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ABSTRACT

In this paper, we consider the mean field limit of Brownian particles with Coulomb repulsion in 3D space using compactness. Using a
symmetrization technique, we are able to control the singularity and prove that the limit measure almost surely is a weak solution to the
limiting nonlinear Fokker-Planck equation. Moreover, by proving that the energy almost surely is bounded by the initial energy, we improve
the regularity of the weak solutions. By a natural assumption, we also establish the weak-strong uniqueness principle, which is closely related
to the propagation of chaos.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5114854

I. INTRODUCTION

There are many phenomena in natural and social sciences that are related to interacting particles." An effective method for studying
these large and complex systems where small individuals interact with each other is the mean field approximation.” ® In this approximation,
the effect of surrounding particles is approximated by a consistent averaged force field so that we have a one body problem. The mean field
approximation naturally applies to the kinetic theory where the macroscopic properties of gases are studied.” !> A desired property in the mean
field limit is the so-called “propagation of chaos.”'*!?~!> Roughly speaking, starting with a chaotic initial configuration where the particles are
from independent copies of the initial state, the statistical correlation between finite groups of particles vanishes at a later (fixed) time as the
number of particles goes to infinity. In other words, the particles reduce to independent copies of nonlinear Markov processes.

In this paper, we are interested in the mean field limit of Brownian particles with Coulomb interaction in three dimensional space. More
precisely, we consider the N particle system

axiy = —%WH(X}’N, L XPNydr+N/2dBY, i=1,.. N, (1.1)
where .
H(xt,...,xn) = Y, glxi—xj) = 3 > glxi —x), (12)
ijii<j ijii#]

with g being the interaction potential. This system can be regarded as the overdamped limit of Langevin equations'® so that dX’s are from
the friction terms, while %VX,H can be thought as the interacting forces. Hence, in the remaining part of the paper, we will call this the
“interacting forces,” though it may have other interpretations in some applications. The scaling 1/N appears because we desire to have a
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total mass or charge to be O(1) so that there is a mean field limit as N — co. The Brownian motion is not scaled since the strength is
determined by the temperature instead of the mass of the particle. Of course, if one desires to consider other scaling regimes, there may
be factors depending on N for both terms. The initial values {X;"} are independent and identically distributed (iid) from some given den-
sity po. Also, {B} ¥, are independent d-dimensional standard Brownian motions. Hence, the N-particle system is totally determined by
(Xé’N Yo ,Xé\’ N BN, ...,BN).Itis standard by the Kolmogorov extension theorem'”'* that there exists a probability space (Q, F,P) so that all
the random variables {(X(I)’N e ,X(I)\I N BN ,B%)}Kf:l are on this probability space and they are all independent. Clearly, if we identify B,N
for different N’s, the law of XZ’N is unchanged. Hence, we will drop the index N for the Brownian motions from now on. Moreover, we use E
to mean the expectation under IP. If the interaction potential is given by

—+loglx|, d=2,
Calx| @2, d>3,

1 (@Y
Cd‘d(d—z)n(r(g)) (1.4)

is chosen such that —Ag = § holds in the distributional sense, then the interaction is called the Coulomb repulsive interaction. Moreover, we
define the Coulomb repulsive force as

gx) = (1.3)

where

x
F(x) =-Vg(x)=(d - 2)CdW. (1.5)
We will particularly focus on the d = 3 case, but some discussions are performed for general d.
Our goal is to show that as N — oo, the empirical measure

N—lia (1.6)
“ _Ni=1 XN .

[as a random variable taking values in P(C([0, T]; RY)] converges in law to a random measure y, whose density is almost surely a solution of
the nonlinear Fokker-Planck equation

Op =Ap+V - (pV(g *p))s peli=0 = po, (1.7)

provided that the initial empirical measure converges weakly to the initial data po. The meaning of “solution” here is the weak solution, which
will be clarified later (Definition 3.1). In fact, we have the following result.

Theorem (Informal version of Theorem 3.1). When d = 3, under suitable conditions of the initial data po, any limit point y of the empirical

measure u" under the topology of convergence in law [as random variables in P(C([0, T];R?))] has a density p a.s., and p is a weak solution to
(1.7) a.s. in the sense of Definition 3.1.

If the solution p is proved to be unique so that the limit measure y is deterministic, then we have the propagation of chaos (see Ref. 15,
Proposition 2.2). However, the regularity of the weak solution in Definition 3.1 is limited and it is very challenging to show the uniqueness
of the weak solutions under these conditions even though the initial data py are very good. On the other hand, it is standard to show that if
po 2 0, po € L'(R?) n H™(R?) with some m > d/2, the equation has a unique global strong solution p € C([0, T]; L' (R?)) n C([0, T]; H"(R?))
with p > 0. Moreover, |p||i = |po]1 and p € C™((0, o0), HY) for all s > 0. See Appendix A (Propositions A.2 and A.3) for reference. Hence, one
desires to improve the regularity of the weak solutions so that one can eventually show that the “weak solution” by the limit measure is the
same as the strong solution, which is one common way to establish the propagation of chaos. This is known to be the “weak-strong uniqueness
principle.”!?-*?

As a second main result of this work, we show that the energy almost surely is bounded by the initial energy so that we can improve
the regularity of the limiting weak solutions (see Propositions 3.2 and 3.3). Together with this, the extra assumption that the weak solution
p e Lt ([0, T]; L*(R?)) can imply the weak-strong uniqueness principle.

Theorem (Informal version of Propositions 3.2 and 4.1). With suitable assumptions on the initial data po, for general dimension d > 3,
for any limit point u of u", the energy is bounded by the initial energy almost surely,

1 1
EffRdedg(x — ) (dx)p(dy) < Effledeg(x = )po(x)po(y) dxdy.

Consequently, the density satisfies p € L™ (0, T; H™") and V(g * p) € L>(0, T; L*) almost surely. Finally, for d = 3, if one further assumes such a
weak solution p € L% (0, T; L*(R?)), then it must be the unique strong solution.
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We will explain in Sec. IV that the L} (0, T; L*(R?)) assumption makes perfect physical sense due to the energy dissipation. However,
rigorous justification is not easy. Combining these two results, we obtain a condition for the propagation of chaos.

Theorem (Informal version of Theorem 4.1). Consider d = 3. With suitable assumptions on the initial data po, if the density p for any
limit point p of the empirical measures u~ satisfies IE[OTfR3p2 dxdt < oo, then there is propagation of chaos.

The tool we use to establish the above results is the compactness method based on entropy and Fisher information estimates. In
Ref. 23, the propagation of chaos result for the d = 2 case is proved using compactness through a self-consistent martingale problem. The
proof needs to control singularity with (d — 1)-th order using the Fisher information from Ref. 24 (see Lemma 2.5 for a slightly gener-
alized form). However, the proof there cannot be applied directly to d > 3 cases. What we do is to use certain symmetrization to reduce
the singularity in the third term of (1.7) from d — 1 to d — 2. Using this trick and the estimates of Fisher information, we show that the
limit measure almost surely is a weak solution to the limiting nonlinear Fokker-Planck equation (1.7) for d = 3 (Theorem 3.1). This is the
first main result in this work. As already mentioned, the weak-strong uniqueness principle is only established by assuming that the den-
sity of the limit measure almost surely is in Lg, (0, T; L>(R*)) (see Proposition 4.1). Although physically significant, the justification seems
hard. As will be remarked in Sec. 111, the compactness method based on Fisher information seems not to work for d > 4 cases, and new tools
should be developed to tackle this problem.

Let us mention some related references, which by no means are exhaustive. In Refs. 12, 21, and 25, the mean field limit problems for
particle systems without Brownian motions with various interaction kernels have been established. In particular, in Ref. 12, Serfaty and Duer-
inckx established the results for particles with Coulomb interaction even for d > 3. When Brownian motions are present, we have stochastic
systems.”*?*20=30 In Ref. 27, propagation of chaos was proved uniformly in time when the interaction kernel is regular enough and a confining
potential is present. In Ref. 23, the propagation of chaos for 2D Coulomb interaction was proved using nonlinear martingale problems. In
Ref. 29, the propagation of chaos for W™ kernels has been established, and this includes the kernels considered in Refs. 23 and 24. By
estimating the relative entropy, they found the convergence rate of propagation of chaos for some models. However, the 3D Coulomb kernel
is not included in their model, so their method does not apply.

The rest of the paper is organized as follows. In Sec. II, we review and prove some basic results for Fisher information of probability
measures and N particle systems. In particular, the empirical measures of the N particle systems are tight so that any subsequence has a
further converging subsequence to some limiting measure. Also, there are uniform estimates of the Fisher information. In Sec. 111, using
a symmetrization technique together with the Fisher information estimate, we show that the limit measure almost surely is a weak solu-
tion to the nonlinear Fokker-Planck equation (1.7). In Sec. IV, we establish the weak-strong uniqueness principle based on the assumption
p € L£.(0, T; L*(R?)) and remark on the propagation of chaos. In Appendices A and B, we provide the notes for strong solutions and missing
proofs for reference.

Il. SETUP AND EXISTING RESULTS

In this section, we first recall some basic properties of Fisher information and extend the estimates in Ref. 24 to high-dimensional cases.
Then, we give an alternative proof for the well-posedness of the system (1.1). Finally, we present the results of tightness of the empirical
measures in Ref. 23.

A. Entropy and Fisher information of probability measures

We begin with the definition of Fisher information. For any probability measure f € P((RH¥), we recall that the entropy and Fisher
information are defined, respectively, by

if £ = IVeE g if £ =
kadplogpdx, if f =pdx, .[]de , dx, if f = pdx,

H(f) = 1) = 1)
+00 otherwise, +00 otherwise.
We also introduce the normalized entropy and Fisher information for f € P((R"),
1 1
Hi(f) = %H(f), I(f) = El(f)' (2.2)

The normalized version is introduced so that H( f®k) = H,(f) and I;( f®k) =Ii(f) for f e P(Rd), which is convenient for the mean field
limit discussion. We remark that the notations we use here are different from those in Ref. 31, where they use H to mean the normalized
version while H; is the un-normalized version. In the following discussion, we sometimes use Ix(p) and Hy(p) to represent I;(f) and Hi(f)
[or I(p) and H(p) to represent I(f) and H(f)].
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We denote the set of all symmetric probability measures on (R?)* by Py, ((R%)¥). By “symmetric,” we mean the measure stays unchanged
under the pushforward corresponding to any permutation of the k copies of RY. If the distribution of some k particle system is symmetric for

all time, then the system is said to be exchangeable. Recall that for the joint probability distribution F € P(X' *) of k random variables taking
values in X, the marginal distribution of X", ..., X" with {i1,...,i,} c {1,...,N} is defined by

Fioipi= [, F dx' L d, (2.3)

where {irr1,..., i} = {1,...,N}\{i1,...,ir}. If F is symmetric, the marginal distributions are the same for different choices of iy, . . ., i, and

this will be called the r-marginal distribution later, denoted by F".
Below, we list out some standard properties of the entropy and Fisher information.

Lemma 2.1 (Ref. 31, Lemma 3.3). We have the following superadditivity of entropy:

1. Suppose all the one marginal distributions of F € P((Rd)k) are the same, denoted by f € P(Rd). If Hi(f) < oo, then Hi(F) > Hi(f). The
equality holds if and only if F = f®*.
2. Consider F € P(R)Y). Then, the un-normalized entropies satisfy

H(F) > H(Fil,---,i,) + H(Fim;“',ik)' (2.4)
The equality holds if and only if F=F; ;i ® Fi,,...i,, wherer € {1,...,k—1}.

Proof. By Jensen’s inequality, we have [.¢ log g dx < 0 for any probability densities g, h on a Polish space E. Hence,

./E glog gdx > fE g log hdx. (2.5)

The equality holds if and only if g = h, a.e. Now, we take E = (R%)*. The first part of the claim follows by taking g = F and h = & in (2.5).
Also, the second part follows by taking ¢ = Fand h = F; ..;, ® Fi ..., O

Lemma 2.2 (Ref. 32, Theorem 3). Suppose F € P((Rd)k). Then, the non-normalized Fisher information satisfies

I(F) 2 I(Fi,,...i,) + I(Fi,,,,...i,)- (2.6)
The equality holds if and only if F = F; i, ® Fi ...

