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Abstract. We study the pointwise (in the space and time variables) behavior of the
Fokker-Planck equation with potential. An explicit description of the solution is given,
including the large time behavior, initial layer, and spatially asymptotic behavior. More-
over, it is shown that the structure of the solution sensitively depends on the potential
function.

1. Introduction.
1.1. The models. In this paper, we study the kinetic Fokker-Planck equation with
potential in R3. It reads

WF +v-VoF =V, [V ,F+ (V,®)F], x,0eR? t>0,

(1.1)
F(0,z,v) = Fy(x,v),

where the potential ®(v) is of the form
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for some constant ®,, where (v) = (1 + |v|?)'/2. We define
M) = e~ W)

with ®3 € R such that M is a probability measure. It is easy to see that M is a steady
state to the Fokker-Planck equation (II). Thus it is natural to study the fluctuation of
the Fokker-Planck equation (LT)) around M (v) with the standard perturbation f(t,z,v)
to M as

F=M+MV2f.
The Fokker-Planck equation for f(¢,z,v) = G fy now takes the form

040 Taf=Af = o )7 (5 072 T2l 07 ) p=L,
(1.2)

f(vavv):fO(xav)a (xaU)ERB x R3.

Here G is the solution operator of the Fokker-Planck equation ([L2]).

The goal of this paper is to study the pointwise (in the space and time variables)
behavior of (L2)).

1.2. Review of previous works. The Fokker-Planck equations arise in many areas of
sciences, including probability, statistical physics, plasma physics, and gas and stellar
dynamics. In particular, when & = <v>2 /2, it is closely related to the Langevin equation,
which is used to describe the Brownian motion [23]. Some general ® has also been
investigated by physical literatures in order to approximate the Boltzmann equation
[9,10]. So in this paper, we would like to study the generalized potential ®.

The study of the Fokker-Planck equation can be traced back to the 1930s. When the
potential ® = 0, the equation ([IIJ) is known as the Kolmogorov-Fokker-Planck equation.
In 1934 Kolmogorov [2I] derived the Green function for the whole space problem:

. _ 1 3z —y) — [t =71)/2w+uw) |v—u?
Gpp(t,x,v,r,y,u)—mexp (— TESE _4(15—7'))'

This explicit formula surprisingly showed that the solution becomes smooth in the ¢, z, v

variables when ¢ > 0 immediately. Moreover, it can be applied to boundary value
problems [I6HI8] and the Vlasov-Poisson-Fokker-Planck system [2[121[32].

Later the regularization effect was investigated further and recovered by some more
general and robust methods. For example, it is known that the Fokker-Planck operator
—v -V + A, is a hypoelliptic operator. So one can apply Hérmander’s commutator
[15] to the linear Fokker-Planck operator to obtain that diffusion in v together with the
transport term v - V, has a regularizing effect on solutions not only in v but also in
t and x. It can also be obtained through the functional method; see [I3}[36]. On the
other hand, the Fokker-Planck operator is also known as a hypocoercive operator, which
concerns the rate of convergence to equilibrium. Indeed, the trend to equilibria with a
certain rate has been investigated in many papers (cf. [7,[8,[13L14,[B0L31]) for the close
to Maxwellian regime in the whole space or in the periodic box.

Let us point out the recent important results constructed by Mischler and Mouhot
[30]. They developed an abstract method for deriving decay estimates of the semigroup
associated to non-symmetric operators in Banach spaces. Applying this method to the
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EXPLICIT STRUCTURE OF THE FOKKER-PLANCK EQUATION WITH POTENTIAL 729

kinetic Fokker-Planck equation in the torus with potential in the close to equilibrium
setting, they obtained spectral gap estimates for the associated semigroup in various
norms, including Lebesgue norms, negative Sobolev norms, and the Monge-Kantorovich
distance (or 1-Wasserstein distance).

1.3. Main theorem. Before the presentation of the main theorem, let us define some
notation in this paper. We denote (v)° = (1 + [v|?)*/2, s € R. For the microscopic

variable v, we denote
5\ /2
If\ng(/ FPde)
R3

and the weighted norms | - [r2(,,) and |- [z can be defined by

la = ([ 10Pmao) ™ 171y = ([ @ 1rPa) ™

respectively, where m = m (¢, z,v) is a weight function. The L2 inner product in R? will
be denoted by (-,-),,

mmzéjm%mu

For the space variable x, we have the similar notation. In fact, L2 is the classical Hilbert

space with norm
1/2
2
= d .
oz = ([ 157d0)

We denote the supremum norm as

[flLee = sup | f(2)].

z€R3

The standard inner product in R? will be denoted by (-, ). For the Fokker-Planck equa-
tion, the natural space in the v variable is equipped with the norm |- | 2, which is defined
as

-1
[f172 = 1(v)" " fl72 + Vo fliz s
and the corresponding weighted norms are defined as
-1 -1
|f|%g(m) = |<U>W f|2Lg(m) + \va|2Lg(m)’ \f@g’e = |<U>W f|2Lg + |Vuf|%g .

Moreover, we define

11 = [ 1Bede, 101, = [ 1B,
R3 R3
and
fleers = sup Az IFlzszs = [ liade.
z€R3 R3

Finally, we define the high order Sobolev norm in the = variable: let £ € N and let o be
any multi-index,

iz = > 102z -

|| <K

The weighted spaces in the (z,v)-variable can be defined in a similar way.
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For multi-indices «, 8;(j = 1,...,s) € N} with a = Z;Zl B, we denote the multino-

mial coefficients by
(/81/82"' S) HH] 16]

The domain decomposition plays an essential role in our analysis, hence we define a
cut-off function x : R — R, which is a smooth non-increasing function, x(s) = 1 for
s<1, x(s)=0for s >2and 0 <y <1. Moreover, we define xr(s) = x(s/R).

For simplicity of notation, hereafter, we abbreviate “ < C'” to “ <7, where C is a
positive constant depending only upon fixed numbers.

Here is the precise description of our main results (combining Theorems 3.7, B12] F2]

and [4).

THEOREM 1.1. Let f be a solution to the Fokker-Planck equation (2] with initial data
compactly supported in the x variable and bounded in L? (we need some exponential
weight for 0 < v < 3/2) space

fo(z,v) =0 for |z| > 1.

There exists a positive constant M such that the following hold:
(1) As vy > 3/2, there exists a positive constant C' such that the solution f satisfies
(a) For (z) < 2Mt,

\T\

(@) S |+ e 4+ (L4072 5| | follpeors -

(b) For (z) > 2Mt,
f(t,2)] e S (1462 )e S fol| ez

(2) As1 <~ < 3/2, for any given positive integer N and any sufficiently small o > 0,
there exists a positive constant C' such that the solution f satisfies
(a) For (z) < 2Mt,

|z

F(t@)lgs S |+ 4 (4072 (14 15

-N
)" Wl
(b) For (x) > 2Mt,

o
‘f(t,l')‘L% (1 + t79/4)efc(<m>+t) 3= ||f0||L2(e4a<vW) )

(3) As 0 < v < 1, for any sufficiently small o > 0, there exists a positive constant C
such that the solution f satisfies
(a) For (x) < 2Mt,

e B
[t 2)lpe S [+ + (146732 [ follp2esacr) -
(b) For (z) > 2Mt,

o
|f (¢, $)|Lg < (14794~ Clm+ =7 | foll L2 (eaatorry -
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1.4. Significant points of the paper. In this paper, we study the Fokker-Planck equa-
tion with potential in the close to equilibrium setting. In the literature, this kind of
problem basically focuses on the rate of convergence to equilibrium (see the reference
listed above). Instead, in this paper we supply an explicit description of the solution
in the sense of pointwise estimate. It turns out the structure of the solution sensitively
depends on the potential function. Let us illustrate the novelties of the paper:

e We obtain the global picture of the solution, which consists of three parts: the
time-like region (large time behavior), the space-like region (spatially asymptotic
behavior), and the small time region (the evolution of initial singularity).

(1) In the time-like region, we have distinctly different descriptions according
to potential functions. For v > 1, thanks to the spectrum analysis, we have
a pointwise fluid structure, which is more precise than previous results. The
leading term of the wave propagation has been recognized. More specifically,
for v > 3/2 the leading term is a diffusion wave with heat kernel-type, while
for 1 < v < 3/2 the diffusion wave is of algebraic-type. By contrast, the
spectral information is missing for 0 < v < 1 due to the weak damping
for large velocity, which leads to the unavailability of pointwise structure.
Nevertheless, we can apply Kawashima’s argument [20,34] to get a uniform
time decay rate.

(2) Concerning the space-like region, we have exponential decay for v > 3/2
and sub-exponential decay for 0 < v < 3/2. The results are consistent with
the wave behaviors inside the time-like region for different +’s, respectively.
To our knowledge, this is the first result for the asymptotic behavior of the
Fokker-Planck equation with potential.

(3) Owing to the regularization effect, the initial singularity is eliminated in-
stantaneously.

e The regularization estimate is a key ingredient of this paper (see Lemmas
and 7)), which enables us to obtain the pointwise estimate without regularity
assumptions on the initial condition. In the literature, the regularization esti-
mates for the kinetic Fokker-Planck equation and Landau equation have been
proved for various purposes; see for instance [13], [30], and [36, Appendix A.21.2]
for the Fokker-Planck case and [5] for the Landau case. The above mentioned
regularization estimates are sufficient for studying the time decay of the solution.
However, to gain understanding of the spatially asymptotic behavior, one needs
to analyze the solution in some appropriate weighted spaces. Taking this into
account, we construct the regularization estimates in suitable weighted spaces.
The calculation of the estimates is interesting and more sophisticated than before.
Moreover, this type of regularization estimate is itself new.

e The pointwise estimate of the solution in the space-like region is constructed by
the weighted energy estimate. The time-dependent weight functions are chosen
according to different confinement potentials. For v > 3/2, from an estimate
in the time-like region, the solution decays exponentially along the wave cone,
i.e., |x| = Mt, suggesting the exponential decay at the spatial infinity. It turns
out that a simple weight function is satisfactory (see Proposition d1]). However,
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when 0 < v < 3/2, we notice that in (L2) the exponent of damping coefficient
(~ (v)Q(V_l)) is less than 1. From the scaling of the transport equation, we
cannot expect exponential decay in the spatial variable. In fact, motivating by the
transport equation with weak damping, we devise appropriate weight functions,
introduce a refined space-velocity domain decomposition, and eventually show
the sub-exponential decay for 0 < v < 3/2 (Proposition [L.3)).

e We believe that our idea in this paper can have potential applications in other
important kinetic equations, such as the Landau equation or Boltzmann equation
without angular cutoff. In fact, these projects are in progress.

