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Abstract. In this paper, we present a dispersive regularization approach to construct a global
N-peakon weak solution to the modified Camassa—Holm equation (mCH) in one dimension. In
particular, we perform a double mollification for the system of ODEs describing trajectories of N-
peakon solutions and obtain N smoothed peakons without collisions. Though the smoothed peakons
do not give a solution to the mCH equation, the weak consistency allows us to take the smoothing
parameter to zero and the limiting function is a global N-peakon weak solution. The trajectories
of the peakons in the constructed solution are globally Lipschitz continuous and do not cross each
other. When N = 2, the solution is a sticky peakon weak solution. At last, using the N-peakon
solutions and through a mean field limit process, we obtain global weak solutions for general initial
data mo in Radon measure space.
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1. Introduction. This work is devoted to investigate the N-peakon solutions
to the following modified Camassa—Holm (mCH) equation with cubic nonlinearity:

(1.1) me + [(u? —u2)ml, =0, m=u—Up, TR, t>0,
subject to the initial condition
(1.2) m(z,0) =mo(x), xR

From the fundamental solution G(z) = %e"”" to the Helmholtz operator 1 — 0,4,
function u can be written as a convolution of m with the kernel G:

u(z,t) = /RG(CL‘ —y)m(y,t)dy.
In the mCH equation, the shape of function G is referred to as a peakon at x = 0 and

the mCH equation has weak solutions (see Definition 2.2) with N peakons, which are
of the form [12, 14]

(1.3) uN (z,t) = ZpiG(a: —zi(t), mN(x,t) = Zpié(x —xz;(t)),
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where p; (1 < i < N) are constant amplitudes of peakons. We call this kind of weak
solutions N-peakon solutions. When z(t) < z2(t) < --- < xn(t), trajectories x;(t)
of N-peakon solutions in (1.3) satisfy [12, 14]

d 1 1 o1 R _
(1.4) i = ép? t3 > pipjet T+ 3 > pipie” T A > papae®m T,
7<i > 1<m<i<n<N

In general, solutions {z;(t)}}¥; to (1.4) will collide with each other in finite time
(see Remark 2.3). By the standard ODE theories, we know that (1.4) has global
solutions {z;(t)}}¥, subject to any initial data {z;(0)}Y,. However, u™(z,t) con-
structed by (1.3) with global solutions {z;(t)}X, to (1.4) is not a weak solution to
the mCH equation after the first collision time (see Remark 2.4). There are some
nature questions:

(i) What will be a weak solution to the mCH equation after collisions? Is it

unique? If not unique, what is the selection principle?

(ii) If there is a weak solution to the mCH equation after collisions, is it still in

the form of N-peakon solutions?

(iii) If a weak solution is still an N-peakon solution after collision, how do peakons

evolve? In other words, do they stick together, cross each other, or scatter?
Gao and Liu [12] showed the global existence and nonuniqueness of weak solutions
when initial data my € M(R) (Radon measure space), which partially answered ques-
tion (i). In subsection 2.2, we prove the global existence of N-peakon solutions, which
gives an answer to question (ii). After collision, all the situations mentioned in the
above question (iii) can happen (see Remark 2.3).

In this paper, we will study these questions through a dispersive regularization for
the following reasons (see (5.7) for the dispersive effects of our mollification method):

(i) This dispersive regularization could be a candidate for the selection principle.

(ii) As described below, if initial datum is of N-peakon form, then the regularized

solution u™V€ is also of N-peakon form, and so is the limiting N-peakon
solution.

The main purpose of this paper is to study the behavior of € — 0 limit for the
dispersive regularization. First, we introduce the dispersive regularization for the
mCH equation.

To illustrate the dispersive regularization method clearly, we start with one peakon
solution pG(z—x(t)) (solitary wave solution). We know that pG(x—z(t)) is a weak so-
lution if and only if the traveling speed is % x(t) = £p? [12, Proposition 4.3]. Because
the characteristics equation for (1.1) is given by

(1.5) —x(t) = u’(x(t),t) — uz(x(t), 1),

for solution pG(z — x(t)) we obtain

(16) Salt) = PG0) — P(G2)(0) = g1

Equation (1.6) implies that to obtain solitary wave solutions, the correct definition of
G2 at 0 is given by

(17) (@)(0)=G(0) - ¢ = 15
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However, G2 is a BV function which has a removable discontinuity at 0 and

(18) (62)(0-) = (G2)(0+) = .

which is different with (1.7). To understand the discrepancy between (1.7) and (1.8),
our strategy is to use the dispersive regularization and the limit of the regularization.
Mollify G(x) as

G () := (pe * G)(x),

where p. is a mollifier that is even (see Definition 2.1). Then, we can obtain (1.7) in
the limiting process (Lemma 2.1):

1
. €\2 _ =
(1.9) lim (pe + (G5)%)(0) = 7.
The above limiting process is independent of the mollifier p..

Naturally, we generalize this dispersive regularization method to N-peakon so-
lutions u®(z,t) = ZfilplG(:r — x;(t)). From the characteristic equation (1.5), we
formally obtain the system of ODEs for z;(t)

ixi(t) = [uN(:z:i(t),zt)]2 — [uiv(:zzi(t),t)f, i=1,...,N.

(1.10) 7

[ud (z,1) ] (Zjv 1 PiGalx —x; (t)))2 is a BV function and it has a discontinuity at
x;(t). By using similar regularization method in (1.9), we regularize the vector field
in (1.10). For {zx}_,, denote

(1.11) ™ (z; {z}) : X:pZG6 x—a;) and UN(2;{x}}) = [quE]Q_ [uiv’e]Q.

i=1

The dispersive regularization for IV peakons is given by

(1.12) %m (t) = UM (25 () {2k (D}) = (pe x UN) (@5 () {2 ()}),  i=1,...,N.

The above regularization method is subtle. We emphasize that if we use UM given
by (1.11) as a vector field (which is already globally Lipschitz continuous) instead of
UM, then comparing with (1.9) we have

lim (G<)%(0) = 0.

e—0
In this case, the traveling speed of the soliton (one peakon) is given by

%x(t) = p’G*(0) - p*(G2)(0) = iPQ’

which is different with the correct speed %p2 for one peakon solution.
By solutions to (1.12), we construct approximate N-peakon solutions to (1.1) as

N
= piG(x —a((1).
i=1
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Let € — 0 in u™¢(x,t) and we can obtain an N-peakon solution

N
(1.13) uN(@,t) =) piGla — zi(t))
i=1

to the mCH equation, where x;(¢) are Lipschitz functions (see Theorem 2.1).

If we fix N and let € go to 0 in the regularized system of ODEs (1.12), we can
obtain a limiting (¢ — 0 in the sense described in Proposition 2.2) system of ODEs
to describe N-peakon solutions, i =1,2,..., N,

(1.14) ;txi(t)z<ZPJG(%(t)—$j(t))) —< > ijw(xi(t)—xj(t))>
=1 JENA (1)
(.20
_ L e
12 kEN;2(t)

Here N;i(t) and Nja(t), i =1,2,..., N, are defined by (2.24). The vector field of the
above system is not Lipschitz continuous. Solutions for this equation are not unique,
which implies peakon solutions to (1.1) are not unique (see Remark 2.3). Indeed, the
nonuniqueness of peakon solutions was also obtained in [12]. When z1(t) < z2(t) <
- < xn(t), the system of ODEs (1.14) is equivalent to (1.4).

We also prove that trajectories x5(¢) given by (1.12) never collide with each other
(see Theorem 3.1), which means if 2(0) < 25(0) < --- < 25,(0), then z{(t) < z5(t) <

- < x5(t) for any t > 0. For the limiting N-peakon solutions (1.13), we have

21(t) < x9(t) < -+ < xn(t). Notice that the sticky N-peakon solutions obtained
in [12] also have this property and in the sticky N-peakon solutions, {x;(t)}}, stick
together whenever they collide. When N = 2, we prove that peakon solutions given
by the dispersive regularization are exactly the sticky peakon solutions (see Theorem
3.2). However, the situation when N > 3 can be more complicated. Some of the
peakon solutions given by the dispersive regularization are sticky peakon solutions
(see Figure 1) and some are not (see Figure 2).