From Lemmas 2.1 and 2.2, for f € Psym((]Rd)k) with jth marginal distribution f(/), where k=gj+7,q,r€Z,9>0,0<r<j—1, one then
has

KI(F) 2 gil(FP) +rL(F7), kH(f) 2 giHi(fD) + rHA(f). 2.7)
Moreover, Ref. 31, Lemma 3.7 shows that

L) < L(f), (2.8)

i.e., for symmetric probability measures, the normalized Fisher information for marginal distributions /% can always be bounded by I(f).
Since the entropy might be negative, we do not have Hj( f(J)) < Hi(f) and H;(f") < (k/(gj))H(f). To resolve this, we note the following
lemma, which gives a lower bound for the entropy by moments of f.

Lemma 2.3 (Ref. 31, Lemma 3.1). For any p,A > 0, there exists a constant Cy, € R such that foranyk > 1, F € P((Rd)k) with

1 k 2 14
MP(F):f(Rd)kEEQx,-\ + 1)} F(dx) < oo,

one has
Hi(F) 2 =Cyp — AM,(F). (2.9)

Combining Egs. (2.7) and (2.9), one gets a control of H]-(fj) in terms of Hi(f) as follows:
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; k r .
H(f") < —Hi(f) + —AM(f) + Gyp). (2.10)
9 q
Next, we extend the estimates in Ref. 24 to high-dimensional cases.
Lemma 2.4. Let d > 3. For any probability density f in R? with finite Fisher information I(f), one has
d drl_d
Vqe [1, ﬁ], vaHLq(]Rd) < Cq,dl(f) 2 2, (2.11)
d f0-4)
Vpe|lo— NS lp@ay < Cpal(f)? (2.12)
If d = 2, then (2.11) holds for q € [1,2), while (2.12) holds for p € [1, +o0).
Proof. We start from (2.11). By Holder’s inequality,
v q
wntg<( [ ) ! .1
f
For1<g< dd , we use the interpolation along with Sobolev’s inequality,
1.2 < U211 < Coall V11 @.14)
—q
where 0 is given by e q@ + (1 - 60). Note that f is a probability density Plugging (2.13) into (2.14), we get (2.11).
Now, for1 <p < d 5> we can find some 1 < 7 < d ; satisfying p = 5= Then, by (2.14) and (2.11), we can easily obtain (2.12). O

The following lemma is a slight generalization of those in Ref. 31 to higher dimension, which is important to control some singular

integrals using Fisher information.

Lemma 2.5. Suppose (X1, X,) is a random variable with density F in RY x R?. Assume that F has finite Fisher information I(F).

1. ForanyO<y<2and% <p< in’ there exists C,, g such that

_ Flx1, %) g
BN 1= [y e < Gol100F 1)

Moreover, for any € > 0, the following estimate holds:

F(x, o
/ o) ey < C, e 1(E)
beyl<e [x =y

2. Ford>3andy =2, it also holds that

—2q F(x1,x2) C
E[le —X2| ] = /I;M]Rdmdxldxz < MI(F).

Proof. Set Y, = Xl\/xl LY, = Xl\}XZ and denote the joint distribution of (Y, Y>) by F(yl, ¥2). Then, I(F) =
by f . From the superadditivity property of Fisher information (Lemma 2.2), we see that I (f ) < I(F) = 21,(F).

1. By simple computation,

/R F(x1,x2) dxydxs = 5} f(}’) dy

xR |x1 = x| R¢ [y]Y

(2.15)

(2.16)

(2.17)

I(F). Denote the density of Y;

i y (2.18)
! y
A [ Jors [ )
(/\yl JOb P
The first term does not exceed 1, while for the second term one applies Holder’s inequality and (2.12),
fo) (f By )’3 - N @
—~dy < Bd 1 < CpI(f) 7 <2C,3L(F)>. (2.19)
et b MQM y) Il < Copl(f 18
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Y

Note that the restriction F < d comes from the integrability of |y|', while § < % comes from (2.12). Therefore, (2.15) holds. For (2.16),

one has

ol<elx =3 Il I

|

8 (2.20)

-% 7 By %3 By py T

< f W dy | 7] < G 1) T <256 I(P)
WM< f

which implies (2.16).
2. Ford > 3andy =2, we note

1. _ Loy 1 Vol ,
Rde(y)dy_ rﬂl—Z/Rd\yl2 vf(y)dysd-Z((S R*\yl2 45/Rd f») )

One can choose § = T 2 and obtain

G0 < gaplD

The integration by parts can be easily justified by approximating f with compactly supported smooth functions. The claim therefore
follows. O

B. The N-particle system

In this part, we study the N-particle system (1.1) and provide some estimates on the entropy and energy. Most of the results have been
established in Ref. 23, but we will give alternative proofs here for the convenience of the readers. These results will be used further in the proof
for the propagation of chaos result in Sec. I'V.

Assume that the dimension d > 3 and N is set to be fixed throughout this part. We will also use X! to represent X*" in this section for
convenience. The joint distribution of the particles (X}, . ..,X) is denoted by V. The important quantities associated with the system include
entropy and energy. Recall the entropy defined in (2.2) and we also define the energy given by [recall (1.6) for the empirical measure " |

1 1 D
ento)=3 [ gte-yu@anu @y - T L8 X), (221)

where D represents the diagonal {(x, y) : x = y}. For convenience, we define

ho = ()00 = [ glx=ypuly) dy. (222)

The continuous system has an initial energy,

1
&0 =5 [, &= m@potdsdy = 3 [ [VhoGoOP di = S lpolfo < Cliol 2.23)

by the Hardy-Littlewood-Sobolev inequality. Moreover, it holds that

ES(0) = &),

We first of all state the results about the well-posedness of the system (1.1).

Theorem 2.1. For any d > 3 and N > 2, consider a sequence of independent d-dimensional Brownian motions {(B))i0} Y, and the inde-
pendent and identically distributed (ii.d.) initial data {X{}, with a common distribution fo that has a density po satisfying Hi(po) < +o0,
E(po) < +00, and po € L'(RY, (1 + |x|?)dx). Then, there exists a unique global strong solution to (1.1) with X + X} as. forallt>0andi#].
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The proof for the noncollision result and energy estimate is based on the mollification approximation. Recall that the potential
g(x) = C4lx*" is the solution to —Ag = 8, and the mollification we use is given by

& =Je*g Fe(x)=-Vg(x), (2.24)

where J; = 817, J (f), for some fixed J(x) € Cz(Rd) which is non-negative, radial, with supp J(x) c B(0, 1) and fRd J(x) dx = 1. This mollification
has the following standard properties, for which we omit the proofs.

Lemma 2.6 (Ref. 23, Lemma 2.1).

(i) ge(x) = g(x), Fe(x) = F(x) whenever |x| > &
(if) Fe(0) = 0, V- Fe(x) = Je(x);
(iif)  [Fe()] < min{ <, Qo).

We first consider the following regularized system for (1.1):

. 1 N ) . o .
dXi* = 5 30 R = X{dt + V2dB}, X;%|i=0 = Xo. (2.25)
Jj=Llj#i

We try to use system (2.25) to approximate (1.1). Since F; € Ci (RY), (2.25) is well-defined and has a unique strong solution. We start with the
a priori estimates of the entropy and energy for this regularized system.

Lemma 2.7. Let {X*}N| be the unique strong solution to (2.25) with joint distribution (fN*)i0 and density (p)<)iso. Then, we have the
following relation for energy:

£ t N-1 t £ 7€
(YY) [ I Pyds + == [T e - ) s
N-1 .
= S L, 8 P popu) dedy < i, (2.26)

and we have uniform estimates for entropy and second moment as follows:

Ha(FY) + [ (¥ yds + Y [0 (O (1 = x2)) ds = Hy(fY) = Ha(po),

. (2.27)
E[|X;°[*] < 3E[|Xs|*] + CtS(po) +6td.
Here,
N 1 N
EY(x) = W Y, gla—x), B0 = 0 Fely - x). (228)
i,j=1,i#j j=2

Sketch of the proof. Since the force field is bounded and smooth and the initial density p}* is continuous, p}'* is a classical non-negative
solution to the Fokker-Planck equation,

£ 1 t3 t £
opt = 5V (prvg™e) + Apy*, (2.29)
where

g “(x) = Z g - xj) = Vxlg (x) = —2F11V’£.

1]1$]
For (2.26), one starts with (2.29) to obtain
d, Ne Ne ( > Ne 2 N
Z e GNEy - - - Z X; — 2.30
P g ) =\p IV ) = {p: N, ; (2.30)
By exchangeability,
N, Noep2 N, N2 N | N2
(P 1VE™ ) = N(p ™, |Vaig 1) = 4N (™ [FT).
J. Math. Phys. 60, 111501 (2019); doi: 10.1063/1.5114854 60, 111501-7
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By dividing both sides by 2N and integrating on time, the equality in (2.26) follows. Moreover,

i< N,e N,s>_N_
N PO N Jay

1
g = Ypo@po) dsdy < 2 [ Tho(x) - Thix) dx < C|Vh .

This holds because || V5|2 < | Vhol||2 by Young’s convolutional inequality.
Now, by simple computations and integration by parts,

N
() = () - 5 [ 5 K- x)pl (231)

2
N ij=1i%j

4
dt

which gives the entropy relation in (2.27) since J; is non-negative.
For the moment estimate in (2.27), since X't\]“c’ is the solution to (2.25), one can deduce that

2

ie2 2 3t T & e e i2
X7 < 31X0)” + —zf > F(X - XI)| ds+6|By". (2.32)
N2 Jo j=Lj#i
Taking expectation of (2.32), and noting exchangeability, one has
2 2
N i€ o€ 1 N N i€ o€
E|l| > FX*-X)| |=E NZ > Fe(XF - X2)
j=Lji i=1 |j=1j%i
_ N2<p§\],£’ ‘Fi\]t?f)
Then, the moment estimate in (2.27) follows from (2.26) directly. O

Proof for Theorem 2.1. First, we restrict ourselves to a finite time period [0, T]. In order to show that the particles in (1.1) a.s. never
collide, we consider system (2.25) along with the stopping time

7. = inf{t > O|min|X}* — X/*| < ¢}.
i#j

Since (1.1) and (2.25) take the same initial value, and by the fact that F¢(x) = F(x) whenever |x| > ¢, for any &; > ¢ and w € Q, if we define
X (@) = Ly, ()< Xe () + Lr, () X¢ (@), (2.33)

then (2.33) is also a solution for system (2.25) on [0, ¢] since Fe(x) = F;, (x) when |x| > &;. Therefore, from the uniqueness of the solution (since
F is Lipschitz over Rd), we see that
P(X5'Lr, 50 = Xi1e, 5, VO <5< ) = 1. (2.34)

Now, we consider the set

Age, =) {X? Ly, 5t = X1y, 5, VO <5 < t},
teQ

where Q is the set of rational numbers. By (2.34), P(A,) = 1. For w € A ¢, if 7e(w) < 7¢, (w), then there exists a rational number t € Q such
that 7:(w) < t < 7¢, (w), and then by the definition of A,,.,, we see that X{* = X§ for 0 < s < ¢, which contradicts with the assumption 7,(w) < t.
Therefore, we have proved that when &; > ¢, 7. > 7, fora.s. w € Q.

We take ¢, = zi Consider

A= ﬂ Ag e

n>m>1

From the discussion above, {7, } is nondecreasing as n — oo for w € A and P(4) = 1.
Define

Ag = {7, 1+ 00}

If we can show that
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P(Ap) =1, (2.35)

then for w € Ag N A, there exists an M(w) such that 7, (w) > T when n > M(w). This implies that X;" (w) = Xf‘“(“’ (w)forn > M(w)and0 <t < T.
Therefore, we can define

Xi(w) = X" (w) (2.36)
whenever w € Ag N A, and for other w € Q, we just put Xi(w) = Xo(w). Then, X; satisfies (1.1) when 0 <t < T a.s. w € Q, which gives the

existence of the solution.
For the uniqueness, suppose that X; is another solution that solves (1.1). Consider the stopping time

0¢ = inf{t > 0jmin|X] — X/| < ¢}.
i#]

Similar to (2.33),

X (©) = Lo, Xs (@) + Lo, 0>eXs(w) (2.37)
gives a solution for (2.25), from which by using the uniqueness it is not hard to see the set

A1 = (N {Xlo, >t = X160, >, VO <s < t,n > 1}
teQ

satisfies IP(A1) = 1. Now, for w € Ay, if 0 < 7 for some ¢ = ¢,, since for fixed w, X; and X; are continuous in t, from the definition of the
stopping time, we see

min|X;, - X5, | = & min| Xz - X}, | > &
i#] i#] ¢

by continuity, there exists a t € QQ such that

min|X; - X| - min|X;* - X}*| < 0, £ <0,
i%j ij

which contradicts with the definition of A;. This gives the fact that o, (w) > 7, (w) as long as w € A;. Now, if (2.35) holds, then P(49 n A
N A1) =1,and for w € Ag N A N Ay, we have Xy(w) = X;"“ () = X;(w), which concludes the proof for uniqueness.
Now, we show (2.35). Since T, is a.s. nondecreasing, to show 7,1 + 00, a.s., it suffices to show that for any fixed T,

limP(r. < T) = 0. (2.38)

e—=0

We consider the un-normalized energy

Then, we have the following basic fact:

{z.<T}c { sup O > OV } (2.39)
te[0,T]

Since g° € C2(RY), by Ito’s formula and the fact that —Ag®(x) = Je(x) = 0 on |x| > &, we get

N . .
>, FOX =X

j=1j#i

2
2 XN t . .

ds— = > f Je(X2F = X2)ds — M3, (2.40)
N 2T S0

(De,N _ (DE,N _ ifti
! o N2 Jo

i=1

where
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M; = —= Z fFe(X“—X”) (dB: - dB’)_— Z st(X” X)*)- dB..