To the best of our knowledge, the first pointwise result of the kinetic-type equation
is the Boltzmann equation for hard sphere [26H28]|; the authors have established impor-
tant results regarding the pointwise behavior of the Green function and completed the
non-linear problem. Later, the result was generalized to the Boltzmann equation with
cutoff hard potentials [22]. Very recently, the authors of the current paper extended the
pointwise result to more general potentials, the range —2 < v < 1, and obtained an ex-
plicit relation between the decay rate and velocity weight assumption [24]. Let us point
out some similarities and differences between the Fokker-Planck equation with potential
and the Boltzmann equation with hard sphere or cutoff hard potentials.

e The solutions of both equations in large time are dominated by the fluid part. For
the Fokker-Planck with v > 1 and for the Boltzmann with hard sphere or hard
potentials with cutoff, the fluid parts are characterized by diffusion waves. To
extract them, both need the long wave-short wave decomposition. However, the
wave structures of them are quite different. For the Boltzmann equation, there
are diffusion waves propagating with different speeds: one with the background
speed of the global Maxwellian while the other with the superposed speed of the
background speed and the sound speed. In comparison, there is only one diffusion
wave for the Fokker-Planck equation. The fluid behavior can be seen formally
from the Chapman-Enskog expansion, which indicates that the macroscopic part
(the fluid part) of the solution satisfies the viscous system of conservation laws.
For the Boltzmann equation there are conservation laws of mass, momentum, and
energy, while the Fokker-Planck equation only preserves the mass, explaining the
difference of their wave structures.

e Since the leading term of the solution in large time is the fluid part and it
essentially has finite propagation speed, the solution in the space-like region,
compared to the leading part, should be much smaller. In fact it is shown that the
asymptotic behaviors exponentially or sub-exponentially decay. This is similar
to the solution of the Boltzmann equation outside the finite Mach number region.

e The regularization mechanism of the Fokker-Planck equation is distinct from that
of the Boltzmann equation. For the Boltzmann equation, the initial singularity
will be preserved (although decays in time very fast), one has to single them out.
Since the singular waves satisfy a damped transport equation, there is an explicit
solution formula, from which the pointwise structure can be deduced. Then the
regularity of the resulting remainder part comes from the compact part of the
collision operator (see the Mixture Lemma in [22], [26], and [27]). By contrast,
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for the Fokker-Planck equation the regularity comes from the combined effect of
ellipticity in the velocity variable v and the transport term (see Lemmas and
2.7). The initial singularities have been identified. However, there is no explicit
formula for singular waves. Instead, they are accurately estimated by suitable
weighted energy estimates.

1.5. Method of proof and plan of the paper. The main idea of this paper is to com-
bine the long wave-short wave decomposition, the wave-remainder decomposition, the
weighted energy estimate, and the regularization estimate to analyze the solution. The
long wave-short wave decomposition, based on the Fourier transform, gives the fluid
structure of the solution. The wave-remainder decomposition is used for extracting the
initial singularity. The weighted energy estimate is used for the pointwise estimate of
solution inside the space-like region, where the regularization estimate is also used. We
explain the idea in more detail below.

In the time-like region (inside the region |z| < Mt for some M), the solution is
dominated by the fluid part, which is contained in the long wave part. In order to obtain
its estimate, we devise different methods for v > 1 and 0 < v < 1, respectively. For
v > 1, taking advantage of the spectrum information of the Fokker-Planck operator [29]
(in fact, the paper [29] only studies the case v = 2 and we can extend it to the case
~v > 1), the complex analytic or Fourier multiplier techniques can be applied to obtain
pointwise structure of the fluid part. However, for 0 < v < 1, the spectrum information
is missing due to the weak damping for large velocity. Instead, we use Kawashima’s
argument [20] to get the optimal decay only in time. It is shown that the L? norm of
the short wave exponentially decays in time for v > 1 essentially due to the spectrum
gap, while it decays only algebraically for 0 < v < 1 if imposing certain velocity weight
on initial data.

We use the wave-remainder decomposition to extract the possible initial singularity in
the short wave. This decomposition is based on a Picard-type iteration. The first several
terms in the iteration contain the most singular part of the solution, and they are the
so-called wave part. By functional methods, we prove the iteration equation has a regu-
larization effect, which enables us to show the remainder becomes more regular. Noticing
the singularity will disappear after initial time, the regularization estimate together with
L? decay of the short wave yields the L> decay of the short wave. Combining this with
the long wave, we finish the pointwise structure inside the wave cone.

To get the global structure of the solution, we need the estimate outside the wave
cone, i.e., inside the space-like region. The weighted energy estimates play a decisive
role here. The weight functions are carefully chosen for different ~’s. It is noted that the
sufficient understanding of the structure of the wave part obtained previously is essential
in the estimate. Moreover, the regularization effect makes it possible to do the higher
order weighted energy estimate. Then the desired pointwise estimate follows from the
Sobolev inequality.

The rest of this paper is organized as follows: We first prepare some important prop-
erties in Section Bl for the long wave-short wave decomposition, the wave-remainder de-
composition, and regularization estimates. Then we study the large time behavior in
Section Bl Finally, we study the initial layer and the asymptotic behavior in Section [
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2. Preliminary.
2.1. The operator L. Tt is obvious that L is a non-positive self-adjoint operator on L?2.
More precisely, its Dirichlet form is given by

dvz—/
R3

Ker(L) = span{FEp} ,

2 2

<Lf,f>v=—/RB’va+$f Mdv.

™ ()

Therefore, the null space of L is given by

where Ep = v/M. Based on this property, we can introduce the macro-micro decompo-
sition as follows: the macro projection Py is the orthogonal projection with respect to
the L? inner product onto Ker(L), and the micro projection Py = Id — Py.
Now, we introduce a new norm ||L§ )
2 2v—4
lgl72 = /<v>20 |V9|2dv+/<v>20 % g/ dv, 0 €R, v >0,

which is equivalent to the natural norm || L, .- lhrough this equivalent norm, we can
derive the coercivity of the operator L for all v > 0, as below. The proof is analogous to
the Landau case [I1].

LEMMA 2.1 (Coercivity). Let # € R, v > 0. For any m > 1, there is 0 < C'(m) < oo,
such that

20 Av@
(v) B 91,92

1/2 1/2
S%'glhz,s'%hz,ﬁc(m)(/ﬂl<m}<v>9gl}2dv> (/v|<m}<v>992}2dv> .

Moreover, there exists vg > 0 such that

(2.1)

(~Lg.9), > v0|Prgl2 (2.2)
Now, let us decompose the collision operator L = —A + K, where
A=—-L+wmxr(l), K=wmxzr(v]);

here w > 0 and R > 0 are as large as desired.
Regarding the behavior of solutions to equation (2] in the space-like region, the
following weight functions p(z,v) will be taken into account:

u(z,v) =1 or exp((z)/D) if ~>3/2,
for D large, and

wlx,v) =1 or exp(ac(zr,v)) if 0<vy<3/2,
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where
o(z,v) = 5(5 () ) = (1 —x (5 () <v>%3))
(= x (@ 7)) st 07 4300 [ (s 0 7)

and the positive constants § and « will be determined later.

LEMMA 2.2. Assuming that v > 0, we have the following properties of the operators A
and K:
(i) There exists ¢ > 0 such that

/(Ag) gudzdv > c|lgl7z . -
(if)
/(Kg) gudadv < @ ||gll72,, -

Proof. We only prove part (i) when p(z,v) = e<(*:v) gince the other cases of part
(i) and part (ii) are trivial. Notice that there is a constant ¢; > 0 such that

2, \2v—4
v|” (v 3 - -2 -
90+ [ |2 = (324 O5 2 7)o

1 5 ¢*pdxdv
2
2 c1llglzz

whenever @, R > 0 are sufficiently large. On the other hand, it follows from

Vae (@) < C6) @ (14 [y (10 @) @) °)]) (2:3)

that
‘/ Vg - Vo (@) gdzdv

where @ = [C (v)sup (14 |x|)]. Therefore, we choose a > 0 sufficiently small with
a@) < ¢; and thus deduce that

/(Ag) gpdxdy = ||va\|ig(u) + /va - Vo (1) gdzdv

_ a@
<aC(sup 1+ W) [ (0" gl Vaglndodo < 52 gl

2, \2y—4
3 _ -2 _
w [ (B D2 o (o ) o | P
C1 2 2
> 5 M9l gy = € llglizz ) »
which completes the proof of the lemma. O

On the other hand, in preparation for studying the time-like region, we provide the
spectrum Spec(n), n € R3, of the operator L, = —iv-n+ L. In fact, we extend the
results for the case v =2 in [29] to the case v > 1.

