e S WAz

where L = (3—-)/(1—-) = 1/ Q2q) with L = (1—1) <L -1 cCon-

p1
tinuing in this way up to (m + 1) times for which 1/p,,+1 < 1/¢" < l/pm where
(%——):%(———)forl <{¢ <mand py =2, we find

<
1Kl e S IR

Thus, in view of (53),

dz

SLKg @)

g Oll 2y = | S0 s

LELy +/(.) ‘
)

i YTty
S0 ool i+ [(Ar=077 CIKe @y e

S A+ ool ageus + [ G41=97 g @1 d
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for 1 < ¢ < m + 1. By the Bootstrap argument associated with (41), we have

||g||L§m+1L§o S+ t)_7 ||g0||Loo SLinLg) ||g||LPmLoc

S+ ||go||L°C+ (LINL®) -

Therefore,
lg Ol o < ||g||‘pm+lm ||g||meLw SA+077 gl winee)
where 1, L for some(0 <6 < 1.

Flna[fly, to complete the estimate of (37), applying the bootstrap argument again,
together with (20) and (57), we get

”g(t)”LOO (e®PyLo = <Ci(1+n~ 2 ”gO”LOO (e" Py(LInL®)

as desired. The proof of Proposition 19 is completed.
4.2 Nonlinear estimate
We consider the following inhomogeneous Boltzmann equation

{8tg+$~ng = Lg + T (hy, ha), (58)

80, x,8) =go(x,§).

Let0 < p <2,8 > 3/2,a > 0 sufficiently small, and j > 0 sufficiently large. We
assume that gq satisfies

180l go((gyp+2ieatcrry 1+ 1180 Lo ()42 eaierry Lo = Do (59)
and h; (i = 1, 2) satisfies
3 3
SI;IP {(1 +1)4 ”hi(t)”Lgc((g)ﬁea(é)p)L% , (I+1)4 ”hi(t)||L§°((S)ﬂe"‘(5>p)L$° s
1 N o (6427 ewterry 2 » ||hi(t)||L§0((g)ﬂ+2jeoc<é>”)L§o} =< bi, (60)

for some bg, b1, bo > 0. We can demonstrate that the solution g to (58) satisfies

Proposition 21 Assume that g satisfies (59) and that hy and hy satisfy (60). Then
there exists a number C > 0 such that the solution g to (58) satisfies

3 3
max {(1 +1)4 ||g(t)||L§o(<g)ﬁea<é>1’)L§ ,(I+1)4 ||g(t)||L§o(<g>ﬁea<é>1’)Lgo s

IIg(l)||L§o((§>ﬁ+2jea<s>P)L§ , ||g(l)||L§o((§>ﬁ+2jea<s>P)Lgo] < C(bo + b1b2).
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The proof of Proposition 21 is similar to those in the soft potential cases (—2 < y < 0)
and the reader is referred to [17] for more details.
Next, define a norm ||| - ||| as

3 3
I1]1] = sup {A+0F IO gpeatrri T+ DF IO (eypatory e

”h(t)||L§O((§>ﬁ+2./ea($)l’)L§ ’ ”h(t)||L§O((§>ﬁ+2./ea($)”)Lgo} .

We consider the iteration {f(i)} for which f(o) (t,x,&) =0and f(i“'l), i e NU{0},
is a solution to the equation

(61)

o f Y+ & VO = LECD T (PO, O,
{ FED0, x, ) = nfolx, £),

where 1 > 0 is sufficiently small. Denote
bo =1 (”fO||L?(<§)5+2.ieu<é>/’)L.lx + ||f0IILgo(@)mz/'ea@)P)Lgc) :

According to Proposition 21, we find that { f (i)} is a Cauchy sequence in the norm
[ - ||, and therefore it converges to the limit f satisfying