For general initial data mg € M(R), we use a mean field limit method to prove
global existence of weak solutions to (1.1) (see section 4).

There are also some other interesting properties about the mCH equation, which
we list below.

The mCH equation was introduced as a new integrable system by several different
researchers [8, 10, 22, 23]. The mCH equation has a bi-Hamiltonian structure [14, 22]
with Hamiltonian functionals

1 1
(1.15) Hy(m) = / mudx, Hi(m) = f/ ut + 2uuZ — —ul ) de.
R 4 Jr 3
Equation (1.1) can be written in the bi-Hamiltonian form [14, 22],
SH, 0H
e = (W —aym)e = T = K
where

J=-0, (m@;l(mam)), K=28>—0,

are compatible Hamiltonian operators. Here Hy and H; are conserved quantities for
smooth solutions. Hy is also a conserved quantity for W*!(R) weak solutions [12]. N-
peakon solutions are not in the solution class W2!(R) and Hy, H; are not conserved
for N-peakon solutions in the case N > 2; see Remark 2.3 for the case N = 2. This
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is different with the Camassa—Holm equation [3]:
me+ (um)y +muz =0, M=u—Uy, TR, t>0,

which also has N-peakon solutions of the form

N
uN(@,t) = pi(t)e Ol
=1

The amplitude p;(t) evolves with time which is different with the N-peakon solutions
to the mCH equation (1.1), where p; are constants. p;(t) and x;(t) satisfy the following
Hamiltonian system of ODEs:

N

d

L) = ) —lzi(t)—z; (),

dtxz(t)—zgpj(t)e , i=1,...,N,

(1.16) S

d e () .

PO = D pi(p (Dsen (wa(t) — () e OH Ol =1, N,
j=1

and the Hamiltonian function is given by

N
1 — T4 —X;
Ho(t) = 9 Z pi(t)pj(t)e |3 (2) J(t)|’

,j=1

which is a conserved quantity for N-peakon solutions and the corresponding functional
Hyj given by (1.15) is conserved for smooth solutions for the Camassa—Holm equation.
When p;(0) > 0, there is no collision between z;(¢) [4, 6, 18]. Hence, solutions to
system (1.16) exist globally. However, collisions may occur if p;(0)’s have opposite
signs. In [16], Holden and Raynaud studied this case and they constructed a new set
of ordinary differential equations which is well-posed even when collisions occur. They
obtained global N-peakon solutions to the Camassa—Holm equation, which conserve
the Hamiltonian #Hy. For more details about peakon solutions to the Camassa—Holm
equation, one can also refer to [1, 2, 7, 13, 17].

In comparison, system (1.4) is a nonautonomous Hamiltonian system as described
below. Let &;(t) := x;(t) — §p?t. Denote

X(t) i= (Z1(t), Z2(t), ..., En ()",
and

H(X,t) := Z pipjei =) = Z pipje%(p?—p?)t+f2i(t)—:ij(t).
1<i<j<N 1<i<j<N

Then, (1.4) can be rewritten as a Hamiltonian system:

dX 0H
(17 o A%
where
1 . .
R 1 <J;
S SH oM oM
(118) A= (aij)NXN7 Q5 = (1), Z.—jj 5 and 57 = (Th”%)
bR 1>

Notice that H depends on ¢ and it is not a conservative quantity.
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For more results about local well-posedness and blow up behavior of the strong
solutions to (1.1) one can refer to [5, 9, 14, 15, 21]. In [24], Zhang used the method
of dissipative approximation to prove the existence and uniqueness of global entropy
weak solutions u in W21(R) for the mCH equation (1.1).

The rest of this article is organized as follows. In section 2, we introduce the
dispersive regularization in detail and prove global existence of N-peakon solutions.
By a limiting process, we obtain a system of ODEs to describe N-peakon solutions.
In section 3, we prove that trajectories of N-peakon solutions given by dispersive
regularization will never cross each other. When N = 2, the limiting peakon solutions
are exactly the sticky peakon solutions. When N = 3, we present two figures to
show two different situations. In section 4, we use a mean field limit method to prove
global existence of weak solutions to (1.1) for general initial data mo € M(R). Last,
we use the same double mollification method to mollify the mCH equation directly. By
linearizing the modified equation, we show that this regularization has the dispersive
effects.

2. Dispersive regularization and IN-peakon solutions. In this section, we
introduce the dispersive regularization in detail and use the regularized ODE system
to give approximate solutions. Then, by some compactness arguments we prove global
existence of N-peakon solutions.

2.1. Dispersive regularization and weak consistency. First, we use smooth
functions in the Schwartz class S(R) to define mollifiers. f € S(R) if and only if
f € C*(R) and for all positive integers m and n

sup |z™ f™)(z)| < co.
z€R

DEFINITION 2.1.
(i) Define the mollifier 0 < p € S(R) satisfying

/R p@)dz =1, p(z) = p(lz]) for € R

(ii) For each € > 0, set

1 rx
pe(x) == gﬂ (;) :
Fix an integer N > 0. Give an initial data

N

N
(2.1) md (x) = Zpic;(x —¢), a<cy<---<eny and Z |pi| < My
i=1 i=1

for some constants p;, ¢; (1 <4 < N) and Mp.
As stated in the introduction, we set G¢(z) = (G * p¢)(z). For any N particles
{zx HY_ | C R, define (py, is the same as in (2.1))

N
N {a) ) = 3 G — ),
k=1
U (s {a i) = [(@V)? = (00u™)?) (a5 {a )0 ),

and
UN (@ {ar i) o= (pe * UN) (@5 {zr}120)-
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The system of ODEs for dispersive regularization is given by

(2:2) Las(t) = U0 g ORL), =1,

with initial data z$(0) = ¢; given in (2.1). This system is equivalent to (1.12) men-
tioned in the introduction. Because U™:¢ is Lipschitz continuous and bounded, the
existence and uniqueness of a global solution {z§(t)}¥., to this system of ODEs follow
from standard ODE theories. By using the solution {z$(¢)},, we set

(2.3) ute (1) = (s {a () 120),
and

N N
24)  mN () = pipelx —2f(t), m)(z,t) = pid(a — zf(t)).
=1 =1

Due to (1 — 02 )G = pe, we have

(2.5) m™Ne(z,t) = (pe * mN)(2,t) and (1 — O,y )u < (x,t) = m™ (2, 1).
Set

(2.6) UM (x,t) = UN (@5 {2, (0 }il0), UM (a,t) = UM (as {f,(0) }710)-
Therefore, UN¢(x,t) = (p. * UN)(z,t) and (2.2) (or (1.12)) can be rewritten as
2.7) Lat(t) = U500, i=1,..N.

Next, we show that u™N>¢ defined by (2.3) is weak consistent with the mCH equa-
tion (1.1). Let us give the definition of weak solutions first. Rewrite (1.1) as an
equation of u,

(1 - aﬂﬂw)ut + KUQ - ui)(u - uxw)]w

1 1
=(1—Opa)us + (ug + uui)x - g(ug)mm + g(ui)m =0.

For a test function ¢ € C°(R x [0,T)) (T > 0), we denote the functional

T

£lu,0)i= [ [ ulet)ion(e.t) = (o, )dude
o Jr
1o, 1o,
- = uy (2,1) o (x, t)drdt — = w (2, ) Ppaa (2, t)dadt
3Jo Jr 3Jo Jr
T -

(2.8) Jr/ /(u3 + wu?) by (x, t)dadt.

o Jr

Then, the definition of weak solutions in terms of u is given as follows.

DEFINITION 2.2. For mg € M(R), a function
ue C([0,T); H'(R)) N L>(0, T; WH>(R))
is said to be a weak solution of the mCH equation if
£l0,0) =~ [ o(a,0)dmo
R

holds for all p € C(R x [0,T)). If T = 400, we call u as a global weak solution of
the mCH equation.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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For simplicity, we denote

(f(z,t), 9 / /fa:t (2, t)dadt.

