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Abstract

We construct quantum algorithms to compute the solution and/or physical observables
of nonlinear ordinary differential equations (ODEs) and nonlinear Hamilton-Jacobi equations
(HJE) via linear representations or exact mappings between nonlinear ODEs/HJE and linear
partial differential equations (the Liouville equation and the Koopman-von Neumann equation).
The connection between the linear representations and the original nonlinear system is estab-
lished through the Dirac delta function or the level set mechanism. We compare the quantum
linear systems algorithms based methods and the quantum simulation methods arising from dif-
ferent numerical approximations, including the finite difference discretisations and the Fourier
spectral discretisations for the two different linear representations, with the result showing that
the quantum simulation methods usually give the best performance in time complexity. We
also propose the Schrédinger framework to solve the Liouville equation for the HJE, since it
can be recast as the semiclassical limit of the Wigner transform of the Schrédinger equation.

Comparsion between the Schrodinger and the Liouville framework will also be made.
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1 Introduction

Some of the most important problems in physics, chemistry, engineering, biology and finance
are modelled by nonlinear ordinary and partial differential equations (ODEs and PDEs). Promi-
nent examples include climate modelling, aircraft design, molecular dynamics and drug design,
deep learning neural networks and mean-field games in mathematical finance. Among the most
important examples of nonlinear ODEs include Newton’s equations in molecular dynamics, while
examples of nonlinear PDEs include the Euler and Navier-Stokes equations in fluid dynamics, the
Boltzmann equations in rarified gas, and the Hamilton-Jacobi equations in geometric optics, front
propagation, mean-field games and optimal control. In spite of tremendous progresses in developing
classical algorithms for solving these equations, there remain major challenges that are difficult to
be handled by classical algorithms, for examples the curse-of-dimensionality, multiple scales, strong
nonlinearity, and large numbers of degree of freedoms. On the other hand, quantum algorithms,
due to their potential polynomial and even exponential advantages, could be the game changer to
deal with some of these difficulties. However, since quantum algorithms are based on the principle
of quantum mechanics, which is fundamentally linear (as far as we know), so far the development
of quantum algorithms have been mostly confined to linear problems, with the most notable in
linear algebra [2,13,18,20,23,25,28,41,46,48,49,51,54,55]. For linear ODEs and PDEs, once they
are numerically discretised, they became linear algebra problems which can then be handled by
quantum linear algebra solvers (e.g. [10,14,17,19,22, 44]).

Since most natural phenomena are nonlinear, the ability of quantum computing to solve non-
linear problems will significantly extend the horizon of quantum computing. The most natural idea
of handling nonlinear problems by a quantum computer is to represent the nonlinear problem in a
linear way, so quantum algorithms for linear problems can be used. There are two approaches in
recent literatures. One is to approrimate the nonlinear problem through linearisation of the non-

linearity, or truncation of the equation, which is referred to as linear approximation methods. The



second is coined as linear representation methods [31], which tries to find a map from the linear to
the nonlinear systems, and usually yields a system in the phase space which is equivalent (without
any approximation) to the original system.

In the linear approximation approach, in which one linearises the nonlinear system, modeling
errors are inevitable, hence the approach may only be valid for a short time, weak or special
nonlinearities, and consequently after a long time solutions may lose significant nonlinear features.
A more appealing approach uses the Carlemann linearisation in [47] or the techniques in [40,50],
but they are restricted to polynomial nonlinearities, and need to truncate the system since only
finite number of equations is used. Such a truncation may lead to loss of some important nonlinear
features of the original system. It is similar to moment closure technique in kinetic theory, in which
one attempts to close the moment system with finite number of moments but often ends up with
a closed system that has mathematical stability problems [7,27] or physical realizibility issues [39].
This is similarly true for methods in [40,50], see [43].