LEMMA 2.3 (Spectrum of L,)). Assuming that v > 1, given 0 < § < 1:
(i) There exists 7 = 7(J) > 0 such that if |n| > ¢,

Spec(n) C {z € C: Re(z) < —7}. (2.4)
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(i) 1€ || < &,

Spec(n) N{z € C:Re(z) > -7} = {A(n)}, (2.5)
where A(n) is the eigenvalue of L,) which is real and smooth in 7 only through |n|?, i.e.,
A(n) = & (In|?) for some real smooth function «/; the eigenfunction ep(v,7) is smooth
in 7 as well. In addition, they are analytic in 7 if v > 3/2. Their asymptotic expansions
are given as below:

A(m) = —ay >+ O(n|"),
(2.6)

en(n) = Ep +iEp[n| + O(n?),
with ay, >0, Epy1 = L™ (v-wEp), w=n/|n|. Here {ep(n)} can be normalized by

{ep(=m),ep(n)), =1.

(iii) Moreover, the semigroup e(=mv+L)t can be decomposed as
et — et DL p g s XD ep (<), ) ep(n) (2.7)

where 1p is the characteristic function of the domain D, and there exist a(7) > 0 and
a > 0 such that

|e(7in~v+L)tH7?J_‘L2 < efa(‘r)t and |6)\(n)t‘ < 676|n\2t. (28)
Proof. Let L = —A + K with
Apf=(=A—in-v)f, Ly=(L—in-v)f.

Here f € D(A,) = {f € L%; A, f € L2} and D (A,) = D (L,). Since K is a bounded
operator in L?, L, is regarded as a bounded perturbation of A,. We shall verify that
such a decomposition satisfies the four hypotheses H1-H4 stated in [38]. Under the
assumptions H1-H4, using semigroup theory and linear operator perturbation theory,
Theorem 1.1 in [38] asserts that the spectrum of L, has the similar structure of the
Boltzmann equation with cutoff hard potential. Since the null space of the linear Fokker-
Planck operator is one-dimensional, for |n| small enough, we only obtain one smooth
eigenvalue of L, while there are five smooth eigenvalues for the Boltzmann equation with
cutoff hard potentials. As to the verification of H1-H4, the proof is a slight modification

of the paper [29] and hence we omit the details. The hypothesis H1 is worthy of being
mentioned. For w sufficiently large, there exists a constant ¢ > 0 such that

(Af,f)y > clflls > clfls
for all v > 1. The last inequality holds since |f|;. is stronger than |f|;. as y > 1. This
is why we miss the spectrum structure for the case 0 < v < 1. :
To prove (ii), we need to explore the symmetric properties of A\(n) and ep(n). Here
we follow the framework of Section 7.3 in [28]. First we notice there is a natural three-
dimensional orthogonal group O(3)-action on L2: Let a € O(3), f € L?,

(a0 f)(v) = fla™lv).
Then it is easy to check the O(3)-action commutes with operators L, Py, and P;. Consider
the eigenvalue problem

Lyep(n) = (—iv-n+ L)ep(n) = A(n)ep(n). (2.9)
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Apply a € O(3) to 29). By commutative properties and the fact that a preserves the
vector inner product in R3,

(=iv - (an) + L)(acep(n)) = Aln)(acep)(n).

Then A(an) = A(n), ep(an) = a o e(n), which implies that A(n) is dependent only upon
[n]. Now let a € O(3) be an orthogonal transformation that sends # to (1,0,0)T. Thus
the original eigenvalue problem (29) is reduced to

(=ivi|n[ + L)e([nl) = AllnDe(ln]) (2.10)
with A(n) = A(|n]), ep(n) = a~t oep(|n|). Apply the macro-micro decomposition to

ZI0) to yield

— i|n|Pov1 (Poe 4+ P1e) = APge, (2.11a)
- Z."I]|P1U1P06 - Z."I]|P1U1P16 + LP16 = /\Ple. (211b)
Set A(|n|) = i|n|¢(|n]). We can solve Pye in terms of Pge from (2.11H),
. . , ~1
Pie = i|n|[L — i|ln|Prv1 — i[n|¢(In])] P1v1Poe; (2.12)
then substitute this back to (ZI71al) to get
, ‘ . —1
(Povs + iln[Po L — ilnlPror = ifnlc(In)] " Proy)Poe = ~CPoe.  (2.13)

We notice that this is actually a finite dimensional eigenvalue problem. The solvability
of it and the asymptotic expansions of eigenvalue and eigenfunction for || < 1 are
essentially due to the implicit function theorem. The procedure is basically the same as
the case v = 2; we refer the readers to Theorem 3.2 in [29] for details. We obtain A(|n|)
and Poe(|n|) = B8(|n|)Ep with A and 8 being smooth functions. Furthermore, A(|n|) and
B(|n|) are not merely smooth but analytic for v > 3/2. To prove this, it suffices to check
that the perturbation ivf is L-bounded, i.e.,

[0f[72 < CiILfI7: + ColfI2 -

Then the Kato-Rellich theorem guarantees the operator B(z) = —iv1z+ L is in the ana-
lytic family of Type (A), see [I9], which in turn implies the eigenvalue and eigenfunction
associated with (ZI0) are analytic in |n[, cf. [6]. Now, let us calculate (Af, Af) first.

For simplicity of notation, let
1 2y—4 3 2, Y= 2 —4
(o) = ol )7 = (50772 2520 07 + wxaloly

then
(AFAFY, =80 f172 +[$(0) fI72
+2(0(v), (Vo f, Vo f)), + 2(f, (Voo (v), Vo ), -
By the Cauchy inequality, we have
[(f, (Vo (v), Vof)), | < (), (Vof, Vo f)), + i<£]) (Vot(v). Voro(v))
Let us compare (V,%(v), V,%(v)) and 13(v). For |v| large, we have

(Votd(v), Voth(0) = o]~
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738 YU-CHU LIN, HAITAO WANG, anp KUNG-CHIEN WU

and
3 (v) ~ v 170,

For |v| small, one can choose w large enough such that

(vvw(v)v va(v)) < wB(U) .

This means
1 _
(MFAF), = 1A fITs + 500 fl7s 2 1) fIEs -

v v

Hence if v > 3/2,
[wf[2s < C(MFAS), = C(Lf — Kf,Lf — Kf),
< Ci|Lf|72 + Cal 72 -

However, we cannot simply deduce smoothness (analyticity) in 7 from smoothness (an-
alyticity) in |n|. Our goal is to show A(z) and (z) are in fact even functions in z. If so,
due to a classical theorem of Whitney [37], we have

Mnl)y =< (Inf*),  B(nl) = Z(Inl*)

for some smooth or analytic functions & and % provided A(|n|) and 5(|n|) are smooth
or analytic, respectively. To show they are even, let us define a map R : (v1,ve,v3) —
(—v1,v2,v3); then obviously R € O(3). We apply R to (Z10),

(=ivi(=[nl) + L)(R o e(|nl)) = Anl)(R o e(|n])),

which is an eigenvalue problem with || — —|n|. This follows that the eigenpair {A(|n]),
Roe(|n])} coincides with {(A(=|n|),e(—|n|))}. Hence

Ay = A(=[nl),  Roe(ln]) = e(=|nl). (2.14)

In addition, use R o Poe(|n]) = PoR o e(|n]) = Poe(—|n|) and R o Ep = Ep to find
B(|nl) = B(—|n|), namely 3 is also an even function. We can show

Alnl) = A(=nl),  e(lnl) = e(=Inl), (2.15)

by taking the complex conjugate of [2I0). This together with (2I4) shows A(|n|) and
B(|n|) are real functions. By ([2I2]), we can construct e(|n|) from Pge(|n|),

e(|nl) = Poe(|n]) + Pre(|n]) = (1 +iln|[L — iln[Prvy — /\(Inl)]_lP1v1)ﬁ(\nl)Eo~

The eigenfunction ep(n) to the original eigenvalue-problem (29) can be recovered by
applying a~', namely

_ . “15 .
en(n) = a oe(lal) = (1+ [L—Prin-v— o (*)] " Prin-v) B() Ep.

Therefore the proof is complete. |
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EXPLICIT STRUCTURE OF THE FOKKER-PLANCK EQUATION WITH POTENTIAL 739

2.2. The semigroup operator e"*. Now, let h be the solution of the equation

Oth = Lh, where Lh=—v- -V h—Ah,

(2.16)
h(0,x,v) = ho(z,v).

In this subsection, we will study some properties of the semigroup operator e*“.
LEMMA 2.4. For any k € NU {0}:
(i) If v > 1, there exists C' > 0 such that

||et£h0HH£L%(#) <e ¢ 1ol gt 22 ¢y - (2.17)
(ii) If 0 < v < 1, we have

L

Proof. Tt suffices to show that there exists ¢y > 0 such that for any multi-index S,

d 2
o2l <

< —¢ Hafhnig - (2.19)
In view of Lemma [2.2] we have
3 dt Haﬁ HLQ = /—v -V, (92h) 05 hpdzdv — /A (92h) 08 hudwdv
< / % (85h)2 v Vypdrdu — co H@fh”ig(m

If i (z,v) = 1, ZI9) is obvious since [ 3 (35%)2 v Vepdzdo = 0.
If p(x,v) = exp({z)/D) and v > 3/2, we choose D sufficiently large such that
1/D < min{cp, 1} and thus obtain
35 ——pdxdv
‘/ < )

2y-2 2 Co 2
S ﬁ/<’l}> Y (6£h) ,U,dil?d’l) S 5 Ha‘thLg(#) .
If p (x,v) = e*®®) and 0 < 7 < 3/2, since
Ve (z,0)] < 6C ()77,

‘/% (3£h)2v - Ve pdzdy

for some constant C' > 0 depending only upon -y, we have

6Ca _ 2 c 2
< 500 [ = @) s < 2 o,

1 2
— (9P .
‘/ 5 (896 h) v - Vypdrdy 2 ()

by choosing «,§ > 0 small enough with 0 < 6Ca < min{cg, 1}.
Grouping the above discussions, we obtain ([2Z.19) and thus deduce that for v > 0,
ke Nu{0},
’|et£h0HHkL2 < Hh’OHHkL2 (p) -

Moreover, if v > 1, then (2I9) becomes

C 2 C 2
R P P Y
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740 YU-CHU LIN, HAITAO WANG, anp KUNG-CHIEN WU

which leads to the exponential time decay of all z-derivatives of the solution e*“hq in the

weighted L? norm. O
The following is the regularization estimate of the semigroup operator e** in small
time.

