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Abstract The Random Batch Method proposed in our previous work (Jin et al. J Comput Phys, 2020) is not
only a numerical method for interacting particle systems and its mean-field limit, but also can be viewed as a
model of the particle system in which particles interact, at discrete time, with randomly selected mini-batch of
particles. In this paper, we investigate the mean-field limit of this model as the number of particles N — oo.
Unlike the classical mean field limit for interacting particle systems where the law of large numbers plays the
role and the chaos is propagated to later times, the mean field limit now does not rely on the law of large
numbers and the chaos is imposed at every discrete time. Despite this, we will not only justify this mean-field
limit (discrete in time) but will also show that the limit, as the discrete time interval 7 — 0, approaches to the
solution of a nonlinear Fokker-Planck equation arising as the mean-field limit of the original interacting particle

system in the Wasserstein distance.
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1 Introduction

Many physical, biological and social sciences phenomena, at the microscopic level, are described by
interacting particle systems, for example, molecules in fluids [19], plasma [5], swarming [7,9, 13, 48],
chemotaxis [4,26], flocking [1,12,25], synchronization [11,24] and consensus [43]. We consider the following
general first order systems:

. . 1 . _ .
X' = b(X")dt + > K(X' - XD)dt +V20dW', i=1,2,...,N (1.1)
jig#i
with the initial data X{’s being independent and identically distributed (i.i.d.), sampled from a common
distribution 9. W¥s are N independent d-dimensional Wiener processes (standard Brownian motions).

Here, we allow ¢ = 0 to include systems without noise.
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As is well known, under certain conditions, the mean field limit (i.e., N — oo) of (1.1) is given by
Oppp = =V - ((b(x) + K * p)p) + o?Ap. (1.2)

The term “mean field limit” means that the empirical measure puy == N2 3N §(z — X*) converges
weakly to g almost surely and the one marginal distribution ug\}) = Z(X1), the law of X!, converges
to u. See [10,15,18,37] for some related models and proofs, though the setups in these works do not quite
fit our problem as we allow |b(-)| to have polynomial growth. Recall that p is in general a probability
distribution and (1.2) is understood in the distributional sense. We will denote the solution operator
to (1.2) by S:

S(A)ulty) = p(ty +A), Vit >0, A>0. (1.3)

Clearly, {S(t) : t > 0} is a nonlinear semigroup.

A direct simulation of (1.1) costs O(N?) per time step, which is expensive. To reduce the compu-
tational cost, in [28], a random algorithm that uses random mini-batches, called the Random Batch
Method (RBM), has been proposed to reduce the computation cost per time step from O(N?) to O(N).
The method has been applied to various problems with promising results [28, 32,35, 36]. However, the
understanding of the method is still limited, despite some theoretical proofs [28,29]. The idea of using the
“mini-batch” was inspired by the stochastic gradient descent (SGD) method [6,44] in machine learning.
The “mini-batch” was also used for Bayesian inference [50], and similar ideas were used to simulate the
mean-field equations for flocking [1]. How to apply the mini-batch depends on the specific problems. The
strategy in [28] for interacting particle systems (1.1) is to do random grouping. Intuitively, the method
converges due to certain time average in time, and thus the convergence is like the convergence in the
law of large number (in time) (see [28] for more details). Compared with the fast multipole method, the
accuracy is lower (half order in time step), but the RBM is simpler to implement and is valid for more
general potentials (see [29, 35]).

The RBM algorithm corresponding to (1.1) is shown in Algorithm 1. Suppose we aim to do the
simulation until time 7" > 0. We first choose a time step 7 > 0 and a batch size p < N,p > 2 that
divides N. Define the discrete time grids ¢ := k7, k € N. For each time subinterval [¢;_1,tx), there are
two steps: (1) at time grid tx_1, we divide the N particles into n := N/p groups (batches) randomly;
(2) the particles evolve with interaction inside the batches only. Here, we use the same symbols X°
without causing any confusion. The Wiener process W* (the Brownian motion) used in (1.4) is the same
as in (1.1).

Algorithm 1  The Random Batch Method (RBM)

1: for kin 1: [T/7] do

2: Divide {1,2,..., N} into n = N/p batches randomly.
3:  for each batch C; do

4: Update X%'s (i € Cq) by solving the following stochastic differential equation (SDE) with ¢ € [t;_1,tg):
X" = b(X)dt + —— > K(X' = X)dt + V20d W' (1.4)
P= 2 jecg i
5: end for
6: end for

As pointed out in [28], the RBM is asymptotic-preserving regarding the mean field limit N — co (see
[21,34,46]); namely, the error bound of the one marginal distribution can be made independent of N so
that it can be used for large N as an efficient numerical particle method for (1.2), the mean field nonlinear
Fokker-Planck equation of (1.1). While the RBM was introduced as a numerical method, it can also be
viewed as a new model for the underlying particle system. A natural question for both numerical and
modeling interests is: what is the limiting (mean field) dynamics as N — oo for a fixed time step 77

Intuitively, in a specific realization of the random division of batches, when N > 1, the probability that
two chosen particles are correlated is very small. Hence, in the N — oo limit, the two chosen particles



Jin S et al. Sci China Math  January 2022 Vol. 65 No.l1 171

will be uncorrelated with probability 1. Since the particles are exchangeable, the marginal distributions
of them will be identical. Hence, let us focus on one specific particle, i.e., i = 1, to understand the
mean field limit. Imagine that there are infinitely many particles as N — oco. For each time interval,
we draw p — 1 particles from the infinite set, and they are independent from particle 1 by the intuition
just mentioned. They share the same distribution with particle 1. This small group then evolves with
interactions between themselves to the next time point so that the distribution of particle 1 has been
changed. At this new time point, we draw another p — 1 particles to interact with particle 1. In this
sense, in the NV — oo limit, the N-particle system is then reduced to a p-particle system described by the
following stochastic differential equation (SDE) system for ¢ € [tx, tx41):

. , 1 P A 4 ,
dy' =b(Y)dt + — > K -Y9)dt+V20dW', i=1,...,p (1.5)
p—1 = .
Jj=1,j#i

with {Y?(¢)} being i.i.d., drawn from fi(-, ;). We may impose Y!(t, ) = Y1(¢}), and for other particles
i# 1, Yt)in [tp_1,tx) and [tg,txr1) are independent so they are not continuous at t;. In fact, Y%’s
(i # 1) correspond to the batchmates of particle 1 as in Algorithm 1 so they are different particles for
different iterations. Then, fi(-,tp41) = ZL(Y'(t;,,)), the law of Y'(¢, ;). In terms of the individual
particle 1, the rest N — 1 particles average out to an infinite pool of independent particles from particle 1
at each time step t;. This becomes the mean field limit model of the RBM, and one may write out the
following mean field limit for the RBM in terms of the probability distribution as shown in Algorithm 2,
while (1.5) becomes the microscopic description.

Algorithm 2  Mean field dynamics of the RBM (1.4)

1: (-, 0) = po € P(R?).
2: for k> 0 do
3 Let p® (... ty) = i(-, 1) ®? be a probability measure on (R?%)? =~ RP9,
4: Evolve the measure p(P) by the following Fokker-Planck equation for ¢ € [th, te41):
P 1 P P
OpptP) = =>"Vy, ([b(ri) o D K- zj)]p@)) +02> Ay P (1.6)
i=1 P=d i i=1
5: Set
(- = ). . =) 1.
(- thg1) /(Rd)(pil) PP (s dyz2, ... dyp, i) (1.7
6: end for

The dynamics shown in Algorithm 2 naturally defines a nonlinear operator G, : P(RY) — P(R?) as

/1('7tk+1) = goo(ﬂ(atk)) (18)

As indicated above, the mean field limit here does not rely on the law of large numbers. Instead, it
relies on the fact that the particles in one batch are unlikely to be related if N > 1. In the mean field limit
dynamics of the RBM, one starts with a chaotic configuration®, the p particles evolve with interaction
to each other. Then, at the starting point of the next time interval, one imposes the chaos so that the
particles are independent again. This mean field limit is different from the standard mean field limit for
the system (1.1), given by (1.2): in the mean field limit of the RBM, the chaos is imposed at every time
step; in the classical mean field limit for the interacting particle system, the chaos is propagated to later
times. This mechanism may allow the mean-field limit of the RBM to achieve a higher convergence rate
than the standard N~'/2 convergence rate (at least N~! under Wasserstein-1 as seen in Section 3). In
spite of the difference just mentioned, we will show that these two limiting dynamics are in fact close: in
Section 4, we will show that as 7 — 0 the dynamics given by G, can approximate that of the nonlinear

D) By “chaotic configuration”, we mean that there exists a one particle distribution f such that for any j, the j-marginal
distribution is given by () = f®i. Such independence in a configuration is then loosely called “chaos”. If the j-marginal
distribution is more close to f®7 for some f, we loosely say “there is more chaos”.
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Fokker-Planck equation (1.2). We remark that as 7 — 0, the dynamics of the RBM has been shown to
converge to the N-particle system (1.1) in [28]. Thus, this result implies that the two limits limy_, o, and
lim,_,o commute (see also Subsection 5.1 and Figure 3).

The argument in this paper for ¢ < T can be generalized to second order systems, which we omit,
but one may see Section 5 for some discussion. Of course, the argument for large time behavior can be
different and this is left for future study.

The rest of this paper is organized as follows. We introduce the notations and give a brief review to
the Wasserstein distance in Section 2. The mean field limit under the Wasserstein distance is shown in
Section 3. Section 4 is devoted to the discussion of the mean field dynamics of the RBM. In particular, we
show that it is close to the mean-field nonlinear Fokker-Planck equation. Some discussion is performed
in Section 5. We finally conclude the work along with future directions in Section 6.

2 Preliminaries and notations

In this section, we first introduce some assumptions and notations. Then we give a brief introduction to
the Wasserstein distance and prove some auxiliary results.

2.1 Mathematical setup of the problem

We first introduce several assumptions that will be used throughout the paper. In these assumptions,
“being smooth” means that the functions are infinitely differentiable. Note that the conditions in these
assumptions may be stronger than necessary.

Assumption 2.1.  The moments of the initial data are finite:

/Rd |x|9po(dz) < 00, Vg€ [l,00). (2.1)

One of the following two conditions will be used for the external fields and interaction kernels.

