Advanced computational methods-Lecture 6

1 A fundamental theorem

Here, we will assume that both b and o are globally Lipschitz. We
consider generally the (strong) numerical scheme given by

Xiz(t+h)=x+ Alt,z,; W(0) — W (t),t <0 <t+h).

In other words, the numerical value at t + h is determined by the numerical
value x at t, the step size h, and all the noises between ¢t and ¢ 4+ h. Hence,
it is a Markov chain.

In general, the numerical values are therefore generated by

Xiy1 = Xy x;, (try1)-

We will use Xt ,(t+ h) to represent the solution to the SDEs with condition
X(t) = .

Theorem 1. If there exist K >0, pa > 1/2 and p1 > p2 + % such that
[E(Xpa(t +h) = Xeo(t+ h))] < K1+ [z2RP,

and

| X+t (t+h) — Xt,x(t +h)| = \/E|Xt7x(t +h)— Xm(t + h)]2 < K+\/1+ |z|2hP?,
then one has
X% — X (t)]| < K (1 +E[Xo[*)/2hP2~1/2,

This theorem basically says that the global order of convergence is re-
duced by 1/2 from the local mean square deviation provided that the mean
is capured correctly.

Ezercise: find an example where po = 1 but the scheme diverges (Hint:
you must make the first condition fail, hence it is best to construct examples
such that the drift term is not captured).

Ezercise: Compute p1 and po for Euler-Maruyama scheme.

Below, we aim to prove this theorem.



1.1 Auxilliary lemmas
The following lemma is some resolved version of a previous result.

Lemma 1. For the original SDE, one writes
Xip(t+h)—Xey(t+h)=x—y+ Z
Then,
ElX;o(t+h) — Xyt +h)[> < |z —y[>(1 + Kh)
and
E|Z]* < K|z — y|*h.

In fact, one first applied Itd’s formula to |X;.(t + h) — Xiy(t + h)|?
directly, one has

d|X 10 (s) = Xey(5)]* = 2(Xea(s) — Xey(s)): <[b(87Xt,z(S))—b(&Xt,y(S))]dS

+o(s, X¢z(s))—o(s, Xtvy(s))]dW> +tr[o(s, Xio(s))—o(s, Xt y(s)[o(s, Xt x(s))—0o(s, Xt,y(s))]Tds.

Integrating and taking expectation, the Gronwall’s inequality yields the
first result.

For the estimates of Z, you can write out the formula for Z directly.
Then, apply 1td’s isometry and using Gronwall.

The details are left for your homework.

As a second preparation, we remark that the above estimates and con-
ditions can be made for conditional expectations. In particular, one has the
following fact:

Lemma 2. Suppose ( € G C F for some o-algebra G, and the random
variable f(x,w) is independent of G. Denote

Ef(xaw) = ¢(x)

Then, it holds that
E(f(¢,w)|G) = &(¢).

With this lemma, the above assertions can be made into conditional
versions. For example, if X, Y € F;, then

E[(Xex (8 + ) = Xex(t+ h) ]| < K(1+ X [*)hP,



and

B [|Xox(t 4+ ) = Xox(t+ WP|FR] < K1+ XPR,
Moreover, it also holds that

E(| X x(t+h) — Xey(t+h)*F) <|X - Y1+ Kh)

and similar results hold for the Z variable.

1.2 Controlling the moments

Lemma 3. Suppose E|Xo|? < oo, then there exists a constant C(T) > 0
such that
E|Xx> < C(T)(1 +E|Xo[?).

Note that there is no explicit formula for the discrete scheme A, so we
have to turn to the assumptions that relates to the solution of the time
continuous SDE to prove.

Using the conditional version of the inequality and taking one more ex-
pectation,

E [|Xex, (t+h) — Xp x, (t + h)|?] < K(14E[X|*)h*2,

If X} has bounded second moment, according to the existence and uniquess
theorem for SDEs, we have

E|X; x, (t + 1) < oo.