With the definitions (2.4)—(2.7), for any ¢ € C°(R x [0,T)), we have
<m£\/7 ¢t> + <UN,€m£V7 ¢w>

T N
N /0 /R;p“s(x — x5 (t)) e (0, t)dwdt
T N
A DU R

/ stt 1)+ UM (@ (1), )6 a5 (1), 1))t

d . . al
(2.9) = /O ;pﬁeb(xi(t),t)dt:—Zd»(wi(owpi:— /R ¢(z, 0)dmy.

i=1

On the other hand, combining the definition (2.5) and (2.8) gives

0= [ ' [ G0~ a5 ' [0 o
—*/ / e %mdffdt-F/ / Noeyd 1w (ul9)?) ppdadt

= (b, (1 = Do )u™ ) + ([(u™)? = (0:0™)?)(1 = Oua)u™ <, )
= (m™ dp) + (UNm™*, 6z).

Set
By = £¥,0)+ [ ofa,0)dmy)
R
(2.10) = (m™e —m¥ o) + (UNmNe —UuNemlN ¢,).

We have the following consistency result.

PROPOSITION 2.1. We have the following estimate for En . defined by (2.10):
(2.11) |EN,e| < Ce,

where the constant C' is independent of N,e.

Proof. By a changing of variable and the definition of the Schwartz function, we

can obtain

(2.12) [ taloct@de = [ falzEde = [ falplopts < €, ¢

for some constant C,,.
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Due to Zf\il |pi| < My and (2.12), the first term on the right-hand side of (2.10)
can be estimated as

om0 = | [ T/ S pupe — a2 (). 0) — b1l (0). Ol
¢ > ; o i Pe i ) t\vh

N T
< [ [ pie = ai@lonli o - ai(oldode
i=1 0
S CpM0| ‘¢t7 | |L°°T€~
For the second term, by definitions (2.4) and (2.6) we can obtain

<UeNmN’E — UN’EmiV,¢$>
N T
= ) N T)Pe\T — x$ (T, €T
=Yon [ [ U @t at)n o
N T
Yoo [ U)ot (0, )
N T
=Son [ [ UX @ - w5016tz
N T
_ , N (Vo (2€(8) — 2) (2 .
;Pz/o /RUE (2)pe(a5(t) — ) d (25(1), t)dwdt

N T
=Soo [ [ UN @l =)o) = dulai(0). Dldaat
i=1 0
Due to [|[UY||p~ < $ME, we have

’<U6NTnN’6 — UN’emiV;¢x>| < Cng||¢zm||L°°T6'

DN =

This ends the proof. ]

Notice that
(1 = 042)G® = pe.

The mollification approximates the Dirac delta function with a “blob function” p,,
which shares some ideas with the traditional blob regularization for vortex sheet [19].
However, our regularization is more than “blob regularization” and the key feature is
the double mollification that guarantees the weak consistency. If we use

%xf(t) = UN (a5 (t); {zi}ply)

to define approximate trajectories instead of (2.2), we will not get the weak consistency
result. Regarding this issue, one can refer to the discussion in the introduction or
Lemma 2.1. In section 5, we find that this regularization has the dispersive effects
by studying the modified equation, which justifies “dispersive regularization” in the
title.
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2.2. Convergence theorem. In this subsection, we prove global existence of
N-peakon solutions for the mCH equation and this answers the second question (ii)
in the introduction.

THEOREM 2.1. Let m} (x) be given by (2.1) and {x(t)}Y, is defined by (2.7)
subject to initial data $(0) = ¢;. u™N“(x,t) is defined by (2.3). Then, the following
holds.

(i) There exist {x;(t)}., C C([0,+00)), such that 5 — z; in C([0,T]) as € —
0 (in the subsequence sense) for any T > 0. Moreover, x;(t) is globally Lipschitz
continuous and for a.e. t > 0, we have

(2.13) ‘jtxi(t)‘ < %Mg for i=1,...,N.
(ii) Set
N
(2.14) ulN (z,t) = > piGla — x4(t)),
i=1
and we have (in subsequence sense)
(2.15) ue o, 9.u™N = ul in L, (R x [0, +00)) as € — 0.

(iii) ™ (x,t) is an N-peakon solution to (1.1).
Proof. (i) Due to G¢ = G * p, we have

1
1G]z < 5 and IG5z~ <

N =

Hence,

1
(216) ||UN’EHLoo < EMO and Huiv’eHLoo < Mo,

| —

where My is given in (2.1). By Definition (2.6) and (2.16), we have

U™ (2, 1)]

IN

|2
LOO

UM ||z | pe(x)da < [[u™e|[3 e + [|0pu
R

(2.17)

IN

1 1 1
Combining (2.7) and (2.17), we have

t
d €
/ Eml (r)dr

t
1
(2.18) < [ 10V (ai(r) mldr < M3 - ol

= /t UN<(25(7), 7)dr

S

[#5(t) — w5(s)| =

For each 1 < i < N, by (2.17) and (2.18), we know {z5(t)}c>0 is uniformly (in
€) bounded and equicontinuous in [0,7]. For any fixed time T > 0, the Arzela—
Ascoli theorem implies that there exists a function z; € C([0,7]) and a subsequence
{zF}%2, C {z$}es0, such that z{* — z; in C([0,T]) as k — oco. Then, use a diago-
nalization argument with respect to T'=1,2,... and we obtain a subsequence (still
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denoted as x5) of ¢ such that 2§ — x; in C([0,T]) as € — 0 for any 7' > 0. Moreover,
by (2.18), we have

1
j21(t) = a(s)] < 5MEIE — 5]

Hence, z;(t) is a globally Lipschitz function and (2.13) holds.

(ii) Because u™V:¢(z,t) — u(z,t) and 9,u™c(x,t) — ul(z,t) as € — 0 for a.e.
(z,t) € R x [0,400) (for (z,t) # (x;(t),t)), (2.15) follows by Lebesgue dominated
convergence theorem.

(iii) Next, we prove that u’¥ given by (2.14) is a weak solution to the mCH
equation.

Obviously, we have

u™ € C([0, +o0); HY(R)) N L>(0, +o0; W (R)).
Similarly as (2.9), for any test function ¢ € C°(R x [0, 00)) we have
(m 1) + (Um0 = = [ 9o, 0)dm)

where (mY, m~:€) is defined by (2.4) and (UY, UN:€) is defined by (2.6). By the

€

consistency result (2.11), we have
(2.19) L™, 8) +/¢(x70)dmév —0 as e— 0,
i

where

T 1 /7T
— N,e _ _ = N,e\3
0= [ [t bundadt— 5 [ [ 0 oo
_ e N,e\3 g N,e\3 N,e N,e\2
(2.20) g/o /R(u ) qbwmdxdt—&—/o /}R[(u ) 4w (Oput )] P dxdt.

(Here, T satisfies supp{¢} C R x [0,T").) We now consider convergence for each term
of LuN*, ).

For the first term on the right-hand side of (2.20), using (2.15) and the fact that
supp{¢} is compact we can see

T T
/0 /RuN’e(qbt — Prag)dadt ~>/O /RUN((;St — Graz)dadt as € — 0.

The second term can be estimated as follows:

' / [(02u™)? — (ud)?]pundudt
R

/ (O™ = ud)[(Dau™ ) + ()2 + D™ ul gt

< Mo|\¢m\|Loo// |0 ulVe — N|dxdt%0 as € — 0.
4 supp{¢}
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Similarly, we have the following estimates for the rest terms on the right-hand side of
(2.20):

T
/ /[(uN’e)?’ — (uN)3]puardrdt — 0 as e — 0,
o Jr

T
/ /[(uN’€)3 (WY gpdadt — 0 as € — 0,
0 R

and
T
/ / N (0,02 — N ()2 dadt
0 R

T
- / / (™ — uN )@Y+ u (@™ )@ — )by derdt
0 R

—0 as e—0.
Hence, the above estimates shows that for any test function ¢ € C°(R x [0, 00))
(2.21) LN p) = LN, p) as € — 0.
Therefore, combining (2.19) and (2.21) gives
£(,0)+ [ ofaw,0)dm =0,
R
which implies that u” (z,t) is an N-peakon solution to the mCH equation with initial
date m{ (). |

2.3. A limiting system of ODEs as ¢ — 0. In this section, we derive a
system of ODEs to describe N-peakon solutions by letting ¢ — 0 in (2.7). First, we
give an important lemma.

