Homework 2

March 12, 2014, due March 20

Problem 1. Find a, b, ¢, and d, such that the multistep scheme has the highest
possible order,

Unt1 + aty + bup—1 = h(cf(tn, un) + df (tn—1, Un—1)) (1)
What is the leading order term for the truncation error?

Problem 2. (a) What does it mean to say that a linear multistep method is zero-
stable? Formulate an equivalent characterisation of zero-stability of a linear multi-
step method in terms of the roots of its first characteristic polynomial.

(b) Show that there is a value of the parameter b such that the linear multistep method
defined by the formula

Un+3 + (Qb - 3)(Un+2 - Un+1) - Un = bAt(Fn+2 + Fn+1) (2)

is fourth order accurate (with F,, = f(t,,U,)). Show further that the method is not
zero-stable for this value of b.

Problem 3. (a) Impletment Runge’s method (RK2),

k= f(tmyn)a (3)
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Heun’s method
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and classical 4th order Runge-Kutta method (RK4),

1 1 1 1
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Justify the rate of convergence numerically.

(b) Choose appropriate Runge-Kutta method to initialize Adams-Bashforth method of
order 3,

23 4 5
Ynt3 = Ynt2 + h[ﬁf(tn+2,yn+2) - gf(tnﬂ, Ynt1) + Ef(tmyn)]- (6)

Justify the rate of convergence numerically.
Problem 4. Consider the Runge-Kutta method

Un+1 - Un

AL = (Clk‘l + CQk‘Q), (7)

where
kl - f(tn7 UTL),

and

ky = f(tn + b2 AL, Uy + by 1 Atky),

and where c1, c2, ba 1 are real parameters.

(a) Show that there is a choice of these parameters such that the truncation error of the
method,

& _ Unp4+1 — Un
At At

is order 2 as At — 0.

- [le(tm Un) + CZf(tn + bQ,lAta Un + b2,1Atf(tna un))]a (8)

(b) Suppose that a second-order method of the above form is applied to the initial value
problem u' = —Au, u(0) = 1, where X is a positive real number. Show that the
sequence {Uy, }n>0 is bounded if and only if At < 2 (interval of absolute stability).
(Hard; not compulsory!): Show further that, for such A,

1
[, — Up| < 6/\3At2tn, n > 0. (9)