Assumption 2.2.  Assumeb(-) : R — R? and K(-) : RY — R? are smooth. Moreover, b(-) is one-sided
Lipschitz:

(21 = 22) - (b(21) = b(22)) < Bl21 — 22 (22)
for some constant B, and K is Lipschitz continuous
|K(21) — K(ZQ)| < L|Zl - ZQ|.

Assumption 2.3.  The fields b(-) : RY — RY and K(-) : R? — R? are smooth. Moreover, b(-) is
strongly confining:

(21 = 22) - (b(21) = b(22)) < —r|z1 — 2o/ (2.3)

for some constant r > 0, and K is Lipschitz continuous |K (z1) — K(22)| < L|z1 — z2|. The parameters r
and L satisfy

r > 2L. (2.4)

Remark 2.4. Compared with our previous works [28,29], we are not assuming the boundedness of K
in this paper to prove the mean-field limit and investigate the limiting dynamics. The boundedness of K
in our previous works is a simple condition to guarantee the boundedness of the variance of the random
forces (though the boundedness of variance may also be proved without assuming boundedness of K).

Denote C,gk) (1 < g < n) the batches at ¢4 so that (J, Cék) ={1,...,N}, and

c® .= (e ... cky (2.5)
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will denote the random division of batches at t;. By the Kolmogorov extension theorem [16], there exists
a probability space (Q,F,P) such that the random variables {X{, W* C*) : 1 < i < N,k > 0} are
defined on this probability space and are all independent. We will use E to denote the integration on €2
with respect to the probability measure P. For the convenience of the analysis, we introduce the L?(P)
norm as

o]l == VE[u]. (2.6)
Define the filtration {Fj}r>o by
Fro1 = o( X5, WH(1),CY t <ty j <k —1). (2.7)

Clearly, Fj_1 is the o-algebra generated by the initial values X (i = 1,...,N), W(t), t < t;_1, and
CY), j < k—1. Hence, Fj,_; contains the information of how batches are constructed for ¢t € [th—1,tk)-

2.2 A review of the Wasserstein distance

Consider a domain O C R™, where n is a positive integer. We denote P(O) the set of probability measures
on O. Let p,v € P(O) be two probability measures and ¢ : O x O — [0,00) be a cost function. One
solves the following optimization problem for the optimal transport:

min{/ cdv‘veﬂ(u,u)},
v Ox0

where II(u,v) is the set of “transport plans”, i.e., a joint measure on O x O such that the marginal
measures are p and v, respectively. If there is a map T': O — O such that (I x T')xp minimizes the
target function, then T is called an optimal transport map. Here, I is the identity map and

(I x T)yu(E) :=p((I xT) ' (E)), VECO x O measurable. (2.8)

Choosing the particular cost function c¢(x,y) = | — y|9, q € [1,00), one can define the Wasserstein-q
distance Wq (1, v) as

1/a
Wy(p,v) = ( inf / |z — y|qd7) . (2.9)
yell(pv) Joxo

It has been shown (see [3] and [45, Chapter 5]) that the Wasserstein-q distance between two probability
measures p and v is also given by

1
Wgl(p, v) = min { / [0l Za(ydt = o+ V - (pv) =0, pli=o = p, pli=1 = V}, (2.10)
0
where p is a (time-parametrized) nonnegative measure and

[913ag = [ olo(ao). (2.11)

Hence, v can be thought as the particle velocity for the optimal transport, as explained in [45, Chapter 5].
With this explanation, one can then understand P(O) equipped with W5 distance as a Riemannian
manifold so that the Fokker-Planck equations can be formulated as a class of gradient flows on this
manifold (see, for example, [30] and [49, Chapter 8]).

Below, we note a useful lemma that relates the total variation distance to the W distance. This is
intrinsically [49, Proposition 7.10] and the version here is more convenient for our purpose in this paper.
Recall the Jordan decomposition for a signed measure p = ut — = defined on a Polish space €. Then,
define |u| := p™ + p~, and the total variation norm of the signed measure by

lullry = |pl(€) = ™ (€) + p~(£). (2.12)
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Lemma 2.5. Let p,v € P(R?) be two different probability measures on & = R%. Let § > 0 and
be a measure such that |u — v|(E) < 6ia(E) for any Borel measurable E. Suppose for q > 1, My :
infy, [pa |2 — xo|9(dz) < co. Then,

I =

Welp,v) < 287 Y9(My8)H9. (2.13)
In particular, choosing § = ||u — v||rv and fi = mm — | yields
Wa(p,v) <207V Myllp = vlizv) Ve,
Proof.  We consider pi,, := p A v, which is defined by
tm (E) = min(u(E),v(FE)), VE measurable.

Define two measures py := p — pby, and vy := v — vy, Then,

|t = vy = pllrv + [llry,  p+v1 <6 (2.14)
Construct the joint distribution (noting ||u1||7v = l|vallTv)
dr:= 7w(dz,dy) = p1(dx) @ v1(dy) + Qupm (dz, dy)

p1llrv

with Q(z) = (x,z) and Q4 is the standard pushforward map as in (2.8). Clearly, the marginal distribu-
tions of 7 are p and v, respectively.
Then, fix 2o € R?. We have

1
/“ & — y|9dm = /’ & — 41911 (dz) ® v (dy)
Rd xRd ||N1HTV Rd xRd

9a-1
<4——7/ (2 — ol® + Iy — zol®)pur (dz) ® w1 (dy)
||,U1HTV Rd xRd

=27 [ o= ol + ().

By noting u1 + v1 < 6 1, the claim follows by taking infimum on zg. O

3 The mean field limit of the RBM with 7 fixed
Starting with po, after k steps of the dynamics given in (1.8), one arrives at

g];o(#o) =000 0 0Gx(p0) (k copies),

which is expected to be the mean field limit of the RBM after k steps. Corresponding to this, one may
define the operator g](\?) : P(R?) — P(RY) for the RBM with N particles as follows. Let X{’s be i.i.d.,
drawn from pg. Consider (1.4) and define

G\ (no) = L(X (1), (3.1)

where recall that Z(X!) means the law of X!, thus the one marginal distribution. By conditioning on
a specific sequence of random batches, the particles are not exchangeable. However, when one considers
the mixture of all possible sequences of random batches, the laws of the particles X(t3) (1 <i < N) are
identical. In Figure 1, we illustrate these definitions and various limits.

The semigroup property is closely related to the Markovian property. For the G, dynamics, knowing
the marginal distribution of X! can fully determine the probability transition. However, knowing only
the marginal distribution is not enough for QI(\’;) dynamics, and the joint distribution must be known.
Hence, we remark the following lemma.
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Lemma 3.1. {G~ : k > 1} forms a nonlinear semigroup while {Q](\f) ik > 1} is not a semigroup.

We first of all introduce some concepts. For each particle i, we define a sequence of lists {Lgk) :k >0}
associated with ¢, given as follows:

(a) L = {i}.

(b) For k > 1, let C’q(k_l) be the batch that the particle i stays in for ¢ € [tx—1,tr). Then,

k k—1
L= LY. (3.2)
jeclFY

Here, Lgk) can be viewed as the particles that have impacted i for ¢t < tj. Clearly, a particle i; € Lgk)
might not have been a batchmate of 7. It could have been a batchmate of i3, and then i, was a batchmate
of i at some time. The important observation is that if Lgk) and L§k) do not intersect for a given sequence
of random batches, then the particles ¢ and j are independent at ¢, . Note that we are not claiming all
particles in L§k) are independent of those in L§k) at t, . In fact, it is possible that some i; € Lgk) and
J1 € L;k) are in the same batch on [ty_1, ). However, i; and j; must be independent at the times when
they were added to the batches that eventually impact ¢ and j at ¢, . This motivates us to define the
following definition.

Definition 3.2. We say the particle 7 is clean on [tk,tx4+1) if the batch Cék) that contains i at ¢
satisfies the following: (1) any j € Cék) is clean at ¢, ; (2) any j,¢ € C,gk) with j # ¢, Lgk) and Lﬁk) do not

intersect.

Figure 2 gives the illustration for the definitions of Lgk) and particles being clean. Plainly speaking, a
particle 7 is “clean” at ¢, if its batchmates at ¢ < t;, were mutually independent and independent to ¢
when they interacted.

One marginal of N particle system N Nonlinear Fokker-Planck
_)

e n=odzx, u(-,t) = S(t)(po)

KN

o (e}
T T
= =
~(1 ~
,U( ) S > ]l
One marginal of the RBM — 0 Mean field limit of the RBM
~ ¢ ~ k
iy (-, te) = G (o) il t) = G5 (o)

Figure 1 Illustration of the various operators and the asymptotic limits

QO clean Lists 1,2,5,8 :{1,2,5,6,7,8}
Lists 2,3 :{1,2,3,4,5,6}
Lists 4,7 : {3,4,5,6,7,8}

1,2} 3 {34 ’ 3 9 3
3,4} {1,2,7,8} {3,4} @ ®
1 4
Sk \ Y

{7, 8}8 %5.6) a, o1 NG (15,5 8 "A’&

(@@
{7.8}7 65,6} {5,6,7,8}7 6{5678} 6

@ not clean

Figure 2 (Color online) Illustration of the definitions of LEM and particles being clean. The three pictures are for ¢, ,t,

and tg , respectively with N =8, p = 2. The lists (i.e., {1,2},{1,2,5,6} etc.) indicate Lgk) for the corresponding particles
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Let us use the symbol |A| below for a set A to mean the cardinality of A. The following observation
is useful for our argument later.

Lemma 3.3.  Consider a fized sequence of divisions of random batches {C(Z)}Kk,l.

(i) It holds that

LM <o,
and the particle i is clean at t,. if and only if the equality holds.

(ii) The distribution of X" for a clean particle i at t,, is GX (uo).

Proof.  The proof is a straightforward induction. Here, let us just mention the proof of the second claim
briefly.

For k = 0, the statement is trivial. Now, suppose the statement is true for all kK < m — 1. We now
consider k = m.