LEMMA 2.1. The following equality holds:
1
: €2 _
Proof. Set F(y) = [Y__ p(x)dz. Because p is an even function, we have

o) = [ plards = / " o).

Therefore,
Yy o0
(2.22) Fly)+ F(-y) = / p(z)dx +/ p(z)dx = 1.
o Y
Furthermore, we have
F(+o00) =1, F(—00)=0.

Due to pe(z) = pe(—z), we can obtain

i= e @70 = [ o ([ ée”'p;@)dx)Qdy
2

Lo (3] et / Tt @) dy
(y) e

2

/}Rp (/_: _ex_ylp(x)dx—/yoo e_”_ylp(x)dx) dy.

1
4
1
4
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Then, by using Lebesgue dominated convergence theorem and (2.22) we have
2

tigt. =5 [ ot ([ staras - / oty ) ay

— 3 Lo Ew - Fera = [ Pea-2rw)a

=3[ PRy ey
= i (F(+oo) — 2F?(400) + §F3(+oo)) = % 0

Remark 2.1. The above limit is independent of the mollifier p and intrinsic to
the mCH equation (1.1). Consider one peakon solution pG(x — z(t)). To obtain the
correct speed for z(t), the right value for G2 at 0 is the limit obtained by Lemma 2.1:

1
G2)(0) = —.

By the jump condition for piecewise smooth weak solutions to (1.1) in [11, equation
(2.2)], the speed for z(t) should be

dx(t 1
Y - @2(0)  $162(04) + G (041G (0-) + G20
implying that the correct value of G2 at 0 is
1, ) 1

which agrees with the limit obtained by Lemma 2.1. This is different from the precise
representative of the BV function G2 at the discontinuous point 0

1 1
S1G2(0-) + GZ(04)] = .
2 4
Next, we use Lemma 2.1 to obtain the system of ODEs to describe N-peakon
solutions by letting e — 0 in (2.7).

PROPOSITION 2.2. For any constants {p;}}*.,, {z;}}X, C R (note that x; are
fized compared with z$(t) in (2.3)), denote Nj7 := {1 < j < N : x; # x;} and
Mz::{lgjgN:a:j:xi}forlgiSN. Set

ij (x — z;),

and

U(@) = [pe * (u™)*(2) = [pe * (uz"*)?] ().
(Note that x; are constants in U¢(z) comparing with UN(z,t) defined by (2.6).)
Then we have

(2.23)

Jim U* Zpa —aj) | = | D piGalei —ay) (Z Pk) -

JjEN1 kEN;2
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Proof. See the appendix. O

Remark 2.2 (system of ODEs). From Proposition 2.2, we give a system of ODEs
to describe N-peakon solution u® (z,t) = ZZI\LI piG(x —x;(t)). For 1 <i < N, set

(2.24)
Nit(t) :=={1<j<N:zj(t)#z(t)} and Npo(t) :=={1 <j < N:z;(t) =a;(t)}.

The system of ODEs is given by, 1 <i < N,

N 2 2
(2.25) jtw)—(zpﬁ(xi(t):cj<t>>> ( > ijﬂ(mt)xj(t)))

JEN1(t)
1 2
keN;2(t)

Before the collisions of peakons, we can deduce (1.4) from (2.25).

Remark 2.3 (nonuniqueness and the change of energy Hj). Consider the initial
two peakons p1d(z — 21(0)) + p2d(x — x2(0)) with 21(0) < 22(0) and 0 < py < py.
Due to (1.4), the evolution system before collision for z1(t) and z2(t) is given by

d 1 1
—21(t) = =P} + Spipae™ (V77210
dt 6 2
(2.26)
ﬂIQ(t) = }p2 + }plpzezl(t)imm-
dt 62" 2
Hence, they will collide at finite time T}, = %. When ¢ > T, if we assume

1 2
the two peakons stick together, according to (2.25) the evolution equation is given by

d 1
zi(t) = =(p1+p2)*, t>T., i=1,2.

2.2 —
(2:27) dt 6

For i = 1,2, we define

(t) given by (2.26) for < T.,
(2.28) Bi(t) = {x (t) given by (2.26) for

x;(t) given by (2.27) for t > T,

and the sticky peakon weak solution

(2.29) W(z,t) = p1G(z — &1(t)) + p2G(x — T2(t)), 1 =10 — Uyy.

In this case, the energy Hy (defined by (1.15)) of this sticky solution 7 is given by

1 N .
) 5 (P1 +03) + pappe” W20t < T,
(2.30) Ho (1)) = { 2
2
§(p1 +p2)°, t> T
The energy Hj is increasing before T, and Hj is continuous at the collision time T.
If we assume the two peakons cross each other after ¢t > T, (still with amplitudes

p1, P2), then according to (2.25), the evolution equations for 1 (¢) and z2(t) are given
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by

d 1 1

%Il(t) = 6?% + iplpzezz(t)fml(t), t>T,,
(2.31)

d 1 1

%3”2(15) = épg + iplpzezz(t)fml(t), t>T,.

This system is different with (1.4). For ¢ = 1,2, we define

x;(t) given by (2.26) for t < T,

2.32 7i(t) =
(2:32) z(t) {zi(t) given by (2.31) for t > T,

and the crossing peakon weak solution
(2.33) a(z,t) = ;G(z — Z1(t)) + p2G(x — Ta(t)), M = U — Uy

For the energy Hy of the crossing solution m, we have

7 1 —|z1(t)—=
Ho(m(t)) = 5 (b7 + p3) + prpae” 71 (077200

%(pf +p3) + pipee WOy <
(2.34) =11
5 (Pl +p3) + pipae =1 g s T
Hj increases before time T, and decreases after time T,. Hjy is again continuous at
the collision time T..

Both the sticky solution u(z,t) and the crossing solution @(z,t) are two global
peakon solutions, which proves nonuniqueness of weak solutions to the mCH equation.
This nonuniqueness example can also be found in [12, Proposition 4.4].

The above example also shows that after collision, peakons can merge into one
giving the sticky solution w, or cross each other yielding the crossing solution .
Moreover, if we view T}, as the start point with one peakon, then the crossing solution
u shows the scattering of one peakon. This indicates all of the situation mentioned in
question (iii) in the introduction.

At the end of this section, we give a useful proposition.

PROPOSITION 2.3. Let x;(t), 1 < i < N, be N Lipschitz functions in [0,T)
with x1(t) < z2(t) < -+ < xn(t) and p1,...,pn are N nonzero constants. Then,
ulV(z,t) = Zfil piG(x — x;(t)) is a weak solution to the mCH equation if and only
if ©;i(t) satisfies (1.4).

Proof. Obviously, we have
u™N € C([0,T); H(R)) N L>(0, T; W (R)).
In the following proof we denote u := u”. For any test function ¢ € C°(R x [0,T)),
let

T
(2.35) L(u,¢) = /O /IR Wy — brog)drdt

T
1
_ / / [3(Ui¢m F Ul pnn) — (U 4+ wu?)py | dodt =: I + I,
o Jr
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Denote z¢ := —o00, xn41 = 400 and pg = py4+1 = 0. By integration by parts for
space variable z, we calculate I; as

g N T Tit1
Il = / / U((bt - (btwa:)d.%'dt = Z/ / u(¢t _ (bta;a:)dxdt
0 * i=0 0 T
N T oz [ .
:g‘)/o / 5 2 PTG D i€ | (G = Guae)dadt

§<i §>i
T N
230 = [ Ypad.a
0 =1
Similarly, for I3 we have

T
= — 1 3 3 o 3 9

T N 1 1 .
0 =1

Jj<i j>i

+ Z Dmppe™™ " | dt

1<m<i<n<N
T N
(2.37) _ / S pie a0V ()t
0 =1
where V(t) is given by
V(t) = lpg + 1 Zp.p.eﬂ?jﬂﬁi + 1 Zp.p,eﬂ?fl’j + Z PrnPretm T
6 7 2 L Wy 2 L 'y : mirn .
<1t >t 1<m<i<n<N

Combining (2.35), (2.36), and (2.37) gives
N T T N
cwd)=Yom [ GoOades [ pona) (Vi - Gaio) d

T N
) == [ ote.omd + [ > pitulrit) (v - fato) .

