Advanced computational methods-Lecture 3

In dealing with the solution to SDEs, we also need the integrator to be
semimartingales. In other words,

X =Xo+ M+ V4,

with My = Vy = 0, M, is a (local) martingale, and V' is an FV process
(with finite variation). The stochastic integration with respect to X can be
defined easily by this decomposition.

Proposition 1. Let X be a cadlag process (right continuous with left limits),
and Y is a cadlag semimartinglae. Suppose 0 < 78 < 1" < --- are stopping
times such that 7' — 00 a.s. as i — o0, and also &, = SUPy<;<oo (T —
7') = 0 a.s. as n — oo. Then,

Su(t) =Y XY (rfiy At) = Y (7' At))
=0

converges to

¢
X_ Y= / X(s—)dY,
0
i probability uniformly for t in compact set. In other words,

lim P( sup [Sp(t) —(X_-Y)] >€)=0.

Similarly, we need the following:

Proposition 2. Let G be a cadlag adapted process, Y and Z be two cadlag
semimartingales. Let m = {0 =t; <ty <--- <t; — oo}. Define

(e.)
R?T(t> = Z Gti (}/%H_l/\t - )/;fi/\t)(Zti+1/\t - Zti/\t)'

i=1

Then, R:(t) converges uniformly to

/0 ‘G_dy.z)

in probability uniformly on compact time interval.



1 Ito formula

As we have seen, the Brownian motion has rough paths and d[B, B] = dt.
Intuitively, this means (dB)? = dt. Hence, if we expand f(B), the quadratic
variation term will be nontrivial. Then, we have

£(B) = f(Bo) /f dB+/f”

Note that for nonstandard Brownian motions, By is not necessarily zero.
This is the special case of the It6’s formula. The most general Itd’s
formula is valid for stochastic integrals with respect to semi-martingales.

1.1 The Itd’s formula

The solutions to SDEs are often semimartingales that can be decomposed
to be a martingale plus an FV process.

Then, we can have the following It6’s formula regarding a continuous
semimartingale:

Theorem 1. Let D be an open subset of R% and f € C?([0,T] x D). Let
X be a R%-valued continuous semimartingale such that the probability that
X[0,T7] falls out of D is zero. Then,

ft, X(t) = /(‘)tfs X(s ds+z a (s, X(s))dX;(s)

. /Ot Oy f (5, X ())d[X, X,

1<] k<d

Remark 1. Note that if X is cadlag that can have jumps, then one should
change X (s) to X(s—) in the stochastic integrals and add some terms in-
volving jumps.

Below, we only see briefly how the formula is proved by Taylor expansion
in 1D case.

Proof of Theorem 1 with d = 1. The proof is in fact straightforward. By
Taylor’s expansion:

fty) = f(s,2)+fels, 2)(E=5)+fa(s, w)(y—:v)+éfm(s,:U)(y—w)2+¢(s, t,z,y).



It can be shown by Lagrangian remainder theorem for the first order Taylor
polynomial that

¢(37t7$7y)
s —t[ + [z —y|?

— O’ (S7t’$’y) — (u7u7z7z)'

For any partition, one then has

F(t X0) = £(0, Xo0) + Y fult Aty Xina ) (EA i1 — E A L)

2

+ Z Je(t Aty Xine,) (Xintis, — Xenr;)

7

1
+ B Z Jaa(t A tiy Xene, ) (Xenti o — Xt/\ti)Q
1

+ Z ¢(t A tia tA ti+1) Xt/\ti7 Xt/\tiJrl)'

(2

Using the propositions above, it is clearly that in probability the first three
sums converge uniformly on compact sets to (recall that X is left continuous)

t t 1 t
| s ynass [ rx@)ax +5 [ ol Xl

For the last sum, one can focus on a fixed w € 2. When the partition is

¢ .
small enough, | [EAEi 1 — NG X ety —Xtne |2 | will be small because the process
is continuous. In fact, detailed analysis shows that this term in fact goes to
Z€ro. O

In differential form, the It6’s formula can be written formally as
1
df(ta X) = ft(t’ X)dt + fx(t’ X)dX + ifxa:d[X]

For Brownian motions in R%, one has the following

Theorem 2. Let B = (By,Ba,...,Bg) be a Brownian motion in R? with
random initial data B(0). Let f € C%(RY). Then, we have

F(B() = F(B(0)) + /O S 0uf (BB + /O AS(B,) ds.

To memorize this, you can understand it as

dBidBj = 5ijdt, dBidt = 0, (dB2>p = O,p > 3.



1.2 Some applications

Example Consider X; = ut + 0B with ¢ > 0,u # 0. What is the
probability that X exits (a,b) at b for a < 0 < b?
The idea is to find a function A such that

Y; = h(Xy)

is a martingale. It is best that h(a) = 0. Then, by optional stopping,
h(X:n¢) is also a martingale. Hence,

Eh(X,nt) = h(0).