For the given sequence of random batches {C (Z)}Kk,l, that a particle ¢ is clean at ¢, means that on
[tm—1,tm), the particles in the batch for ¢ are independent of ¢ at ¢,,—1. By the induction assumption,
the distribution of one particle at t,,_1 is given by fi(:,t,n—1) = G™ *(uo). By the independence, the
joint distribution of them at t,,_; is therefore

p(P)( o atm—l) = ﬂ('vtm—l)@)p-

From ¢,,—1 to t,,, the evolution of the joint distribution obeys the Fokker-Planck equation (1.6). Hence,
at ¢, the distribution of the particle ¢ is given by G (o) by the definition (see (1.8)). O

Let Ay denote the set of particles that are clean at ¢, . Then,
Ay =Ay={1,...,N}.
For k > 2, one has

Ap={i€Apr:ieclF Y vjeecth j#e,

je A1, te Ay, LIV NI =) (3.3)
Denote
er :=P(1 ¢ Ay). (3.4)
Note that by symmetry, € is also the probability that the particle ¢ is not clean. We state our main
result.
Theorem 3.4. Let q € [1,00). It holds that

Wa(GA.(10), G (o) < Cexplati)e; (3.5)
for some a > 0. Moreover, in the strong confinement case, a = 0.
To prove Theorem 3.4, we need some preparation. We first establish some moments estimates.
Lemma 3.5. If Assumption 2.1 holds, then for q > 1, there exists a1(q) > 0 such that

sup / 1219GE, (o) (dz) < Cq)e@T. (3.6)
k:kt<T JR4

In the strong confinement case (see Assumption 2.3), one can take a1(q) = 0, i.e., the constant in the
upper bound can be uniform in T.

Proof.  We note that {G® } is a semigroup, so it suffices to estimate the growth of the moments in one
step.
First, consider (1.5) and take ¢ > 2. By It6’s calculus, one has

. , , . 1 P , . .
dE|Y?|? = qE|Y?|72Y" . [b()ﬂ) +— > OK(Y'- YJ)] dt + Eq|Y? |9 2(d+ q — 2)o%dt.  (3.7)
p—1L =~
Jj=1,j#i
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Using the one-sided Lipschitz condition in Assumption 2.2, one has
YY) = (Y1 0) - (b(Y7) = b(0) + Y* - b(0) < BY]2 + CIY.
Similarly, since K is Lipschitz, one has |[K(Y* — Y7)| < |K(0)| + L(|Y?| + |Y7|), and thus
YORY' = Y7) < KO)|Y]+ L(Y'? + Y |Y7)).
It follows that
1 P
i1q—2y i i i j
E[Y?12y? . {b(Y )+ — | ;ﬁK(Y YJ)}
J=1,5#i

) ) 1 ) .
< (B4 L)E|Y?? 4+ CE|[Y 77! + — S EYI YL

JijFi

By Young’s inequality, _
- - -1 ; E|Y7|e
Bty < @y BV

q qu1
for any v > 0. In particular, one also has
, -1 , 1
E‘yz|q—1 < uE‘yqq + —.
q qvi

Similarly, using Young’s inequality, E|Y?|9=2 is also easily controlled by dE|Y¢|? 4 C(§) for some small 6.
By the exchangeability so that E|Y?| = E[Y7|?, one then has

d , .
£E|Y’|q < q(B+ 2L + 0)E|Y|? + Co.

In the strong confinement case as in Assumption 2.3,

, , , 1 P , ,
E[Y* 72X - |b(Y") + —— K(Y'-Y/
seow sty £ o)
J=Lj#i
_ . L . _
< (-7 + DB+ CEY |t + == 3 BJy e |yd|
b J:g#i
—-1)L ; L 1 , ,
< ( —r+L+ @))qu +—— 3" “E|Y7|? + JE|Y’|7 + C(4)
q p—1-=4q
JijFi
= (—r + 2L)E|Y|9 + SE|Y |7 + C(6),
where ¢ is a sufficiently small but fixed number. The conclusions then follow easily for ¢ > 2.
If ¢ € [1,2), one then uses Holder’s inequality (E|Y?|9)Y/7 < (E|Y?|")Y/" for r > ¢ to get the desired
result. O

We also need the moment control for the Random Batch Method conditioning on any specific sequence
of random batches.

Lemma 3.6.  Consider a fived sequence of divisions of random batches {C©}. Again, consider the
solutions {X*(t)}¥, to (1.6). Then,

supsup E(|X7|7 [ {€“}) < C(q)e™ ™. (3.8)
t<T @

In the strong confinement Assumption 2.2,

supsup E(|X'|7 [ {€}) < C(g). (3.9)
t>0 i

where C(q) and oy do not depend on the specific sequence of divisions of random batches {C©)}.
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Proof.  The proof follows the same line as that in Lemma 3.5. The difference is that there is no
exchangeability now conditioning on the random batches.
Under Assumption 2.2 and using the similar estimates to those in Lemma 3.5, one has for ¢ € [tx, txt1],

SE(xp e < o5+ 2+ CDE 45 | o)
* pqujéi LE(IX7 )9 | {¢9)) + C(9). (3.10)

Under Assumption 2.3, one then has for ¢ € [tx, txt1],

%E(|Xi|q | {C(Z)}) < Q< —r+L+ (q—ql)L + 5)1{«](}(“1 | {C(é)})
quLl > éEﬂleq 1{c'9}) + C(9). (3.11)
J:igF

Next, based on (3.10), one easily finds

E(X(5)]1 | {9}) — E(X19() | {€OY) < (5 fL+ <q‘q”L " 5) [ B s

t
+L [ max E(|X'(s)|? | {CD})ds + | C(6)ds.
t 1<i<p t

It follows that

a(t) :== max E(|X'|7] {C®}) (3.12)

1<isp

satisfies

a(t) < alty) + q(B + 2L + ) / la(s) + C(5))ds.

tr
Gronwall’s inequality then yields the first claim with any o > 8 + 2L.
For (3.11), defining ry :=gq(r — L — q;—lL — ) > 0, one finds that

E(X' ()7 [ {€9}) SE(IX'%(t) [ {C9})e =)

+/teﬁ<t5> [L max E(|X(s)|7 | {CP}) + C(8)|ds.

1<i<p

Hence, the function a defined in (3.12) satisfies

olt) < alt)e™ =) 4 [ I Las) + O,

123
It can be shown easily that a(t) is controlled by b(¢) which satisfies the following integral equality:
t
b(t) = a(ty)e~ (1) 4 / e~ U= [Lb(s) + C(8)]ds.
tr

(One can perturb the initial data a(tx) — a(tx) + € for b(-) and then take ¢ — 0.)
Then, one finds

B (t) = (—r1 + L)b(t) + C(8) = q(—r + 2L + 8)b(t) + C(6), bltx) = alty).

Hence,
C(9)
q(r—2L —9)

The second claim also follows. O

a(tk+1) < b(tk+1) < a(tk)efq(r72L+5)‘r + (1 767(](1"72[/4*6)7')'
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Now, we can prove the main theorem in this section.

Proof of Theorem 3.4.  First of all, for the N-particle system, by symmetry, the distribution of any
particle is equal to G% (10). Now, we focus on a particular particle i = 1, for example.
By Lemma 3.3,

G (Ho) = P(1 € A)Gg, (o) +P(1 ¢ A (3.13)

for some probability measure v. To see this, we consider all possible sequences of random batches.
Only the first & divisions of batches (i.e., ones at tg,...,tx—1) will affect the distribution at tx. This
subsequence (the first k divisions) can take only finitely many values, and let {c‘}s<x_1 be such values.
Then, for any £ C R? that is Borel measurable,

Gh (o) [E] = Yo PC' = <k-1DPX ' €eE|C = U<k -1).
{Cl=ct t<k—1}

Lemma 3.3 tells us that if {c‘}s<x_1 is a value such that 1 is clean, then

P(X'eE|C' = 0 <k—1)=G" (1o)lE].

Hence,
G (10)[E] = P(1 € Ag)GE, (10) [ E]
+ > P = 0<k—1)P(X'eE|C = t<k—1)
{Ct=ct t<k—1},1¢ Ay
=P(1 € A)GE (10)[E] + P(1 ¢ Ay)vi(E)
with ( . . )
PC*=c"t<k—-1 1 ¢ 0
= = < —_ .
e(E) > B Ar) P(X'eE|C'=cf 0 <k—1)

{Ct=ct 0<k—1},1¢ Ay

Clearly, vy, is a convex combination of some conditional marginal distributions of X, each being .Z(X1)
conditioning on a particular sequence of batches for {1 ¢ A;}. Hence, v}, is a probability measure.
By (3.13), it holds that

1G5 (o) = GX (no)| < (1 = P(1 € Ax))G, (10) + P(1 ¢ Aw)v = en (G (o) + vi). (3.14)
Therefore, the total variation distance between the two measures is controlled by
1G5 (1o) = Gx (o) 7w < (1= P(1 € Ap)) +P(1 ¢ Ag) = 2¢y. (3.15)
By Lemma 3.6, for each sequence of batches, one has
supE(|X7|7 | ) < C(g)e™.
Hence, it holds that

/Rd |z|9vy (dx) < O(q)e®*’. (3.16)

In the case of strong confinement, a; = 0. Similarly, by Lemma 3.5, G¥ (1) has the same moment
control. The application of Lemma 2.5 then yields the desired result. O

Lastly, we close up the estimate.
Theorem 3.7.  For any fized k, it holds that

lim e, = 0. (3.17)

N —o00
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Proof.  First of all, clearly, we have
60261:1—1:0.
Now, we do induction on k. Assume
lim € = 0.

N—o00

Consider the batches for ¢, — ¢, ;. Assume the batch for particle 1 is C,gk). Denote
By={vjtec®, j#¢ "Ll =0}

Let B = Cé’“) \ {1} be the set of other particles that share the same batch with particle 1. Then, by
the definition of Ay,

P(l S Ak+1) = Z IP(B = {jh e ajp*l})

jlv---ajp—l

<B(Ben (1€ A (Y0 € A

(=1

B= it} (3.18)

Denote E := {B = {j1,...,jp—1}}, where we omit the dependence in j;,1 < ¢ < p — 1 for notational
convenience. Conditioning on BxNE (i.e., provided that the event By NE happens), whether the particles
are clean or not are independent. Hence,

P(Bm{leAk}ﬂ{geeAk}] ) mE)P({leAk}H{jeeAk} 5.5 )

{=1

p
P(By | E) [[P(e € Ak | E, By),
(=1

where we have set j, = 1. Moreover,

P({jz € Ak} NEN Bk) . P({l € Ak} ﬂEﬂBk) . P({l € Ak} ﬂBk).