_3
1F Ol oryz < 1C A0 foll s, eomuingzys (62
_3
||f(t)||Lg?ﬁ(ea(E)P)L3_o <nCy(1+1)"4 Hfo||L§?,g+2j(€°‘<é>p)(14}rﬂ14?°) s (63)
||f(t)HLg?ﬁﬂj(ea(E)I’)L% < nCy ||fO||Lgfﬁ+2j(eor<é>l’)(["1¥m[‘go) ) (64)

||f(t)||L§fﬂ+2j(ea(5>p)L§° <nC ||fO||Lg?ﬁ+2j(ea<é>1’)(L)lrngO) . (65)

Finally, write f as

t
f=nGh+ [ GG N
0
we can use a bootstrap argument to improve the estimate (63) as

_3
LF Ol ge, eeerry Lo Sn(+072 1 foll e

Epaaj e OMHAINLE) -

Therefore, the proof of Theorem 3 is completed.
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5 Proof of Proposition 13

By definition, the fractional derivative of k> is given by

k . n) — ko (E,
@@Jﬂ=pw/ 220 ko,
R3 |Z|s

(S

(—2¢)

To proceed, we simplify the expression of k> (§ + z, n). By the representation formula
in Lemma 6, up to a constant multiple,

ka(§.m)
0 2 2,12 2 —1
_ _EPHm? _ rr|Etmg [ cose r=1
=|€fn|l/ / L 2 (1 =nP+r) 2 B*<
0o Jo

r
& —nl
&2 +In/? !

B 00 LT e p2p2le—nliEtn) | locose vt
=g [T ; (140) 7 Bu(piodydp.  (66)

> rdedr

where

T o_ -1 r

B (2 tan (IE—nI)
. —1 r

| sin (tan (Ié—nl)

+

., . _ B (tan—1 (Iéinl))
*<|E——nl> lcos (tan~" (2557)) |

and

PR Gt ) R Clall) D Sl ]
E+mi=E+n g 7 m—mA(@+mA§—m>’

with

2VIERP M2 — € - _ 205 A
& —l &=l

|(E+n).|=

Therefore,

(—A¢)? ka&, )
. (/ ka(§ +z,m) — ka8, ")dz+/ kz(é—i—z,n)—kz(s,n)dZ)
D¢ D

|Z|3+s |Z|3+s

E+z—n" =& —nl" , _glsw?
=p.v. (/C—i-/D) |Z|3+S dze T

oo p2m 22 rv—1
|E—=n|“p=+2|EAn|p cos
f / e 2 ¢<1+p2) " B.(p)pdedp
0 0

+p.v.</ —|—/>|E+z—n|”e—ﬁ2
¢ Jp

o et p? HalGtanlpcosy 1242602 p? t4lEAnlpcose
/oo/ T o 7 —e 7

' 3+

o Jo |2+
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y—1

(1 + pz) 7 Bu(p)pdedpdz
= (IDL‘,I +ID,1) + (IDc,z +ID,2) ,

where D = {z : |z] < £|&]} forsome £ > Qor D = {7 : |z| < @}. By previous
argument, it gives

|Zpeil|. |Zp.a|s |Zpeq +Zp.1|
o EPtm? o0 2T o2 gl ) lpcosy L
SIE=—n" e /o /0 e 2 (1+,02) By (p)pdedp
it (\f|2—|m22>2
— [ T | et/ |
SE—n " A+ 15+ D7 e c : (67)

for some positive constant C.
To estimate Zpc » and Zp 2, we need some preparations. By the Newton—Leibniz
formula,

1 _ \E+tZ\2+2\§+t2—r]\2/;2+4|(§+tz)mzlpcnsgo 1
= e —_—
0 4

_ \s+z|2+2\s+z—n|2pf+4\<s+zm|pcow _ \s|2+2|s—n\2pi+4\w|pcosw

E+tz)An
12 +tz)~z+4p2($ +tz—n)-z+4pcosp—— - (z A n) | dt,
[ [(§ +12) Aml
and thus the double integral can be written as
_ ls+22 2l +z—n2 p> +4l G+ Anlp cos ¢ _ |s\2+2\s—m2pi+4|w\pcosw