LEMMA 2.5 (Regularization estimate). For v > 0 and 0 < ¢ < 1, we have

/|Vvet£h0|2udxdv:O(t_l)/|h0|2ud:ﬂdv

and
/|Vzetﬁho\2udxdv:O(t*?’)/\ho\zudxdv.

Proof. Recall that A = —L + K with
1 1
Af = =t0f + | {I9.0F = 38,0 f+ @ (el S K = xn (il
Here we choose R > 0 and w > 0 sufficiently large such that

LIV~ 18,0 <1 (0) 72 |9, (1 IVu@* - 10,0)| S ()7 for [o]>R,
L.l - 18,0), |V (3190 - $A.8)| < F for [l <R

(2.20)

)

Now, define the energy functional
2 2 2
F (the) = AR a0 + at [Vohl|72, + 2682 (Vah, Voh) 2, + 08 [ Vahl[7a(,

with a, b, ¢ > 0 and ¢ < Vab (positive definite) and A > 0 sufficiently large. We shall
show that dF/dt <0, t € (0,1), via choosing suitable positive constants A, a, b, and c.
In 2I9), it has been shown that

d o2 2
o3 Ml < —co 1Lz g » (2.21)

d
P ||3xih\|iz(u) < —¢o Haﬁfihnig(u) : (2.22)

Next, we show that

1d C
5 7 19olZ2 g < - / Oz hy hpddv — 22 00 h 3y + Ce I3 ) + € 100l 3
(2.23)
where £ > 0 is arbitrarily small and C. = O (1/¢) . Compute
1d v
5 77 100 hlZ2 = - / D, h0y, hpsdawdo + / (5 (©0)?] - Vapdado
- / (AOy,; h) Oy, hudxdv — / ([Ow; , A] B) Oy, hudxdv,
where
1 1
[0y, A] b = {aw (Z |V, ®|* — 5&@)] h + @d,, (Xr) h-
In the course of the proof of Lemma 2.4] one can see that
V| <min{co, 1} - (0)*" 4 and |Vuu| < min{eo, 1}, (2.24)
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EXPLICIT STRUCTURE OF THE FOKKER-PLANCK EQUATION WITH POTENTIAL 741

SO

<

Co 2y—2 2 Co 2
D [ @ @un) oo < 5 0, b1

[ [50u] St

Furthermore, by (2.20) we obtain

< C/ (W72 |hdy, h pdxdv

pdodo+ 5 [ il 1001

pdzdv + % / Xz |hu, h

< C’/<v>2”_2|h8vih

2 2
pdwdo < Cc |72 + € 100kl 72 (0 »

where £ > 0 is arbitrarily small and C. = O (1/¢) . It turns out that

1d

2 dt [0, ”L?(u) /axlhavlhﬂdxdv - HavthL? () T Ce HhHm (w TE ||3mh||L2 (W -

Finally, direct computation gives

d Oy, h0y, hudxdv

/|8 A uda?dv—Q/V (O, ) - Vi (0y, h) pdzdv

_2/<|VD<I>| _ D w )&Eihavihudxdv

4 2

2
+ / (v Vop) 8vih8mihdxdv+% / By, <|v”f - Af ) h20,, pdadv

- /Vv (0z,h) - Vo (1) Oy, hdzdv — /Vv (Ou; ) - Vo (1) O, hdzdv.
From (Z3)), it follows that

‘/ Vo (0z,h) - Vo (1) Oy, hdzdv + / Vo (O, h) - Vy (1) Oy, hdzdv

< aC (y)sup(1+ |X/|) / <U>7_1 (IVy (axih” \3vih| + 1V, (av@h” |8xih|) pdxdy

< / (0" 1V (0 1)1 |00l + (0)7" Vo (80, 1) |02, ] ) v
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742 YU-CHU LIN, HAITAO WANG, anp KUNG-CHIEN WU

from aC (y)sup (1+|x'|) = «@Q < 1. Note that this inequality is valid in the cases
w(z,v) =1 and p(x,v) = exp ((x) /D) as well, since V,u = 0 in both cases. Therefore,

d
s / Oz, hOy, hudxdv

- / |a€b’zh ?

o7 A
— 2/ <M +WXR> Oy, h0y, hndxdv

pdrdv — 2 / Vo (O, h) - Vo (0y, h) pdzdv

4 2

V.0 A0
4 2

+ / (v - V) Oy, hOy, hdzdv + % /&,i < + wXR> h20,, pdxdv

+ / ()" 1V (@01 |00l + (0)7 ™ [V (B0, )| |02, ) .

Collecting terms gives

4
dt
< —cA ||hH2Lg(M) ta ||VvhH2L2(H) +4ct (Vah, Voh) pa,) + 3t ||Vxh||2L2(H)

F (t, he)

3
+ 2at —Z/@zih&,ihudwdv - %0 IV,

2(p

2 2
)y T 3C HhHLg(M) +e€ ||vvh||Lg(u)]

3

+ 2ct? l— / |V oh|* pdzdo — zz / Vo (0z,h) - Vo (D, h) pdady

Ay
22 / ( 5 >8$Lh8mh,udxdv—z / v - Vi pt) Oy, hOy, hdzdv
3 2
1 IV, AP )
—1—512:;/(‘% ( 1 —T—i—wXR)h Oy, pdzdv
3
= [(@ 9ol
=1

+<U)7_1\Vv (Op, h)| |8mih)ud:vdv] —beot? ”V””h||2L§(u) )
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EXPLICIT STRUCTURE OF THE FOKKER-PLANCK EQUATION WITH POTENTIAL 743

By [2.20) and 2.24),

3 2 3
IV, 0 A /
‘ 2;_1/( 1 5 amihavihudxdv—i—;:l (v Vi) Oy, hOy, hdxdv

3
< 22/<v>27_2|8xih8mh\,udxdv+3w/XR|Vxh~V1,h|ud:z:dv

3
beo 1 2 2
3 (b o )
;( ( ) L2 ()
bCQ

'y 1
L2(p) * oot bCOt H
= 2 NVahlg iy + g Vol +3w/xR|V h - Voh| pdadv.

(0..1)

+ 3W/XR |Vih - Vyh| pdzdo

By the Cauchy-Schwartz inequality,

3
ZZ / Vo (84, h) - Vo (8, h) pdadv
3 bCQ
Z < Ve @) 1720 v HV o) 72

=1
bCO

t||V hHL?(M) T et HV hHLz ;

'(4ct — 2at) / Vzh - Vyhudrdv

+/60wt2xR|Vzh-Vvhmdxdv

1
< (4c+ 2a + 6cwt) t [EtHV hHLg(M) —l— HV hlLQ(M)] C.=0 <g) ;

and

+ (W) |V, (8y,h)] |0, 1

> / (<v>”‘1 IV (0, )] |00, 1

3
2c 27—2 2 bco 2
< Z (@ / <U> |av,‘,h| ,Ltdxd’l) + gt/ |Vv (azqh)| ,U'dxd'v>

) pdzrdu

3
beo 2y—2 2 2c / )
+ ; ( 3c t/ (v) |0z, h|” pdadv + beot [V 0y, )| pdzdo
2c bc
< ot 1Vl 0+ 5 IVl -
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744 YU-CHU LIN, HAITAO WANG, anp KUNG-CHIEN WU

In view of ([2.20) and (2.24)),

3 2

1 P JAWH

5 E /a1zi <|v1 ‘ - % + wXR) hzaﬁciﬂdxdv
=1

C _ _ _
< —/<v>27 ?’hzudacdv—i—%/(7})2V 3XRh2/,Lded'U+§R/<'U>2’Y % x| h2pdzdu

-2

<0’ [ 07 W pdado < 0

where M’ > 0 is dependent only upon R and w. Gathering the above estimates, we
therefore deduce

d
E}" (t,he) < ||| () [—coA + a+ 6atC. + (4c + 2a + 6cwt) C. + 2cM't?]

+ [IVehl| 72y (—2¢ + 3b+ (4c + 2a + 6eat) €) £

2 beo
F VAl (-7 )

2 3602
+ ||vvh||Lg(#) <_a00 + 2@6 + E t.
Set a = ¢, 4b = ¢ = £3/2. After choosing A > 0 sufficiently large and & > 0 sufficiently
small, we obtain

d
— < 1
dt]-"(t,ht) <0, te(0,1),

which implies that
F(the) < F(0,hg) = Allholl32, te[0,1].

This completes the proof of the lemma. O
Before the end of this section, we introduce the wave-remainder decomposition, which
is the key decomposition in our paper. The strategy is to design a Picard-type iteration,
treating K f as a source term. The zeroth order approximation of the Fokker-Planck
equation ([2) is
Oh© 40 -V hO 4 ARO) =0,

(2.25)
R0, z,v) = fo(z,v).
Thus the difference f — h(®) satisfies
Ou(f = h®) +v- Vo (f = hO) + A(f = hO) = K(f = h0) + KhO,
(f = h9)0,z,v)=0.
Therefore the first order approximation h(!) can be defined by
OhM + v V,hW 4 AR = KpO)
(2.26)

RM(0,2,v) =0.
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EXPLICIT STRUCTURE OF THE FOKKER-PLANCK EQUATION WITH POTENTIAL 745

In general, we can define the jth order approximation A7), j > 1, as

Oh) + vV, h) + ALY = KRU-D) |

(2.27)

R0, z,v) =0.

The wave part and the remainder part can be defined as follows:
3
w® = Z RO RG) = _w®
j=0
R solving the equation:

KRB +v-V,R® = LRG) + Kn®)

(2.28)

RGN0, 2,v) =0.
The next two lemmas are the fundamental properties of h(9) 0 < j < 3.