P(je € Ak | E, By) = P(E N By) - P(E N By) B P(By)

The second and the last equalities are due to symmetry. For the last equality, P({B = {j1,...,Jp—1}}NBk)
should be equal for all possible ji,...,j,—1, and the same is true for the numerator. This actually is a
kind of independence. Hence, eventually due to the fact

S BB =ty DBy | B={rse o sdp1}) = P(B),

jla-uvjp—l

one has
1—€p41 = (1 € Ak-i—l) P(B/c)(l - €k/P(B/€))

Hence, it suffices to show
lim P(By) = 1.

N—o0

To get an estimate for this, we consider the following equivalent way to construct Lgk)

L; « {i} and repeat the following for k times:
(1) Set Lyyp < L; and A = 0.
(2) Loop the following until Ly, is empty:
(a) Pick a particle i1 € Lymp, and then choose p — 1 particles from {1,..., N} \ AU {i1} denoted by
{iQ, - 7’Lp}
(C) Set A+ AU {il,ig,. .. ,Z'p}.
(d) Set Ltmp — Ltmp \ {il,ig, - 7ip}.

: one starts with
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In the above, we are actually looking back from ¢;_1. In the j-th iteration, we are constructing batches
(k)

at t;—;. Hence, this is an equivalent way to construct L, .
Now, we estimate P(Bj) by constructing the lists Lgf) 1 <4 < pfor gy € C’,gk) using the above
procedure. Consider that the lists for ji,...,js,—1 have been constructed, which have included at most

(¢ —1)p” particles. Now, for Lg-f) not to intersect with the previous lists, one has to choose particles from
{1,... ,N}\[Uﬁ;ll L;]:) UAU{i1}] in the (2)(a) step. Conditioning on the specific choices of L§-f) 1<l<p
and A with N := |L§f) U AU {i1}|, N2 := |A|, this probability is controlled from below by

_ _1_pnk
o ")
—1— = —
() I ey
Hence, as N — oo,
N—1—tp*

P(B}) > ﬁ [(]f;‘_ll)]k =1-0O(NY).

(=1 (p—l )
Hence, limy o €x+1 = 0 and the claim follows. O

As can be seen in the proof, one actually has €, < C(p,k)N~! for some C(p,k) > 0. This rate
is different from the typical O(N~'/2?) rate (though under W, distance) for the mean field limit of
interacting particle systems due to the law of large number results.

Remark 3.8. The current argument of the mean field limit relies on the fact that two particles are
unlikely to be related when N — oo for finite iterations. This is not enough to get the mean field limit
independent of 7. For fixed N, ¢, — 1 as k — oo. As pointed out in [28], the RBM works due to the
averaging effect in time. The regime we consider here (finite iterations and N — o) is clearly far before
the point when the averaging effect in time comes into play. To study the mean field limit uniform in 7
(the averaging mechanism can take effect), one must consider carefully how the correlation decays as k
grows when two particles are not totally clean to each other. The study of this creation of chaos will be
left for the future.

4 Properties of the limiting dynamics

We consider the limit dynamics given by the operator G, (defined in (1.8)) and its approximation to the
dynamics of the nonlinear Fokker-Planck equation (1.2), the mean-field limit of the interacting particle
system (1.1).

As proved in [28], the error between the one marginal distribution of the RBM particle system (1.6)
and that of (1.1) are close independent of N under the W5 distance (the left-hand side in Figure 1).
Combining the mean field result in Section 3 and taking N — oo, one sees that the dynamics of G,
is close to that of (1.2) (the right-hand side in Figure 1). In other words, the two limits limy_ o, and
lim,_,¢ commute.

A direct application of the strong mean square error in [28] gives an upper bound O(,/7) for the Wy
distance corresponding to the left-hand side in Figure 1, and thus the right-hand side in Figure 1 after
taking N — oo. It is shown in [29] (though for b(-) being bounded) that the weak error is O(7). The
W, distance is a kind of weak topology as it measures the closeness between distributions instead of the
trajectories of particles. Hence, the sharp upper bound for the Wasserstein distance between these two
marginal distributions is believed to be O(7), even for unbounded b(-). Below, we aim to prove these
under W; distance.

4.1 Stability of the limiting dynamics

In this subsection, we study the stability and contraction properties of the nonlinear operator G, for the
limiting dynamics.
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Proposition 4.1.  Under Assumption 2.2, G, satisfies for q € [1,0),

Wa(Goo (1), Goo (p2)) < PP Wy (11, p2), i € P(RY), i =1,2. (4.1)

The operator G is a contraction in Wy under Assumption 2.3:

Wa(Goo (1), Goo (12)) < = 2B W (jua, pi2) (4.2)
so that Goo has a unique invariant measure 7, and it holds that for any o,
Wa(Gl (o), mr) < &2 W (o, 7). (4.3)
Proof.  Consider two copies of (1.5): one is

1 u . , .
| > K =Y{)dt+V20dW', i=1,....p (4.4)

=1

dY{ = b(Y!)dt +
with (Y;'(0),...,Y?(0)) being drawn from pu$”; the other one is
, , 1 P , , ,
dYy = b(Y])dt + o > K(Y§-Y{)dt+V20dW', i=1,....p (4.5)

j=1#i

with (Y51(0),...,YP(0)) being drawn from pu5”.
For any € > 0, choose the coupling as follows. First, choose a coupling « for Yi' and Y3 such that

E|Y}(0) — Y5 (0)]F < €+ W (1, pa)-

Then, let the samples (Y{(0),Y5(0)) be ii.d., drawn from 5. Let the Brownian motions for the two
systems be the same.

Now, to show the claims, it suffices to show that the moments of the SDE system (1.5) are stable. In
fact, the joint distribution of (Y;(7), Y5 (7)) is a coupling for Goo (1) and Goo(p2),

Wa(Goo(11), Goo (2)) < (B[YY (1) = Y5 (7)[9)1/9.
By using the symmetry, it can be computed directly that under Assumption 2.2,
d
SEY] - VA < a8+ 2L)EIY - Vi
and that under Assumption 2.3,
d
%IEDG1 — Y5 " <q(=r + 2D)E[Y] - Y3 |9,

For q = 1, one can use /|Y! — Y3 |2 +§ to approximate and then take § — 07. Applying Gronwall’s
inequality and noticing € is arbitrary, one obtains the first two assertions directly. The last claim follows
from the standard contraction mapping theorem [23, Chapter 1]. O

4.2 Basic properties of the nonlinear Fokker-Planck equation

We establish several basic results to (1.2) using a stronger version of Assumption 2.1.

Assumption 4.2.  The measure po has a density oo that is smooth with finite moments
/ |z[?godx < 00, Vgq2=1,
Rd
and the entropy is finite, i.e.,

H(pp) := /]Rd 00 log ppdx < 0. (4.6)
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If go(x) = 0 at some point x, one defines go(x) log go(x) = 0. We also introduce the following assump-
tion on the growth rate of derivatives of b and K, which will be used below.

Assumption 4.3.  The function b and its derivatives have polynomial growth. The derivatives of K
with order at least 2 (i.e., D*K with |a| > 2) have polynomial growth.

Based on these conditions, (1.2) can be formulated in terms of the density of u:

dro=—V - ((b(z) + K * 0)0) + 0> Ag,

0(0) = go. ot

Then, a weak solution to (4.7) corresponds to a measure solution p = odz to (1.2), where the weak
solution is defined as follows.

Definition 4.4. We say o € L>([0,T]; L'(R%)) is a weak solution to (4.7), if odz € C([0,T]; P(R%))
where P(R?) is equipped with the weak topology, and for any ¢ € C°(R), it holds that for any ¢t < T,

/Rd o(x, t)p(x)dx _/ o0& o(a)d

Rd
t t
= / Vo(x) - (b(z) + K * 9) p(x, s)dxds + 02/ Ap(x)o(x, s)dxds. (4.8)
0 JRd 0 JR4
Note that the test function used here does not depend on time variable, so we require the integral
equation to hold for any ¢ < T. Due to the relation between (4.7) and (1.2), we will not distinguish the
measure and its density. For example, we will use G (gp) to mean the nonlinear semigroup acting on
the measure po, and will use Wy (g, v) to mean the Wasserstein-q distance between p = pdx and another
measure V.
We have the following regarding the well-posedness of the nonlinear Fokker-Planck equation (4.7).

Proposition 4.5.  Let Assumption 2.2 or Assumption 2.3 hold, and also |b| + |Vb| < C(1 + |z|?) for
some C and q. Fix any T > 0. Assume the initial data o9 satisfies Assumption 4.2. Then the nonlinear
Fokker-Planck equation (4.7) has a unique weak solution satisfying supgc;<r Jga |zlodz < 0. Moreover,
this solution is a strong solution and is smooth together with the moment control:

sup / |z|qux<C(q,T)/ |z|?god. (4.9)
0<t<T JRA Rd

Besides, under Assumption 2.3, the moments are uniformly bounded in t, i.e., the constants C(q,T) above
can be made independent of T'. Moreover, i = odx converges in Wq,q > 1 to an invariant measure
exponentially as t — oo.

There are many works on similar models in the literature (see [2,8,10,40] as a few of examples).
However, in our case, b and K are not bounded and b can have polynomial growth at infinity, so the
proofs in these works do not quite fit our setting here. For example, in the work of [8,10], b = —VV
and they require VV - x > C for some constant while we allow b -z < (|z|?; also the requirements on
the kernel K(-) do not quite match the setup here. In the work [2], a certain class of nonlinear Fokker-
Planck equations have been studied via the approach of Crandall and Liggett for m-accretive operators
in L'(R?), but the approach cannot be applied directly to our case here. Due to these reasons, we attach
a proof of Proposition 4.5 in Appendix A for a reference.

In proving the uniqueness of the solution to (4.7) in Appendix A, we have in fact proved the following
mean-field limit.