7# /oo /271 e 7 —e
e
o Jo |z|3F
y—1

(1 + p2)T B.(p)pdedp

/1/"0 /2” ,m|2+\s+tz\2+2\£+rz—nfp2+4|<f+rz)m|pcosw
= e
o Jo Jo

(E+t2)-2 2 (E+tz)An
[—T —p 1z —n)-z—pcosgraaT (z/\n)]
' |Z|3+s

y—1

(14+0%) * Bulo)odedpdr,

whose magnitude is bounded by

/1 /‘X’ /2” _In\2+\S+tzlz+2\é+tzfncl‘21>2+4\(E+tz)N1\ﬂCOS«J 14+ p+ pln|
e —
o Jo Jo |z| 2+

y—1
2

(140%) * Bulopdgdpdr
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[w][n]

1
</ / . WH |é+rz nl T Erre—a
~Jo JulEtiz—n |z|2+s

L
(|s+tz—n|2+|w|2) e 41z — 7 P,

Now, we consider the integral

[wlln]

/ - lertatul? 2o L+ \E+tz a1 Ere—n (
wl(E+rz—n)

y—1
2 272 2
S & +z—nl° + [w*) 2 d°w.

For simplicity, we replace & + ¢z by & in the above integral, namely,

y—1

&+w(2+{n+w|? =
/ P oA (] n [w| n lwl|n| ) <|5;' —? + |w|2) 2 2w, (68)
wl(E—n) & —mnl 1§ —nl

As w is perpendicular to § — 7, we have the identity

2 2
1 NIRRT E+muf
= le = +2‘—2 +2lw+ EBE

where (§ + 1) is the orthogonal projection of & + 1 onto the vector & — 1 and
(& +m1L=(&—n) —(§+n) Denote { = H" and then (68) becomes

—1

le+w|2-+[n+w|? w w =
/ - + 4+Cn+ (1+ |w] I [wl[n] > <|5—77|2+|w|2> 2 dw
wl(E—n) & —nl 1§ —nl

_ el e <1+ wl_ |w“’7|>
wl(E—n) E—nl [§—nl

(16 —n|2+|w|2)%1d2w

=& — y| e sk —sclal’

_ Lk
/ e (g — |+ Jw — o+ [w — 2o 1))
wl(E—n)
y—1

(16 =nP+1w—cul) ™ dPw.

Next, we split this integral into two regions: {|w| < [¢1|/2} and {|w| > |¢1]/2}. On
the first region,
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~ el 2 07 2
e Vze (& = nl+lw—col+lw—2olnh (1§ = nl* + lw —¢.1%) w
w|=|oL

< (I1& =l + 101+ 15linl) (& = nl + 1¢Lh? ™" min (1, [51[%).
On the second region,
y—1

Liwp =
/H € e = e o = alind (1€ P o= ) T P
w|>|{1

y=1
s P g =i+ 1w =gl + w—ealinh (1§ =P +lw—¢1 ) T dPw
‘[l‘<|w\ W\ZL\

y=L
+/ aey €T g =l wl i (1§ = P + ) T dPw
|lw|> %
=T+ 1.
For T>, it is easy to see that for —3 < y < —2,

g [ e (1 =l )
wz—

o]
L

s

1

: ;
S+ [, ve e (18—l +1yP) d

2
9 2
S e sl (14 )y 1&g — "+,

and for y = =2,

[aR
2

g-nl+2leul oo o y
<(1+|n|)(/|l| +f )ye—w (16 = +1v12) " dy

-5 [E=n|+2]¢1|

Y
B[ e E D (g - )
w|>=51

& — 0% + (1§ — nl +21¢1])?
2
= 77|2 + (3|§2'L|>

(1 +1n) ! o2 (6 —nl-2cL
& — 02+ (1& — nl +21¢0D)?