This implies that E|X; x, (t + h)|> < co. Hence, E|X;|> < 0o = E| X112 <
00.
Then, we now estimate the moments in detail.

X1 = Xi + [Xep x (Chr1) — Xi] + [ X x0 (Brg1) — X, x (Eig1)]

Taking the square, we have six terms. We now estimate them each by
each.
E| Xy, x, (tr1) — Xi|? < K(1+E|Xg[*),

and this is due to the property of SDE itself. This will be left as homework.
As we have seen

E [|Xex, (t+h) — Xi x, (¢t + B)]?] < K(1+E|X[*)h*? < K(1+ E|X;[*)h.



We now move to the cross terms. For
EXy - [ Xty x;, (Brt1) — X,

we have to use the property of conditional expectation as we did above for
Euler-Maruyama scheme.

EX B[ X, x, (bos1) =X Fi] < 1 XRlE[X ey 0 (Err1) =X Filll < K (14| X5 ||*) P,

where we used similar estimate

IE[X 6,0 (tret1) — Xl Falll < VK (L + (| Xk[2)h2.

Remark 1. We have seen this in the E-M scheme. However, here, we
are not assuming b, o to be bounded. This general case will be left as your
homework.

The other cross terms are straightforward using the assumptions. For
example,

E[Xi,, x; (te1) = Xe]- (Xt x5 (te1) = Xy x (1)) < VK (1 + E[Xg[2)h/ K (1 + E| Xy [2) h2P2
< K(1 4 E| X)) H/2 < K(1 + B[ X, [?)h.

Eventually, we have
E|Xi1|* < EIXi]* + K(1+ E|[X,[*)h.
The discrete Gronwall inequality implies the claim.

1.3 The proof of the theorem

Finally, we move to the proof of the theorem.
Taking X (0) = X, we aim to control

X(thy1) = Xpg1 = (th,X(tk)(thrl)_th,Xk (tk+1)> + (th,xk (1) =Xy, %, (tk+1))

The first error is due to error arising from the errors in initial data. To
do this, we write

Koo x (v (th1) — Xy 5, (ter1) = X (te) — X + Z

apply Lemma 1, of course applied using the conditional version.



We take square and esimates.

EIX (ths1) — Xpr1? =B Xy, x ) (trr1) — Xy, 5, (et
2B ( Xy x (0 (tr1) = Xy 5, (tr51)) - (X 5, (1) = Koy 5, (tr11))
+ E’th,)’(k (tk+1) - th,Xk (tk+1)|2-

By the conditional version,

E<|th7X(tk)(tk+1) - th,Xk(tk+1)|2‘ftk> < E|X(ty) — Xx*(1 + Kh).

Hence, the first term is controlled by
B[ X1, x (1) (1) — Xy, 5, () [* < E[X (8) — X*(1 + Kh)

Consider the cross term. Using the decomposition, one has

E(Xo, x00 (tke1) = Xy, (t11)) - (Ko, (1) = Koy 5, (t111))
—E(X(t) = Ki) - (Xp 5, (1) = Ky, 1)) +BZ - (X 5, (1) = Koy 5, (1))

For the first, using the conditional expectation first and then the conditional
version of the assumption,

< K| X (tr) — Xp||VE|Xg[2hPt < K\/1+E|Xo|2|| X (t) — Xg|hP".

For the Z term,

EZ - (thn)_(kz (tk+1) - th7Xk (tk+1)) < ”Z” Hth,Xk (tk+1) - th7Xk (tk+1)||
For Z, using the conditional version of the Lemma,
E|Z%| < E(E(|Z2%||F,)) < KE|X (ty) — Xi[*h.

Hence, ||Z|| < K|| X (tx) — Xi||/h'/2. The second term is similar: it is con-

trolled by K+/1 + E|Xq|?hP2.