1] Li%j hj=Li#j

= [t vt P 240

- 8N fo (o™, [FVPY ds < CNE(po).

Since F; is bounded, M; is a martingale with

E[(M;)? sz ZE[( S R x|

j=Lj#i

The last inequality comes from (2.26). Combining (2.39) and (2.40), from the positivity of g° (since d > 3), we have

£, . £ 1
{re<T}c {(CDO’N - OértleTMt) > Ng(e)}, (2.42)
c {dN >R} U { sup (-M;) > g(s) fR}, (2.43)
0<t<T

for any R > 0. Here, g(e) = Cdsz_d. We notice that
E[®SN] = (N - l)mepo(x)po(y)gg(x — y)dxdy < C(N — 1)&(po). (2.44)

Therefore, Markov’s inequality gives

P(@5Y > R) < (N - DCE(po). (2.45)

For the second term, we apply Doob’s inequality for martingales (p. 203, Theorem 7.31 in Ref. 33),

1

N . 2
( sup (-M;) > *g(f) ) < m(ﬂf“ sup (—Mt)|2])

0<t<T 0<t<T (2.46)
4N eyt CN,d, E(po))
< SO -NR E[IM1])? < O R
where we used (2.41). Combining (2.42), (2.45), and (2.46),
P(r. < T) < C(N) 1 + _r (2.47)
e R g(e)-NR) :

We take R = g(e)%, and the conclusion follows from the fact that g(e) = C(d)e¥* > coase — 0.

Finally, we conclude the global existence and uniqueness. For k > 1, suppose X;k) is the a.s. unique solution to (1.1) on the time interval
€ [0, k]. From the previous local existence and uniqueness proof, we find that the set

So= {X§k> =X, Vk> 4t e o, Z]}

£21
has probability 1. Therefore, if we define

K@) = X ()15, (@) + Xo(@) 15 (@),

then X, satisfies (1.1) for all t > 0 a.s. (here, [¢] rounds f to the nearest integer). Meanwhile, if X is another global solution for ¢ > 0, then by
local uniqueness we know that for any k > 1, X; = X, ¥0 < t < k, a.s. This implies that X; = X;, which gives the global uniqueness. O
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Next, we state some useful estimates for the N-particle system (1.1).

Proposition 2.1. Suppose {X; }10 is the solution for (1.1) with joint distribution f~. Then, fy has a density function p} . Moreover, we have
the following estimates:

v+ [ "Io(FN)ds < i (fo)(= H(FY)), (2.48)

E&n() +E F(X; - X;) ds < S(p ), (2.49)
PN :

E[|X;]*] < 3E[|Xs]*] + CtE(po) + 6td. (2.50)

Proof. Throughout this proof, C denotes the constant that depends on N, py,d and so on, but not on ¢. Note that for any density
peL'(RM), |plog™p| < 1. Fora < 1,

a 2 1-a
/ lp(x)log™ p(x)| dx < Cf |p|"dx < C(f \x|2pdx) (/ \x|_mdx) . (2.51)
s1 =1 RN l>1

If we take 5775 < « < 1, then from the uniform estimate (2.27), we deduce

f I (x) log py*(x)|dx < C, (2.52)

which means that p}* is uniformly integrable in L'(R™). Consider the sequence {pM*" : &, = 5+ }. Denote by B, = {|x| < r} the ball in RN
centered at the origin with radius r. By the Dunford-Pettis theorem (p. 412, Theorem 12 in Ref. 34), there exists a subsequence {pf](f)}
converging weakly in L'(B;) to some pf,l(l). This subsequence has a further subsequence converging weakly in L'(B;) to some pff(z). From
the uniqueness of the weak limit, we see that pﬁ’(z) = pf(l) a.e. on By. Proceeding this process and taking the diagonal sequence, there exists a
subsequence (without relabeling) and a p € L. _(R™) such that

p = pin L' (By), Yk > 1. (2.53)

(2.53) also gives ||p}' | 11gyey < 1. Now, the moment estimate in (2.27) gives the tightness of p,*, i.e., [ |ysmp"“(x)dx goes to 0 as M — oo
uniformly in & by (2.53), it is not hard to observe that for any ¢ € L= (RN), (¢, p\"") — (¢, pN), i.e.,

PV

Men o in L' (RYY). (2.54)

In particular, |p} | L1y = 1. From the Proof of Theorem 2.1, we see that X;" — X, a.s.; therefore, for any ¢ € Cy(RM), we have
(.pr') = lim (9,p") = lim E[p(X;")] = E[p(X0)] = (¢, f1')- (2.55)
This gives the fact that f} has density p}'. Note that
B+ [P s = BEV )+ [ EIR P 256

and that for a.s. w € Q, XN i (w) = XY (w) when n is big enough, from Fatou’s lemma, the exchangeability, and (2.26), we obtain (2.49). Sim-
ilarly, (2.50) holds. Now, combining the entropy estimate in (2.27) and the fact that the functionals H and I are both lower semicontinuous
with respect to weak convergence (Theorems 5.4 and 5.7 in Ref. 31), we see that

Hy(fY) + f In(/¥)ds < lim mf(HN( ey 4 f In( st”)ds) < Hi(po), (2.57)
which gives (2.48). O
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C. The weak convergence of the empirical measures

In this part, we recall the results in Ref. 23 for the weak convergence of the empirical measures.

Proposition 2.2 (Ref. 23, Lemma 3.1). Forany N > 2 and d > 3, let {(Xf’N)OS,ST}fil be the unique strong solution to (1.1) with the iid initial

data {Xé’N ﬁl. Suppose the common density po(x) € Lis ®YNLYRY, (1 + |x|2)dx) and Hi(po) < oo. Recall the empirical measure yN defined
in (1.6).

(i) The sequence {L(X"N)} is tight in P(C([0, T];Rd)).
(ii) The sequence {L‘(yN)} is tight in P(P(C([0, T];Rd))),

Here, £(X™V) is the law of X'V, i.e, L(X"N)(A) = P(X™ € A) for A c c([o, T]; RY) that is Borel measurable, similar for E(,uN). For the
convenience of the readers, we provide a concise proof in Appendix B.

We consider the projection 7; : (C([0, T; RY), B) - R?, where B is the standard Borel o-algebra in C([0, T]; RY),
Then, for some measure v € P(C([0, T];Rd)), we define the time marginal v; as the pushforward of v under 7;,

Ve = (711)sv (2.58)

or

w(E) = v(m; (E)), VE € R?, Borel measurable.

Consequently, we have
(t - vt) e C([0, T PRY)),

where P(R?) is equipped with the topology of weak convergence.
We easily conclude the following by change of measures, i.e., for T : (X, v) — (), ) with ¥(A) = WTY(A)), one has fyfdfz = fo o Tdv.

Lemma 2.8. Suppose v € P(C([0, T];]Rd)) with time marginal v; € P(Rd), and vy is a Borel measurable function on RY. Then, for0 <t < T,
the equation

Lo M) = [y (259)
C([0,T];R9) R4
holds if either side is integrable. Similarly, for the product space C([0, T];R?) x C([0, T]; R?) and Borel measurable function y on R? x RY,

Mooy e ov@m@ = [y vou@ondn = [fl -y pmdon iy (2:60)

if either side of (2.60) is integrable.

Recall that a sequence of random variables Z, taking values in some Polish space X’ converges in law to Z meaning that E¢(Z,) - E¢(Z)
for any ¢ € C(X) (i.e., bounded continuous functions). The following lemma gives the consequence of the tightness in Proposition 2.2.

Lemma 2.9. 1. There is a subsequence of the empirical measures, i € P(C([0, T];R?)) (without relabeling), and a random measure y :
(Q, F,P) - P(C([0, T]; RY)) such that

yN — pinlawas N — oo. (2.61)

[Or L(uN) converges weakly to L(u) in P(P(C([0, T; R)).]

2. For the subsequence in 1, i, as P(R?) valued random measures, converge in law to p. In other words, L(ul) converges weakly to L (ur)
in P(P(RY)).

Proof. The first claim follows from the tightness of { £(4™)} in P(P(C([0, T]; R%))) by Prokhorov’s theorem.
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For the second, we first note that a sequence v € P(C([0, T]; RY) converging weakly to v € P(C([0, T]; RY)) will imply that (v"); € P(RY)
converges weakly to v; € P(Rd). In fact, for any function ¢ € Cb(Rd), we have me(x)d(vn)t = fC([O,T];Rd)(p(Xt)dV”' Note that X — ¢(X;) is a

continuous functional on C([0, T]; R?) and thus

tim [ gtodome= [ oxdv= [ ooy

Now, consider a continuous functional T : P(Rd) — R. We define Ty : P(C([0, T];]Rd)) - Ras
T1(v) := T(vy).
According to what has been justified, I'; is a continuous functional on P(C([0, T]; R%)). Consequently,
ET) (") — ET1 (1) = EQ(uy') - ED(ur).

This then verifies the second claim. O

The following lemma gives another property which will be useful to us.

Lemma 2.10. Let X be a Polish space. Suppose y" , u are random measures on X (i.e., P(X)-valued random variables) such that u" converge
to y in law. For any y € Cp(X x X), if we define a functional KCy, : P(X) — R with

KCy(v) = L Y V)AX)VAY),
then ICW(yN)—> Ky(u) inlaw as N — oo.

Proof. We consider the metric on P(X) induced by weak convergence. By p. 23, Theorem 2.8 in Ref. 35, v — v in P(X) implies that
KW(VN)—) Ky (v); therefore, for any ¢ € C,(R), ¢ o Ky is a bounded continuous functional on P(&X), and then

E[$(Ky )] ~ E[9(K4 )], N > eo,
which gives the last claim. O

We note the following facts regarding the marginal distributions (see Ref. 31, Lemma 5.6; Ref. 24, Theorem 4.1; Ref. 23, Lemma 3.2). The
results are modified for our purpose here, and we sketch a quick proof for reference.

Proposition 2.3. Under the assumption of Proposition 2.2, we denote by (fN )0 the joint distribution of {(X"N)0}N, and fgj)’N the j-th
marginal of fY foranyj> 1.

(i) For any j that is a positive integer, we have

sup \x| f(’)N(dx) < oo, sup H](f ) < 00, sup/ Ij(f(J)N dt < co. (2.62)
te[0,T],N te[0,T],N

(ii) f(’) N has a density p(J) Consider pi™N = (p?)’N) e L'([0, T] x RY). It has a subsequence p""N (without relabeling) weakly converging
to p¥ in L'([0, T] x RY) as N — oo, and also for a.e. t € [0,T], f}/)’N = pﬁ’)‘N dx converges weakly to p&’) dx as probability measures.
Besides,

sup f Ix2p?dx < oo, sup f pP|log p?| dx < oo, f L(p")ds < oo. (2.63)
te[0,T]

Moreover, let y be the limit (random) measure of any further subsequence of u", and let y; be the time marginal of u. Then, for a.e.
€ [0, T], it holds that

f o dx =E(u, 0)), Vo e CRY).

(iii) The entropy and Fisher information of the limit random measure y satisfy that for all t € [0, T],
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E(Hi(u) = supHj(p{") < lim inf Hy(f?),
j>1 oo

GOy 1o N (2.64)
E(li(u) = supli(p;”) <lim inf In(f).
]> —> 00
(iv) We have the following estimates for the Fisher information:
T
E f I(us)dt < C. (2.65)
0

Consequently, for a.s. w, p(w) has a density (p«(w))se[o,r]- At time t = 0, p:(w) = po for a.s. w.