Semsell (14 ).

< e (1t )y In

As for T7, we further split the region of integration into
Dy = {w|icil/2 < wl <3lc11/2 lw =1l > leal/2]

and
Dy = {wiesl/2 < wl <3leul/2. fw—cul < le1l2),
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and then compute

Tlg(/ +/ )e816'“'205—n|+|w—g|+|w—m|n|)
Dy D

y—1

(1 =nP+lw—cP) 7 dPw

r=1
S e (g — i+ 1el +1ealinh (I =0l +160) T 1Ll

1211 y

| -5 r-1
+e*@'“'2/0 (g =nl+r+rin (1§ = nP+72) ™ rar
L2
Semwl (14 ) 1§ — 972

124 | _
In (1+2|§i71|)’ fory = =2,
|€ — | *2, for —2 <y < —3.

1
+emse el (4 - {

Combining the above estimates, (68) satisfies

_ letwl 4w w w At
/ T <1+ wi | “n|><|§—r]|2+|w|2) Pw
wl(E—n) |§ - 77' |E - 77'

<l =l el aela R [ 0P (1 g gy g — 17+

+(1& =0l 1621+ leclinl) (g =0l +162)? " min (1,1622) | (69)

if =3 <y < —2,and

[&-+wl?+n+w[? w w vl

/ R <1+ wi | ||”|>(|g—n|2+|w|2) Pw
wl(E—n) & —mnl 1§ —nl

< |& — g lemsekemnP-selal [exlc'ﬂ'z (A + Inl) <1 +1In (1 + %))
-1

+(1g = 0l + 1621+ leclinl) (g = nl +162D?~ min (1,16212) ], (70)

ify =-=2.
To complete the estimate for Zpc  and Zp », we consider the following four cases:

(1) |& —n|] < 1 and || < 10: singularity;
(i) 1€ —n| < 1 and |&| > 10: £-decay;
(iii) |& =yl > 1and [§ — n| > 5

(iv) |€ — 5| > 1and & — | < &L

We will estimate each case one by one for —3 < y < —2. For simplicity of
notation, we denote
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1
Ay z0,00) = e 5Ll (L)) € 412 — )2
+ (1€ + 1z —nl +1¢0] + 1Zunl)
(Ig + 1z =l + 150" min (1,12 ) |
e Case (i): € — n| < 1 and |&] < 10. In this case, 7| < 1 + |&] < 11. Notice that
when |¢1 | < | + tz — 7], we have
(I + 12 = 1+ Lol + 1L lInl) (& + 12 = ]+ e~ min (1, 12 2)
SIE+tz—n" A+ )

and when |1 | > |§ 4+ 1z — 7|, we have

(I + 12 = nl + Lol + 12 l1nl) (& + 1z = ]+ ey~ min (1, 122 2)
SIELP P2 A+ 10D S 1E + 12— 0l + D).

Therefore, in view of (69), we obtain

|Zpe s +Ipol

1 _ V2
+1z _ L2 L 2
< evz—nrar [ EEET —gelemnPostlal e, n, 2,1, ¢
R? 0 |z|#Fs

< [ Etz—nl
SR i

< V12— 2= Y
= dz+f,”<zl<3|§2n & —n 2 2 -l dz

2

+./ 3l o7~z
2] > 2ol

]7
Slg—pyties

2

_ g2
Cy

’

14
SlE—nl"t e

for some Cy > 0 large enough. Combining this with (67), we complete the estimate
of (—Ag)? k2(€, 1) in this case; that is,

2_1.12y2
jE—y2+ &l JZI )

3 g 1 _ 1€
|(-8) kot m| S 1 — 0P~ L+ i1+ I~ e
2 ,2
e s e_m C+1\1I
62 (e =lni2)?
1 — [E—nl
SIE— = A+ g+ 1) e N