Proposition 4.6.  With the same assumptions of Proposition 4.5, one has
@, _ C(T)
sup Ws(o, < —=, 4.10
ok 2( Ky ) N ( )

where N%) is the one marginal distribution of the interacting particle system (1.1). Moreover, if Assump-

tion 2.3 holds, the constant C(T) can be independent of T.
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As long as the existence and uniqueness of the solutions to the nonlinear Fokker-Planck equation have
been established, one can regard

K(x,t):= g K(x —y)o(y,t)dy, (4.11)

as known, and the properties of ¢ can be studied via the linear Fokker-Planck equation

Oro = =V - [(b(z) + K (x,t))g] + 0* Ag. (4.12)

By the moment estimates of g, K (0, t) is bounded by the first moment of g and it is Lipschitz continuous
with uniform Lipschitz constant L. We consider the time continuity of K.

Lemma 4.7.  Under Assumptions 2.2, 4.2 and 4.3, we have for any At € [0, 7],
K (2.t + At) = K(2,1)| < C(Mg(o(t))) (L + |z]7)7 (4.13)

for some g > 1, where My(o(t)) means the g-moment of o att. Moreover, if Assumption 2.2 is replaced
by Assumption 2.3, C(M,(0(t))) has an upper bound independent of time t.

Proof. It can be computed directly that

K (w,t) = » K(z —y){-V-[(b(y) + K % 0)o] + 0> Ay0}dy
= —/ (b(y)+K*@)Q-(VK)(w—y)dy+/ o*(AK)(z — y)ody.
R4 Rd

Since b has polynomial growth and VK is bounded, we have
= [0+ Koo (VR - < ¢ [ e c [[ iR - il
Rd Rd Rd x R4

This is controlled by the moments of o.
Moreover, since AK has polynomial growth,

/ 02<AK><xy>gdy‘<ozc [l — iy
R4 Rd

< 0(1 + [ Gt y|q>@dy) < C(1+ [2]9),
Rd

where C' depends on the moments of p.

By using the results in Proposition 4.5, the moments on [¢,¢ + At] can be controlled by the one at t.
Since 7 is a fixed small number, we omit the dependence in 7 for the amplification constant, the claims
then follow. O

Before further discussion, we first establish some auxiliary results regarding the following linear Fokker-
Planck equation:

Ouf = =V - (bi(z,t) f)dt + 0> Af =: L5, (/). (4.14)
We will assume by (x,t) satisfies
(x —y) - (bi(z,t) —b(y, 1)) < Bilz — y[*. (4.15)

We say b; satisfies the strong confinement condition if 5; < 0. We also denote S;+ to be the solution
operator from time s to time ¢, i.e.,

Ss,tfs = ft~ (416)

There are many classical results on the parabolic equation (4.14) with bounded drifts by or drifts
with linear growth (see, for example, [33]). However, the results for drifts with polynomial growth seem
limited. Below, we will show some results, especially the properties of the fundamental solutions, for
drifts with polynomial growth (see Lemma 4.10 and Proposition 4.11) to fulfill our needs.
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Lemma 4.8.  Consider (4.14), where by satisfies (4.15). Also, assume the derivatives of by(x,t) have
polynomial growth and sup;s [b(0,t)| < oo. Then for ¢ > 1, we have the following:
(i) For any g € L*(R™), one has

sup / (1 + [2|9)[St e atgldz < C(T)/ (1 + |z|9)|g(z)|dz.
At<T JRd R4

(ii) If by satisfies the strong confinement condition f1 < 0, C(T) in the item (i) can be made independent
of T. Moreover, when o > 0 and fRd gdr =0, B1 <0 implies that

[ 0+ al)1S1 s avglde < PO (gh)e

where 6 > 0 is independent of g, P(-) is some polynomial, ¢1 > ¢ is some suitable number, and My, (|g])
means the g -moment of |g|.

(t=9)L8,  one also has

(iii) In the case where by does not depend on time so that S5 = e

sup [ (1 lalI(L5,)" Suvarglde < CT) [ (14 lafD](5,)"glda
At<T JRa R4
Proof.  For (i), one decomposes g := g* — g—, where g* = max(g,0) and g~ = —min(g,0). Then,
Stirarg = (Stiratg™) — (Sti+arg™) with each of them being nonnegative. The operator Sp;ia:
is L'-contraction, so we focus on the g-moments only. Following similar approaches of Step 1 in
Appendix A, one can show that the moments of S;;.a:g* can be controlled by those of g*. Hence,
the moments of St ;1 A+g have the desired estimates. We skip the details.

Regarding (ii), we first note that the ¢ moments of Sy ;, g can be uniformly controlled by moments of |g|,
due to similar reasons. Then, one can consider the measures pu* := ﬁS@HAtgi. Using standard

1
l9=11 1
techniques of Markov chains (see [39, Appendix A] and [41, Chapters 15—1%})7 one can show that

lnt = 1 llev < PuMg, (Jul)e™ 2 = Seerargllrv < P(My, (|g))e®

for some ¢; > ¢ and polynomials Pi(-) and P(-). Then

1 -
[ Vel arsl(de) = glgles [ faftl® = ()

< O|9L1\/ [t — )T = T
— C’\//d |2|29] St 14+ atg|(dx)\/||St.e+atgl v
R

Furthermore, due to

1
¢ [ Vel arsl(dn) < 50+ Mag(lg)).

one can then choose another ¢; large enough such that the claims in (ii) hold.
For (iii), we just note that

O ((Ly,)™ f) = L, ((Ly,)™ f)-
Then, we apply the property of ¢'* by proved in the first part (i). O

Remark 4.9. For (ii), if o = 0, even if the strong confinement condition is satisfied, ||u* — p~||rv
may not decay. However, we believe that when by (z,t) — b (), then

/d |z — 24| St 14 ag|dr < C(Mq1(|9|))eiém
R

still holds for the limiting point z. of the trajectories. We do not explore this in this work.
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It is well known that the linear equation (4.14) has a transition density ®(z,t;y, s) solving (4.14) for
t > s with the initial data ®(z, s;y,s) = é(x — y). Then,

(Sus)@) = | @(atiz.s)alo)dy. (1.17)

Hence, the property of ® is important.

Lemma 4.10.  Consider (4.14) with o > 0, and by satisfying (4.15). Also, assume the derivatives of
bi(z,t) have polynomial growth and sup,sq |b1(0,t)| < oo. Then for all 0 < s <t < T, we have

/ (1+[2|)|Vy @ (2, by, s)|de < C(T)P(ly))(1+ (t —5)""/?) (4.18)
Rd
for some polynomial P(-). If 51 <0,
/ (14 |2V @(x, sy, s)|dz < CP(ly|)(1 + (¢ — 5)7"/2)e 207 (4.19)
Rd

for some § > 0.

The proof of Lemma 4.10 is tedious, and we defer it to Appendix B. Below, we aim to consider
the moments of the derivatives of 9. Now, we recall the standard multi-index notation used in PDE
community:

d
D® = H@?], a=(al,... ab). (4.20)
Jj=1

The length of the index is defined as |a| := Z;l:l al.
The following proposition is helpful for our estimates later.

Proposition 4.11.  Let Assumptions 2.2, 4.2 and 4.3 hold. Then for any multi-index o, it holds that

sup/ (14 |2|1)|D%p|ldz < C(a,q,T). (4.21)
R4

t<T

If 0 > 0 and Assumption 2.3 holds, then

sup/ (1+ |2[7)| D*ldz < oo. (4.22)
t>0 JRd
Proof.  We set

b1($,t) = b(.i?) + K(Jf,t),

which is regarded as known (since the existence and uniqueness of ¢ have been established).
In the case 0 = 0, consider the characteristics satisfying

Z=0b(2), Z(0y)=y.

Using the one-sided Lipschitz condition in Assumption 2.2, one has v - Vby(z,t) - v < B1|v|? for any v
and x with $; = 8+ 2L. With this and induction, one can show that |9,,Z| < Ce”'! and Dy Z(t;y) is
controlled by polynomials of |y| for higher order o. By using ¢ = Z4go, the claim can be proved. We
omit the details.

Now, we focus on o > 0. We do by induction on the derivatives of g. Let £ = |a]. We know already
that the claim holds for £ = 0.

Suppose the claim is true for ¢ — 1 with £ > 1. Now, we consider £. One can see that

0 D% ==V - (by(z,t)D%) + 0 AD0+ Y CsV - [fa(x)D’q].
18]<e—1
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Here, fz are some functions with polynomial growth. Then, we have
t
D% = So,+D%00 — / > Ca/ Vy®(z,t;y,5) - (f3(y) D’ o(y, s))dyds.
0 Rd
|B]<e—1
The claim follows by a direct application of the induction assumption and Lemma 4.10 with 5, = 8+ 2L

or /1 = —r+2L. O

4.3 Approximation of the limiting dynamics to the nonlinear Fokker-Planck equation

To get a feeling about how close the dynamics given by G, (the mean field limit of the RBM) is to
the nonlinear Fokker-Planck equation (1.2), we consider (1.6). Recall that p®) (..., t;) = ji(-, x)®? with
order T error, (1.6) is approximated as

Op®) == "V, - ({b(mi) + ﬁ > K(wi— xj)} 11 ﬂ(:cj,tk.)> +02) A pP +0(r).  (4.23)
i=1 j=1

J:g#i i=1
Since we are curious about how the marginal distribution is evolving, one may take the integrals on
Z32,...,%p and have

0cp = ~Vay - ([b(x1) + K * (-, t) i1, t)) + 0° Ay o+ O(7).

Since j := [ pPdxy - - - dx,, is equal to fi(-, 1) initially, one finds that this is close to (1.2) already. Thus,
one expects that the overall error between G (o) and o(k7) is like O(7).
We now state the main results in this section.

Theorem 4.12.  Let ¢ be the solution to the nonlinear Fokker-Planck equation (4.7). Suppose Assump-
tions 2.2, 4.2 and 4.3 hold. Then,

sup W1(G% (), e(n7)) < C(T)T. (4.24)

n:nt<T

If Assumption 2.3 is assumed in place of Assumption 2.2 and also o > 0, then

sup W1(GZ (00), o(n7)) < CT. (4.25)

n=0
Consequently, the invariant measures (see Propositions 4.1 and 4.5 for the related notations) satisfy
Wi (mr,m) < CT. (4.26)

Below, we aim to prove Theorem 4.12. We first establish the one-step error and then give the global
estimate.
Define

uf =y |

loj<e 7R

(L+ [z[*)[ D% o(, tx)|dx, (4.27)
d

which are the moments of |[D*o(-, ;)| for |a] < £ (see (4.20) for the multi-index notation). In fact, we
have the following result provided that g is smooth enough.