For the linear representation methods, there are two current approaches. One is the Koopman-
von Neumann (KvN) approach [35] (see also [21]), which was introduced for nonlinear ODEs. The
other is the level set method, first introduced in [31], applicable to both nonlinear ODEs, and
nonlinear PDEs — more specifically the Hamilton-Jacobi equations and scalar nonlinear hyperbolic
equations. Both approaches introduce equations in the phase space but the extra dimensionality
that is difficult for classical algorithms can be significantly eased by quantum algorithms, hence
quantum advantages in most numerical parameters can still be achieved, even including the mea-
surements of physical observables as analysed in [31].

The goal of this paper is to compare the two linear representation methods — the Liouville
equation in the level set approach and the KvN equation, their variants and their different numer-
ical approximations. The KvN is, so to speak, the square of the Liouville equation, and, when
the solution is smooth, they are equivalent if the force is divergence free (for example in the case
of Hamilton system). While both equations are of linear transport nature, which can be solved
similarly by classical algorithms, the KvIN equation, due to its unitary structure, can be directly
solved by quantum simulations, while the Liouville equation was solved by quantum linear sys-
tem solvers in [31]. Despite the absence of the unitary structure, we still proposed a “quantum
simulation” algorithm for the Liouville representation in Appendix A by using the dimensional
splitting Trotter based approximation. The basic idea is to transform the asymmetric evolution
in each direction into a symmetric one, which requires only a simple variable substitution with
the transformation matrix being diagonal. However, different from the traditional time-marching
Hamiltonian simulation, non-unitary procedures for the variable substitution are involved, which
may lead to exponential increase of the cost arising from multiple copies of initial quantum states
at every time step as pointed out in Remark A.1.

The connection between the Liouville or KvN equation with the original nonlinear system
can be made through the Dirac delta-function d(x), which is naturally defined in the weak sense
for the Liouville equation which solves for the probability distribution of particles. However, to

connect the KvN model — which computes, so to speak, the square root of the probability density



distribution, one needs to use v/d, which is not well-defined mathematically, even in the weak sense,
so one needs to be more careful in interpreting its solution (as will be discussed in Section 2.1.2)
and the consequent numerical convergence in a suitable solution space. In addition, since the KvN
is not in conservation form, it also requires higher smoothness for the force field than the Liouville
approach.

Another alternative approach to the Liouville equation is to use the linear Schrédinger equa-
tion, which approximates the Liouville equation in the classical limit by sending the “Planck con-
stant” to zero. Here the Planck constant is an artificial small parameters, which can be chosen
to depend on &, the numerical precision. The Schrodinger equation can be solved by quantum
simulation techniques [34,51], or by quantum linear algebraic solvers after spatial and temporal
discretisations. We will compare all these different models and their different approximations: spec-
tral methods vs. finite difference methods; and quantum simulation vs. quantum linear algebra
solvers, and identify the pros and cons of each of these solvers in order to identify the best possible
linear representation method.

Our results on time complexities for the computation of physical observables are summarized
in Tab. 1. For nonlinear ODEs, the quantum simulation method has less computational cost
than the quantum linear systems algorithm (QLSA) based approaches for both Liouville and KvIN
representations, and the cost of computing the physical observables for the Liouville representation
has a multiplicative factor squared times as larger as the one for the KvN representation (if the
number of copies needed of the initial state is neglected).

For nonlinear Hamilton-Jacobi equations, the Schrédinger framework/representation, using
quantum simulation, has advantages over other approaches in time complexity, for both d (the
space dimension) and . However, we would like to point out that the solution to the Schrédinger
equation has oscillations of frequency of O(1/4/¢), as shown in Fig. 2. If one wants high resolution
results — for example oscillations free, then the Liouville representation with spectral approximation
and QLSA has edges on d, and ¢ for smooth solution, while the Liouville replantation with finite
difference approximation and QLSA has edges in ¢ if solution is less smooth (in Sobolev space H'
for [ < 4).

For general scalar hyperbolic equation, one can still use the Liouville representation [31] but
the Schrodinger representation is not available. It is also unclear how to devise the KvN approach,
as will be discussed in Section 5.