_ e +n?
+lg =P eT T
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e Case (ii) | — n| < 1 and |&] > 10. In this case, |£] — 1 < |n| < 1 + |&], and we
choose D = {z : |z| < |&| /4}. Then in view of (16),

|ID",1 + ID"‘,2|
</ ko(§ +2z,nm) +ka(&, 1)
-

|Z | 3+s dz

Py

,sfll o JEFz =l (16 + 2l + )" 2| Tz
21>

+|€—77IV(1+IEI+|77I)V_1/ 2|73 7%dz

|z|>\$I
SA+E+ D= 4 1g —nl” A+ &+ g7 ~7°
SIE—nl” (L + &1+ )7~ (71)

Next, we split Zp » into three regions as

| Zn.2]

IV
|Z‘<@ 1E— U|<|Z|<3‘E n|

3lE=
2

& +2z—nl”
U\<|Z|§% |Z|2+s

1
1 1 2
- fo & 41z — |72 emseErE S P A g 2t g )z

=:Zp21+ZIp2+Ipos.

Noticing that when || > 10 and |§ — | < 1, together with |z| < % and0 <t <1,
we have

|E+H+W%=B€+H+n—flzmﬂ—klIE—nL;ﬁﬁl ;;ﬂﬂ+hm

and thus
€ +rz+n _ (nl+18D°
4 - 8 ’
[¢l+n)
4

G+ 1P =127 =

Itimplies that either || or |¢ | must be greater than or equal to in this situation.

Thus, we have

I
|1021|N/|| . n‘/ B |2+S (1+|77|)e e dtdz

1 _ 2
+/ / 3 2’1 —gc lE+tz—nl*— 5 |y
<71 Jo [el=F

(I + ez = nl+ [ 180 lInl) (€ + 1z = 1+ 1Y~ min (1, 1117 drdz

L 1
=Ips+Ipo-
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and it immediately follows that

, tlos _lg2+n?
1Zpo1| S 16—l e @

As for 77, ,,, we refine the region of integration in the zz-space and consider two
subregions: the region (a) satisfying |£ | < %|E + tz — n| and the region (b) satisfying
lc1] > %IS + tz — n|. Hence, we denote

18’21 :Z/ +f .
(@) (b)

On the region (a), since

2+ 2
ccletre—nl 4 sz lal = 5o (0P +1g) = D

1
2C 16C
we have

_ e+

_ e+
/ / el | |2+s (1 +1nDe Toc” dz <le—grtise G
(a) lz]<k

On the region (b), we find

/< / _|_/ we*%lfnlz
N O (I B N (N L A e e

(1€ +tz = nl 4+ 1g0l+ 12010l
(g + 1z =l + 160D min (1, 161 ) dedz

& —n|™ 2 el
5f L e P E =l I dz
lzl<®7

|Z|2+s
1§ —n|—2
e S O
7|< -l

g2+

SIE—n" e O p g =TT A+ g+ YT

Therefore, we have

112 +1nl2

o 75 —]—s
[Zpoi| S1E—nl" e T g — 7S (L gL+ DY
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Following similar arguments as those for Zp 21, we deduce

|Zp,2|
— v rl
S / Ere—alt / € + 12— 772 o e lE+rz=nl= e g
|E— "‘<\z|<g'$ 1l |Z|2+s 0
A)/(Ev ’77 Z,t, ;J_)dtdz
_ k2
</ w/ 5 (14 |n)) drdz
enl g deonl |22 0
+z—nlY _k?
+/ EHT;” 5 (1 + |nl) drdz

(B2 iz <21 o<i<t)a (e l< Sl +1z—n1)

ff (te5l <<l 0<,<1) (11> e tz—ni)A g1 L)