LEMMA 2.6 (L? estimate of h(9), 0 < j < 3). Forall 0 <j <3 and t > 0:
(i) If v > 1, there exists C' > 0 such that

1B L2y S e foll L2 (-
(ii) If 0 < v < 1, we have
1B 2 S Pl foll L2y -
This lemma is immediate from Lemma [2:4] and hence we omit the details.

LEMMA 2.7 (z-derivative estimate of R 0<j< 3). Let v >0 and k= 1,2. Then:
(i) For 0 < t <1, we have

IVERD | 2 S 7735 foll 22 -
(ii) For ¢t > 1, we have that if v > 1,
IVERD |2 £ e foll 2
and if 0 <y < 1,
IVERD | L2y S 81 foll L2 -

Proof. We divide our proof into several steps.

STEP 1. First z-derivative of h(j), 0 < j < 3 in small time. We want to show that for
0<t<1,

Vb D[ L2 S 3272 fy p2 () -

The estimate of A9 is immediate from Lemma 25l Note that

t
s :/ e(t_s)LKeSLdes,
0
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746 YU-CHU LIN, HAITAO WANG, anp KUNG-CHIEN WU

hence

t —
th(l) — / wvwe(tfs)ﬁi(esﬁfods
0

t
1
= / 7 [(t — s)Vxe(t*S)cKeSEfo + =LK (steSEfO)} ds.
0
From Lemmas [2.4] and 2.5] it follows
t
(1) < “1 (o N-1/2 | —1/2
R I e e e e L P P
St foll Loy -
Likewise, note that
t 81
h2 :/ / el=sE el L oL £ dsodsy
o Jo
and .
th(z) = / / ' mvxe(tfsl)ﬁf(e(sl752)£K€S2£f0d52d81,
0 Jo 51

hence we have

t 81
Hvxh(z)’ S / / 51_1 |:(51 — 52)71/2 + 52_1/2] ds2d51“f0”L2(u)
L2 (p) 0o Jo

S tl/ZHfO”L?(u)-

The estimate of h(®) is analogous and hence we omit the details.
STEP 2. Second z-derivatives of h(j), 0 < 7 <3 in small time. We want to show that
for any 0 <t <1,

V2R L2y < Cit > follzaga -
We only give the estimates for h(9) and AV, and the others are similar. For any 0 < tq < 1
and tp/2 < t < tp, we have

Vo hO(t,z,v) = et—to/2E [th(o)(to/Zx,v) .
By Lemma 2.5

V200 @) S = t0/2)72(t0/2) 2 foll 2y - (2:29)

L2 (p)
Taking t = tg yields
v

to) St : 2.30
LQ(M(O)N o Ifollz2(w) (2.30)

Since to € (0,1] is arbitrary, this completes the estimate for RO, For 0 < t; <1 and
t1/2 <t <tp, we have

t
Vah(t,a,0) = o=/ [V RO (11/2,2,0)| */

elt=s)E [szh(o)(s, x, v)] ds.
t1/2

Using Lemma 2.0 and (Z30) gives

t
Hvihm‘ (t) < (t— t1/2)*3/2(t1/2)*1/2||f0||L2(u) + / P 573||f0\|L2(M)ds.
t1

L2(p)
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EXPLICIT STRUCTURE OF THE FOKKER-PLANCK EQUATION WITH POTENTIAL 747

Taking ¢t = t1, we get
|v:

(t1) S 721 foll L2 -

Since t; € (0,1] is arbitrary, this completes the estimate for A1),

Next, we shall prove the large time behavior for v > 1; the estimate for the case
0 < v < 1 can be obtained by employing the same argument.

STEP 3. First z-derivative of h(j), 0 < j < 3, in large time for v > 1. We want to
show that for ¢ > 1,

||Vxh(j)||L2(M) < tjfi*CtHfoHL?(u) , 0<5<3.
In view of Lemma [2.4] we have

vah(O)HLz( (1< e=Ct=D) Hv h°>’ (1) S e Nfollzeg, t>1.  (231)
“w

L2(p)
For bW, we have

t
h(l)(t,:mv) = e(t_l)ﬁh(l)(l,x,v) +/ elt=9)E [Kh(o)(s,mv)} ds, t>1.
1

Using Lemma 2] and (Z31)) gives

Hv h(l)‘ e—C(t-1) Hv h(l)‘

V.0

(s)ds
L2 ()

)+/ —C(t—s)
L2(p) 1

§t67 ||f0||L2(H)’ t>1,

Lz(u)

and similarly for V,h(® and V h®.
STEP 4. Second z-derivatives of h(j), 0 < j < 3 in large time for v > 1. We demon-
strate that for ¢ > 1,
IV2h D 2y S e foll L2 »

whose proof is similar to Step 3l |

3. In the time-like region. In this section, we will see the large time behavior of
solutions to equation ([2)). In what follows, we separate our discussion for the case v > 1
and the case 0 < v < 1.

3.1. The case v > 1. According to Lemma 27 together with the Sobolev inequality
[1, Theorem 5.8]:

3/4 1/4
1l 2 S 130 IS

we immediately obtain the behavior of the wave part as follows.

ProPOSITION 3.1. Assume that v > 1. Then for 0 < j < 3 and ¢t > 0, there exists C' > 0
such that
9|15 S e | foll 2

Based on the wave-remainder decomposition, it remains to study the large time be-
havior of the remainder part. By the Fourier transform with respect to the x variable,
the solution of the Fokker-Planck equation (LZ) can be represented as

flt,z,v) = /]R3 e”"”“‘i“"l"'L)t%(n,v)dn. (3.1)
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748 YU-CHU LIN, HAITAO WANG, anp KUNG-CHIEN WU

We can decompose the solution f into the long wave part fr and the short wave part fg
given, respectively, by

fu= / 5emmﬂiiv'nﬂ)%(mv)dn7
n|<

fs = / et R o, v)dy.
In|>é
The following short wave analysis relies on spectral analysis (Lemma 23]).
PROPOSITION 3.2 (Short wave fg). Assume that v > 1 and fy € L?. Then
IFsllze S e | foll e - (3-3)

In order to study the long wave part fr, for v > 1, we need to further decompose the
long wave part as the fluid part and the non-fluid part, i.e., fr = fr,0 + fr,1, where

fro Z/ eA(")tei”'w<€D(—77)af0>U€D(77)d777
Inl<é
(3.4)
fL;L — / ein.ze(7mn+L)tHnDLf0dn.
[nl<d

Using Lemma 2.3, we obtain the exponential decay of the non-fluid long wave part.

PROPOSITION 3.3 (Non-fluid long wave fr.;). Assume that v > 1 and fo € L?. Then
for s > 0,

Ifrillmsre S e fol e - (3.5)
For the fluid part, we have the following structure.

PROPOSITION 3.4 (Fluid long wave fr.0). For v > 3/2 and any given M > 1, there exists
C > 0 such that for |z| < Mt,

|z|2
‘fL;o(t,x,’UﬂLg <C [(1 + t)*3/2e* CGEFD 4 et/C] [ follzrzz - (3.6)

On the other hand, for 1 < v < 3/2 and any given positive integer N, there exists a
positive constant C' depending on NN such that

—3/2 P\ N e
Froltaw)ly <ClA+072(14 55) T+ follizzz. B7)

Proof. Before the proof of this proposition, we need the following two lemmas.

LEMMA 3.5 (Lemma 7.11 of [28]). Suppose that g(¢,7, v) is analytic in 5 for |n| < 6 < 1
and satisfies

o(t.7.0)| 13 S e AP HOUaI:
for some constant A > 0. Then in the region of |z| < (9t + 1)¢, where 9 is any given
positive constant, there exists a constant C' > 0 such that the following inequality holds:

/| gt
n|I<

w2
<C {(1 —l—t)*%e*% +e .
L3
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EXPLICIT STRUCTURE OF THE FOKKER-PLANCK EQUATION WITH POTENTIAL 749

LEMMA 3.6 (Lemma 2.2 of [25]). Let z,7,v € R3. Suppose g(t,n,v) is smooth and has
compact support in the variable 7, and there exists a constant b > 0 such that g(¢,n,v)
satisfies
_ 2
D3 (g(t1,0) 5 < (1 +1)/P1/2e il

for any multi-indexes 8 with || < 2N. Then there exists positive constants C such
that

/ e g(t,m,v)dn
R3

where N is any fixed integer and

By(zlt) = (1+ 22\
N5 1+t '

< On |[(1+072By(lal, 1)),
L3

We now return to the proof of this proposition. Notice that

Froolt,z,v) = / A e (). fo) en(n)dy.

Inl<é
Let
g(t,n,v) = e ep(—n), fo) ,en(n) - Lyn<s},
where 1p is the characteristic function of the domain D. When ~ > 3/2, the eigenvalue
A(n) and eigenvector ep(n) are analytic in n. Owing to the asymptotic expansion of A(n)

in (2.0, we have
_ 2 4
lg(t,m,v)|1z < e HOWOL ol s

From Lemma it follows
_ =1 _
|fL;0(t7$7v)|L% 5 |:(1 +t)_3/2€ ci+l) 4 ¢ t/c] ||f0||L;L,2) :

As for 1 < v < 3/2, the eigenvalue and eigenvector are only smooth in 7. In this case,
one can see that

181/2 2
2 —a
|DJgttm o) S (1+87V2) (1l e) e 2 Y o s

since fp has compact support in the z variable. Note that the polynomial growth

181/2
(1 + |n\2 t) can be absorbed by the exponential decay, hence we can conclude that

_ 2|2\ N
ol o)l 5 [0+ 072 (00 75) 7 | Ul
in accordance with Lemma O

We define the fluid part as fr = f1, o and the non-fluid part as f, = f—fr = fr,1 +fs.
By the fluid—non-fluid decomposition and the wave-remainder decomposition, we have

f=fr+fi=W® 4+ RO,

We can define the tail part as fr = R — fr and so f can be written as f = W& +
Ir+ fr.