By Definition 2.2 we know u” is a weak solution if and only if £x;(t) = V (t), which

is (1.4). ad

Remark 2.4. Proposition 2.3 implies the uniqueness of the limiting trajectories
x;(t) before collisions. Consider the two peakon case in Remark 2.3. From Proposition
2.3, we know that solutions to (1.4) cannot be used to construct peakon weak solutions
after t > T,. If we assume x1(t) > x2(t) when ¢t > T, Proposition 2.3 tells that (2.31)
is the right evolution equation for z;(¢), i = 1, 2.

3. Limiting peakon solutions as € — 0. In this section, we analyze peakon
solutions given by the dispersive regularization.
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3.1. No collisions for the regularized system. In this subsection, we show
that trajectories {x¢(¢)}X, obtained by (2.7) will never collide. Define

1

%) 0
(1) fi@) =y / pele —y)e vdy and fi(e) = / pel — y)evdy.

Changing variable gives

1

(3.2) filz) =3

* —x € 1 > xT—
5| pwerdy and g5@ =5 [ pdwer vy

It is easy to see that both ff, f§ € C°>°(R) and we have the following lemma.

LEMMA 3.1. Let Cy := ||p||ree. Then, the following properties for ff (i = 1,2)
hold:

(i)
(3-3) f5(x) = fi(=x), G(x) = fi+f5, and Gi(v) =—fi(z)+ f3().

(i)
€ € 1 € € CO 1
(3-4) fllzoes (1 f5llee < 5, and |00 fillLoe 102 f5 ][ < o= + 5
2 2¢ 2
Proof. (i) The first two equalities in (3.3) can be easily proved. For the third one,
taking a derivative of (3.2) gives
1 1
(35) awff(x) = §p6(l‘) - fle(x)v and 8xf5(x) = —§p€(l‘) + f2€(‘r)
Hence, we have G (z) = — ff(z) + f5(x).
(ii) By Definition (3.1), we can obtain

€ . 1
1fillpes [ f2llze < 5
Due to (3.5) and Cy = ||p||r~, we have
€ € CO 1
102 fillzoe 10 fol [ < 52 + 5 q

THEOREM 3.1. Let {x¢(t)}X, be a solution to (2.7) subject to z5(0) = ¢;, i =
1,...,N and vazl |pi| < My for some constant My. If c; < ca < -+ < ¢, then
zi(t) < x5(t) < --- < xSy (t) for allt > 0.

Proof. If collisions between {z}~ , happen, we assume that the first collision is
between xj, and xj ,; for some 1 <k < N — 1 at time T, > 0. Our target is to prove
T, = +oo0.

By (2.3) and (3.3), we have

N N
WM, t) =Y piG(x —af) = Y pi (file —af) + fs(x —af)),
=1

=1

and

N N
up (z,t) = Y piGole —af) =Y pi(—file —af) + f(x —af).
i=1 i=1

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/07/18 to 152.3.34.82. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

2824 YU GAO, LEI LI, AND JIAN-GUO LIU

Hence, we obtain

N N

UN(z,t) = (™€ +ul9) (u™ e —ul) =4 (Zpifze(l‘ - 335)) <Zpiff(x - xi)) .
i=1 i=1

From (2.7), we have

d € € d € €
(3.6) = [pe x UN](x) and Tk = [pe x UN](2f,41)-

For t < T, taking the difference gives
%(1’24-1 —xy,)
N N
= 4/Rps(y) (Zpifzé(xZH -y zf)) (Zpiff(quﬂ -y Ii)) dy
i=1 i=1
N N
- 4/Rpc(y) (Zpifé(fvi —y— wi-)) <Z pifi(zy —y— x?)) dy
i=1 i=1
N
= 4/R,oe(y) (Zpifé(xiﬂ —y- wi))
i=1

N
<Y i (Fi(@hg —y —af) — fi(af —y — xf)) dy

=1 N
+ 4/R,o6(y) (;piff(xi -y - mf))

N
<3 i (f(@fn —y — %) — f5(af — y — ) dy.

i=1
Combining (3.3) and (3.4) yields
‘ d

@(wiﬂ —zp)| < 2M§||awff|\L°°($2+1 — ) + 2M§Haazf2€||L°°(33i+1 —zy)

(3.7) < Ce(xhyr —23), t<Ty,

CE=M§<C€°+1>.

where

Hence, for t < T, we have

€ € d € € € €
(3.8) —Ce(z)yr — ) < a(%ﬂ —x3,) < Ce(Thqr — Th)s
which implies

0 < (cks1 —cp)e 9t <l (t) — x5 (t) for t< T

By our assumption about Ty, we know T, = +oo. Hence, we have x§(t) < x5(t)
s < xSy (t) for all £ > 0.
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Remark 3.1. Let u™ (z,t) = Zf\il G(x — z;(t)) be an N-peakon solution to the
mCH equation obtained by Theorem 2.1. From Theorem 3.1, we have

(3.9 z1(t) <w@a(t) <--- <an(f).
This result shows that the limit solution allows no crossing between peakons.

3.2. Two peakon solutions. As mentioned in the introduction, the sticky
peakon solutions given in [12] also satisfy (3.9). In this subsection, when N = 2,
we show that the limiting N-peakon solutions given in Theorem 2.1 agree with sticky
peakon solutions (see u(x,t) in Remark 2.3). Due to Proposition 2.3, the cases with
no collisions are easy to verify.

Consider the case with a collision for N = 2. When p? > p3 and 21(0) = ¢; <
co = x2(0), the equations for x;(t) and x5(t) before collisions are given by

Do) = L1p2 4 Lem—aat),
dt 671 2

(3.10)
Do) = Lp2 4 Lem@—aato
dt 6% 2 '

The two peakons collide at T, = %. Next, we prove the following theorem.

THEOREM 3.2. Assume N = 2 and m}) (x) = p1d(x—c1)+p26(z—ca) with p? > p2
and ¢y < ca. Then, the peakon solution u™ (z,t) = p1G(z — z1(t)) + p2G(z — 22(t))
obtained in Theorem 2.1 is a sticky peakon solution, which means

6(62 — Cl)
pi - p3
To prove Theorem 3.2, we first consider (2.7) for N = 2. Denote S.(t) := z5(t) —
x5 (t) > 0. By the fact that ff(—z) = f§(z), we find that

d

%xi = 4/_00 pe(y) [p1f5(—y) 4+ p2fo(=Se — y)] [p1 S5 (=) + p2ff (=S — y)]dy

(3.11) z1(t) = 2(t) for t>T, =

I o) [P 5 (9) + pofE(Se + )] [P IS ) + pass(Se + )] dy.

— 00

By changing of variables y — —y and using the fact that p. is even, we obtain

imé = 4/00 pe(y) [p15(Se — y) + p2fo (=) [p1f5(Se — y) + P2 fi(—y)]dy

dt o
(3.13) = 4[ pe(y) [p1f5(Se + ) + p2f5 ()] [prfL(Se +y) + p2fi(y)]dy.
Taking the difference of (3.12) and (3.13) gives
Gl LS == [ s T - S 055 + )],

We have the following useful proposition, the proof of which is in the appendix.

ProprosITION 3.1. For any s > 0, we have
3 > € € € € 1
615 lmd [ @)@ - i+ )5+ a)]de = .

The above convergence is uniform about s € [, 4+00) for any § > 0.
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Proof of Theorem 3.2. Let m{Y(z) = p1d(x — c1) + p2d(x — c2) for constants p;
and ¢; satisfying

(3.16) c1 <cy and pi > p3.

x5(t) and z5(t) are obtained by (2.7). From Theorem 3.1, we have z§(t) < x5(t) for
any t > 0. By Theorem 2.1, for any T > 0, there are x1(t), z2(t) € C([0,T]) such that

i (t) = x1(t) and z5(t) = z2(t) in C([0,T]), €—0.
Hence, we have
xl(t) S xg(t).