Proof. (i) The second moment estimate follows directly from Eq. (2.50). Equations (2.8) and (2.48) imply that fOTIj( fy)’N) dt
< fo IN(fE/)N) dt < Hi(fo) - HN(ft ). By the second moment estimates and Lemma 2.3 with p = 2,1 = 1, we see that

Hi(p"™) > ~Cpa = Ma(p?"™) > -C, (2.66)
where C depends only on po, T and d. By Lemma 2.1, we have Hy(pY) > Hi (p(Tl)’N) > —C. We thus have

T N T N .
sup Li(f;"")dt <sup IN(f; ) dt <C(j, T,d) < oo. (2.67)
N JO N JO

We note that Hy(f Ny is uniformly bounded. Then, by (2.7), we have (note that entropy can be negative)

N -mj N -mj _mi
H(f™) < (1 + Tj])HN(ff') ~ ]HN—mj( o, (2.68)

where m is an integer chosen so that N — mj € [0, ). A simple apphcatlon of (2.9) with second moment gives the uniform bound for H;(f; DNy,

(ii) By the uniform second moment estimate, p/" is tight in L' ([0, T] x R¥). Moreover, we have Jra PN log p?N| dx to be uniformly
bounded by the uniform estimates of H; and a similar calculation for (2.52). Hence, p is uniformly integrable on [0, T] x RY. Although
the Dunford-Pettis theorem is stated for finite measures, combined with the tightness, the uniform integrability implies that p@*
compact in L' ([0, T] x R¥). Hence, we can find a subsequence p" converging weakly to p? in L' ([0, T] x RY).

The second moment mapping v — [ |x|?v(dx) is lower-semicontinuous with respect to the topology of weak convergence, which can be
seen by approximating |x| with |x| A m. After taking sup in ¢, it is still lower semicontinuous. It has been proved in Ref. 24 (Lemma 4.2) that H;
and J; are lower semicontinuous. Taking supremum in ¢ or taking integral of non-negative lower semicontinuous functionals still yields lower

is weakly

semicontinuous functionals. Hence, taking N — oo in (2.62), we get the corresponding estimates for p?). The second moment and entropy
estimates then yield sup, o 1 pr[ |log p(1)| dx < oo similarly as we did in (2.52).

We now take ¢ € C[0, T] and ¢ € C,(RY). Then, T : C([0, T R?Y — R defined by (X', ..., X)) » [T ¢(De(X}, ..., X)) dt is a bounded
continuous functional. A slight generalization of Lemma 2.10 with X = C([0, T]; ]Rd) shows that

B0~ 1) = [ OB, g)

where the last term is obtained by Fubini and the definition of y;. Let

= L(u) € P(P(R).

Define
- ®j dj
V= fp(mg vi(dg) € P(RY).
By this definition, we have for any ¢ € C,(RY) that
i - ®j - ®j
(9) = [, o Jo 0@ @) = (i, )

This means that E({(u")®,T) ]0 dt.
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On the other hand, by definition and the Fubini theorem,

N\®j _ T i i,N ijN — L r X
E((0) = [ 90B( 5 Lot x, ))dt_Nj(N—j)!fo ¢

. T . .
E¢(X}’N,...,x{’N)dt+$ 5 fo SOEQX™, .. XYt (2.69)

i
some i} s are equal

A simple estimate shows that the second term goes to zero as N — oo, while the first term converges to fOT¢(t) Jras (pp?) dxdt by the results we
have just proved.
Since ¢(t) is arbitrary, for a fixed ¢, we have for a.e. ¢ that

o0 dx= (v, 9). (2.70)

Moreover, since C;” is separable, we know for a.e. t and all ¢ € C, that (2.70) holds. Using the uniform second moment bounds of pfj) and v’t
(the proof of second moment for v’t can be obtained similarly as for pﬁj ), we know that they are tight. We thus can pass from C. to C, for these
t. Hence, p{” is in fact the density of v} for a.e. ¢ € [0, T].

Now, a slight generalization of Lemma 2.10 with X = R shows that for ¢ € C,(RY),

E(u)®, ) - E(u)®. ¢) = (V. 9)

since y}' converges in law to g by Lemma 2.9. A similar computation of (2.69) shows that we in fact have

lim Rd_(pfij)’N(dx) = (v, ).

N—oo
This in fact means f fj)’N = pfi)’N dx — th for all t. Thus, for a.e. t, pfjw dx — py) dx as probability measures.
(iii) In Ref. 24, Lemma 4.2, it is proved that the functional I; is convex, proper, and lower semicontinuous. Then, Ref. 31, Lemma 5.6
shows that

EG@) = [ h@widg) = supl ().

On the one side, the convexity gives

_ 1 ®j l ®j o .
[p(Rd)Il (Q)vi(dg) = fp(Rd)jI(g ) 2 jI( /PaRd)g Jvt(dg)) =509

On the other side, it is more tricky. One uses a type of affine property for the functional v — sup;>1I;(v), and we refer the readers to Ref. 31,
Theorems 5.4 and 5.7. .
Then, using (2.7), it is clear that limN_,oon(p(j)’N ) < limyo oo IN( ff\] ). The lower semicontinuity then implies Ij(v’t) <limy- o Ij(p
For the entropy, it is shown in Ref. 24 (Lemma 4.2) that H; is convex, lower semicontinuous and a certain affine property. E(H(u/))

= JoayHi(g)vi(dg) = sup,.,, Hi(¥)) holds.
Since the entropy could be negative, we should use the fact that the second moment of pV*" is uniformly bounded and (2.9) to control

the entropy of the marginal distributions p(j)’N. We apply (2.9) in (2.68) and have I—Ij(p(j)’N) <1+ N;—;"j)HN(f?I) + N%ij (Mz (p(mej)’N) + Cj,z).

It then follows that limNﬂoon(pU)‘N) <limyo o Hn(f N still holds. The lower semicontinuity then gives the desired result.

(j),N).

()N

(iv) By (2.67), we obtain (2.65). Now, since [OTll (ps) ds < oo a.s., the definition of Fisher information [Eq. (2.1)] implies that for such w,
(#s)sefo,r] has density for a.e. s € [0, T]. The claim for ¢ = 0 is a simple consequence of law of large numbers. O

Ill. THE LIMIT MEASURE ALMOST SURELY IS A WEAK SOLUTION
Now, we define the weak solution of (1.7) in the following sense:
Definition 3.1. Wesay p € L™(0, T; LY(R%)) is a weak solution to (1.7) if
e pdx e C([0,T]; C,(RY)) and pvh € L'(0, T; L' (R?)), where h = g*p.
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e Forallte[0,T],
(o6 8) — (po, §) f f V() - Vh(x)ps(x) dxds - fo (pss Ad)ds = 0 (3.1)
forany ¢ € Cf(]Rd).

We first of all prove the following important result for d = 3.

Proposition 3.1. Let d =3 and {(X;N)}X, be the unique solution to (1.1) with the iid initial data {X;"}X,. Suppose that the common
density py satisfies H(po) < oo, my(po) < oo, and E(po) < co. Assume that the random measure u on C([0, T]; R?) is a limit point of u" under the
topology induced by convergence in law. Then, y has a density (ps)se[o,r] a.5. as we have seen, and for fixed ¢ € Co(R’) and t € [0, T], p satisfies
the following integral equation almost surely:

1 rt t
{peg) = (po.¢) = 5 fo fR e (V) = V() - F(x = )ps(x)ps(y) dxdy ds - fo (ps» Ag)ds = 0. (32)
Proof. We divide our proof into the following steps.

Step 1 The integral (3.2) involves the singularity; therefore, we need to show that it is well-defined. Since ¢ € C(R?), we only need to
show that the third term is integrable for a.s. w € Q. By Tonelli’s theorem, it suffices to show that

1 t
E[E/o‘ jﬂ;zJ(V(b(x) - Vo) ~F(x—y)|ys(dx)ys(dy)ds] < 0. (3.3)

Since ¢ € C;(R?), by Lemma 2.5, we take d = 3 and 1 <B < %, and there exists a constant C depending only on ¢, T, and 8 such that

E[l f t fR 3I(V¢(x) - V() - Flx -~ y)l/ds(dx)ys(dy)ds]

ps(x)ps (y)

=" dxdyd
RixRS  |x—y i

< 2| V| E [ ] 54)

< cn-z[fo L) + l)ds] - CE[fOTh(ps)%s] +CT.

Since § < 2 3» using Holder’s inequality, there exists a constant C = C(¢, T, ) such that

E[ /0 Tll(ps)%ds] < C( fo TI(ps)ds)Sf. (3.5)

Combining (2.65), (3.4), and (3.5) together, we obtain (3.3), which means that the integral (3.2) is well-defined.
Now from Lemma 2.8 and (2.60), we can rewrite the integral (3.2) as

t
(und) = (o) =3 [ [ (9900 - V40D - Flx— ot - [ (o Ag)as
L C([O,T];Rj»;w(xs) —VG(Y) - FOX, — Yu(dX)u(dY ds (3.6)
t
* L oy @O0 0@~ [ [ AGKdsutdx).
For X,Y € C([0, T];R3 ), we define the functional
1 rt t
V(X Y) = ¢(Xo) - ¢(Xo) - 5/ (Vo(Xs) = V(Ys)) - F(Xs — Ys)ds — f Ap(X;)ds, (3.7)
0 0
and similarly, y.(X, Y) is the functional with F being replaced by F.. We also define functional X’y and Ky, on P(C([0, T; R%) by
Ky() = f( iy PO DHBOVEY),

(3.8)
Ky, (v) = f( e Ve (X, V)w(dX)v(dY).
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If v is a random measure, i.e., a (measurable) mapping from (Q, F,P) to P(C([0, T]; R?)), then Ky(v) is a random variable on (Q, 7, P). Since
we can change the order of integration in light of (3.3), from definition (3.8), we see that for a.s. w € (, the left side of (3.2) is actually equal to
Ky (u(w)). Therefore, it suffices to show that E[|ICy (u)|] =

For ¢ > 0, one certainly has

E[Ky (@] < E[IKy (@) -y, (@)]] + E[Ky, (w)]]. (3.9)

In the following steps, we show that each term of (3.9) goes to 0 as ¢ — 0.
Step 2 Now, we investigate the first term of (3.9). For fixed w € Q, u is a probability measure on C([0, T],R®); thus, we can apply
Lemma 2.8 and obtain

E[Cy (1) ~Ky, ()]
1 t
- EEH fo fc 79050 = 99(¥)] - [FulX. = Y.) = FXe = Yo luld0u(dY)ds

1
B EE[ ] (3.10)
=SB\ L, L7960 = T40)] - [Fule =) = Pl =)l 0ps )y

s\ X)Ps
< GE|V ¢wa ffl y‘q”'(x ”y(f’)d xdyds.

In the equation, we used the fact that |F:(x)| < |[F(x)| and Fe(x) = F(x) when |x| > &. Now, we apply (2.16) in Lemma 2.5 by taking y = 1 and

obtain
t 3
f ‘[/‘ I PS‘ psiy)dxdydsgcﬁew_lE/‘ I(p$®2)7ﬂds
x—yl<e |X—) 0
" (3.11)

B, T)e3’3‘1(]E fo tI(ps)ds)7,

where é <p< % Therefore, by (2.65), there exists C = C(¢, T, 5, po) such that

]

[Vo(x) = Vo] - [Felx — y) — F(x — y)]us(dx)us(dy)ds

R3xR3

x—y|<e

E[|KCy () -Ky, ()] < Ce¥". (3.12)

Step 3 For the second term of (3.9), since y. is bounded and continuous on C([0, T]; R*) x C([0, T];R?) and y — u in law, applying
Lemma 2.10 with X’ = C([O T]; R?), the random variable Ky, (MN) converges to Ky, (1) in law for fixed e. Since ICy, ([AN) and /Cy, () are bounded
by [ we|z, we can take ¢(x) = |x| A ||z~ as the test function and conclude

dim E[IKCy, (4™)]] = E[|Ky. (0)]]- (3.13)
Now, we investigate E[|KCy, (4")|]. By definition, it holds that

K ) 25 w0 = L S [00) 90 - 1 [ 0906 - w00 R - X [“ag0ea] G
l//E.u NZ e\t Ay t 0 2 Jo s s E\Ls s 0 s . .