Lastly, the last term is controlled directly by the assumption
< K(1+ E|X]?)h?? < K(1 4 E|Xo|*)h?P2.
To summarized, we have (note p; > pa + 1/2)

B}, < E}1+ Kh) + CEphP> /2 4 op2



This implies that
E? < KetTp2—t,

The fundamental theorem can be applied directly to Euler-Maruyama
schemes to conclude the same claims we have proved. You will do this in
homework for how to use this theorem to prove the claims for the Euler-
Maruyama schemes.

2 It6 Taylor expansion and Milstein scheme

How do we get high order schemes? For ODE, the high order schemes
like RK-r, mid-point method indeed approximate the Taylor expansion at ¢,
with higher order terms. Hence, a natural approach is to get approximations
for higher terms in the Taylor expansion for SDEs, called the Ito-Taylor
expansion.

In this section, we will do for 1D case.

2.1 A way for It6-Taylor expansion

Consider the ODE flow
— =a(X).
o = o(X)
Now, we want to expand f(X;) (eventually, we are interested in f(z) = z).
The time derivative associated with the ODE flow is given by:

d d
2 (X1) = a(X)— F(X) = (L)(X).

Hence, we have

t

FO0) = F(X) + [ L p(Xa)ds = F(Xe) + / (CF)(X.)ds

to ds

— [(Xu) + / (CF)(Xi) ds + / / 9 LF(X,,) dsads,

d82

= F(Xu) + (L) (X )t~ to) + / (t = 5)L2f(Xsy) dso.

to

Clearly, we can apply this technique repeatedly and get

t _ o\
F(X0) = 1(X,) X+ [ e




For SDE, we can do similar things and obtain the so-called Ito6-Taylor
expansion.
t t
Xt = Xto + b(Xs)dS + / O'(XS)dWs.
to to

Consider a smooth function f. Then, Ito’s formula gives

t 0 1 0 t af (X,
f(Xy) = f(Xt0)+/t0 (b(Xs)amf(Xs) + QUZ(XS)Wf(XS)> ds-|-/to O(Xs)ng)dWs
t 0 t .
= f(X LOF(X,)d L'f(X,)dW.
( to>+/t0 7(X,) +/ 7(X,)
We have introduced
d 1 5 d? L d
L - b% + 5 @, L= U%.

Next, we apply this formula for L°f(X,) and L' f(X,) respectively, and
obtain

F(X) = F(Xyy) + LV F( X)) (t —to) + L' (X4 ) AW

// (L°)%f(Xs, d82d81+// LML f)(Xs,) dWs,dst
to Jto to Jto

/ / LO(LY ) (X,,) dsodWy, + / / X, )dWe,dW,,. (1)
to Jto to Jto

Clearly, if we throw away all the double integrals, we get the Euler-Maruyama
scheme.

2.2 An estimate for the multiple integrals

In the multi-dimensional case, if we do the substitution for many times,
we will have iterated integrals of the form

t+h 0 93',2
Ii1,~--,i]-(h> ::/t de](H)/t dwij_l(gl)---/t dwil(ﬁj_l).

Here, we understand
wo = t.

The expectation is zero when there is one i, that is nonzero. When they
are all there, the expectation is of order h7.
For the mean square magnitude,



Lemma 4.

where

This lemma confirms that one dW contributes 1/2 smallness for the
mean square magnitude, while one dt contributes 1. Hence, we can keep the
desired orders as we want, by this intuitive understanding.

Proof of the lemma. The proof can be done easily by induction.
In fact, if i; = 0, then by Holder, one has

t+h
EIEL__.Jjgh/ EI? . . (s)ds
t

11, ijl

The integral contributes 1/2 smallness while the extra h contributes 1/2.
Otherwise, by the Itd’s isometry,

t+h
Elfh_..:/ EI?Z . . (s)ds
t

yLj U1, i1

The integral contributes 1/2. Hence, the induction gives the desired result.
O

2.3 Several schemes

From large to small, we should have the following dW > dt ~ (dW)?
dtdW ~ (dW)3 > dt?. Let us keep these terms:
We now set f(z) =z in (1).

t S1
Xt = Xy + 0( Xy ) AW + b(Xy,)(t — to) + / / LlU(XS2)dW52dW31
to

t 81 t S1
+ / / L'W(X,,) dW,,dsy + / / L0 (X,,) dsedWs,
to Jto to Jto
// L(X,,) dsads;  (2)
to

If we only keep dW and dt terms, we get the Euler-Maruyama scheme.