It follows from Propositions Bl and 4] that the estimates of wave part W®) and the
fluid part fr inside the time-like region is completed. Hence, it remains to study the tail
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750 YU-CHU LIN, HAITAO WANG, anp KUNG-CHIEN WU

part fr. From Lemma 27 and the fact that G*, K are bounded operators on L2, R()
has the following estimate:

t
ROOlzsz < [ 1O, 55 Mol (38)

v

In view of B3), BH), B8), and Lemma 26 there exists C' > 0 such that
I£rllzz = ILfe = WO 22 S e foll2

and
Ifrllazre = IR® = frllmzre < Il follre-
The Sobolev inequality [I, Theorem 5.8] implies

3/4 1/4 _
Frlis < I frllers S Ifalyapelfallz < e follze (3.9)

for some constant C' > 0. In conclusion, we have that for the time-like region, if v > 3/2,
there exists a constant C' > 0 such that

’Rw)

. 2
< [(1 o) ¥recER ect] Vollowre s (3.10)

L3
and if 1 <+ < 3/2, any given N > 0, there exists a constant C' > 0 such that

z|2 \—N _
) IR [ VI PR Rl

Combining Proposition B, (3:9), (BI0), and (BI1), we obtain the pointwise estimate
for the solution in the time-like region.

RO < {(1 +4)72(1+
%

THEOREM 3.7 (Time-like region for v > 1). Let v > 1 and let f be the solution to
equation (C2Z). Assume that the initial condition f; has compact support in the z
variable and is bounded in L2. Then for any given M > 1 and |z| < Mt,

(i) as v > 3/2, there exists a positive constant C such that

_cll2 _ -
flz S [(1‘”)3/26 CET 4 (L )e Ct} [ foll Loz ; (3.12)
(if) as 1 <y < 3/2, any given N > 0, there exists a constant C' > 0 such that
_ z]? N YN
flee = {(Ht) 3/2(1+1|—+|t) + (L7 )e Ct} I foll ooz - (3.13)

3.2. The case 0 < v < 1. First, we introduce the L? estimate and the pointwise
estimate of the wave part.

ProPOSITION 3.8. Assume that 0 < v < 1. Then for 0 < j < 3, and ¢ > 0, there exists
¢y > 0 such that

2(1—v)

Hh(])HL2 S tjefc—ya 2= t2—v ||f0||L2(€(j+1)a<v)‘V) (314)

and
2(1—v) _~v

§tj’%efic”aﬁtﬁ||f0HLz(e(j+1>a<vw)- (3.15)

v

‘h(j) (t,z,v)
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EXPLICIT STRUCTURE OF THE FOKKER-PLANCK EQUATION WITH POTENTIAL 751

Proof. We first consider the L? estimate for h(?). It is easy to see that (ZI9) is still
valid if setting p (¢, z,v) = e*(*)", namely,

2
il (0)
g P L (316)

and

2
(3.17)

a(v)? 1,(0) H

dt’ L2

Hence, ||h(0)||L2 < |Ifollz2 for t > 0 and it suffices to show that for ¢ > 1,

2(1=7)

Hh(o)‘ L2 5 e_C'yOé 2=y t2—~v HfO”LQ(eD‘(“)—Y).

As in the work of Caflisch [4], we consider a time-dependent low velocity part

E = {{v) < pt*'},

and its complementary high velocity part £¢ = {(v) > Btp'}, where p’ > 0 and 8 > 0
will be determined later. Following the argument as in Section 5 of [33], together with

BI6) and (BI7), we obtain

for some constant ¢, > 0, after choosing p’ = 52— in the Fokker -Planck case and 3 > 0

2(1=y) _~
2—y t2—v

e C,YOL

||f0||L2(ea<v>“*) ;

sufficiently large. This completes the L? estlmate for h(0).

Through the Duhamel Principle, we immediately obtain (814 for 1 < j < 3. Further-
more, the Sobolev inequality, together with Lemma 277 and ([B:I4]), implies the desired
pointwise estimate for the wave part h9), 0 < j < 3. O

Next, we are concerned with the pointwise behavior of the remainder part in the time-
like region. By virtue of the lack of the spectral analysis for 0 < v < 1, we will instead
use the method of the weighted L? estimate in the Fourier transformed variable and the
interpolation argument to deal with the time decay of the solution f to equation ([2)) in
this case. The main idea is to construct the desired weighted time-frequency Lyapunov
functional to capture the total energy dissipation rate. In the course of the proof we
have to take great care to estimate the microscopic and macroscopic parts for || < 1
and |n| > 1, respectively. Consider (L2)); taking the Fourier transform with respect to
the = variable leads to

O f +iv-nf =LF. (3.18)
We first calculate the L? estimate.
PROPOSITION 3.9 (L? estimate). Let f be the solution to equation (LZ). Then there
exists a time-frequency functional £ (¢,7) such that
2

L (3.19)

& (tm) = | F(tm,v)
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752 YU-CHU LIN, HAITAO WANG, anp KUNG-CHIEN WU

where for any ¢t > 0 and 1 € R3, we have

08 (1) + 09 (n) | F (1m0

<0. (3.20)

2
y—1

Here we use the notation 7 (n) := min{1, |n|*}.

Proof. We multiply equation [BI8]) by f(t, n,v) and integrate over v to obtain

Ld ’f(t o) —Re<Lf f> —0.
2 dt T L2 ’
From the coercivity in Lemma 2.1 it follows that
1d |- 2 2
= ‘f(t,n,v)‘L% —l—uo’Plf‘Lg <o. (3.21)

Now, we need the estimate of POJ?. In what follows, we will apply Strain’s argument to
estimate the macroscopic dissipation, in the spirit of Kawashima’s work on dissipation
of the hyperbolic-parabolic system. Let a = <M1/2,f>v and b = (by,ba,b3) with b; =
<vi/\/11/2, f>v = <vi/\/11/2, P1f>v . Then Pyf = aM'/? and from (L2, a and b satisfy the
fluid-type system

875@ + Vm b= 0,

(3.22)
b+ aVea+V, T (Pif) =~ [ (MY2V,®) P, fdv,

where

1
a:§/|v|2/\/ldv>0,

and I' = (I';;),, 5 is the moment function defined by
Fij (g): <('U7;’Uj—1)M1/2,g> ) 1 §Z7 ]§3
v

Note by the definition of Py that I' (P1f) = [ (v® v) M'/2P; fdv. Taking the Fourier
transform with respect to z of (3:22]) , we have

. PO I O 2 =
Inf* [@l* = (ina, ina) = ~ (n b — il (Pf) n - / (m2v,0) Plfdv)

- é {_ (ma,z)t + ‘77 '5’2 - (“757 ir (Plf) 77) - (ina,/ (vav@) Plfdvﬂ :

Invoking on the rapid decay of M'/2 and using the Cauchy-Schwartz inequality, we
have

2 2
<MV

L3

‘/ (MWVU(I)) Py fd

- 2 2
il sl
v y—
and
o~ N 21~ 2 2 2
| (i, ir (PuF) )| < elnf® @l + Cclnf® [P]]
y—1

for any small € > 0. Therefore, we can conclude

(in&, b) a ‘77|2 ~2 2
d; Re L+ ~la? < C‘Plﬂ (3.23)
L+n" 14 n] L3,
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EXPLICIT STRUCTURE OF THE FOKKER-PLANCK EQUATION WITH POTENTIAL 753

for some o > 0. Now, we define

—~ 2 (in’d,g)
5 (ta 77) = ’f (t7 1, U) + K3 Re - 2 (324)
L3 1+ |n|

for a constant k3 > O to be determined later. One can fix k3 > 0 small enough such that
Etm) = |F(tnv
kg >0 sufﬁmently small such that

. Furthermore, according to Lemma 2] and B23), we choose

42 Inl”
30 141

for some ¢ > 0. In conclusion, we now have

6155 (tv 77) + 05(77) ’.]/[\(t> 7, 7))

2
s (b +o|Pi] |+l < (3.25)

2

y—1
Here we use the notation p (1) := min{1, |n|*}. O

Since v — 1 < 0, it is insufficient to gain the time decay of the total energy of the
solution f. Therefore, in order to capture the total energy dissipation rate, we need to
make further energy estimates on the microscopic part P;f and the macroscopic part

Pof.

PROPOSITION 3.10. Let f be the solution to equation (I2)) . Then there exists a weighted
time-frequency functional € (¢,7) such that

- . 2
E(t,n) ~ ez f (tn,v)‘m ; (3.26)
where 0 < ay < 1/20 and for any ¢ > 0 and 1 € R3 we have
N 2
at (t 77) + Up( ) f (t777a U) 12 < 0. (327)
y—1

Here we use the notation 7 (7) := min{1, |n|*}.
Proof. First, we shall prove the following Lyapunov inequality with a velocity weight

e 0 < ay < 1/20:

o (v) 2 5 p. 7 ookl se el
2\v t 2 Y t o )
TPy f (8,0 )Lgﬂ‘e A ’”’”)‘Lgfl < Colnl ng,f ”’ 1ﬂL;~§<BgR>

(3.28)
where the constants C,, > 0 and R > 0 are dependent only upon . We split the solution
f into two parts: f = Pyf 4+ P1f, and then apply Py to equation (B.I8):

P f +iv-nP f— LP,f = —P, (w : npof) + P, (w : nPlf) .

dt

Multiply the above equation by eo‘<“>wP1fand integrate with respect to v to obtain

2 5 —~ X
o 1z 62<v 1f(t n,v ) 12 —Re <ea(v) LP1f7P1f>v = Pa

v

where

I'= —Re <P1 (iv : npof) , ea<“>”P1f> +Re <Po (w : nplf) , ea<“>”P1f> :
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Owing to the rapid decay of M'/2, we obtain

“ 2
0 <eleB P T, +Colal ([PF ],

~y—1

+mAl,).