By Proposition 2.3, we know that the solution given by Theorem 2.1 is the same as
the sticky peakon solution when ¢ < T.
By (3.14) and Proposition 3.1, we can see that for any 0 < § < min {02 —
c1,—5(p3 — pl)}, there is a €y > 0 such that when S(t) > § we have
1

d 1
g(pg —ph—d< gSE(t) < é(pg —p})+0 <0 for any €< ep.

Claim 1. If there exists tg > 0 such that S.(tg) < J, then S.(t) < o for t > to.
Indeed, if there is t; > to and Sc(t1) > §, we set
to 1= inf{t <ty: SS(S) > ¢ for s € (t,tl)}.

Hence, ty >ty and Sc(t2) = §. Moreover, Sc(t) > § for t € (ta,t1). Therefore,

“od 1
S.(t) :/t T Se(s)ds + Sc(t2) < [ (8 — 1) + 0 (1 — t2) + 5 <6,

which is a contradiction with S,(t1) > .

Claim 2. We have S.(t) < ¢ for t > % =: t5. If not, from Claim 1 we
1 2
have Sc(t) > § for t < t5. Hence,

tq 1
Se(t(s):/o @Se(s)ds—ch—q < g(pg—pf)—i—é}tg—km—q <4,

which is a contradiction.

With the above claims, we can obtain

6 —
(3.17) lim S.(t) =0 for ¢ > M
e—0 pl — p2

)

which implies (3.11) ad

Remark 3.2. Though the peakons are not physical particles and they are not
governed by Newton’s laws, we have the analogy of the conservation of momentum
during the collision. Let p be the “mass” of the peakon. The speeds of the two
peakons before c?llision are %p% + %plpg and %p% + %plpg, respectively. The speed

after collision is ¢ (p1 + p2)?. We can check formally that

1 ) 1, 1 1, 1
(p1 +p2)6(p1 +p2)° =m 6p1+§p1p2 + p2 ép2+§p1p2 .
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We can then introduce the instantaneous (infinite) “force” as

. 1
Fir=p[d]o(t —T.) = 6?1]92(]92 —p1)o(t —T),

where [21] represents the jump of & at ¢ = T,. Similarly,

. 1
Fy = polao]d(t — T,) = 6?2?1(1?1 —p2)o(t —T).

Here Fy + F> = 0, which is equivalent to the “local conservation of momentum.”

3.3. Discussion about three particle system. When N > 3, the limiting
N-peakon solutions obtained by Theorem 2.1 can be complicated. In this subsection,
we study the interactions between three peakon trajectories.

Denote the initial data z1(0) < 22(0) < 23(0) and constant amplitudes of peakons
pi > 0,4=1,2,3. Let z{(t), ¢ = 1,2,3, be solutions to the regularized system (2.7)
and x;(t), ¢ = 1,2,3, be the limiting trajectories given by Theorem 2.1. Let z{(¢),
i = 1,2,3, be trajectories to sticky peakon solutions given in [12]. Before the first
collision time, by Proposition 2.3 we know that x;(t) = x{(t), i = 1,2, 3, which is the
solution to (1.4). However, after collisions, the limiting trajectories x;(¢) may or may
not coincide with the sticky trajectories z{(t). Below, we consider two typical cases.

Sticky case (1). We illustrate this case by an example with p; =4, po =2, p3 =1
and z1(0) = —7, x2(0) = =5, z3(0) = —3 (see Figure 1). For the sticky trajectories
(red dashed lines in Figure 1) zi(t), i = 1,2,3, the first collision happens between
x5(t) and z5(t) at time ¢. Then z5(t) and x5(t) are sticky together traveling with
new amplitude py + p3 for ¢t € (¢5,t5). Because p; > pa + ps3, x5 (t) catches up with
x5(t) and x§(t) at t5. At last, the three peakons are all sticky together after ¢3.

When e > 0 is small, the behavior of trajectories z§(¢), i = 1,2,3, given by the
regularized system (2.7) is very similar to the sticky trajectories (see the blue solid
lines in Figure 1). This indicates that x;(t) = x(t) for any ¢ > 0 and the limiting
peakon solution given by Theorem 2.1 agrees with the sticky peakon solution.

Sticky and separation case (ii). We illustrate this case by an example with p; =
4, po = 2, ps = 3 and 21(0) = —7, 22(0) = —6, 23(0) = —2 (see Figure 2). For

25

-5 X0 5

Fic. 1. p1 =4, po =2, p3 =1 and 21(0) = =7, z2(0) = =5, z3(0) = —3; € = 0.02. The
blue solid lines are trajectories of three peakons {x$ (t)]»?:1 given by dispersive regularization system
(2.7). The red dashed lines are trajectories of sticky three peakons.
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1.5¢

-5 o 5

FiGc. 2. p1 =4, p2 =2, p3 =3 and z1(0) = =7, 22(0) = —6, z3(0) = —2; ¢ = 0.02. The blue
solid lines are trajectories for three peakons {x$ (t)}g’:1 obtained by dispersive reqularization system
(2.7). The red dashed lines are trajectories of sticky three peakons.

the sticky trajectories (the red dashed lines in Figure 2) x7(t), i = 1,2, 3, the first
collision happens between z5(t) and 23(t) at time ;. Then 25 (¢) and x5(t) are sticky
together traveling with new amplitude p; + p for ¢t € (fl, fg). Because p1 + p2 > ps,
x5(t) and 23(t) catch up with x5(t) at f5. At last, the three peakons are all sticky
together after t,.

When e¢ > 0 is small, the behavior of trajectories z$(t), ¢ = 1,2,3, given by
the regularized system (2.7) is very similar with the sticky trajectories x?(t) before
Ty, where z§(t) get close to z5(t). However, when x5(t) comes close to z5(t), x5(¢)
separates from z§(¢) around T; and gradually moves to z§(t) and then holds together
with x§(t). Since pa + p3 > p1, x5(t) and z§(¢) get far away from z§(¢).

This indicates the limiting trajectories x;(t) # zi(t) for ¢ > T} and the limiting
peakon solution given by Theorem 2.1 does not agree with the sticky peakon solution.
Below, we offer some discussion about this interesting phenomenon.

Next, we discuss in detail the limiting solution in cases like Figure 2, i.e., p; >
p2 >0, p1 +p2 >p3 >0, p1 < p2+ ps and x3(0) — x2(0) > x2(0) — x1(0) > 0.
Consider the limiting solution of the form

3
u(z,t) = ZPiG(I —zi(t)),

where x;(t) are Lipschitz continuous and x4 (t) < 22(t) < x3(t). Since z1(0) < z2(0) <
23(0), by Proposition 2.3, z;(t) : i = 1,2, 3 satisfy the following system for ¢ € (0,T%),
where T, > 0 is the first collision time:

d1‘1 1

90 _ 224 Lpipe@amo) 4 Lpypemtoeman

e~ 6"t 2 2 ’

dx 1 1 —(x2—2x 1 —(x3—2x —(x3—2x
(3.18) ditz = épg + 5pip2e (w2=m) 4 5P2pse (#a=22) 4 pypge” (737,

dl‘g o 1 2 1 7(m37m1) 1 7(I37I2)

PTG + oP1pse + 5 Pap3e .

Let S; := xj41 —x; > 0, i = 1,2. From (3.18), the distances S; satisfy the following
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equations for t < Ty:

s, 1,,

1 _ 1 B
at 6(192 - i)+ P2pse 82 4 FP1pse (S1+82)
(3.19) ds 1 1 1
@02 L2 2y o -5 _ ~ —(S1482)
i 6(1?3 P3) 5P1P2e 5P1P3¢ :

For the case in Figure 2 to happen, S2(0) should be large enough so that Sy (7%) =0

and
dS; 1, .,

. 1 _
lim = —(p} — pl) + =popse

a3 S2(T%)
t—T- dt 6 2

—S2(T%)

1
+ §p1p36 <0.

In other words, S2(T%) > S5 > 0, where S; is defined by

1 1 e 1 .
6(193 —pi)+ Pepse 52 4 SP1pse 52 = 0.