2.3.1 Milstein

If we do approximation for the expansion and keep to (dW)?2, we arrive
at the following:

X; & Xy +b(Xy, ) (t—t0)+0 (Xey) AW+ LYo (X (t0)) / t(W(sl)—W(to))dW(sl).

to

The It6 integral can be evaluated directly which is $(AW?2 — Ag).
The Milstein scheme is given by

X = X7 4 b(X™MAL + o(X™) AW, + %U(X”)a’(xn)(AWg — Ab).

Note that the two AW,,’s in this equation should be the same instead of two
i.i.d random variables.
Note that if 0 = const, it is then reduced to Fuler-Maruyama scheme.

2.3.2 Higher order attempts
If we keep to dtdW and dW3, then one has

1
X; = Xy + 0( Xy ) AW + b( Xy, ) (t — to) + +70(X”)a’(X")(AWfL — At)

S1
/ / / Xy ) AWy dW s, dWy, + / / L'B(X,,) dW,,ds
to Jto to
S1
+ / / L0 (X,,) dsedWy, + / / LO(X,,) dsads;  (3)
to

The approximation for this is

XM = X" b(XM AL+ o (X AW, + 1a(X”)o’(X”)(AWﬁ — At)

tn+1
o(X™) / / (s1) tn))dWs, dW,
tn tn

VI b(X")/th(W(s _ W(ty))ds + Lo (X")/tn+l(s—tn)dW(s).



If we include the dt?, we get
1
XL = X" 4 (XM AL + o(X™)AW, + 5a(X”)a’(X”)(AW,% — At)
tp+1 s tnt1
26(X™) / / (W (51)— W (b)) AW, d Wt L (X™) / (W (5)— W (t,))ds
tn tn tn

0 ny [ B L0, vy a2
+ Lo(X™) (s —tn)dW (s) + 2L b(X™)At”.
tn

3 The orders of some schemes

The Milstein scheme is given by

1
XL = X" 4 b(X™)AL + o(X)AW, + 5a(X”)a’(X")(AWg — At).
The approximation for this is

1
XM = X 4 p(XMAL + o (X AW, + §a(X Mo’ (X™) (AW, — At)

tny1
+ (LYY20(X™) / / (s1) (tn))dWs, dWs
tn tn
tnt1 tn41
+ L b(X")/ (W(s) — W (tn))ds + L (X")/ (5 —tn)dW (s).
tn tn
If we include the dt?, we get
1
X = X 4 p(X™) AL+ (X AW, + 5a(X")a’(X”)(AWﬁ — At)
2O tnt1
25(X") / / (W (51)— W (b)) d W, d Wt L (X™) / (W (s)—W (t,))ds
tn tn tn
tnt1 1
+ Lo (X™) / (5 — t,)dW (s) + 5L%(X")At?.
tn

Let -
p = Xt,x(t + h) - Xt7x(t + h)

We recall

[Ep| < K\/1+ [z]Ph?”, VE|p]? < K/1+ [2[*hP2,

These coefficients can be read out directly from the remainder terms.
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For the Milstein scheme, the mean is given by the LY terms.
pP1 = 2, P2 = 3/2.

For the second scheme

pL=2, p2=2.

To satisfy p; > p2 + 1/2, we can only take po = 3/2. Hence, the order is 1.
For the third scheme

b1 = 37}92 = 2.

The order is 3/2.
Ezercise: Compute p1 and py for X" = X" + o(X")AW,,. Does this
scheme converge?
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