We also note that we do not compare these quantum alrogithms with the corresponding clas-
sical algorithms, which were partly made, for example, in [31]. In particular, for nonlinear ODEs,
these algorithms could be more expensive than the classical solvers [31].

It should be pointed out that the optimal QLSA with query complexity @ = O(sklog(1/¢))
is presented in [18], where s is the sparsity, meaning it has at most s nonzero entries per row and
column,  is the condition number of the coefficient matrix. On the other hand, the gate complexity
may be quantified by O(Qpoly(log @,log N)), which is larger than the query complexity only by
logarithmic factors [13,18,42]. For simplicity, we use 6(@) to denote the case where all logarithmic

factors are suppressed.



The outline of the paper is as follows. In Section 2 we summarize the general framework for
computing the nonlinear ODEs by using the linear representation approaches, and analyse in detail
the time complexity of the QLSA based methods and the quantum simulation methods. We propose
a simple algorithm to compute the observables of integral form and figure out the multiplicative
factor for the sampling procedure. In Section 3 we propose and analyse several quantum algorithms
for solving the nonlinear Hamilton-Jacobi PDEs. By using the level set mechanism proposed
in [31], we map the nonlinear PDEs of (d + 1)-dimension to a linear (2d + 1)-dimensional Liouville
equation, referred to as the Liouville representation for nonlinear PDEs, and repeat the analysis
of the quantum algorithms for the associated Liouville equation as in the previous section. In
Section 4, we propose a Schrodinger framework to solve the nonlinear Hamilton-Jacobi PDEs since
the Schrodinger equation can be transformed into the quantum Liouville equation via the Wigner
transform, which in turn leads to the Liouville equation when taking the semiclassical limit. We
present the quantum interpretation of the classical time-splitting Fourier spectral method proposed
for the Schrodinger equation, and give a detailed discussion about the associated sampling law and
the gate complexity for the computation of the expectation of observables. In Section 5 we briefly

study scalar nonlinear hyperbolic equations. Discussion and summary are given in Section 6.

2 Linear representation methods for nonlinear ODEs: Liouville

vs. KvIN representations

In this section we consider the following nonlinear ODEs

dg;

dt :F](ql,,qd), qj(o):qod’ j:]"...7d7

where qo ; are initial data and F} are real-valued, which can be written in vector form as

da(t)
dt

=F(q1), q00)=q, qg=Iq, " (2.1)
2.1 Linear representation methods

2.1.1 The Liouville representation

For x = (1, - ,24), let 6(z) = I 6(z;) be the Dirac delta distribution. The Liouville
equation corresponding to (2.1) can be derived by considering a function p(t,z) : R* x R — R,
defined by

p(t,x) =d(z —q(1)), (2.2)

which represents the probability distribution in space x that corresponds to the solution x = ¢q. By

the properties of the delta function, one obtains the solution of (2.1) by taking the moment:

q(t) = /xé(az —q(t))dz = /xp(t,x)dx. (2.3)

Other quantity of interest G(q(t)) can be obtained by the moment
/G (x —q(t))dx = /G(w)p(t,m)dx. (2.4)

6



To this end, we can characterize the dynamics of p(¢,z) and find the solution ¢(¢) via (2.3). One
can check that p satisfies, in the weak sense, the linear (d + 1)-dimensional PDE [21, 31]

8tp(t, l’) + vac : [F(.I‘),O(t, x)] = 0’ (25)

po(x) := p(0,2) = §(z — qo).

Since the initial data involves a delta function, one can consider the following problem with the

smoothed initial data
op*(t,x) + V- [F(x)p”(t,2)] =0,

P () == p*(0,2) = du (2 — q0)

when solving (2.5) by a classical or quantum algorithm, where w is a smoothing parameter of the

(2.6)

delta function [31]. For example, in one-dimensional case, one can choose

SB/w), |z <w,

0, x| > w,

Oy =

where typical choices of 8 include

B(z) =1—|z| and B(z) = %(1 + cos(mx)).