Since S(t) > 0, while

1 1 _ 1 B
53 = pD) + Spapse™™ + Spipse” ) <,

(3.19) must not be valid for ¢t € (Ty,Tx + ) for some ¢ > 0 and neither does (3.18).
Indeed, the new system of equations must be (1.4) for N = 2:

d 1 1 e
—ai(t) = Z(p1 4 p2)? + = (p1 + po)pze” D= =1 2,
dt 6 2

(3.20) ; o
Z%s(t) = gpg +5( + pa)pge” (D70,

Hence, S1(t) = 0 for t € (T, T\ +0) while Sa(t) keeps decreasing because p1 +pa > ps.
Note that the sticky solutions x?(t) satisfy (3.20) until =5 (¢) = z5(t) = z5(¢). On
the contrary, the simulations indicate that z1(¢) and x2(¢) can split when zo(t) < z3(¢)
and then {z;(t)}?_; do not satisfy (3.20) after the splitting. Define the splitting time
T, as
T = inf{t >T,: S1(t) > 0}

We claim that 773 > T := inf{t > 0 : Sa(t) = S3} > T.. Suppose otherwise
Ty < Ty; then there exists 6 > 0 such that Sy(¢) > 0 for t € (Ty, Ty + ) with some
small 9, Sl(Tl) =0and S := infte(Tl,Tl+6) Sg(t) > S; For t € (Tl,Tl + (S), S1 and
So must satisfy (3.19) by Proposition 2.3. Consequently,

iSl (t) <

1 1 g1
510 < 03 = pD) + Spapse™ + Spipse® <0, te (T, Th + ).

2 2

Since S1(T7) = 0, we must have S1(¢t) < 0 for t € (11,71 +6). This is a contradiction.
Now that (3.20) holds on (T, T7) while T > T», we find

Ty =T, + 6(S2(T%) — S5)/((p1 + p2)* — p3) > T

The question is when the split happens (i.e., how large can T} be).

Congecture. At the point of splitting (¢t = T1), both z1(t) and z5(t) are right-
differentiable, and x1(t) : t > T} and xo(t) : t > 17 are tangent at t = T;.
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(a) (b)
1.5¢ 12
i 1.5¢
t tl
05¢
0.5
T
0 0

-4 -2 0 X2 4 6 8 10 -4

Fic. 3. (a) p1 =4, p2 =3, p3 =2 and £1(0) = —4, z2(0) = —3, z3(0) = 4. The three peakons
merge into one peakon. (b) p1 =4, p2 =3, p3 =2 and z1(0) = —4, 22(0) = =2, z3(0) = 4. The
three peakons merge into two separated peakons.

If this conjecture is valid, then we must have

d
1. —_ =
t—1>17{11+ dt 516 =0

and therefore
T =1T,.

In summary, the dispersive regularization limit weak solution is quite different
from the sticky particle model in [12] when N > 3. Another difference we note is
that the sticky particle model has bifurcation instability for the dynamics of a three
peakon system: consider a three particles system with initial data p; = 4, 21(0) = —4,
p2 = 3,22(0) € (—4,4), and p3 = 2,23(0) = 4. There exists z. € (—4,4) such that in
the x2(0) > x. cases, the second and third peakons merge first and then they move
apart from the first one (see Figure 3(b)), while z5(0) < z. implies that the first two
merge first and then they catch up with the third one, merging into a single particle
(see Figure 3(a)). This is a kind of bifurcation instability due to the initial position
of the second peakon: a little change in x2(0) results in very different solutions at
later time. It seems that the ¢ — 0 limit does not possess such instability due to the
splitting as in Figure 2.

4. Mean field limit. In this section, we use a particle method to prove global
existence of weak solutions to the mCH equation for general initial data mg € M(R).
Assume that the initial date mq satisfies

(4.1) mo € M(R), supp{mo} C (—=L,L), My:= / dlmo| < 4o0.
R

Let us choose the initial data {¢;}; and {p;}Y, to approximate mg(x). Divide the

interval [—L, L] into N nonoverlapping subinterval I; by using the uniform grid with

size h = % We choose ¢; and p; as

1
(4.2) cii=—=L+(—2)h; p; ::/ dmg, i=1,2,... N.
2 [ci—B.cit+%)

Hence, we have

N
(4.3) S il < /[ ol < Mo
i=1 -L

)
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Using (4.2), one can easily prove that mg is approximated by
(4.4) my (x) = pid(x — ¢;)

in the sense of measures. Actually, for any test function ¢ € Cy(R), we know ¢ is
uniformly continuous on [—L, L]. Hence, for any 7 > 0, there exists a § > 0 such that
when z,y € [-L, L] and |z — y| < 6, we have |¢(z) — ¢(y)| < n. Hence, choose & < §
and we have

‘/R¢(w)dmo—/R¢(sc)dmév = ’/[—L,L] ¢(x)dm0—/[_L7L] o(a)dmY

N N
S, @@= ste)imo| <03 [ dlmo| < Mon.
i=1"lci—g.city i=1"lci

(45) =

ci—Bcith)

Let 7 — 0 and we obtain the narrow convergence from mj) (x) to mo(x).

For initial data m{Y (z), Theorem 2.1 gives a weak solution u™ (x,t) = Eil p:G(z—
x;(t)), where z;(0) = ¢; and p; are given by (4.2). Moreover, (2.13) holds for x;(t),
1<i<N.

Next, we are going to use some space-time BV estimates to show compactness of

u®. | we recall the definition of BV functions.

DEFINITION 4.1. (i) For dimension d > 1 and an open set  C R, a function
f € LY(Q) belongs to BV (Q) if

Tot.Var{f}:= sup{/ﬂf(x)v “p(x)dz s ¢ € CHOLRY), ||]|n~ < 1} < 0.

(ii) (Equivalent definition for one dimension case) A function f belongs to BV (R)
if for any {x;} CR, x; < xiy1, the following statement holds:

Tot.Var{f}:= ?u;; { Z |f(z;) — f(x1_1)|} < 0.

Remark 4.1. Let Q C R? for d > 1 and f € BV(Q). Df := (Dy, f,..., Dy, f) is
the distributional gradient of f. Then, Df is a vector Radon measure and the total
variation of f is equal to the total variation of |Df|: Tot.Var{f} = |Df|(2). Here,
|Df] is the total variation measure of the vector measure D f [20, Definition (13.2)].

If a function f : R — R satisfies Definition 4.1(ii), then f satisfies Definition (i).
On the contrary, if f satisfies Definition 4.1(i), then there exists a right continuous
representative which satisfies Definition (ii). See [20, Theorem 7.2] for the proof.

Now, we give some space and time BV estimates about «”, 8,u”, which is similar
to [12, Proposition 3.3].

PROPOSITION 4.1. Assume initial value mg satisfies (4.1). p; and ¢;, 1 <i < N,
are given by (4.2) and mY is defined by (4.4). Let uN(z,t) = vazl p:G(z — x4(t))
be the N-peakon solution given by Theorem 2.1 subject to initial data m™ (x,0) =
(1 = Opz)uN (2,0) = mlY (z). Then, the following statements hold.

(i) For any t € [0,00), we have

(4.6)  Tot.Var{u™(-,t)} < My, Tot.Var{ou(-,t)} <2My uniformly in N.
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1 1
(4.7) [[uN ]| L < §MO’ [[0pulN || L < §Mo uniformly in N.

(ili) Fort,s € [0,00), we have

(4.8)
/ [u™ (z,t) — u™ (z,s)|de < %Mghf — s, / |0,u™ (2, 1) — Bpu™ (2, s)|de < M|t — s|.
R R

(iv) For any T > 0, there exist subsequences of u™¥, uY (also labeled as u™, uY)

and two functions u, u, € BV(R x [0,T)) such that
(4.9) u =, ud —u, in L} (R x [0,400)) as N — oo,

and u, u, satisfy all the properties in (i), (i), and (iii).

Proof. See [12, Proposition 3.3]. We remark that the key estimate to prove (4.8)
is (2.13). a0

With Proposition 4.1, we have the following theorem.