§+z—nV RS
MTE 3 (1"{‘ |7’)|)dtdz

// (520 i< 252 i) (je 1= leorreni ) (1cy 1= ELE12LY

|§+z— [Y o
IZIfﬂmrz—m Y=2|e 1Y (1 + nldrdz

1£12+1n1

_l&] L
SIE— " eT S g — T A+ E + YT

and

I L
Iz|Y e 8¢ (14 |n)dtdz
0

S <jz)< B!
o k2
+// 2 |27 72703 (1 + Inl) drdz
( \é;nlglzlfli—‘,Ostfl)/\(|g_|<%|g+tz_n|)

+f/(3$nl<|z|<lf 0t <1) (1201 b+l ) (12> £ )

+nl?

IZIV_Z_Se_ 2¢ (1 + |n|)dtdz

+//(3s2nlg|z|§'i,Ofrsl)A(|g>§g+,z_,7) NS

2" 7275120 1Y (1 + |nl)dtdz
&2-+1n2

_ [EE 4=
SIE—nl e a T f e — TS+ g+ I
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Combining the above estimates, we have

Y e s +1
|Zpa| S1E—nl" T 0e™ T g — " TA + €]+ 0D
+1E =Y A+ &1+ Y8

1£12+1nl2

SIE =T se” G g — P TS A+ g+ I e O

Together with (67) and (71), we obtain

|(~2¢)* ka€. )| = [Zo. + Toe + T + Toe|
< |Zpa|+ |Zpea + Ipep| + |Zpo2|

g2 (21022
=
Sle—nl" = A+Igl+1h e
_ e +n?
+E—n" e O
—s +1 Lol
HE =" TTA g+ D Te O
e Case (iii) | —n| > 1 and |§ — 5| > 5L In this case,
|§] < 2§ —nland ] < 1§ — |+ [§] < 3] —nl,
so that 1
& —nl > 6(1+I$|+|77|)~
Here we choose D = {z : |z] < @}. In view of (16),
|(Zpe1 + Ipe)|
/ k2(§+Z n) — ko (&, 77)
|z]> |Z|3+A
- k2(€+Z n + ko (&, n)
dz
— |Z|%+A
— e 2
S/ s =0l (L4 1 + 2l + )Y Nzl P dz
+e =" A+ €]+ )"~ ‘f 217>V dz
‘Z|>\$ nl
—1 ,3,5 e 1 =5
S+ A+ 1€+ D) SO E ="+ IE+ InDTT

(72)
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On the other hand, if |z] < @, then

|§ +tz+nl > —Ié—nl > E(|§|+|7I|)
so that 5 5 5
2 & +tz+nl" _ 1§17+ Inl
)™+ 1P =g = i >
Hence, we get
|Zp.2|
_nly rl
< / M/ & + 17 — 5|72 e~ sc EtzmnP =2 |5y
=t 2P Jo
Ay, n, z,t,81)dtdz
& — 7l _le2 / 1§ — 77|
S 1+ e 8Cdz+ 32c 1+ dz
Ll§||ﬂé< Inl) i e Ak

112 +1nl2
g el
SIE—pt e T

Together with (67) and (72), we complete the estimate for (—A )% ko (£, ) with

2,22
2+ & m‘|2)

|(~8¢) ko m)| S 16—l A+ lel + 7 e
A+ DT A+ g DT
_IER+n?
+eo T |E— V(L4 IE+ phr I

112 +1nl?

+l-s5 ,—
g =" e O
2_1n12)2
je—y2+ &l \77|2)

[§=n
Sle—nl" = A+lgl+ ) e
L+ )T+ g+ )T
_ e in?

+HE =" e

o Case (iv) |€ —n| > land € — ] < 5l Int h1scase wehave 1 < Bl < || < 3j¢),
and 26211 < 3L Now select D = {z : |z] < § |& — 5l}. In view Of(16),

ko(§ +z.n) + ka(§, 77)
I c I c <
[ Zpe.1 + Ipe o _f - TS dz

lz[>=5+

el B
§/ e ¢ E+z—nl" (L +1& +zl+ )7zl 7z
o>t

_ el
+e €

—nVU+E%HmV1A‘H 2|7 dz
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|&—n|?