2
ij=1 N ij=1

Now, we apply the It&’s formula to ¢ € C2(R?) and obtain

N . .
S (BXEN) - p(xiN)) = — Z f Vo) - FaON - X5 ds + Z f AGXN)ds + V2 Z f VoY) - dB. (3.15)
i=1 1 1 k=1,k=i
Note that by symmetry
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2 N Z f VX - F(Xs )ds = - Z Z f (VX)) = V(X)) - FOG — X0 )ds. (3.16)
j=1 i=1 k=1,k=i t 1 j=L,j#i

Therefore, one has
K Ll ! N iN N iN _ Nyl 28t Ny gpi
V/z 2 N2 Z Z A [ ) v¢(X )) N (F(X: - Xs ) - FS(XS - XS )):| S+ W; A qu(Xs ) . BS (317)

and thus

t . .
dxdyds + EUZ _/0 V(XN - dB,
1

Bl GO < S [ o |90 - 990D - (R ) - Fue ) e

Again note that F(x) = F(x) when |x| > ¢, and one has

(2),N
f ffR PN PN = VPU)) - (FGx = 9) - Eele = y)ldxdyds < 26,9 / ff D) yds. (3.19)

beyi<e [x =yl
Applying Lemma 2.5 once more with % <B< % and y = 1, one obtains

(Z)N(x)/ 38

t t 5
f ff P D) hdyds < Cpe! f 1(p§2)’N)3z£dssC(ﬁ,T)s”*l( f 1(p§2)’N(x,y))ds) <, (3.20)
hyl<e  [x =yl 0 0

Here, the constant C = C(¢, T, 3, po) comes from (2.62) for j = 2. 4
For the second term of (3.18), from the independence of the Brownian motions {B;}}, one can easily calculate its second moment,

N rt .
[|f2f V(X dB; ﬂ=§221f0 E[Ivoe)Jds < =TI Vgl (3.21)

which implies

\/_ N ft i,N :| C
Y dB|| < —. 3.22
IR VN 622
Plugging (3.20) and (3.22) into (3.18), one finds that for any ¢, N > 0,
1 38-1
E[IKy. (™) sc(—+s ) (3.23)
[ = ¢
Step 4 Finally, we combine the estimates above together.
Plugging (3.23) into (3.13), one finds that
L N 3p-1
E[IKy. (@] = lim E[[KCy, (uD] < Ce™ . (3.24)
By (3.12),
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E[|KCy () -Ky, ()] < e (3.25)

Finally by (3.24) and (3.25),
E[IK ()] < lim inf (BLICy () ~KCy, ()] + E[JKy, ([]) = 0 (3.26)

This is the desired conclusion. O

Note that in (3.2), we have symmetrized Eq. (3.1). This symmetrization technique reduces the singularity from |x|™ to || so that
Lemma 2.5 can be applied to control the singularity. This is one of the important observations in this work. The bottleneck for general d is that
the singularity allowed in Lemma 2.5 is only (0, 2) for all d. In fact, for d > 4 cases, Proposition 3.2 below (the proof does not rely on d) actually
implies that (3.3) still holds. Therefore, step 1 and step 2 of the proof are still valid with (3.12) replaced by lime_oE[|/Cy (u)-ICy, (w)|] = 0.
However, the difficulty arises from the N particle system (3.20), where the Fisher Information no longer provides the uniform estimate and
we know nothing about

(2) N

lim lim f N P D) dyas,
£>0N—oc0 |x—y|<e |x y|

Recalling the Proof of Lemma 2.5, if we can find better uniform L? estimates for the density of X?" — X{’N, then one might be able to pass the
limit for d > 4 cases. Hence, we think that for general d > 4, the entropy way does not work unless new estimates are found.
We now give some L estimates for the density p of the limit measure y. For convenience, we will then reserve  as

h=(-N)""p=gxp. (3.27)
Lemma 3.1. Let d = 3. Let p be the density of the (random) limit measure y. Then, for a.s. w € Q, we have the following claims:

p e L (0,T; W) n L% (0, T 1), pe [1,3],q € [1,3/2],
Vhe L300, T, 1), py € (3/2, 00).

Consequently, pVh e L0, T; LY (R?)) a.s.

The claims for p follow from Eq. (2.65) and Lemma 2.4. The claims of Vh are due to the Hardy-Littlewood-Sobolev inequality since
Vh = Vg * p. We skip the details.
By Proposition 3.1 and Lemma 3.1, now we are able to prove that the density of the limit measure g is a.s. a weak solution for Eq. (1.7).

Theorem 3.1. Suppose that d = 3 and po, un, u, p satisfy the assumptions in Proposition 3.1, i.e., the common density po satisfies H(po) < oo,

ma(po) < oo, and E(py) < oo, while the random measure y on C([0, T];R®) is a limit point of " under the topology induced by convergence in
law with a.s. density p. Then, for a.s. w € Q, p is a weak solution to the nonlinear Fokker-Planck equation (1.7).

Proof. First, we fix ¢ and show that (3.2) holds for all t € [0, T] and a.s. w € Q. In fact, by Proposition 3.1 and (3.4), the following set has
probability 1:

- {w ¢ 0 fo t fR (800 = 7900 - Flx ~ )ls(d0(dy)ds < o0, (3.2 holds fort < [0,T] 0 @}. (3.28)

For any probability measure y € P(C([0, T]; R3))), ye Cb(R3), and t, — t, we may apply the dominant convergence theorem,

fc([o,T];Ra)l”(X‘")"(dX)" C([O,T];RS)W(Xt)y(dX), (3.29)
which gives
tim [y @0 = [ v (3.30)

by Lemma 2.8. From (3.30), we see that both (A¢, y;) and (¢, ;) are continuous functions on [0, T]. The continuity then implies that for
w €A, (3.2) holds for all ¢ € [0, T1].

J. Math. Phys. 60, 111501 (2019); doi: 10.1063/1.5114854 60, 111501-19
Published under license by AIP Publishing


https://scitation.org/journal/jmp

Journal of

Mathematical Physics ARTICLE scitation.org/journal/jmp

Now, we show that for a.s. w € 0, p(w) satisfies (3.2) both for all t € [0, T] and all ¢ € C(R?). In fact, since C2(R?) is separable (note that
C;(R?) is not separable), there is a countable dense set {¢ }. Then, for a.s. w € Q, u(w) satisfies (3.2) for all t € [0, T] and ¢ = ¢,.. Now, in light
of (3.4), for a.s. w € 0, the left side of (3.2) can be viewed as a bounded linear functional on C*(R?). The conclusion then follows from the

density of {¢, }.
Finally, pVh € L0, T; LY(R?)) from Lemma 3.1, and we can then change the symmetric integral equation (3.2) into the usual
one (3.1). O

The weak solution defined above has the minimal regularity requirement. In fact, the system we consider could give more information
and we can improve the regularity. We first of all have the following important claim about the energy.

Proposition 3.2. Consider a general dimension d > 3. Suppose y is any limit point of u" which a.s. has density as we have seen. Then, for
a.s. w € Q, the energy

sw=3 [[ | - puldoud) (331)

is bounded by the initial energy

sup £(t,) < Epo) = 3 [[[ gle=poepoly) dcy

te[0,T]
Proof. From (2.40), it holds that
1 & e e R A | P
S B O 2 R e

Since for fixed N, g°(X}* - X*) = g(Xi — XJ) for all ¢ € [0, T] outside a set A, whose probability goes to zero as ¢ — 0 by the noncollision
result, we then have almost surely that

1 N N 3 i i€
sup — Z g(Xt Xj) =lim sup — Z g X - X],’ ).
N? ij=1,i%]

2
0<t<T N? 2T e=0g<r<r

Fatou’s lemma gives us that

0<t<T N jjjiizj

E[ sup iz 3 g(Xi - X)) - zg(po)]

. (3.33)
<liminf B — 3 ¢°(X - X)) - 26(po) | +lim inf lELsu (—M“)]+
o0 N? iJ:i#g v 7 =0 stET ‘1
Doob’s I? inequality for martingale (p. 203, Theorem 7.31 in Ref. 33) and (2.41) imply that
12
£ 1 £\2 2 L Cd>Pn
— || sup (-My) < —(IE sup (—M;) ) ZE[(MF)]: < . (3.34)
N OSIST ! 12(P) OSL‘ST ‘ "N [ ! ] \/N

Hence, the last term goes to zero as N — oo. Moreover, at t = 0, the joint distribution of (X(’;,X{;,XS" ,Xg) is simply p?“ if they are all distinct.
In the square of }; )j#jg‘s(Xé - X)), the number of terms where some Xy’s are repeated is O(N”). Hence, most terms are those where the four
X4’s are distinct. Using this fact and direct computation, we find

N—oco e

. ) +
lim lim 1nf E(I\} Z £(Xo-X)) - 25(/)0))

i,jii#]
1
. . 2\ 2
< 11m lim 1nf( |— E(X(l) —Xé) - 2&(po) ) =0. (3.35)
N—ooo &—0 it
Consequently,
lgrgoELsup Nz 2 X 2€(po)]
<t<T i,jii#j
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Now, for v € P(C[0, T], ]Rd), we define

QW)= [[ gt ymtdniiay, (3.36)
where v; is defined in (2.58).
We also define
Q) = OssttlfTQr(V) = Sup f/é 8(x = y)vi(dx)vi(dy). (3.37)

We claim that if we consider the topology induced by weak convergence on P(C[0, T], Rd), then Q(v) is a lower semicontinuous functional
on P(C[0, T, ]Rd). In fact, we can define

) () oo ) xgy
0= [ o8 KO = YOMOMAD)

where g™ (x) = g(|x]) if |x| > 1/m and g™ (x) = m|x|g(1/m) if |x| < 1/m. Since g™ is a continuous bounded function, by Ref. 35, Theorem 2.8
(p- 23), Q"™ is a continuous functional. Moreover, by the monotone convergence theorem, Vv € P(C[0, T], RY), Q;(v) = SUpm Q" (v). Hence,
Q is lower semicontinuous, and thus, Q = sup;Q; is lower semicontinuous.

From the previous proof, a subsequence of {y } converges in law to some random measure . Since P(C[0, T], R?) is now a Polish space,

from Ref. 36, p. 415, Theorem 11.7.2, there exists some probability space (Q, F,P) and random measures fins i (&, F,P) » P(C[o, T],]Rd)
such that fix — j1 a.s., and fin, jt has the same law as yn, y. By the Fatou Lemma and the lower semicontinuity, we have

E[(Q() ~2E(p0))"] = E[(Q(@) ~ 2(po))"] < lim inf E[(Q(@in) - 2€(p0))"] = lim inf E[(Q(un) - 2E(p0))"] = 0. (3.38)

Moreover, since y has density almost surely, then almost surely it holds that

sup /]l;dxwg(x — Yp(dx)u:(dy) < 2E(po). (3.39)

0<t<T
O

With the above estimate, p € L™(0, T; H 71) and Vh € L*(0, T; LZ). Then, we have the following improved weak solution, and we provide
the proof in Appendix B.

Proposition 3.3. Let d = 3. Suppose u(.) is a time-dependent probability measure, which has a density p. Assume that p is a weak solution
to (1.7) in the sense of Definition 3.1. If moreover fOTI(yt) dt < oo and SUP;e[0,7] ffR3XR3g(x — Y)us(dx)u:(dy) < 2E(po), then

1. peLl¥/® =90, T;L") for re[3/2,3); Vhe LY 9=2(0,T;L9) for q > 2 consequently, pVh is in L*¥/®~(IF) for 1<p< ¢ (recall
h=gxp)
2. in L°((0,T), W'Y, it holds that

Owp =V - (pVh) + Ap. (3.40)

Moreover, p is a mild solution in L4/3(0, T; L3/2(R3)) so that

t
p(t) = empo + fo M9y (pVh) ds. (3.41)

Note that the mild solution form here does not necessarily give the continuity of p(t) at t = 0 because we do not know whether the second
term goes to 0 as £ — 0*.

IV. ACOMMENT ABOUT PROPAGATION OF CHAOS IN 3D

We have established the fact that the limit measure is almost surely a weak solution to the nonlinear Fokker-Planck equation (1.7). An
important question in the mean field limit research is whether we have propagation of chaos. In other words, we expect that the j-marginal
tends to the tensor product of the limit law p. First, we recall the following standard equivalent notions of propagation of chaos which can be
found in the lecture of Sznitman (Proposition 2.2 in Ref. 15).
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Definition 4.1. Let X be a Polish space and f be a probability measure on X. A sequence of symmetric probability measures f~ on X~ is
said to be f—chaotic, if one of the three following equivalent conditions is satisfied:

(i) The sequence of second marginals f*N ~ f @ f as N — oo.
(ii) Forallj> 1, the sequence of j-th marginals fN ~ f® a5 N - oo;
(i)  Let X, ..., XNy e XN be drawn randomly according to fN. The empirical (random) measure ‘uN = %Z,@XLN converges in law to the
constant probability measure f as N — oo.