THEOREM 4.1. Let the assumptions in Proposition 4.1 hold. Then, the following
statements hold:
(i) The limiting function u obtained in Proposition 4.1(iv) satisfies

(4.10) u € C([0, +00); H(R)) N L>(0, +-00; W (R))

and it is a global weak solution of the mCH equation (1.1).
(ii) For any T > 0, we have

m = (1= 0ga)u € MR x[0,T))
and there exists a subsequence of m™ (also labeled as m”~ ) such that
(4.11) m™ S moin M(R x [0,T)) (as N — +00).

(iii) For a.e. t > 0 we have (in subsequence sense)

(4.12) m™ (-, t) > m(-,t) in M(R) as N — +oo
and
Lo Lo
(4.13) supp{m(-,t)} C (— L- 5 ot L+ iMot)'
Proof. The proof is similar to [12, Theorem 3.4] and we omit it. d

Remark 4.2. We remark that when myg is a positive Radon measure, m is also
positive. Actually, mg € M (R) implies that p; > 0 and m™¢ > 0. Therefore,
the limiting measure m belongs to M4 (R x [0,T)). By the same methods as in [12,
Theorem 3.5], we can also show that for a.e. t > 0,

(4.14) m(-,t)(R) =mo(R), |m(-1)|(R) < |mo|(R).
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5. Modified equation and dispersive effects. Note that the regularization

for the N-peakon solutions can be equivalently reformulated as the regularization
performed directly on the equation. We consider the equation

(5.1) my + [m(p6 % ((pe x 1) — (pe *uz)Q))L =0, Mm=1u—Ugy.

To see the equivalence, consider its characteristic equation

(5.2)

X(f,t) = Pe* ((pe * U)Q — (pe * Uz)Q)(X(fvt)at)a
X(,0)=¢€R.

Due to the relation between u and m, we have

63) ()@ = [ pla =) [ Gl 2)m(:)azdy
- / G (a — 2)m(2)dz = / G — X (0, 1))mo (6)d6.
R R
We define
(5.4)  Ud(x,t) == (pe * u)*(x,1) — (pe * uz)*(x,t)

_ ( /R Ge(z — X(@,t))mo(9)d9>2 - ( /R G la — X(e,t»mo(e)de)z 7
and US(z,t) = [pe * U(z, 1)

Equation (5.2) can be rewritten as

(5.5) {X (6.1) = UA(X(E.8),1),

X(£,0)=¢eR.

Because the velocity field U€ is bounded and smooth, one may show that (5.5) has a
global solution for given initial data my € M(R). Hence, the modified equation (5.1)
has a global solution. Notice that if we let

N
mo(z) = 25(33 —¢), and zi(t) = X(c;,t),
i=1
then system (5.5) for {z¢(¢)}Y, recovers system (2.2).
Next, we use equation (5.1) to justify that our regularization method has disper-
sive effects. For a smooth function f, we have

pes f(z) = / f(@— e)p(y) dy = F(2) + a6 fra() + O(eY,

where a is a constant given by

1
a= 5/p(y)y2dy-
R
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Using the above fact, we have
Ue = (pe % u)? — (pe % uz)? = u® — u2 + 20€* (Uttpy — UgUzzz) + O(e),
and
U = U, — a€®Uepy + O(€*)
=u? — w2 + ae®[2(Ulpy — UpUzzz) + (U2 — u2)pe] + O(*).
Hence, the modified equation (5.1) becomes
(5.6) my + [m(u® — u?)]e + a€®[2m(Utipy — Uptiges) + M(u? — u2)4e]e + O(eh) = 0.

To see that the correction term in the modified equation has dispersive effects, we do
linearization around the constant solution 1. Let w = 1 + dv. We have

Mm=1u—Upy = 1+ 6V — OV = 1+ On,

where n = v —v,,. Keeping orders up to O(e?) and §, we have the following linearized
equation:

(5.7) vt + (20 + n)p + 44€% Vg0 + O(6) + O(€') = 0.

The leading term corresponding to the mollification is a dispersive term 4ae?8vyzy.
Hence, our regularization method has dispersive effects.

Appendix A. Proofs of Proposition 2.2 and 3.1.

Proof of Proposition 2.2. Because Zjvzl p;G(x — x;) is continuous, we have

2

N
(A1) iy e (492 02) = | Yo Gl = 2)
e

Next we estimate the second term [p. * (u)+€)?](x;) in U¢(x;). We have

2

(W)@ = Y piCile—a) | +2 Y piGile— )Gl — )
JEN1 JENG1,kEN 2

+ ( > kai(w—wk)> =: Fi(2) + F3(x) + F3(x).

kEN2
Because G (z) is continuous at z; — x;, we have the following estimate for Ff:

2

(A.3) lim (pe + F7) (2:) = XN: piGa(zi — ;)
JEN1

Because G and p, are even functions, we know G, is an odd function. Next, consider
the second term F§ on the right-hand side of (A.2). Due to zy = x; for k € N2, we
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have

e F)@) =2 Y mm / pe(s — 4)G(y — ;)G (y — z:)dy
jGNil,kGNiz R

SR SR AT

JEN1,kEN 2

X (/R {Gz(xi —zj—y—x)—Gglz; —z;+y— x)}pe(x)dx> dy

N
<2 > o[ ey

JEN1,kEN;2
e
X / Galzi —xj—y—o) — Gules —xj +y —x)|pe(x)de | dy
—Ve
(A.4) +3 Y pjpk/ pe(y)dy =: It + IS.
JEN;1,EEN 2 Ve

Due to x; # x; for j € N1, we can choose € small enough such that
(w; —zj—y—a)(z; —xj+y—x) >0 for |z, ly| < Ve
Hence,
(Gaos = 25—y = ) = Galos — 23 +y — )| < 312 < Ve,

Putting the above estimate into I gives

NG
=2 > pjpk/O pe(y)G5(—y)

jGNil,k‘GNz‘Q
Ve
“\/
—Ve
(A5) < Y Ippkl-Ve—0 as e—0.
jENil,kENiZ

Gulei—xj—y—o)—Gule; —xj +y — )

pe(x)dac> dy

For I§, changing variable gives

oo

I5=3 > pjpk/ pe(y)dy
JEN1,kEN 2 Ve
o0

(A.6) =3 Z pjpk/ ply)dy -0 as ¢ — 0.

1
JEN1,kEN 2 Ve

Combining (A.4), (A.5), and (A.6), we have

(A7) tim | (pe * F5) ()] = 0.
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For F¥ in (A.2), using Lemma 2.1 we can obtain

Lim (pe * F) (w:) = giggj/Rpe(xi ) ( > pk/RG(y—xk —x)pe(x)dw> dy

kEN;2

_ ( 3 pk>2;g% [ oo [ cw-pi) @

keNi2

( 3 pk> tim [(G5)” * o] (0)

kEN2

;(zpai

kEN2

(A.8)

where we used x; = x, for k € Ny in the second step. Finally, combining (A.3),

(A.7), and (A.8) gives

2
a9 e 20 = 3y (X )+ [ 3 monte o)

keEN;2 JENI1

Combining (A.1) and (A.9) gives (2.23).
Proof of Proposition 3.1. Let
1 pd@ @50~ s+ ) s+ )] do = I~ I,

where

=t [ p@ i@ and 5=t [ pa)fi(s+ )i+ )

— 00 —0o0

For If, by changing of variables, we have

If = /o:o p(%)(/; p(y)ee(y‘“)dy> (/; p(y)ee(z‘y)dy> da.

Set

By the Lebesgue dominated convergence theorem, we have

lim I} = /Z p(%)</io p(y)dy> (/:O p(y)dy)dx

(A.10) = /00 F'(z)F(z)(1 — F(z))dz = é

— 00

Similarly, for I§ we have

oo z+§ o)
I5 = / p(l‘)( / p(y)ee(yx)sdy> < / p(y)eé(“"y)“dy>dm-
—00 —00 T+ £
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)
When 6 > 0 and s € [d,+00), we have — < s Hence,
€

€

o<ss< [ o [ oan)( [ : ploiy ) i
<]C:p@)<ljép@ﬁw>dm

Therefore, the following convergence holds uniformly for s € [§, +00):

(A.11) lim 7§ = 0.
e—0
Combining (A.10) and (A.11) gives (3.15). ad
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