which holds for any small ¢ > 0. On the other hand, we rewrite L = —A + K, K =
wxr (Jv]), where R > 0 and w > 0 are chosen sufficiently large such that

o ()" 3 (r=2)
2

Tt AUl

Hence, we have

()

ot =

ol (0) ™" + wxr () =

- Re< Y LP. ], P1f>

- Re/e"‘<”> [(A ~K) Plf] P, fdv

> /eo‘@)W /om (V)72 () (v . VvPlf) Plﬁdv
45 [wrew Pl

where C’ = C' (a, 7, R) . Note that ary < 1/20. The Cauchy-Schwartz inequality implies

1f‘ dv—C'"|P

’Re/aw (V)12 () (’U . VUPL]?) Pl}Adv
S/OMYM o 1ﬂ‘P1ﬂdU

S/ " ﬂ dv+ 80/<v>2”*26“<”>7
so we deduce

_Re<<v>2‘LP1f,P1f>v > %/( \2772 ga(v)

2
dv—C R,v,«a ‘P A‘ ,
U?‘ i ) o L2(B2r)

where C (R, ¢, ) > 0. Consequently,

d

dt

2
62<v Plf(t n,v )}

+o
L2

o4 v N 2 ’ i
65(v> Plf (t,nav)’L’z < CU |77|2 ‘ﬂLz +C’Y ‘PlﬂL2(B2R)
y—1 -1 !

for some constant o > 0.
In addition, if we multiply (BI8) with e*(*)” f (t,7,v), integrate in v, and use the same
procedure as above, we also obtain

1d [e3

e2 (V)
27 f(tn,0)

2
it

oy~ 2 2
o5 f(t,n,v)’Lz gcmez(BzR). (3.29)

y—1

To do the weighted estimate, we introduce a new energy as follows:

E(t,n) = E (t,) + & (t,m)
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EXPLICIT STRUCTURE OF THE FOKKER-PLANCK EQUATION WITH POTENTIAL 755

with

- oy~ 2
50 (tﬂ?) = 1‘77|§1 (5 (tun) + K4 65(1)) Plf(t7777q))‘L2) )

- .~ 2
51 (ta 77) = 1‘77‘>1 (5 (t777) + K5 €5<v>wf (ta 777’0) L2> ’
where £ (t,7) is defined as in (8.24) and the constants x4, x5 > 0 will be chosen small
2 2
enough. Notice further that [a]* = ’P()]/[\‘LQ 2 e%“mPof‘L2 for all 0 < ary < 1/20, and

st ﬂ _
L2
For £ (t,n), we combine (325) and F2J) for |n| > 1 to obtain

o - 2
20 F(tn0)|

y—1

soE(tn

KE (t,n) +o Lp=1 <0 (3.30)

for k5 > 0 small enough, since |n|* / (1 + |17|2> > 1
For £ (t,n) , since [nf” / (1+[n*) = 1 for || <1 and [af”
ay < 1/20, combining (3:25)) and B28)) for |n| < 1 gives

2

2
>’Y
Pof‘Lz for all

v

3E° (t,n) + o |n|®

<1 <0 (3:31)

L5y
for k4 > 0 small enough. This completes the proof. O

Now, it is enough to prove the estimate in the time-like region. We apply the Hélder
inequality to obtain that for j > 1,

S e (e e A (R
( 3 o an) ([ ol an)

2]/(]+ ) =104
'y—l
Thus we conclude that
G+1)/5 ( 51/j n Y
£ )< |F )| e B s|fenaf, &7 o,

Now we can rewrite ([3.25]) , for any n € R3, as
Q€ (t,m) + o () EVEVT (t,m) €17 (0,m) < 0.
Integrating this over time, we obtain
GETMI(0im) = JETMI(8,m) S —tp(m) €7 (0,m).

As a consequence, for any j > 1, uniformly in n € R3, we get

£(tn) < E(0.1) (’5’)](77) + 1> -
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Recall that the long wave part fr and the short wave part fg of the solution f are
given, respectively, by

fi= /I <1 MLy (3, 0) dn,
n|<

fs = / ; et R (0, v) d,
n|>

When |n| <1 and k € NU {0}, since

2 —J
t
/ In|* Hnl 4y S+ FFiEj >0 4k
In<1 J 2

we obtain
"
/ n|?*e (t,n)dnﬁ/ P (S 1) ) dy (3.32)
[n]<1 In|<1 J
_3_ oy 2
savotrfeor gl
which implies that
k _3_k EYOM
vafLHLz S(A+t)7a7z ez fO}LlLQ'

By the Sobolev inequality ([35]), we get

1/2 1/2 _3
1ellios S VAL IV 18 S (073 oll s eacern -

When |5| > 1, we note that the equations (B20) and [B.27)) for fs are similar to (316
and BI7) for h(®). Then following a similar procedure of the proof, it implies

20=y) v

sl S e 7 T | follpaguaiory » €20,

for some constant c, > 0.

To sum up, we have the following proposition.

PROPOSITION 3.11. Let 0 < v < 1 and let f be the solution of equation (L2). For any
a > 0 small with ay < 1/20, we have:
(i) (Long wave fr.).

_3
Wlieze S U073 ol pageacor) (3.33)

(ii) (Short wave fg). There exists ¢, > 0 such that

2(1—v) _~

HfSHL2 ,S 6*Cwa 2=y t2—v ||f0HL2(€”‘<“>’Y) . (334)

Based on the long wave-short wave decomposition and wave -remainder decomposition,

ie.,

F=fu+fs =W 4R,
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EXPLICIT STRUCTURE OF THE FOKKER-PLANCK EQUATION WITH POTENTIAL 757

we now define the tail part as fr = R — fr, = fg — W), which leads to that f can be
written as f = W®) + f; + fr. From Lemma 27

t
H73(3) (t)H S /
HZL3 0

1z = [R® =12, S @+ Ifolle. t>0.
In view of Propositions B.8 and B.11]

RO ds S () I folle (3.35)

H2L

and so

S
Se 2@ Y tZ— ||f0||L2(e4D‘<v>’Y)’ t>0.

1 Fllye = || fs = W]

The Sobolev inequality implies

L2

2(1—v)

e 200=y) oy
Frlis < frllpere S IFrlars RIS S e 7 7 [ foll paeancry > > 0.
‘ (3.36)
Combining [B10), (3:33), and (B30, we obtain the pointwise estimate for the solution
in the time-like region.

THEOREM 3.12 (Time-like region for 0 < v < 1). Let 0 < v < 1 and let f be the solution
to equation ([2). Assume that the initial condition fy has compact support in the
variable and is bounded in L?(e**)”). Then for a > 0 is small enough, there exists a
positive constant c, such that

2(1=7)

[flze S L+ 24 (L + e 77 7 foll poe 12 (eteior) - (3.37)

4. In the space-like region. We have finished the estimate of solution inside the
time-like region. To have the global picture of the space-time structure of solution,
we still need to investigate the solution in the space-like region. To this end, we shall
estimate the wave part W) and the remainder part R(3) separately. Here, the weighted
energy estimate plays a decisive role.

4.1. The case v > 3/2: Exponential decay.

PrOPOSITION 4.1. Consider the weight functions

w(x,t) = e , u(x) = e'D ,
where D and M are chosen sufficiently large. Then for 0 < j < 3, we have
ek lazes <5 follzgy.  0<t<1, (41)
lwh DN g2z S e follezy,  t> 1, (4.2)
and
lwR@ N2z S lfollzgy, > 0. (4.3)

Proof. In view of that w(x,t) is non-increasing in ¢, it is not hard to verify that

log @z S 19Oz1200 -
Then the weighted energy inequalities (41]) and (@2]) follow from Lemma 2.7] directly.
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It remains to show the weighted energy estimates for the remainder part R®), ¢ > 0.
We shall demonstrate that

[wR® | gz2r2 < (1+) [ foll L2 t>0.
To see this, let © = wRand then 8fu, where § is a multi-index, solves the equation

0, (9%u) = —v -V, (9Pu) — % <M - %) Ofu+ Lofu+ K07 (wn®)

i s B T )., 98
oD 2 (5152)8 <<37> Vot

B1+p2=8
[B1]>1

The energy estimate gives

1 2 T-v
58t||85UHL2 = 2D/( @) > yaﬂu| dxdv—k/(Lé)fu) P udzdv

2D/ > (61 62) oy <@> - 00%udPudzdv

B1+p2=p8
[B1]>1

+ / Pukd? (wh<3>) dwdv.
Note that 2y — 2 > 1 if v > 3/2, and recall that A = —L + K, hence

‘/% |6§u|2dzdv

< /(v>27_2 |6§u|2dzdv§/(1\8§u) P udzdv
< —/(L@fu) afudxdv+/|8fu|2dmdv,

and

o (—) - 0022udPudrdv
//3+ﬂ s /31/5’2> (x)
[B1]>1

/ Z ) R |8f2u8£u| dxdv

B1+P2=
\51|>1

/ Z 3ﬁ2 3ﬁ2u—|—( L@fu)@fu)dzdv

B1+P2=
\51|>1

/ Z |852u| + ‘8ﬁu’ )dmdv
Bi1+PB2=
|51|>1

Also,
‘ / OPukdP (wh<3>) dwdv

S 105ul2 10 (wh®) 1.
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EXPLICIT STRUCTURE OF THE FOKKER-PLANCK EQUATION WITH POTENTIAL 759

After choosing D and M large enough, we have

d
EHUHH’;TLg S HWh(?’)HHm ~
Hence, it follows from (1) and [@2) that
¢
[ull 2z (8) S /0 lwh® ),y ,0 (5)ds S [l follzga - O
Note that w(x,t) > R if (x) > 2Mt, hence for v > 3/2, the Sobolev inequality
implies
3
e~ 8D |f|L% < Z ‘wh(])‘L2 + "LUR(B) L
= 3 3
3
<3 fun P en@ | & Jur®] o wR®) e
et H2L2 L2 H2L2 L2
3=

N (t_9/4 + 1) Il follz2 ()

S (1) 1 folle
The last inequality is due to the compact support assumption of the initial data.