Lemma 4.13.  Suppose Assumptions 2.2 and 4.3 hold. Let ty, < T — 1. Then,
k
Wi(Goo (- t1))s 0 trsn)) < g(M)7>

for some q > 1 and the nondecreasing function g(-), where Méi) is defined in (4.27).
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Proof.  For the notational convenience in this proof, we denote, only in this proof,
k() = ol tr)-
Step 1.  Consider the SDE corresponding to the nonlinear Fokker-Planck equation (4.7):
dX = [b(X) + K(-) % o(-, £)(X)]dt + V20dW.
Denote K(X) := [p4 K(X — 2)0k(2)dz. Then we have
dX = [b(X) + K(X) + R]dt + V20dW, (4.28)
where by a similar calculation to that in the proof of Lemma 4.7,
|R| < C(Mgy 0)(1+ | X (t)|)T

for some ¢; > 1. In fact, C' depends on the moments of o(-,t) for ¢t € [tg,tx+1], which can be controlled
by the ones at tj.
We show that the law of X is close in W; to the law generated by the following SDE:

dX = [b(X) + K(X))dt + V20dW. (4.29)

To do this, we estimate E|X — X | under the synchronization coupling (i.e., using the same Brownian
motion). In fact,

d ) .
EIX — X| < CE|X — X| + CE|R|.

Clearly, E|R| < C(My,,0)7 for some g2 > 1.
Denote (recall that .Z means the law of a random variable)

S(ox) = L (X(7)). (4.30)
Then, applying Grénwall’s lemma yields

Wi (o(s trt1), S(or)) < C(My )72

s

Step 2. Compare S(g;) with Goo (o).
We compare the law of X in (4.29) (i.e., S(ox)) with the law of Y'! (i.e., Goo(0k)), where (Y1,... YP)
satisfy

. , 1 P A _ A
dy' =b(Y')dt + —— > K'Yt +V20dW', i=1,....p (4.31)
p—L .
J=Lj#i

with the initial data drawn from g?p . The main strategy is to use Lemma 2.5, so we need to estimate
the difference of these two distributions and control the moments of this difference.
It is clear that S(ox) = €% gk, where £* is given by (for p in its domain)

@@ =5 ([pe) + [ Ko amarten)dn| o)) + a*Asplo)

R4
= — /Rd dr20k(22)[V - ([b(z) + K (x — 22)]p(x)) + 02 Arp(2)]. (4.32)

Denote the Fokker-Planck operator for the evolution of (Y1,...,Y?) by

L= —évm - ({b(mi)—kpil Z K (x; —mj)] ) +02§;Azi.
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Then the law of Y at 7 is given by

o) = d

Goo (k) /Rd)p ) HQk 2

First note

5(0) () = ou (@) + 7L* gi(2) + / (7 — $)(£7)2eE gy,
0

while
p

189

(4.33)

(4.34)

P
goo(@k)(ﬂm) = / ) Hgk(xi)de...dxp""T/ ‘C_*Hgk(xi)d$2'.'dxp
(Rd)p=1 27 R

d)pfl =1

+/ (r— 3)/ (L£*)2e% H,Qk i)dxg - - - dxpds.
0 (Rd)p—1

The first line of (4.35) is reduced to

(4.35)

o(x) — T/(Rd)pl V., - ({b(azl) 4 p%l S Kz — xj)} ﬁpk(xi)>dx2 dey

Jii#l i=1
+ 702 Ay, on(21) = o (21) + 7L 0 (@1),
where we used

1 p
/(Rd)p_l v:cl . <|:b(x1) + F Z K xl — .’I,'] :| Hgk )diCQ dxp

3:i#1 i=

1
va1'<[b$1 / K(z1 — y)ox(y dy]@k xl)
Hence, we find

1S (0r)(2) = Goo (1) (@)

T . B . p
g/ (T—S) |:|(£*)2€sﬁ Qk|+ ‘/ (E*)Qesﬁ (Hgk(xi))de"'dxp
0 (R4)p—1 im1 _

Now, we will apply Lemma 2.5 for q = 1 with § = 72 and fi = pdz with

1 [7 R - . g
p=— (T—S) |:|(£*)2es,c Qk"" ‘/( ) (l:*)2es£ (HQk(%))dmd%
0 Rd)p—1

T2 ,
1=1

(4.36)

ds. (4.37)

Jas.

The moment M; of i is controlled by C(M,4) for a constant C' depending on M, 4. To see this, we first
remark that for z € R?, one has 1+ |z| < 2+ |z|2. Both L* and L* are constant operators, and then one

has by Lemma 4.8(iii) that for some ¢ > 1,

| @+ la)pde < OMy

To illustrate how this is estimated, we take the second term as an example:
- p
(L7)%e%E H or(x;)dxs - - - dxy

[ @+iaP)

R4 (Ré)p—1 iy
</(Rd),,(“'“' )|(£)2eE Hgk (1)
/Rd)P <2+ Z|I7|2>‘ ﬁ* o Hgk )
< (307 vt

dzx

d.’ﬂl -dx Tp

dl’l -dx Lp

dxl d
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This is controlled by M, 4. Note that the dependence in 7 for the constant C(7) in Lemma 4.8 has been
omitted since T < O(1).

Lastly, the constants C'(M, ) and C (M, 4) clearly have an upper bound g(M, 4) with g nondecreasing,
defined on [0, 00). O

With the key one-step estimate established in Lemma 4.13 above, we can now finish the proof of
Theorem 4.12.
Proof of Theorem 4.12. By the semigroup property of {G* }, one can find easily that

W1(G5(00), o(nm)) < Y Wi(GL ™ (ol(m — 1)7)), G5 (o(m))).

m=1

By Proposition 4.1, under Assumptions 2.2 and 4.3, one has for nT < T,

D WG ™  e((m = 1)7), G ™ (e(mr)) < Y PRI (G (o((m — 1)7)), 0(m)).
m=1 m=1
Combining Proposition 4.11 and Lemma 4.13, W1 (Goo (0((m—1)7)), o(m7)) < C(T)7? and thus the claim
follows.
Under Assumptions 2.3 and 4.3, by using Propositions 4.1 and 4.11, the above estimates can be changed
by replacing o with —(r —2L), and W1 (G (0((m —1)7)), o(m7)) now is bounded by C72 with C' uniform
in T. Hence, the conclusions follow easily. O

5 Some helpful discussions

In this section, we perform some helpful discussions to deepen the understanding and extend the results
to second order interacting particle systems.

5.1 The mean field limit for 7 < 1

Formally, as 7 — 0, the equation for Y'! in (1.5) tends to (i.e., the limit for lim, o limy_ o) the SDE

1

p—1
dY = b(Y)dt + o1 S OK(Y - Yj)dt + vV20dW (5.1)

j=1

with Y; ~ Z(Y) being i.i.d., and {Y}(s;)}’s are independent for different time points s;. Theorem 4.12
essentially tells us that the law of this SDE obeys the same nonlinear Fokker-Planck equation (1.2), which
was satisfied by the law of the following seemingly different SDE:

dX =b(X)dt + ( K(X —y)o(y, t)dy) dt +20dW, o(z,t)dr = L(X(t)). (5.2)

Rd
See Figure 3 for illustration (compare with Figure 1).

To understand this, we consider a small but fixed 7, and the following SDEs (with the force field frozen
at tk)t

p—1
dY = b(Y)dt + % SR =Y )dt + V20dW, Y{ ~ ZL(Y (1)),
p— -
j=1 (5.3)

dX = b(X)dt + ( K(X —y)oly, tk)dy> dt + V20dW.
]Rd

The probability density for the former at ¢; + 7 is fRd dyo(y, tk)ew;g(', tr), where

Ly =-V-(blz)+ K@ —y))+0°A,,
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N — >
N particle system » X =b(X)dt+ K « o(-,t)(X) dt + V20 dW l‘<
i_ i 1 90 D ¢l i p-1 .
dX' = b(X")dt + th (X' = X7)dt + /20 dW Y = b(Y)dt + 1 STK(Y = Y;)dt + V2o dW | E
Jg#i p—1 e} ~
- [~
Y;(), Y (£), iid.
o
T =
s T
[N
R 1 - ) I P ) )
dX" = b(X")dt + =3 Z K(X! = X7)dt 4+ v/20 dW?, dY' = b(Y')dt + % Z K(Yi—Y7)dt + V2a dWi,
jECqii > LA
Xi(th) = X(ty) N = o0 YY) =Y (ty )ifor i > 2, Y () ~ (-, tr), Lid.
RBM

Figure 3 Illustration of the various SDEs in different regime

while the probability density for the latter is et o(+, tg) with

ﬁ*Z—V~(P®%+ K@—ymwiw@}>%49Am24;@d%%ﬂ$

Rd
Clearly, to the leading order, the changing rates of the probability densities are the same.

In Figure 3, we have made a stronger claim that the X and Y processes in the right-upper corner are
equal in L2, instead of “equal in law”, if the Brownian motions W used are the same. To see this, one
may compute

ZEX—YF:MMX—H-WX%WGw+2MX—Yy(K*MJmm—pi1;¥ﬁY—ﬁo.

Since Y;(t) is independent of Y (¢) and X (¢), one has

BOC— 1)+ (K +o(a)(X) = 1 TR =Y))) = B(X =) (K ¢ o6, 00X) = K+ 2 (V)

where g is the law of Y. By taking 7 — 0 in Theorem 4.12, g = p. Hence, one actually has

%MX—Yﬁgxﬁ+mmX—Yﬁ

Hence, X =Y in L2.
5.2 Regarding the approximation in Lemma 4.13

Usually, the Wasserstein distance (especially W5) was estimated using the SDEs. A natural question is
therefore whether one can estimate the Wasserstein distance in Lemma 4.13 via the SDE approach.
Below, we illustrate the issue using the W5 distance and the approximating problem (5.3) (with the
force expressions frozen). Here, we assume the Brownian motions used are the same. The values Yoj are
iid., drawn from o(-).
We compute that

%mX_?P:mX_?wayww»+a

where
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Clearly, for fixed =z,

p—1

EﬁZK(IfYOj) — R (). (5.4)

Hence, if Y is independent of Yoj’s, then this term can be controlled as
E(X -Y) (K(X)-K(Y))<CE|X -Y]%

One is thus tempted to believe that even though that Y is not independent of Yoj , one can do the
Ito-Taylor expansion and the extra term is small enough, which can yield the desired error.