SE=n A+ e
& —nl” (L4 &l + n)? L g —nI™*
S +1E =) (L4 8]+ [nh? !

&= n\
+e & =" (L + &+ nh?
For Zp >, we have
|Zp.2|
& +z—nl" /] —y=2 =g trz—nP— kg |?
< = | +tz—n|"V “e 8 =0t =2 14
/z|< il |Z|2+s 0

A, (&, m, 2,1, 81)dtdz
—nl¥ 2,012
5[ nIIE+z nl /(1+||) e L
lzl< %5

|Z|2+s

1 LY
E+2—nl" o\ r2 il
T 24+s
|Z|<\s nl 1z|

(1& + 1z =l + 10l + 180 lnl) (& +tz — 1l + 1¢.1)” " min (1, IQ|2> dtdz

= A + As.
Aslzl < B < Bl oo <7 < 1, it gives

&+ 12— 0>+ 411> =8 +1z—nl> +1E+1z 4+
=208+ 1z 4+ 210 = £ +21nl*.

Hence,

1812 +1n 12 1£12+1n1?
+1—-s — —
A1 S 1E=nl” e” C - Se

Moreover, as |z]| < @ < ‘Sl, 0 <t <1, wehave

b
2 2 5
20151+ 15ilF =251 =16 +tz+nl = 2|&] — [z] = 1§ —nl = ZIEI,
which leads to that either ||| or {1 | must be greater than or equal to 22 |$ | when

lz) < B < Bl 0 < ¢ < 1. Therefore,

Vg —nlY
nl —y—2 g — o | )P
wx g — |72 ekl =se
2+s
lo1<kz2 Jo Izl

~<|s—n|+m|<1+|n|>><|s—n|+|m)y—‘min(1 ¢ P) drdz

- g1
s// & =1 52 (1 + ) drdz
(1z1< 52 0ze<t)nqesl<lg—n) 12l
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// |& —nl”
el <51 0i<1) adizL 1> —nD A (I 1> 3211) - 121PF
& —n|~2

I e
(1e1< 552 0= 1) ndeL > e—nDA(lee= 22 kl) 121

_ a2
e 56¢ (1 + |nl)drdz

S (11 )+ I drdz

L e 41 el
SE=—n"" e T +lE—nIT T A+HEIFMD T e T

Combining the above estimates with (67), we conclude that for |€ — 5| > 1 and

€1
1§ —nl <3,

|(~8¢)* kot )|

2y G2 =lni2)?
16— \2
SIE— "= (L4 1El+ I e .

FAHIE =D A+ E+ D e I =l A+ gL+ )Y

Ly —lePem? s 1 -l 2
+1E—n"" e O 415 —nl A+ E+ D" e @

ol M
1§ =12+ ‘57‘

SIE=n" A+ IE+ )Y e + L+ E =D A+ g+ !

+1E—n"?
In summary,

&= 2

|(—8¢)F ka&. | S 16 =l = (L4 Jel + 7+

+ (1418 — )37 (14 8] + Inh? !
+ A+ D A+ g+ ),

for C > 0 whenever —3 < y < —2.