Note that since X’ is a Polish space, there exists a metric dy on P(X’) such that for W,y e P(X), V" - vinlawifand only if do(WN,v) > 0
as N — oo. Therefore, as f is constant, (iii) is equivalent to 4~ converging to f in probability.

The key point of propagation of chaos is therefore to establish a strong-weak uniqueness principle for the solutions so that p;(w) is a.s.
deterministic. The definition of weak solution in Definition 3.1 is too weak, and it is very hard to prove the uniqueness. We need to put more
constraints to make it unique. In fact, we have the strong-weak uniqueness principle by assuming p € Ly, ((0, T); L*(R?)).

Proposition 4.1. Let the initial density py € H"(R®) with m > 3/2. Suppose that u(.) is a time-dependent probability measure, which has a
density p. Assume that p is a weak solution to (1.7) in the sense of Definition 3.1. If moreover fOTI([,lt) dt < oo, p € L&, ((0, T); L*(R?)), and

sup ffR 3xR3g(x = Pu(dx)us(dy) < 2E(po) = ffR 3xR3g(x = ¥)po(x)po(y) dxdy,

te[0,T]

then p; is the unique strong solution of (1.7).

The Proof of this proposition, though important, is tedious, and we attach it in Appendix B. In fact, we do not have good enough a priori
I* estimates, so the usual hypercontractivity method for Keller-Segel equations (for instance, see Refs. 37 and 38) will not work. What we use
is an energy method appeared in Ref. 12.

Recall that the energy equality (2.26) tells us that

T
sup/0 //3 RS]‘g(xl - xz)/,tﬁ,)e(xl,xQ) dx1dxdt < oo. (4.1)

N,e

Formally, if we take £ — 0, we would have
T
f N 0,t)dt < C,
0

where p" is the density for XY — X3'. As N — oo, it is expected that

T'r o
f / w7 (x,x) dxdt < Cy.
0 R3

r 2
Ef / p~dxdt < Cy,
o Jrs

which is desired. However, rigorously justifying these limits needs some uniform convergence, and this seems hard. We will keep on working
on the weak-strong uniqueness principle.
One may be tempted to send N — oo first in

This should be

T
sup[ /f T (x1 — xz),uj(\?,)s(xl,xz) dxidx,dt < C.
0 JIRxR?

N,e

The mollified system has the propagation of chaos, and the limit measure is unique, which is the strong solution p, to the nonlinear
Fokker-Planck equation with F being replaced by F,. Although p, has a uniform LZ(O, T; L2) bound, one can show that p, converges to the
strong solution of the nonlinear Fokker-Planck equation constructed in Appendix A, instead of the limit measure p. Hence, this does not
work.

Remark 4.1. Note that for the d = 2 case, the assumption p € L0, T; L*(R?)) is a direct corollary from (2.12) in Lemma 2.4 by taking
p =d =2, and one can check that the Proof of Proposition 4.1 is valid for d = 2. Also, for Proposition 3.1, the self-consistent martingale
problem proved in Sec. 4 of Ref. 23 implies the conclusion. Hence, combining these two results, one obtains the propagation of chaos result
for d = 2 easily.
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Remark 4.2. In fact, in the energy estimate, one also expects that the first negative term will give us

T
2
fo fR IV dudt < C. (4.2)

If this is true, many proofs can be simplified. For example, we will then have Vp - Vh = V\/ﬁ(\/ﬁvh) € LI(O, T;Ll). Then, using the mild
solution form (3.41) and the non-negativity of p?, one finds p € L*(0, T; L*). However, (4.2) seems difficult to justify.

With Theorem 3.1 and Proposition 4.1, we conclude the following.

Theorem 4.1. Ford = 3, let {(X}")}, be the unique solution to (1.1) with iid initial data {(X;")}X,. Suppose the common initial density
po € L'(R*) n H™(R?) for m > 3/2, with my(po) < oo, Hi(po) < co. Suppose that any limit point of the empirical measure u" defined in (1.6)

satisfies
T 2
E/ / P~ dxdt < co.
0 R3

Then, u goes in probability to a deterministic measure i := (p; dx)se[o,) in P(C([0, T;R*)) as N — oo, where p; is the unique strong solution
to (1.7) with initial value po.

Proof. We consider the metric dy on P(C([0, T],R*)) induced by weak convergence. From Proposition 2.2, we know that £(u") is tight
in P(P(C([0, T];R*))). Therefore, for any subsequence of iV, there exists a further subsequence {™*} converging in law to some random
measure y: (Q, F,P) - C([0, T];R?). Then, by Theorem 3.1, for a.s. w € Q, the limiting point  has a density p, which is a weak solution
to (1.7). By the assumption and Proposition 4.1, the weak solution to (1.7) is unique. Therefore, if we denote @i the (deterministic) random
measure with density p, which is the strong solution to (1.7), then for any 0 < ¢ < T and w € Q, y = y for a.s. w € Q. Since the subsequence
{uN} converge in law to y and y is a.s. equal to the deterministic probability measure i, we see that ' converge in probability to % In other
words, any subsequence of {¢"N} has a further subsequence {"*} converging in probability to . Hence, {#" } converges in probability to the
deterministic probability measure @ in P(C([0, T']; R)). O
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APPENDIX A: NOTES ON THE NONLINEAR FOKKER-PLANCK EQUATION

In this part, we investigate some properties of the nonlinear Fokker-Planck equation (1.7). We will show the local existence and unique-
ness of strong solution for (1.7), given the initial data are small in some space H®, and then, we will discuss some potential methods for the
uniqueness of the weak solution.

First, we state a useful lemma in Ref. 39, which is some type of Banach fixed point theorem.

Lemma A.1. Let (X, || - ||x) be a Banach space and H : X x X — X be a bounded bilinear form satisfying | H(x1,x2)|x < n|x1|x]|x2]x for
all x1,x2€ X and a constant 1 > 0. Then, if 0 < e < ﬁ and if f € X is such that | f ||x< ¢, the equation x = f + H(x, x) has a solution in X such

that || x || x< 2¢. This solution is unique in the ball B(0, 2¢).
In light of Duhamel’s principle, we define the mild solution of (1.7) in the following sense.

Definition A.1. Let X be a Banach space over space and time. We call p € X a mild solution to (1.7) with initial data py if p satisfies the
following equation in X:

t
) =0+ [y (p<s, V(g * pls, ~>>)ds. (A1)
Now, we have the following local existence and uniqueness of mild solution:

Proposition A.1. Suppose m > %, d > 3, and the initial data p, € Ll(Rd) N H'"(Rd). Then, there exists a T > 0 such that Eq. (1.7) admits a
unique mild solution p in C([0, T]; L'(R%)) n C([0, T]; H™ (RY)). If we define T}, to be the largest time of existence, i.e.,
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Ty, = sup{T > 0| (1.7) has a mild solution in C([0, T];Ll(Rd)) n C([o, T];Hm(Rd))},

then T),< oo implies that lim sup,_ ;— (||p¢ | + |pe|11) = +o0. Moreover, the integral of the mild solution is preserved, i.e.,
b

fde(x, Hdx = fdeo(x)dx. (A2)

Proof. We will apply Lemma A.1 to prove this result. We set
X :=C([0, T]; L' (R) n ([0, T]; H™(R?))
with norm ||ul|x := |[u]co,rysnr) + |4l oo, r);m) and define the bilinear form H on X x X by
t
) = [ &N (s )9 * s ) ds
0

We also denote

AN == 1 f e+ L f em
for f € L'(RY) n H™(RY).
First, since H"™ is an algebra as long as m > g, for f1,f2 € LI(R"Z) n H'”(Rd), we have
1 f19(g * f2)lam < Coll frllem [V (g * f2)[rm. (A3)
Note that

V@ 2l = [ 19> RIOP(L+]E)"dE

ir 12 2\m ir 12 2\m
_r Al (1+2|£| s [ (1+2|E\ )" i (A4)
lel<1 1¢] Jel>1 1¢]
< Callfoll + 1 f2 170
Combining (A3) and (A4) and the fact that [f2] e < | f2] 11, one finds that
I f1V(g * f2)|em < Coal frll]l f2]- (A5)
For 0 < « < 1, one also has the following for f € H™:
HetAfo%{mw _ ‘édv\(g)|2(l + ‘€|2)m+a|£|26*2|f‘ tdf
< [ msup (&1 + )% (A6)
EeRd
<C|fIm (" + 7%,
Hence, for u, v € X, one has that
sup |H(u, v)|mme < CTY? + TO92) |u) x| v x. (A7)

te[0,T]

I 1
The heat kernel P(x,t) = ——e™ & satisfies | VP(-¢)|; = azt"2, where ay is a constant. Note that eV - (uv(g * v)) = JraVP

(4mt) rfl

(x—y,t—s)-uV(g * v)(3,s) dy. One thus has

t 1
sup [Hw, V)| < C [ (t=9)"2|uV(g*v)|i(s)ds
te[0,T] 0

T
scuuuxuvuxfo (T -5 ds.

(A8)

Note that we used |u(s)V (g * v)(s)|l1 < [u(s)]2] Vg * v(s)|2 < Cllu(s)|am||v(s)| by setting m = 0 in (A4).
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We now check that H(u, v) € X. By (A7) and (A8), it is easy to verify that H(u, v) is continuous at ¢ = 0 in the H™** and L' norm. We
now fix t > 0. Pick 8, € (0,¢) and set w = uV(g * v). We calculate for |§| small enough (note that § can be negative) that

t-8; . B
| H(u, v)(t + &) = H(t, v)(B) | e < [0 10792 — 192G Ly pmeeds

t 46
+[6 ||e(t7$)AV~W(S)HHm+adS+/6 | IAG - w(s) | pmeads. (A9)
-8, -0,

1 1-a

Using (A6), the last two terms of (A9) are bounded by C(|8] + 81)™">>2") || x||v| x. The first term of (A9) is similarly estimated as in (A6),
O (ro-9A  (t-9A
fo (e = "IN w(s) | pmeds
t—0,
< Clulalvlx [ 10+ gy 00 - 800 g s (A10)
0

t
< CH””X”VHXA ”5845\2(5*51/2)(1 + |£|20¢)(e*51|5‘2/2 _ e*\5|z(51/2+5))H1°éZdS.
1

By discussing the domains for |£| > L and || < L, one can easily find that as § — 0, the || - || oo norm goes to zero. Hence, H(u, v) is continuous
at t under the H"™® norm. So, we have actually verified that H(u,v) € C([0, T]; Hm+“(Rd)) where 0 < a < 1.
Similar to (A9), we have

t—8;
| H(u, v)(t + ) — Hu, v) (1) < fo 1450798 — MY L y(s) | s

t 48 s (A11)
+ f 1947 - w(s)| i ds + f |92 - w(s) | ds.
t—0, t—0)
Similarly as in (A8), the last two terms of (A11) are controlled by 4Cy+/|8| + 61]|u] x| v| x. For the first term, we similarly write
O em9h  (t-9A
LI G ) s
0 (A12)

t—0;
< Clulxlvls [ VPGt +6 -9 = VPGt =9

Since VP e C([61,T],L1(Rd)) and thus uniformly continuous in time on [8;,T]. This term goes to zero as § — 0. Hence, H(u,v)
e C([o, T];Ll(Rd)). We thus have H(u, v) € X with

|, ) [ x < Cam VT u]x[[v]1x. (A13)

Now, we apply Lemma A.1 by taking f = e"* p. Since

[ pollis = IPC ) % pollis < lpollur,

—|&]? m__
le™pollrn = ™ (1 + 87 B0l 2,

we find that | f]x < |po]p + | po]lsm = |po]. Therefore, by Lemma A.1, Eq. (1.7) admits a unique mild solution p e C([0, T]; L' (R))
n C([0, T]; H™(RY)), where T = ﬁ\\f\&z. Moreover, | p|lx <2| fll x <2 |lpo-

Moreover, we claim that the mild solution is also unique on [0, T}), not just on [0, T]. In fact, for two mild solutions p;(¢),i = 1, 2. Define
I={t:pi(s) = p2(s), forall s < [0, ) }. Clearly, I is an interval and [0, T] c I. By viewing p1(¢), t € I as the new initial data and applying Lemma
A.1 again, we find that p is unique on some interval [¢, ¢ + &(¢)] with &(t) > 0. Hence, I is an open subinterval of [0, T},) with the topology
inherited from R. Moreover, by the continuity of p;(t), I is also closed. Hence, I = [0, T).