Unfortunately, if one is going to do the Ité-Taylor expansion in Y, one may find that D = O(7). In
fact,

-/ t (rCEn - 11§K<?<s> 1)) - (KC) - LS k- ) ds,

If we take expectation, the variance of the random force p%l Z?;i K(x — Xg) appears, which gives
D = O(7). Hence, this estimate is not good and the mean square error is only like

VEIX = Y2 =0(r).

This means that the consistency (5.4) brings no benefit for this mean square error.
Intrinsically, the mean square error above is roughly comparable with

/Q(zl)'..Q(Zj)Wg(eTé*Q’et£21 ..... zJQ)ledz]

What we care about is the distance between e™2" oand [o(z1)--- Q(zj)ewil """ % odzy - - - dz;. The former
involves the variance introduced by the random force while the latter does not have this issue and uses
the consistency (5.4). This is why we used the total variation norm to obtain the one-step error under
the W; distance in Lemma 4.13.

5.3 Approximation using weak convergence

The weak convergence is another popular gauge of the convergence of probability G¥_ (o) to o(k7) [31,42].
Pick a test function . By using a consistency condition similar to (4.36), it is not very hard to show

[ ensean - [ o) < v (5:5)
R R

for any u, where we recall S(t) is the evolution operator for (1.2). Hence, the one-step error is easy to
control for weak convergence. However, the difficulty is to get a certain stability property of the nonlinear
dynamics under the weak topology. That means, if two measures are close in the weak topology at some
time, then let them evolve under G, for k times, one needs them to be close. Consider

U (@)= [ oG 6y — o))y

Unlike the linear case (see [17]), it is hard to write U™ as some operator acting on U1 due to the non-
linearity of Go.. Proving the stability of this nonlinear dynamics under weak topology seems challenging,
and this is why we chose the Wasserstein metric.
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5.4 A remark for second order systems

As shown in [28], the Random Batch Method applied equally well to second order systems on finite time
interval. Repeating the proof here, one can show that the similar mean field limit holds for second order
systems when ¢ € [0,T]. In particular, let us consider the models for swarming and flocking considered
in [1]:

Tq = Vi,

. 1 5.6
V; = N ZHa(xi,xj,vi)(vj — Ui). ( )
J

Here, H,(-,-,) is some function modeling interactions between particles. The mean field limit of (5.6)
for t € [0,T] takes the following form (rigorous justification needs some assumptions on H, [27]):

g(f) = 2 Hoz(xa Y, v)(w - v)f(yv w, t)dU)dy

(5.7)

Albi and Pareschi [1] developed some stochastic binary interaction algorithms for the dynamics. The
symmetric Nanbu algorithm (see [1, Algorithm 4.3]) is like the Random Batch Method when p = 2 and
the Random Batch Method can be viewed as the generalization of this Nanbu algorithm. When applying
the Random Batch Method to the particle system and consider N > 1, the dynamics is expected to be
close to the following limiting dynamics:

Algorithm 3 Mean field dynamics of the RBM for the flocking dynamics (5.6)

1: From tj to ty11, the distribution f; € P(R2?) will be transformed into fix11 = Qoo (fx) as follows.
2: Let f®P)(... t,) = f,?p be a probability measure on (R2%)? = R2r4,
3: Evolve f(P) by time 7 according to the following:

P P
OfP D V- (0if D)+ Vo - (6fP) =0,
i=1

i=1

L (5.8)
& = 1 Z Ho(xi,x5,v5) (v — v;).
P27
4: Set
=0 = @) dys, ... dyp;- dva, ... dopit; ). .
fk+1 Q (fk) /<R2d>(p71)f (» Y2, , AYp; +, AV2, , AUp; k+1) (5 9)

We expect that this nonlinear operator will approximate the nonlinear kinetic equation (5.7). In this
sense, we believe the N — oo limit of [1, Algorithm 4.3] will be an analogue of the dynamics Q. given
in Algorithm 3.

6 Conclusions

We first identified and justified in this work the mean field limit of the RBM for the fixed step size 7.
Then we showed that this mean field limit is close to that of the N particle system, though the chaos
arises differently in these two dynamics. The current argument of the mean field limit relies on the fact
that two particles are unlikely to be related in the RBM when N — oo for finite iterations. Hence, this
argument cannot give a uniform in 7 bound for the speed of the mean field limit. It will be an interesting
topic to investigate how mixing and chaos can be created in the RBM after two particles in a batch are
separated, so that one may obtain a convergence speed independent of 7.
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Appendix A Proof of Proposition 4.5

Step 1. A priori estimates on the moments and the entropy.

We first perform a priori estimates on the moments. Fix ¢ > 2. We have

0 [ Jalrods = [ Jaft{=V - [(be) + K+ )alydo + [ [al0*Aodo
R4 R4 R4
:/ qlz|??x - b(x)odz + // qlz|" %z - K(z — y)o(x)o(y)dady
R4 Ré X R4

+ o? / q(q—2+d)|z|" % odx =: I + I + I3.
Rd

For I, one has

J[alsl e K= powewisdy <o [ el KOa@odsdy
R4 xR R4 xR4
wal [[[| el (el + loDeta)etw)dady.

By Young’s inequality,

q/Y |ﬂ“%»Kmmuw@mﬂw<6/’MWMx+cw»
R4 xR4 Rd
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Also, Young’s inequality implies that

Hence,
I < q(2L + 5)/ 2|7 0dz + C(5).
Rd

If ¢ = 2, I is a constant. Otherwise if ¢ > 2, one can use Young’s inequality and
Is < 5/ |z|?odz 4+ C(9).
Rd
For I, under Assumption 2.2, one has
h= [ dlaft: (bla) - bO)odo + [ glel s b0)eds
R4 Rd

<ﬁq/ \:r:|qux+0/ |29 odux.
R R

Hence,
11+IQ+13 gq(6+2L+5)/ |(£|qul‘+0(5),
R

where the concrete meaning of § and C(J) have changed. By using Gronwall’s inequality, the moments
can be controlled.
Now, we perform a priori estimates on the entropy. Multiply 1 4 log ¢ on both sides and integrate

d
7 9 olog odx = — /]Rd o(x)V - (b(z) + (K * g)(x))dx — 402 /]Rd |V\/§\2dx.

By the moment control, the first term is bounded on [0, T]. Hence, the entropy can be controlled.

As a remark, in the case 0 = 0, p could be zero at some points. In this case 1+ log ¢ is not a good test
function. This issue will be explained further in Step 2.
Step 2. The existence in L>(0,7; L*(R%)) N C([0, T]; P(R?)).

Take a smooth function x € C.[0,00), i.e., 1 in [0,1] and zero on [2,00). Consider the following
approximating equation:

dpn = =V - (b(@)x(xz/N)pn) = V- (pn (K * pN)) + Apn,

ON |t=0 = 00-

Now, b(x)x(xz/N) and K are Lipschitz functions and b(x)x(z/N) is bounded (compactly supported). The
existence of a smooth solution is clear (see, for example, [8, Appendix A]). Performing similar estimates
to that in Step 1, we have
sup sup / lz]2ondr < C(T)
N 0<t<T Jre
and

sup sup / on log ondz < C(T).
N 0<t<T Jra

Note that for the entropy, the zeros of gy may make 1+ log(on) an invalid test function. We instead

multipl
ply on

ON + €

+ log(on +€)

as the test function for ¢ > 0. Then, the left-hand side becomes % [ onlog(on + €)dz (note that
e — plog(p+ ¢€) is non-decreasing so later one can take e — 0 to get the desired entropy control). For the
right-hand side, we note

ON (on +2¢)Von
\Y% +lo + =
ON + € glox +¢) (on +¢€)?
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For the transport term,

x\ on(on +2¢)Von
bmx() (on 707

=<b<x>x<x/N>>-v@Nﬂ?(b(x)x(x/N»-V( ! )

N ON T+ €

By doing integration by parts and sending € — 0 first, the second term here will vanish. Through this
way, a priori estimate on the entropy can be justified for this approximating sequence.

The moment estimates imply that {ondz} is tight while the entropy estimates imply that {on} is
uniformly integrable. By the Dunford-Pettis theorem, gy converges weakly to some o € Llloc([O, T] x RY)
and odz € C([0,T]; P(R?)). Moreover, with the moment control and the uniform integrability

K(r—yon(y)dy — | K(z—y)o(y)dy
R R
pointwise and actually uniformly on compact sets. With this, then one can easily verify that p is
a desired weak solution with the corresponding moment control. This will further imply that o €
L>=([0,T]; LY (R)).
Step 3. The uniqueness and smoothness of the solution.

We now aim to prove the uniqueness. We divide this step into two sub-steps.

Step 3.1. The weak solution is a strong solution.
Let o be such a weak solution with

sup / |zlodz < C(T).
Rd

0<t<T

Then K(xz,t) := K * o is a smooth function (since K is smooth) and

KO < | [ K@t

< [K(0)] + LO(T).

Moreover, it is easy to see that K (z,t) is also Lipschitz with the Lipschitz constant bounded by L.
We claim that for a given p, the solution to

Ou = =V - (b(w)u+ K (z,)u) + 02 Au,
u |t=0 = 00

is unique and thus must be p. In fact, the existence can be justified by the following SDE as its law is a
weak solution:
dX = (b(X) + K(X,t))dt + V20dW, Xo ~ godz.

For the well-posedness of such SDEs, one can refer to [38, Chapter 2, Theorem 3.5], and also see a recent
work with weaker assumptions [47]. Regarding the uniqueness, one considers the difference of two such
solutions u;,7 = 1,2,

Or(ug —uz) = =V - ([b(z) + K(z,8)](u1 — u2)) + 0 Auy — ug).