Here w = mh and m is the number of mesh points within the support of ,,. For d dimensions, one
defines
0u(®) =TI 16, (2i), == (21, - ,2q).

In addition, the periodic boundary conditions can be imposed since p(0, x) or p*(0, z) has compact
support and the solutions to problems (2.5) and (2.6) propagate with finite speed.
To compare with the KvN approach to be introduced next, note the equation in (2.5) is usually

transformed to the (some classical) analogue of the Schrédinger equation
i0:p = Lp, (2.7)

where L is referred to as the Liouville operator, satisfying
0 OF;
Lpi==iy_ (Fio—+52)p
p lzj: ]aCCj + 8:6]' p

The operator L is generally not a Hermitian operator, and thus cannot be directly simulated by

quantum Hamiltonian unless divF = 0 (In this case one has

. 0 OF; . 0 1 0F;

which is the symmetric KvN operator defined later).



2.1.2 The Koopman-von Neumann representation

The starting point of the Koopman-von Neumann (KvN) approach to classical mechanics is
the introduction of a Hilbert space of complex and square integrable functions 1 referred to as the
KvN wave functions such that p := [1|?> can be interpreted as the probability density of finding
a particle at the point of the phase space. To this end, it is desirable to find a complex-valued
function ¢ which satisfies a dynamical behavior similar to that of the Schrédinger equation, and
such that p = [1|? = 9Ty is a solution of (2.7).

Formally, one can verify that v satisfies [8,9,35,43]

13t¢ = %KVNwa

where the KvN operator is

. 0 18F

It can be written in the following symmetric form

Hiw = 3 3 (Fi) P + Pi(Fy(a))) = ZHJw,

J

where 5
Hy = 3 (F@Pw + BE @), Py= iy
Lj
By introducing the position operator #; and the momentum operator ]3]-, the KvN representation

can be rewritten as

. 1
10, y) = 52(1?( &) P; + P Fj (& ZH ), (2.8)
J
where the notation Fj(Z) denotes a nonlinear map of the position operator which resembles the
nonlinear flow, potentially through series expansions. Unlike the Liouville operator, the KvIN
operator is Hermitian and thus allows for quantum Hamiltonian simulations.

To obtain the quantity of interest G(g(t)) one uses

/G (x —q(t))dx = /G(w)]zﬁ(t,a:)]de. (2.9)

The setting of Eq. (2.2) may be essential, since it allows to determine the solution of the ODEs
via (2.3). To be consistent, one may need to set ¥(t,z) = 6'/2(x — ¢(t)), the square root of the

delta function. Namely, one needs to solve

10 = HiwNY,

(2.10)
$(0,2) = 6" (z — qo)-

The solution to the above problem, in general, cannot be defined mathematically since one cannot
define 6172, let alone its derivative, even in the weak sense. However, by connecting it with (2.5)
by p = |¢|? one can make sense of the solution to (2.10) since |1|? satisfies the Liouville equation

(2.5) which can be defined in the weak sense [24,45]. This connection is quite important, especially



if one discretises (2.10) and hopes the numerical solution will converge, as will be elaborated more
later on.

At the discrete level, as was done in [21], one could instead consider smoothing the d-function

and obtain
0¥ = Hionv,
i K fgp (2.11)
Y9 (0,2) = 6" (2 — qo),
which satisfies
pY =P = () Ty (2.12)

Although for every fixed w, the problem (2.11) is well defined, it will not be possible to
define the w — 0 limit which is needed to make mathematical sence of the KvN equation with
initial data \/0(z — qo). Furthermore, when discretising (2.11) numerically, one will not be able
to prove the convergence of the numerical approximation (when w, mesh size and time step all
go to zero) toward the solution of the KvN since the solution of KvN is not suitably defined. In
such a case, a different choice of w or mesh size could pick up different numerical solutions, which
is a well-known phenomenon when numerically approximating the (weak) solution of hyperbolic
conservation laws [38]. These solutions may not be unique, unless stronger conditions, such as the
entropy condition, are satisfied by the numerical approximations.