If the blow-up criterion does not hold, there exists M > 0 such that SUPyc[0,7,) lp(®]x < M. Set t; := —L

16C3,
data p(T, — t1/2) has a mild solution p in C([0, tl];Ll(Rd)) n C([o, tl];Hm(Rd)). If we define p(t) = p(t) for 0 <t < Tp — t1/2 and p(t) = p
(t-(Ty—t/2)) fort € [Ty, — t:1/2, Ty + t1/2], then p is a mild solution on [0, T}, + t1/2], which contradicts with the definition of T,,.

Finally, we have

M2, Equation (1.7) with initial

t
fR L )dx = /R d(empo(x)+ fo e(t_S)AV-(p(s,-)V(g*p(s,-))dS))dx‘ (A14)
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Since we have shown in (A8) that the right side is in L', we can freely change the order of the integral and the integral preservation
follows. O

We now show that the mild solution is a strong solution. We say p € C([0, T]; LYRY) n C( [0, T];H™ R%)isa strong solution if (i) p isa
weak solution that satisfies the equation in the distributional sense and (ii) both 0;p and V. (pV(g * p)) + Ap are locally integrable functions
on (0, T) x R? so that the equation holds.

Proposition A.2. Let py € L'(RY) n H™(RY) with m > g. Then, the mild solution p is a strong solution belonging to C*°((0, Tb),Hm,(]Rd))
for any m' > m. Moreover, the strong solution is unique.

Proof. Wetake T € (0, T}). From the proof of previous proposition, for 0 < a < 1,
H(p,p) € C([0, T} H™"(R?)).

Meanwhile, since py € H™RY), it is easy to verify that e py € C((0, T]; Hm’) for any m’ > 0. Therefore, we see that p is in C((0, T]; H™RY)).
Now, for any 0 < t; < T, we take a = % with the new initial value p(()l) =py . Then, p(l)(t) =p(t - %‘) is a mild solution of (1.7) in C([0, T

- %‘];H"‘*"‘(Rd)) nC(o0,T - %‘];LI(R”I)). Therefore, the previous argument implies that p(l) e C((0, T - %‘];H'"*Z“(Rd)). Then, we can

take the new initial value péz) = u(i) along with p(z)(t) = u(l)(t— %‘). Iterating this process for 2(m’ —m)+2 times, we find that

p e C([t, T], H™ (R%).
Take t; > 0. Let p(t) = p(t + t1). Then, p satisfies

t
P =50+ [ Y- Gvig P,
We have w = V- (5V(g * p)) € C([0, T — t; J; H"(R?)) for any m > 0. It then follows
t
AB(r) = Ae™5(0) + f 98 Ay, ds. (A15)
0

By the property for heat equation with L? initial data, we have 1 — u = fOfAeTAu drifu e L*. Hence,

t t A t ‘l'(_)A t
f (A7) + w(D)dr = f Ae™podr + f f &9 Ny, dsdr + f w(z)dr
0 0 0 0 0
t t t
= (P - o) + f f ¢TI Ay, drds + f w(r) dr (Al6)
0 s 0
= p(t) = po.

We exchanged the order of integral since e™* Aw is bounded under the L* norm. This identity first of all implies that 7 is a weak solution
since p € C([0, T]; L*). Moreover, it also implies that p € C*([#1, T]) under any H" norm. Hence, taking derivative on time, we find that p is
a strong solution. Since ¢, is arbitrary, the claim follows.

The strong solution is a mild solution on [0, T]. The uniqueness then follows trivially by the uniqueness of mild solutions. O

We are more interested in the non-negative initial data due to the problem we consider.
Proposition A.3. Besides the conditions in Proposition A.1, if we also have po> 0, then

1. for all t in the integral of existence, we have p(x,t) > 0 and
2. the strong solution exists globally, i.e., T},= oo.

Proof. 1. The proof of non-negativity follows in a similar way as in Ref. 40. Here, we sketch the proof briefly.
We fix an arbitrary T € (0, T},) and let p be the mild solution on [0, T]. We consider the approximated problem

t
pu(t) = epo + fo Y (pr (VG * p))s

where ¢, = 1/n. Since V(g™ * p) is a smooth function with the derivatives bounded, p, € C([0, T], HYn( [0, T],Ll) N C=((0, T), H"). Then,
for t > 0, it holds in H™! that
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Opn =V - (pZ(S)V(g‘E" * p) + App.

Multiply p;, = —min(p,,0) on both sides and integrate. The right hand side is equal to |Vp; ||3. Consider the left hand side. Since

Pn(t)—pu(t—h)
" h

Orpn = limy, g converges in L%, we have

~ pult) = pult = h)

- 2 —(+_ 2
<p;,atpn>:hlng<pn,T>g-lnm lpw @1 = lpn =W

2 h—0* h

Since |p;, (2) — py (11)| < |pn(t2) — pu(t1)| holds pointwise and therefore in L?, we find that t — |}, |2 is in C[0, T] n C*(0, T) and

tlpn 2 <.

This implies that p;, = 0 and thus pj; = ps. As n — oo, we can show that p, — p in C([0, T], L), which further implies that p > 0 on [0, T].
2. Tt suffices to show that the solution does not blow up in the L' and H™ norm in a finite time. By the integral preservation and positivity
preservation, ||p(¢)| ;1 = |po| ;- Hence, we only need to consider the H” norm.

Note po € I? for all p € [1, 00). Using the facts that p € H" for any m’ > 0 and that p is smooth in time for ¢ > 0, we can multiply the
equation with ppP~' and integrate to have, for ¢ > 0,

Alplly = —p(p = D{Vp.p 2 Vp) = (" pp" ) + (Vg % p). VP
=== 1) [ (07 VPP + 9 (a17)

Using the non-negativity of p, we find that || p || , < C, is uniformly bounded.
Now, we consider # = [m] + i (where i = 1,2 so that  is even) and use the data at some t; > 0 as the initial data. Set || f| ;= = [(=A)> f| 2

= |&f]l12 then [ p| s can be controlled by ||p| ;» and ||p| ;2. Therefore, we only need to show that | ;. does not blow up, which clearly will
indicate that the original || - | g norm does not blow up. Multiplying (1.7) by (—A)"p and integrating, we have, for ¢ > f;,

i = =llplFm = (%, (=1)"p) + (Vp - V(g * p), (=A)"p). (A18)

1
5& lp
For the second term of (A 18), after integrating by parts for n times, we obtain

—(p"(=A)"p) = ~((=A)"p, (=0 (p*)). (A19)

Expanding (—A)"/ 2(pz) out, this contains terms of the form CgDepD"%p, where £=0,1,...,n, and D denotes any partial derivative. For

the £ = 0, n terms, we use the non-negativity of p and find — fde\(—A)"/ 2p|* dx < 0. Consider that 1 < £ < n — 1. By the Gagliardo-Nirenberg
inequality,

i _ i—dfp+dfr
D < CIFIEEf )%, 0 = —L=HPTEIT A20
I/l < QU1 T = 2 (A20)
Setting p, = 27”, qe = nZTnz and applying the Holder inequality and (A20), we find thatfor 1 < ¢ <n -1,
. , , ’ n—d/2+2d/r
[{D"pD" " p, D"p)| < |D"p|l1ze |D" " plluse [Pl < Clpl o™ o - (A21)

Here, we have used the fact that |p:||z < ||po
power of | p| g is less than 1.
For the third term of (A18), we similarly have

. Here, pg and g are chosen so that the corresponding « € (0,1). We pick r > d, and then, the

(Vp- V(g *p), (=8)"p) = (=) (Vp- V(g * p)), (~A) 2 p). (A22)

Expanding out, we have terms of the form (VD" ~*p)D*V (g # p). The £ = 0 term contributes to

n 1 n
_A)2)). “A)ipdx=—- ~A):p[ dx <0.
fRdv(( )"p) - V(g * p)(=A)2pdx 5 del( )2p| dx
When ¢ > 1, by the singular integral theory, we have
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ID"(g * p)|uss = [DV(g * D' p) e < [D""plluses 1 < pe < co. (A23)

Due to this reason, we find that when ¢ = 1, the pairing is controlled by

(VD" “p)D" V(g * p).(=1)?p) < | VD" p| 26| DV (g

n—1

ds
2(2+6) *

((vD"™ ‘ )D[V(g *p), (A): p) is similarly controlled as in (A21). Hence, we finally have, for t > f1,

By the Galiardo- Nlrenberg inequality again, [VD"'p|zs < Clp|%u o}, where a= For ¢>1, using (A23), the pairing

1 2 2
el <~ 1ol

o+ Clol I (A24)

where « € (0,1) and v € (0,1). This gives that |p
blow up.

g never blows up in finite time for ¢ > t;, which further implies that |p| g~ does not
O

APPENDIX B: THE MISSING PROOFS

Proof of Proposition 2.2. Note that for any N, 0 < s < t < T, one has

XN _ XN fZF(XlN XY dr + V2(B! - BY).

j*1

This then motivates us to define

\/_‘Bt | 1 T ; 2 1/2
s ssfs<t (t—s)1/2 Un = N(‘[o (Z]¢1F(X[ Xt)) dt) .

Clearly,

IXPN - X2V < (- 9P 2y + Un).
Moreover, Zy’s have the same distribution for all N, and
ZN < 00,4.5.
Consequently,
R}i_r)nooigg P(|Zy| > R1) = 0.
Using the energy estimate (2.49), we have
EUx < E(po).

Moreover, E|X}N|* < oco.
We define

K :={X e C([0, TR, |Xo| < A, |X: - X| <R(t—9)"/>, VO <s<t < T}.

Clearly, K is a compact set in C([0, T], R%) by the Arzela-Ascoli theorem.
Moreover,

supP(X™N ¢ K) < sup P(IXyN| > A) + sup P(Zy + Uy > R)
N>2 N>2

<supP(XpN| > A) + sup(]P’(ZN > R/2) + P(Un > R/2)).

N>2

Using the uniform bound on the moments of X;"™, Uy, we find that for any & > 0, there exist A > 0,R > 0 such that
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sup ]P’(th’N ¢K)<e,

N>2

which concludes the tightness of the law of X",
The tightness of £(u") follows from (i) and the exchangeability of the system. See Ref. 15, Proposition 2.2. O

Proof of Proposition 3.3. Recall that h = g * p. By the assumption, one has

peL=((0,TH "), VheL®((0,T);L7).

Since [sp*/? dx < ||p| -1 /P| 1> we thus have

T T
lelowomr <€ [ 19plEde=c [ 1) de.

Interpolating this with p € L' (0, T; L*), we have p € L*"®"=(0, T; L") for r € [3/2,3].
Moreover, V2h ¢ LI(O, T; L3) since p € LI(O, T; L3); interpolating with Vh € L= (0, T; L? ) by the Gagliardo-Nirenberg inequality, we find
that

vhe L0, T); L), g > 2.
Hence, pVh € L**®=9(0, T; I?) for p € [1,6/5]. In particular, we have
pvh e L°((0, T), L"),

Since A is bounded from W4 to W14, by Lemma 3.1, we have Ap € L¥((0, T), w1211y,
Recall that

(psd) ~ (pus) = [ [ 9900 VhCOpx) duds— [ (o a)ds = 0 ()

for any ¢ € C2(R?) and t € (0, T]. Using the regularity, we find that this holds for all ¢ € C;(R?). In fact, we can take smooth truncation of
®n = ¢y, where x» = x(x/n) and y = 1 in B(0,1). Then, V(¢y») - Vh — V¢ - Vhin L*(0, T;L*) and (ps, D*(¢n)) — (ps, D*¢), where |af < 2.
The latter holds because ps € L' and D*(¢ — ¢,) is bounded and nonzero only outside B(0, 7). That fot(ps, A¢y)ds — fot(ps, A¢) ds holds by
the dominate convergence theorem.

Then, we claim that for any ¢ € Cl([O, T], Ci (R*)) and ¢ € (0, T1], it holds that

{pe> @ 1)) = {po, $(x,0)) - fo t fR P(x, )i dxds
+f0f/R3v¢(x,s).vh(x)p(x,s) dxds — f0t<P(x’5)»A¢(-,s))ds:0. (B2)

t

In fact, we can take ¢ = t; and ¢ = t, in (B1) and take the difference to obtain (ps,,9) ~ (pr, ) = [* [ ... - ftfz ... =0, where the omitted
content is clear. Then, we can take ¢ = ¢(., t,) so that we have kind of Riemann sum. The regularity ensures that the Riemann sum converges
to the desired integral form.