THEOREM 4.2 (Space-like region for v > 3/2). Let v > 3/2 and let f be the solution
to equation ([2). Assume that the initial condition fy has compact support in the x
variable and is bounded in L2. Then there exists a large positive constant M such that
if (x) > 2Mt, we have

[floa S U+t fo 1o
here C' = C(M) is a positive constant.

4.2. The case 0 < v < 3/2: Subexponential decay. If 0 < v < 3/2, we consider the

weight functions
ap(t,z,v)

’lU(t, €, U) =€ 2 ) M('Ta U) = eac(m,v) ’

where
plt,2,v) = 5.(3((a) = M) (1= x (3 () — 11) (0)"°) )
(1= (6 (@) = 20y ) 2)) 6() = M8 @) 4+ 3.(0)] e (5 (@) = M) (o)),
and
(w,v) =58 (@) (1= (6 (2) (o))
(X (3@ @) 84 ()™ 4340 | () 077

Here M is a large positive constant, J, a are small positive constants; all of them will be
chosen later. We introduce the following space-velocity decomposition:

Hy = {(z,0) : [({z) = Mt)] 22 (0)" 7},
Hy = {(z,v) : (0)*77 < [§((x) = Mt)] <2(0)* 77},
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and
H_ = {(z,0) : [6((z) — Mt)] < (v)° "}

PrOPOSITION 4.3. Consider the weight functions

ap(t,z,v)

w(t,z,v) =e 2 and  p(x,v) = e*@)

where o > 0 is sufficiently small with ary < 1/20. Then:
(i) For 0 < j <3,

||Wh(j)||H§L3 5 t_3+j||f0||L2(/J)7 0<t<1,
and
lwh@ | g2re S A+ | follragy, t> 1.
(ii) For 1 <~ < 3/2,
HU)R(S)”Hng St +0)follzzgy, t>0,
and for 0 < v < 1,
||U’R(3)HH§.L3 S+ t4)||f0||L2(u) , t>0.

Proof. 1t is similar to Proposition [£.]] that the weighted energy estimate of the wave
parts h9) is a consequence of Lemma [27] by virtue of p(t, z,v) being non-increasing in ¢
and p(0,z,v) = c(x,v).

We shall focus on the weighted energy estimate for the remainder part R®), ¢t > 0.
We want to show that for 1 <~ < 3/2,

[wRP | 20z S t(L+ 1) foll 2y, >0,
and for 0 < v < 1,
[wR® || g2z St + ) follpzgy . t>0.

Let u = wR®) = ¢ RO and then dPu, where £ is a multi-index, solves the equation

9 (08u) = —v -V, (qu) + %(&p—I—U Vap)Pu+eT L (67%85’11)
+g > ( P )(@aflp—l—v-vmaflp)af?u
by amp P12
(811>
b (s )@ (@2 F 000
Brtpatfs=p N T TEES
1B31<|B]
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The energy estimate gives
1d
2dt

:/ <6%L (e—%afju) ,a£u> dx+%/ ((Brp+v- Vap)dPu,d0u), da
R3 v ]R'i

+% > < § >/Rs<(6taflp+v'anflp)af"’u,@fu>vdx

|02ul3,

6, Srr—p 12
[B1]>1
p >/ 5y o B2, — 48 8
+ > < (@2 eF)L (0P F)0%u) ,00u) da
b1t o pgmp 1 P2 R3< ( ) >”
[B3]<18]

+/ <K(95 (wh(g)) ,85u> dx
R3 v

= (1) + (I2) + (I3) + (Iy) + (Is) .

We shall estimate (I;), i =1,...,5, term by term.
For (Iy), it is easy to see that

2

(e L 0)), = o2 (50)), =t (5

In addition, direct calculation gives

Voo = [(v = 3)(1=208((@) = M) () +3(y = 3) (0)" = 5(7 = ) (8((w) — M) 77 |
< [at4w) = a0y )] o
+ [ = 9)3((@) = 2a1) 0] o0 =+ 31 00
This implies
Vopl < 01 on Hy UH-
and
Vep=0 on H,.

Therefore,

(L) = /RS <€%L (67%8fu) ,35u>v dz

20 20
< - <u0 _ O‘T) /3 [Pr07u[;, do + == P00 ul” dadv
R 7 HoUH_

(4.4)

for some constant vy > 0.
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For (I3) and (I3), we need the estimates of derivatives of p(¢, z,v). Direct computation
gives

oup =501 0" (2 [o() - 310 0] 7 (1=20 +x1-0)

o (s[04 =1 = 200 [ - ba0) (7] =3) (0
<0

b

(the constants 5 and 3 are chosen artificially such that the quantity in the latter bracket
is non-negative on Hy) and

Vap =572 () 07 (52 [5) - 20 0] T 1=+ xt1 - )

= 5(Va (&) (5 [8((a) = art) ()]

SO
Op=v-Vep=0 on H_,
9ol S OM ()7, u-Vap SEW)E on Ho,
5 M~y 2y-3 56y v-x 29-3
Op=——""-"1[0 — Mt)| 3~ Vep=———"7-1[0 — Mt)| 3~ H,.
o= == 3((o) = MO 0V = 2L () — b0} on

Furthermore, we can also obtain that for |8;| > 1,

200 p=v,0%p=0 onH_,

‘3,5351/)‘ < 8°M <U>7+(\31\+1)(V—3) , ’vxaflp‘ <42 <U>7+(\51|+1)(7—3) on HyUH,.

From these, there exist constants C' > 0 and C” > 0 such that

o

/ (v Vopdiu,0fu), dx
R3

< adC </ | ()7 P18%u)2, da —|—/ [Po02u|>dxdv
R3 v Hy

+/ [0((z) — M#)] 5 |PodPul?dzdv | |
Hy
(4.5)

a/ ((9ep)00u, O0u)  dw < —oz(SMC"/ [6((x) — Mt)]%? |PodPu|?dzdv
RS H

+

+adMC (/ | ()7 Plﬁfu@zdx—k/ Poafu|2dmdv> ,
R3 v H,
(4.6)
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and for |B1| > 1,

(07

2
M _ 2 _
< a(52 C [/ (‘<v>7 1P18§2u’L + | (v)” 1P1Bfu|%2) dx
R3 H v

+/ (}Poagjzu}? + |Poa£u|2) dzdv
Hy

/ (0,02 p + v - V02 p) 022, (’9§u>v dx
R3

(4.7)

+/H+ [0((z) — Mt)] (’Poﬁﬁ"’u‘ +’P08ﬁu| )dwdv} .

As for (1), |1] + |B2] > 1, we have

(0% e )L ((022e=F)0%u) ,0Pu) dx
R3 v

adC 2 2 2 2
< 5 [/}RS (‘Pl@fsu|Lg + ‘Plﬁfu’Lg) dl‘—l—/Ho |P0853u| + ‘Poﬁfu’ dzdv (4.8)
+/ 6((@) = M= ([Podoul” + [Podful )dwdv}.
Hy
Finally,
(I5) < /Rg (K07 (wh®) . 0fu) da| S 05u],. |05 (wn®)|| . @9)

Gathering the terms (@L4)-3), we find

d
s S lullmzes loh® |z +/ (IPov2ul” + [PVl + [Poul* ) dad
t v HoUH

< HUHHgL?,HWh(?))HHng + ||UHH§L,2,HR(3)||H3L5
S lulmzez (IR a2z + IR azr2 )

after choosing §, a > 0 small and M large enough with ay < 1/20. Hence, it follows
from Lemmas and 27 that for 1 < < 3/2,

R z222 = llullzzzz < L+ [ foll oy
and for 0 <y <1,
lwR® sz = lullzee S 00+ 11oll 2

This completes the proof of the proposition. |
Observe that for (z) > 2Mt,

p(t,z,v) 2 (6((x) — Mt))™7

and

<1’>—Mt>%+%.

The Sobolev inequality immediately gets the following.
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THEOREM 4.4 (Space-like region for 0 < v < 3/2). Let 0 < v < 3/2 and let f be the
solution to equation ([2]). Assume that the initial condition fy has compact support in
the x variable and is bounded in L2(e**(")") for a > 0 small enough. Then there exists
a positive constant C' = C(M) such that for (x) > 2Mt,

Jiie
|f|L% 5 (1 + t79/4)67C(<I>+t)3 ¥ HfOHL2(e4a(v)'Y) .

5. Conclusion. In this paper, we obtain the quantitative pointwise behavior of the
solutions of the Fokker-Planck equation with potential ®(v), where

1
®=—(v)] +®y, v>0, ® isa fixed constant.
Y

The structure of the solution sensitively depends on the potential function. For hard
potentials, we extend the result [I0] with the Gaussian velocity weight e®€* to more
general exponential velocity weights e®/¢I”, 0 < p < 2. For Maxwellian molecules and
soft potentials, our result is the first attempt aiming at the pointwise structure of the
solution.

|z|2

In the time-like region (¢ large), the solution is the heat kernel-type (14t)~3/2¢~C &1
-N
for v > 3/2, almost heat kernel-type (1 + ¢)=3/2 (1 + %) for 1 <~ < 3/2, and has

polynomial decay (14 t)=3/2 for 0 < v < 1.
In the space-like region (|z| large), the solution has exponential decay e~¢I*! for v >

3/2 and sub-exponential decay e*C|""/"3_z_w for 0 < v < 3/2, respectively.

Lastly, we would like to remark that our results can be easily generalized to arbi-
trary dimension d. In fact, we only need to modify the wave-remainder decomposition
to guarantee the remainder part owns enough regularity, so that the weighted energy
estimate for space-like region can be applied. It turns out the time decay will change
from (14¢)73/2 to (14t)~%? for the time-like region, while the behavior in the space-like
region remains the same.
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