Then, show that Eh(X,r;) — Eh(X,;) = h(b)P(X,; = b). To find such h,
one uses Ito’s formula and find

1
ph' + 5azh” =0.

Then, h can be solved uniquely. The answer is

(e—Q,ua/a2 _ 1)/(6—2ua/02 _ e—?,ub/UQ).

Example (Lévy’s characterization of Brownian motions) Let X be a d-
dimensional continuous (local) martingale. Then, X (¢) — X (0) is a standard
Brownian motion if and only if [X;, X = d;;t.

Here, we only look at “«<” direction only as the other direction is trivial.
Pick the test function

1
f(t,x) =exp (ie T+ 2|9]2t> , 0 € RY
Let Z = f(t,X). Applying It6’s formula,

1 1
dZ = df(t,X) = §|0|2Zdt +i0Z - dX — 5 > 02 Zd[X;, X)) = ibZ - dX.
J

Hence, Z is the stochastic integration with respect to a (local) martingale
in It6’s sense. Hence, Z is a (local) martingale. Moreover, Z is bounded, so
Z is a martingale. Consequently,

Z
B(Z|F,) = Zs = E(7t|}"s) = 1.



This implies
. 1
E(exp(if - (Xt — X)) |Fs) = exp(—§]9]2(t —3)).

This implies that X; — X, is a Gaussian variable and should be indepen-
dent to Fs by the property of normal distributions.

Example (A special case of Burkholder-Davis-Gundy inequality) Let
p > 2. For all continuous (local) martingales M with My = 0, one has

Ell sup Ml < (p(p - 1)) 2E[|[M]:["?].

This roughly says the moments of the quadratic variation can be used
to control the moments of martingales. In fact, it sufficies to show this for
bounded L? martingales. For local martingales, introducing stopping times
for the localization and taking limit will suffice.

Applying Ito’s formula to |z|P which isC?. Then, one has

t 3 1 t 3
i = [ piapr2xans + o - [ jarp-aia

Taking expectation:

BIMI? = Bgp(p—1) [ IMIP2dM) < 5oo = 1E( sup MM

0<s<t

DN |

Applying Holder, one has
1 -
E|M; [P < Sp(p — 1)(E| sup M[?)'=2/P(B|[M]["/2)*/7.
0<s<t

Lastly, applying Doob’s inequality, the claim follows.

2 Stochastic differential equations
The general stochastic differential equations are given by
dX =dH + F(t,X)dY

where Y is a general cadlag semimargingales. In this course, we only focus
on the It6 equations

dX = b(t, X)dt + o(t, X)dB,, Xo = ¢.



This equation is defined by the following integral equation

t t
X(t):§+/0 b(s,Xs)ds—i—/O o(s, Xs)dBs.

The integral is in the It6 sense.

b is R? valued and is called the drift vector. ¢ is called the dispersion
matrix which has size d x m. The matrix oo’ is called the diffusion matrix.
The solution of It6 equations will be called the diffusion processes.

Before we go to the rigorous theory, let us look at two examples.

Example 1: the Ornstein-Uhlenbeck process

dX = —aXdt + odW;.

Assume the initial data X is independent of the Brownian motion.
Mimicking the technique for ODE, we want to try integrating factor.
However, the processes we have all nontrivial quadratic variation.

d(ZX) = ZdX + Xdz + d[Z, X]

Let us try
Z = exp(at)

Then, [Z, X] = 0 because dBdt = 0. Then,
d(ZX) = —aZXdt +0ZdB + aZXdt = 0 ZdB.

Hence, we in fact have the usual formula as in ODE.
The OU process is then solved to be

t
X, = Xoe ™ + Je_o‘t/ e dWs.
0

Of course, this is formal guess, you may need to verify that it satisfies
the integral equation by Ito formula, which is left for exercise.

Ezxercise: Compute the mean and the variance of the 1D OU process.
Since the dispersion matriz does not depend on the process X, X is a Gauss-
sian process, write out the density of X;.

Example 2. Geometric Brownian motion

dX = pXdt+ oXdB, X(0)= x.



For the integrating factor, one may guess to use
Z = exp(—ut —oBy)

and get
X = Xoexp(ut + oBy)

This turns out to be wrong. In fact,
d(XZ)=XdZ + ZdX +d|Z,X] = %XZJth +d[Z, X]
The quadratic variation part is nonzero:
d[X,Y] = —0’XZdLt.

Hence,
1
d(XY) = —§X202dt.

What is the correct integrating factor? Motivated by the above compu-
tation, we try into the factor

Z = exp(—ut — 0By + ro’t)

Then,

1
d(XZ) = XdZ + ZdX +d[X, Z] = (5 + ro’X Zdt — o*X Zdt.

Clearly, we need r = %

Hence, the geometric Brownian motion should be solved as

Xy = Xpexp <(u — %)UQt + oBt> .

To verify this is a solution, we need to check all the assumptions in the
derivation above are valid. Alternatively, one can check directly by inserting
this into the integral equation.