For ¢ € Cl([O, T); C%(R%)), we then have

[0 (8¢p,¢):/0‘ fRSVqS(x,S)~Vh(x)p(x,s)dxds+[o (Vp, Vo) ds,

where Oyp is the distributional derivative of p. Clearly, the right hand side is a bounded functional for ¢ € L°(0, T; W"'?). By a possible
mollification procedure, we find

A =V - (pVh) + Ap, in L°((0, T), w11, (B3)
In fact, this weak solution is also a mild solution. To see this, we mollify p as
P = () % p # J5(0).

Here, J; is the mollification in time, while ] is in space. Then, on t € (8, T — §), we have

8:P£’6 =T 5% Op=V- n *pVhJ3) +AP€‘6'
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Since all functions are smooth and bounded, with derivatives bounded, we have for § < t; < t < T — § that

t
p0(1) = R (1) + f T () + pVh * ) ds.

f
Now, we claim that
pi(1) :=J5 % p(t)
is a bounded continuous function on [0, T] x R>. In fact, we let ¢x(y) = Ji(x — ) € Cp. Then, we can define
Pxi(X) = ¢<(X(0)).

This is a continuous bounded functional on C([0, T7; ]R3). Then, pxr = p(xs,) pointwise as t — to and are bounded functionals. Hence, we have
by the dominate convergence theorem

L= [ s (K
This means
ps(x, t) - p‘c’(x, to), Vx € R3.
Hence, p°(x, t) is continuous and bounded. Since p° € L' NL*, then taking § — 0, we find
p2(t) - p*(O),in L' n L%t € (0, T).
Note that
IVP|, < G172 re (1, 00].

Picking r = 4/3, applying Ref. 41, Theorem 4 with pVh € LG/S(O, T;Lu/“), we find that fthe(H)A -(pVh)ds € L4/3((O, T); L3/2). Taking 6 — 0,
we have in LY>((0, T); L*?) that

ftte(H)AV N pVh*J3)ds — ‘[te(H)AV ~(J5 * (pVh)) ds.
Then, we have in L*>((0, T); L*?) that
p(8) = A1) 4 ft IG5+ (pTh)) ds.
Now, for any ¢ > 0, we take f; — 0. By dominate convergence, we have
PO =0+ [0 (o ds.
Eventually, we take ¢ — 0 and we have in L**((0, T); L*'%) that

t
p(t) = empo + / LAy (pVh) ds. (B4)
0
Proof of Proposition 4.1. Step 1 The L? bound for ¢ > 0.
We fix § > 0 and then
p e L*([6,T], L*(R%)).

Mollifying the equation for p in Proposition 3.3, we have

Op° = Vh-Vp' = Ap° = J* (V- (pVh)) — Vh-Vp© =1 7", (B5)

Note that we do not have Vp - Vh e L'(8, T; L"), so Vp- Vh may not be a distribution. This is why we cannot have such a term in the
equation. Recall that p € L*(8, T; LA(R?)) and V?h € L*(8, T; L*(R%)) by singular integral theory. We then use the proof of Lemma II.1 in
Ref. 42 and conclude
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r* = —p%, inL'(8, T; Ljp (RY)).
(There is a small typo in the Proof of Lemma IL.1 in Ref. 42, where ¢ ™ is lost in the expressions on p. 517.) In fact,
J # (V- (pVh)) = Vh-Vp© = ffR} VyU*(x =) - p()Vh(y) dy = Vh - Vp*

- /R (VI)(x = p) - (Vh(y) = Vh(x))p(y) dy.

By our construction, | V/*|eo < Ce™*. Consequently,

H/}(er)(x —)- (Vh(y) - VA(x))p(y) dy

<C f i f sfsp(y)\vh(y)—vh(x)l dy.
B(0,R) [y—x|<Ce £

Let D; = {(x,y) : x € B(O, R), |y — x| < Ce}. We then have the above controlled by

(ffDlPZ(}’)dxdy)l/zs_3(ffDl (7|Vh(y) ; Vh(x)\)z dxdy)

The first term is controlled by Ce*/2||p|| ;2 (B(o,r+1))- The second term is controlled by

/2 2\ 1/2
S [Vh(y) - vh(x)|)2 o ( . )
£ (/B(O)R)dxﬁ’_x‘scsdy( . <e /B(O,R)dx[z\scdz fo |V h(x + tez)| .

L'(B(O,R))

1/2

Since

1 1/2 1
[/ dx(/ \Vzh(x + tez)\)z] < f Hvzh( + tsz)HLZ(B(O,R)) dt < HVzhHLz(B(O,RH)),
B(0,R) 0 0
we have the second term controlled by e | V2h|| 12(B(0,R+1))- Hence,

[P0 @ory < ClPO | @o.rey [V HO | 260.R0)-

This bound is uniform in &. With the time dimension added in, the corresponding norms are similarly controlled. By a density argument, we
can then approximate p and V>h with smooth functions in their respective spaces. For smooth functions, the limit is clearly pAh = —p?.

Recall that pdx € C([0, T]; C,(R?)"); we have p° € C([0, T]; L'(R?)). Using basically the same argument as in Step 1 of the Proof of
Lemma 2.5 in Ref. 43, we obtain that p® is a Cauchy sequence in L'(8, T;Li,.) as € — 0. In fact, for convex function 8 € C'(R?), we have
the following chain rule:

p(p%) = V(") - i+ B (p)r" + AB(°) ~ B (PO Ve (B6)

Equations (B5) and (B6) will hold if we replace p° with p — p® and r* with r** — r since (B5) is linear. In particular, we choose B(s) = s*/2
for [s| < A and B(s) = Als| - A*/2 for |s| > A. This will give lime, 0,6, ~05Upy 7 [s B(P™ — p)x(x) dx = 0 for any y € CZ°. [There is only one
difference from Ref. 43: to justify [p,(p" — p?)Vh- Vx — 0, we use Vh € L (L*) and p* — p — 0in L*(8, T; L*).]

Consequently, we have p € C([8, T]; L}, (R%)). Moreover, using the uniform of estimates [, p|x|* dx so that {p(t) }re(s,1) is tight, we have

p e C([6, TL' (RY)). (B7)

Next, following the proof of Lemma 2.5 in Ref. 43, taking some non-negative test function y € CZ°(R?) and integrating (B6) over [81, ]
where § < 8 < t1, we find

t
JoBeionde s [ [ B GDIvATdxds= [ fipi

g /. &\ € B e
+f61 A;}{ﬁ(pi)AxHﬁ (7 + psPED))x — BpS)Vh - vy }dxds. (B8)
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We first consider a function f € C*(0, 00) that satisfies (i) convex, linear outside a compact set (i.e., /J’" is continuous with compact
support); (ii) for any |u| < L, there is C(L) such that |(u)| < C(L)|u|. Taking the limit & — 0 first and then yz(x) = y(%) with R — oo, we obtain
that

JBowdss [ [ B oTpPasds< [ fostdre [ [ Bt +pplp) s (89)

The left hand side is obtained by Fatou’s lemma since 8”(s) > 0. The convergence of the first term on the right can be obtained by decom-
posing B(u) = (B(u) — Als|) + Als|. (B(1) — Als|) is treated by the dominate convergence theorem, while Als| is treated by the L' convergence of
mollification. Other terms are dealt with by the regularity and the convergence of r* — —p? in L'(8, T; L} (R?)).

For general convex function 8 € C(0, 00) satisfying (i) 0 < f(u) < C(1 + u|log(w)|), up(u) - uzﬁ'(u) < C(1 + u?); (i) for any |u| < L, there
is C(L) such that |B(u)| < C(L)|u|, we may choose a sequence of smooth convex functions Sz with linear growth at infinity to approximate f3
and obtain (B9). In fact, for such §, |, ;1‘ fR3(—ﬁ'(ps)p52 + psB(ps)) " dxds is integrable by decomposing the integrals into domains for p < 1 and
p2>1

Now, mimicking the Proof of Lemma 2.7 in Ref. 43, we take for p > 2

WP K1 1 K?
=1, log u—u)— -K? Lk,
B(w) ’ SK+(10gK(u og u — u) p +logK) SK

where 117 + % = 1. Then, f3 is convex, non-negative, and f(x) > 0. Moreover, uf(u) — u*'(u) < 0 if K is large enough. By plugging 8 into (B9)

and sending K — oo, we find that

1 4(p—1) f /22 1
el e =252 [ [ et Fasds < lou

Note that we know p € LY(0, T; L*(R?)) and that 0 < 4 < & are arbitrary, and we then find that

p e Lin((0, T); I*(R%)), p € (1,3].

Remark B.1. If we instead have p € L*(0, T; L*(R*)), we will have p € L (0, T; L?) for any p € [1, c0).

Step 2 Weak-strong uniqueness.
For t > 0, we have % lpl3 + 2] Vp|3 < 0. Since we do not have p € L= (0, T; L*?), it is very hard to obtain the usual hypercontractivity,

_3
sup 72 p[p < C.
0<t<T

Using p € L™(0, T; L' (R), we only have

d 2 10/3
- <0,
7 P12+ lpl

which yields sup,_, STt3/ ?|p|3 < C. This is not enough to prove the uniqueness as in the standard Keller-Segel equations (see Ref. 37). Hence,

we must use other methods to prove the uniqueness. Here, we use the strategy in Ref. 12, where weak-strong uniqueness was shown by using
the Coulomb energy. (If we know p ¢ L*(0, T; L?), then p € L=(0, T; L?) for any p € [1, 00), and the usual method will work.)

Using p € Lo ((0, T); IF (R*)), p € (1,3] and converting the semigroup equation for p into the semigroup form for Vh, we see Vh
€ AC(to, T} LZ) for any o > 0. Here, “AC” means absolutely continuous. It is then clear that

O Vh=Vg % V(pVh) + AVh. (B10)

Consider the strong solution p,. Vh; € C™ is clear,

Vhy = Vg * p2 = Vgli<1 * p2 + Vg|jxz1 * p2-
We have

Vha| < [ Vglr P20 + [ V81 oo o2 1
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Hence, Vh, is bounded. The derivatives of Vh, are clearly bounded. Moreover, by the Hardy-Littlewood-Sobolev inequality,
Vh, € L=(0, T; L1(R?)) for all q > 3/2. Hence, p,Vhy € L°(LF) for any p > 1. We also have the equation

0iVhy = Vg * V(p2Vha) + AVh,.

Note that the singular integral theory tells us that Vg * V(p2Vh,) € L= (0, T;L7), g > 1.
For t > 0, we have

0(Vh—Vhy) = Vg * V(p(Vh = Vhy)) + Vg * V((p — p2)Vha) + A(Vh = Vhy).

Fort >ty >0, Vh— Vhy € L[y, T, L(’], and then, we can pair the equation with Vi — Vh,.
Then,

1
E@:HVPI — Vha|3 = =(Vh = Vha, p(Vh = Vhy)) = (Vh = Vha, (p = p2)Vha) + (Vh = Vha, A(Vh = Vhy)) = I + L + I5.

Here, we have used the fact
(V§, Vg * V-v) = —(g* Mg,V -v) = (V(g * Ag),v) = =(V,v).

Clearly, I; <0and I5 <0,
1
k= _fRadiV(V(h ~h2) @ V(h =) = [V(h = o) ")V hz dx
1
= ng(V(h -h)®@V(h-h) - £|V(h - hz)‘ZI)VZhZ dx < CfRJV(h _ h2)|2 dx.

Note that it is exactly at this point we need p; to be the strong solution.
Using Gronwall, we have, for t € [to, T],

|Vh(t) = Vha(0) |3 < C(T)|Vh(te) — Vha(to) 3.
Finally,

[Vh(te) = Vha(to) |3 = 2& (to) - ZfRth(to) - Vha(ty) dx+2&(to),

where
g(t) . 2 ‘[[R%<R3g(x )’)P(x) t)P(}’; t) dXd)/ N 2 ‘[R3| h(X, t)| dX,

and &, is similarly defined for p; and h,. The second term is equal to 2 f]R3 hy(to)p(to) dx, which is continuous in ty. & (¢) is also continuous.
Hence, we then have

1
tlirr%)EHVh(to) ~ Vha(to)|3 = tlirr})é"(t) —2&(po) + E(po) < E(po) — 2E(po) + E(po)
0> 0>

by the condition. This means p — p, = 0in L*(0, T; H -1 ). Since they are both in L= (0, T} L! ), they must be equal almost everywhere. O
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