Last, we deal with the estimate of 7, p and Z pc for the case y = —2. In view of
(69) and (70), it remains to deal with the integral

1
/ / <+ 52— 77| ]C\E+tZ*ﬂ\2*2LC|§H|2*%\CM2 1+ 9D In (1 + 21| )dldz
R3 |z|*+S 206 +1z =l

1 €
€ +z— 77| L Etz—n2— 5L — IS0
gcl§+1z—nl 2c|§H| LleL? 1+ dtdz
/Rz/ B (1D & + 1z —nl

for any € > 0 small whenever y = —2; the other terms have been done by replacing
y = —2 during the procedure of the proof in which —3 < y < —2. By Holder’s
inequality,

1 €
lE+z—n" et —d (o)
selé+iz=nl=ge |6 P~ gelonl® (1 4 B ) ga
A;;/ |Z|2+s ( )] € +1z— 1l Z

1 _
/ / : +|Z|z+sn| “seleteonlo sl -we 6P (1 4 gy 1 + 1z — n| =€ drdz
R3 4
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1 _ 2p 1/p
</ / 1§ +|Z|2+:7| —*|$+lz - |€\||2—ﬁ\ﬁ\2 A+ nh? dtdz)
R3 z

| B e 1/q
(/ / & +|tZ|2+77| o~ e ez |§H|2*ﬁ‘ﬂ‘2a’zd2) ,
R3 Z §

where | < p <3/2withl/p+1/q=1.

1 —qe 1/q
(/ / |5+"Z|2+ . %\Hm—mz—z%|;H|2—ﬁ\m2d,dz>
R3 z]
1/q
([ e [ EEw T el g
~ RS wPH
— p|4¢ 1/q

< (/ & +|w|2+?| [%mwwzdw)

R3 w h

1/q

< / +/ 1w —nl™ o eruonr gy,
~ = = 2+4s

lw<EF2 - Jjw)> 50 [wl

SE—UW‘”q“+E—n|Qm”<[ -

w|> =5

1/q
E+w—n|%e§%“’“ma

S 1E =1V g — TR

In the Case (i) | — n| < 1 and |&| < 10,

1 €
|$+Z—Vl| e +z—nP - - tan
s leHrz—n2= g |5 P =g le? + dtd
Lol e Grim\ere =)

5E—m“““ﬂmmm—nwmm*+m—m*”wﬂ
S |E — n|72+lfsfe +1E— n|72+17s73/q

_ g2+
Cy

S (|§. _ n|72+lfsfe + ‘S _ n|72+17s73/q) e

&2 412

S(E=n 7 +E - e G

In the Case (ii) |€¢ — n| < 1 and |&| > 10,

1 -2 €
|§+z—nl" — g lg+rz—nlP— 5= |¢ |? -l 1¢1]
e I ol 1+ ——— | dtdz
/|\<|SI / |Z|2+5 ( I & + 1z — ]

< (=2p+1-=95)/p —'5'2?‘”‘2 (1-s)/q—€ —(2+s)/q
< (15—l e ) (1=l + I — n~+/a)
&2+ |n[2
( n|7275+176 + |%- _ n|7273‘+173/q) e_Tf
_ s +0n2
SE=n g =0T
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In the Case (iii) |§ —n| > 1 and [§ — 5| > =,

1 -2 €
St S O NS e A L T ( [9Y )
- U oD [ —E— ) drdz
/|<‘s nl ./ B (14 InD |€ +tz — 1)

&2+

< <|€_— _ ,7|(—2P+1—S)/P e 0 > (|%— _ n|(1—S)/q—E +E— ,7|—(2+-\‘)/f1)

_ leR4in?
rCy

5 (|E _ n|—2—s+lfe +1& - n|—27x+173/q)e
_ leP+in?

SE—n2 4+l =07 )e O

In the Case (iv) [€ — n| > 1 and [& — | < &L,

1 €
+z- o= L= L
/ f 1€ zzﬂnl —seletiznl—se [P =16 (1 4 ) (L) drdz
llzl<31¢] |zl 1§ +1z—nl

2
< (e— S ) <|g _p|A=9la=e 4 |g _ m*(ZH)/q)

1& 2 +In[?

(|g —7]| —2—s+1—¢ 4 ‘E |—2—‘Y+1—3/q)e* 256pC -

_ g2+
o

SO =07+l —nl)e
Therefore, the proof of Proposition 13 is completed.
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