Ezercise: Use Ité’s formula to find an ODE for u(t) = EX? for the
geometric Brownian motion. Then, find u(t).



3 Existence and uniqueness of strong solutions for
It6 equations
Recall that we have a probability space (2, F,P) with filtration {F;}.

Definition 1. We say a process X on (Q, F,P) is a strong solution to the
1t equation with initial data §& € Fy if

T T
P{VT > 0,/ |b(x, Xs)|ds —i—/ lo(s, Xs)|*ds < oo} = 1,
0 0

and the integral equation

t T
X =¢ +/ b(s, Xs)ds +/ o(s,Xs)dBs
0 0

holds (in the sense that both sides are distinguishable processes).

There is also definition of weak solutions for It6 equations, and I will
skip this here.
There is a classical result regarding the wellposedness of the equation

Theorem 3. Assume b: R, x R — R? and o : R x RY — R¥X™ satisfy
the Lipschitz condition

[b(t, ) = b(t, y)| + |o(t, 2) — o(t,y)| < Lz -yl

and
b(t, )| + |o(t,2)| < L(1 + |x])

then there exists a unique continuous process X on (2, F,P) adapted to the
filtration {F;} that is a strong solution.

Here, we present the proof of a simpler version:

Theorem 4. Besides the conditions above, if moreover, E€? < oo, then there
exists a unique continuous process X on (Q, F,IP) adapted to the filtration
{Fi} that is a strong solution, and

E( sup |X¢*) < C(1+E&).
te[0,77]

Moreover, let X be a solution corresponding to initial data € € L?(P), then

E( sup | X, — X,|*) < C(HEI¢ — €.

0<s<t



Proof. Consider the Picard iteration Xy = £ and

Xna1(t) —f—i—/o b(s,Xn(s))ds—i—/O o(s, Xn(s))dBs.

Clearly,

t t
IE(/ |b(s,Xn)|2ds+/ lo(s, Xn(5))|?ds) < 4L*t(1 + sup E|X,(s)|?)
0 0 s€[0,4]

Since ¢ € L%(P), by induction, we have

E sup |X,(s)|* < oc.
s€[0,t]

This means X,,41 is well-defined.
Moreover,

t t
E sup \Xn+1|2 < CE£2+C’(t)/ E|Xn(s)|2ds < A—|—C'(t)/ E sup |Xn(7')|2ds.
0<s<t 0 0 0<7<s

From here, we find that yn(t) := supg<,<; | Xn(s)|? satisfies that

Yny1(t) < A+ C(T) /0 yn(5) ds,

for all t € [0, 7.
This gives a uniform bound:

Yn(t) < u(t)

where /(t) = C(T)u with u(0) = A.
Now, we consider

Zn(t) :=E sup ‘Xn-‘rl(t) - Xn(t)‘Q
0<s<t

Then, we have

) <2E sup / |b(T, (7, Xn_1)| d7)?+2E sup (/ (o(1, Xp)—0 (1, Xpn_1))dB;)?
0<s<t 0<s<t Jo

The first term is controlled trivially by tfot E(b(T, X,,) — b(T, X,_1))%ds <
T) fg Zn_1 ds.



For the second term, we apply Doob’s inequality for martingales

E( sup MP) < (—2—PEM?,
0<s<T p—1

to the stochastic integral and have

E sup (/8(0'(7', X,) — o(r, Xn-1))dB;)?
0<s<t JO

<4IE/ lo(s,X,) — o(s, Xn_1)|?ds

<C/Zn1

Direct computation shows zp < B(T"). Then,
o
n!

zn < B(T)

This implies that ) || supg<s<; | Xnt1(t) — Xn(t)|||2 converges.
Moreover, by Chebyshev inequality

_ B4rC™M"
P(sup [Xoi1(t) — Xo(t)] > 277) < 2270
0<s<t n.
This is summable. The Borel-Cantelli lemma implies that X, (¢) converges
in C([0,7T]) almost surely to some continuous process X (t).
Then, by Fatou’s lemma

m—1

Ell sup [X(s) - Xa(9)|l|l2 < liminf » || sup [Xpi1(t) = Xu(t)]]l2
0<t< moee T, 0<s<t

This is arbitrarily small if n is large enough. Hence, X,, — X in L?(0,T; L?).
Moreover, X has the same second moment bounds.
Then, taking n — oo in the Picard iteration, we find that X is a solution.
Lastly, the estimate for two solutions is very similar to the estimate of
E supg<g<t | Xnt1 — Xn|? above. We skip the details. The uniqueness then
follows from this estimate. O

Remark 2. The conditions imposed b(-) is too strong for many applications.
In fact, it is also known that locally Lipschitz and confinement conditions
can imply the existence and uniqueness of solutions (For example, in The-
orem 2.3.5 of the book ’Stochastic Differential Equations and applications’
(Horwood, 97) by X. Mao, it is shown that max(x - b(z),|0|?) < Cy + Ca|z|?
is enough for the well-posedness, which allows b like —(1 + |z|?)Pz).

10