We then multiply hc(u; — u2) := h((u1 — ug2)/€) on both sides and take integral. Here, h(-) is an odd
function that increases monotonely from —1 to 1 on [—1,1]. Tt is 1 on [1,00). Hence, h(:/€) is some
approximation for the sign function.

Then,

L Houy — wn)de < / h'(“l‘“2)“1‘“2<b<x>+f<<x,t>>-wu1—m)dx,
dt R4 R4 € €

where H (u) = f" he(s)ds. The right-hand side goes to zero when € — 0, because

0
n Up — U2 \ U1 — U2
€ €
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is bounded and nonzero only on |u; — us| < e. Also, Hc(u; — u2) — |u1 — us| as ¢ — 0. Hence, the claim
is shown and thus

U= Q.
By the theory of the linear PDEs, u = g is in fact a strong solution and smooth. For the general theory
of linear parabolic equations, one may refer to [20].
Step 3.2. The uniqueness of the nonlinear Fokker-Planck equation.

For the uniqueness of the nonlinear Fokker-Planck equation, we cannot use the technique in Step 3.1
as we show the uniqueness for the linear PDE, as the term K % ¢ involves the solution p itself. Also, the
classical Dobrushin’s estimate [14,22] cannot be used because the flow map is not well defined before we
show the uniqueness of o.

Instead, we use the interacting particle system for the mean-field limit and show that any weak solution
is close to the one marginal distribution of the N-particle system. This then will result in the uniqueness.

Fix any weak solution of the nonlinear Fokker-Planck equation. Consider the following SDEs:

dX® =b(X")dt + (K * 0)(XV)dt + V20dW', i=1,...,N. (A1)

According to the argument in Step 3.1, the law of each X is exactly the weak solution ¢ used to convolve
with K. Moreover, these X*’s are independent.
Now, consider the interacting particle system

dy _b(YldtJr—ZK —YHdt +V20dW', i=1,...,N. (A.2)
JigF#i
The next step is to use the technique in the proof of [10, Theorem 3.1]. We compute for fixed ¢,

1d

5 th|X’ Y2 =E(X" Y- (b(X") —bY")

) ) _ . 1 ) .
+E(X-YY). (K(X’,t) -1 > K- YJ)). (A.3)
The first term is controlled by SE|X? — Y?|2. The second term is split as

E(X; —Y;)- (K(X“t Z K(Y; - Y; )

J JFi

=E(X; - Y;)- (K(Xi,t) — ﬁ > K(Xi - Xj))
Jrii

—HE(Xi—YZ-)-(N_lZKX X;) ZKY Y)

JijFi ] JAi
=: D1 + DQ.

The term D, is easily controlled by 2LE|X; — Y;|? by the exchangeability. For Dy, one can control it as

Dy < VE[X; — V]2 E‘K(Xz,t Z K(X; - X;)

] JFi

However,

_ 1 2
E|K(X;,t) — —— K(X;— X;)
N-1 J%;z
=——— > EK(X,t) - KX; - X;)(K(X;,t) - K(X; — X))
(N —1)? ki ki
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By independence, the terms for j # k are zero. Hence, only N — 1 terms will survive. This means

D; < /]E|Xi —EPM.

N-1

Moreover, C1(T, ¢) will have an upper bound that is independent of T' if Assumption 2.3 holds.

By Gronwall’s inequality,
1
EIX; -Y;2<C(T, 0)——.
VEIX: —YiP < O(T )

Hence for any two weak solutions ¢; and g5, we have

1
Wa(or, 02) < [C(T, 01) + C(T, 0)] ——e.
S, 2(e1, 02) < [C(T, 01) + C( Qz)}m

Taking N — oo yields the uniqueness of the solutions to the nonlinear Fokker-Planck equation.

Step 4. Strong confinement.
Under Assumption 2.3, one in fact has

L+ 1+ I3 <q(-r+2L+ 6)/ |z|?odx + C(6).
Rd

The assertions about moments have then been proved with the application of Grénwall’s inequality.
Under this condition, the estimate of D; term in Step 3 can also be independent of T', because of this
uniform moment control. Hence, the mean field limit can be uniform in 7.
Lastly, to show the convergence of g as t — oo, we consider two different initial data g; o where j = 1, 2.
Then, one can consider (A.2) with these two initial data. Pick the coupling between Y;(0) and Y3 (0)
(the data for different i’s are independent) such that

E[Y{(0) = Y3 (0)]* < Wi(e1,0,020) +¢, Vi=1,...,N.

Then by a similar computation,
d . . , .
ZEIYT (1) = Y2 (O] <a(=r+ 2L)E[YY (1) - Y2 ().

By fixing ¢ > 0 and taking N — oo, Z(Y/(t)) — ¢;(t), j = 1,2. Hence, the evolutional nonlinear
semigroup for the nonlinear Fokker-Planck equation is a contraction

Wa(o1(1), e2(t)) < Wo(o1,0, 02,0)e” 200,

Thus, the last claim follows.

Appendix B Proof of Lemma 4.10

Since o > 0, without loss of generality, we will assume
oc=1.
We first fix s > 0. Consider the trajectory determined by
Z(ty,s) =b(Z,t), Z(s;y,s)=y. (B.1)
Then, one has

Ld

S Z12P < B2 + C12)

as b(0,t) is bounded. Hence,
d
—|Z] < Z|+ C.
4\z1< izl +
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This means
t
1Z] < [yle® =) +c/ EXCREN (B.2)
s

Moreover, (4.15) implies that
v-Vbi(z,t)-v < Bilv?, Vo,zeRY ¢t >0.
Consequently,

IV, Z| < VdeP1 =) (B.3)

Al = > A2
ij

Assume without loss of generality |x| > |y|. Clearly,

uniformly in y, where

is the matrix Frobenius norm.

1
b1 (2, t) = ba(y, ) < |z — y‘ / Vb (20 +y(1 - 6),t)do|.
0
Due to the assumption of polynomial growth of derivatives of by,
Vb (22 + y(1 - 2),8)] < C(L+ |26 + y(1 — B)]9).

If [y| < 3la], then ,
20 +y(1 - 0)| < §|x| < 3lz —y).

Otherwise, we bound this by a polynomial of |y| directly. Hence,

b1 (2, ) — bi(y, )| < min(Pr(|z]), Pr([y])|z — y[ + Pa(|z — y])|z — y| (B.4)
for some polynomials P, and Ps.
We denote
1 |z = Z(t;y, )
P t; =— - . B.5
0(.73’ 7?475) (27T(t—8))d/2 eXp( Q(t—S) ( )

Below, we establish an important lemma indicating that ®( is the main term of ®, and Lemma 4.10
will follow easily.

Lemma B.1. It holds that
(z,t;y,8) = Po(z,t;y,8) +ulz, t;y, 5), (B.6)
where u satisfies

[ a9 uld < it = 5)P(y) (B.7)

for some polynomial P(-), some nondecreasing function h(-) defined on [0, 0).
Moreover, if 61 <0, h(t — s) can be taken as

h(t —s) = Ce %1079 (B.8)

for some §; > 0.
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Proof. It is not hard to verify
at(I)O + Vg (bl(xvt)(b()) - Am(I)O =Vg- ([bl(xvt) - b(Zv t)]@o). (Bg)
Hence, letting u = ® — ®g, one finds

O+ Vg - (b1(z, t)u) — Agu = =V - ([br(x,t) — b(Z,1)] Do),

B.10
u |t:s =0. ( )
Letting
v 1= Oy, u,
one has
Qv+ Vg - (bi(z,t)v) — Agv = R, (B.11)
u |t:s = 07 |
where

R = V,; . bl(as,t)V<I>0 . 6y,iZ + 6%2 . Vbl(x,t) . V(I)o + (bl(l‘,t) — bl(Z, t)) . VQCDO . 8yLZ
By writing
V- bl(x,t) = [Vm : bl(l‘,t) -V bl(Z,t)] + V- bl(Z,t),
it is not hard to see (using also (B.3) and (B.4))

— 72
IR < P(2) - I o

(t — s)@+n/2 =P ( 200 — )

for some polynomial P and v € (0, 1).
We then find

t
v= / Sy RdA.

Below, we use h;(+) to denote some nondecreasing functions defined on [0, 00). By Lemma 4.8, one has

t
/ (1+ |z|9)|v|dx < hy(t — s)/ / (L + |z|D)|R(x, A)|dzdA.
R s JR?
Clearly,

1+ (t—s)?/?

1 Sle — Z|?
qy___ - [ . < R S A qy.
[0+l el exp< = )d:c\C — (141217

~—

Moreover, by the stability of trajectory of Z (see (B.2)), P(|Z|) < ha(t — s)P(|y|). Hence,

[+ lalDlolds < hate = 5)P(u)) [ =i

If 81 < 0, we consider t > s + 1 and

t+s t

t 2
v = / S)\,th/\ = S(tJ’,S)/Q,t/ S)\,(t+s)/2RdA —|—/( y S)\,th/\ (B-IQ)
s s t+s)/2

The second term is like

t
/ (14 [2]9)v]dz < o/ / (14 [o|7) | R(x, \)|dzd
R4 (s+t)/2 JRE

t
<c [ enopz) |
Rd

1+ |=|4 N (_(5|3L‘—Z|2
(s1)/2

Ty =3 )dxd/\.
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This is easily controlled by P(|y|)e % (*#~%) for some polynomial P and &; > 0 (recall (B.2)).

For the first term in (B.12), we note [, 2 Sj (11s)/2RdX € L', and

t_*_is
2
/ / SA’(tJ’,S)/QRd)\dl‘ =0
Rd Js

since [ R(z,A)dz =0 for all A. Hence, Lemma 4.8(ii) implies that

5
/d(l + |z|9) dr < e—tS(t—s)/Q_P<]\4q1 (‘ / S)\v(t-‘rs)/?Rd)‘D)'
R s

For the inside,

t+s

2
Si4s)/2, / S, (t4s) /2 RdAA

t+

23 (t+5)/2
My, (’/ SA,(t+s)/2Rd)\D < C/ / (14 |2|7)|R|dzdA,
s s R4

where C is independent of time as $; < 0. As has been proved, the integral here is controlled by products
of polynomials of |y| and |t — s|. Hence, the first term is also controlled similarly. O

As Lemma B.1 is proved, Lemma 4.10 is very straightforward, since |V,Z| < CePr(t=s),
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