Even if one disregards the v/ problem, when using the Liouville equation (2.5), one only needs
F' to be Lipschitz continuous to define its solution, like for the original ODEs (2.1). For the KvN
equation, since it is not in conservation form, one needs divF' to be Lipschitz continuous. Thus
this is more restrictive than the case of the Liouville representation.

Unlike in the Liouville representation, in the KvIN framework one cannot get the ensemble
average defined as ﬁo Z;‘/‘[:Ol a; for My different initial data [31], where a(z) is a quantity of interest
(say physical observables). Rather it gives (M%) Z;w:ol \/ch)Q, Thus one loses quantum advantage in

My if one is interested in the ensemble average with My > 1 initial data.

2.1.3 Computation of the quantity of interest and error analysis

After regularising the § function by 4, one now needs to approximate the physical quantity

of interest, which are
e For the Liouville approximation:
(G (1) = [ Gla)p(t,2)d (2.13)
where p“ is the solution of (2.6);

e For the KvIN approximation:
Ot) = [ G (t.2) P, (214)

where 1) is the solution of (2.11) satisfying p* = [¢*|? for every fixed w > 0,



by some quadrature rules.
For this quantity, we have two ways to approximate it. For the Liouville approximation, one

can compute the integral by using the numerical quadrature rule

Gt = [ G@pltn o)z~ [ G@)p(tn,x)ds
[0,1]4 [0,1]¢

=: <G tn Md Z _7,03 n —: p ,n>7 (2'15)

where, Gj = w;G(x;) with wj being the weight, 5 = (j1,--- ,jq) and M is the number of points in

each dimension of the d-dimensional space. Throughout the paper, we only consider the trapezoidal

rule: with w = [3,1,---,1,4]7, the weight vector can be arranged as Yjwili) = v ®w.

Accordingly, the solution vector is denoted as

Z p;JnU Z pjl, ]dn|]1> o ® |ja)-

1, 5Jd

That is, the nj-th entry of p¥ is p;.in, with the global index given by
ng = j127 4 4 5g20 (2.16)

Note that for periodic boundary conditions, p can be assumed to be periodic since the solution to
the Liouville equation is essentially zero outside a compact support. In such a case, the trapezoidal

rule is of spectral accuracy [1].

Lemma 2.1 (Error of the Liouville representation). Let p* be the analytical solution of the Liouville

representation (2.5) with the smoothed initial data, and p§ the numerical solution of p*. Then
ep = [(G(tn)) — (Gpe )| < Clwe'n ¥l - dAz? Jw e, ), (2.17)

where || divF || = sup,|divF'(q)|, £ is the Sobolev reqularity of p* (namely p* € C*), and e,y = |p%—

p?jn| is the (relative) discretisation error for the linear Liouville equation, given by for examples:

o For the first-order upwind finite difference scheme, one has

eph<0(it+df—f) :O(df—f) (2.18)

with the CFL condition d\ = O(1), where A = At/Ax.

e For the Fourier spectral discretisation, one has

At dAzt
€ph<0(wa +W), (219)
where o depends on the accuracy of the temporal discretisation.
Proof. The error can be split as
ep = [(G(tn)) = (Gpen)| = (Gp(tn)) — (Gpen)
SHGp(tn)) = (Gpo(tn))| + (G pe (tn)) — (Gpo )| + (G n) = (Gpgn)l
=L+ I+ Is. (2.20)

10



For I7, one can apply the the method of characteristics as done in [31,53]. To do so, we introduce

the characteristics of (2.5) as

dXx
— = F(X), X eRd
dt ( )7 E )
X(s) ==,

with the solution denoted by X (¢;x,s). Let the Jacobian determination of the map from z to X
be

J(t;x,s) = det (%(t, x, 3)) )
j

Then one has .
J(t;x,s) >0, J(t;a:,s):exp(/ V~F(X(a;a:,s))da>.

By the method of characteristics (see Eq. (1.11) of [53] or Appendix J of [31]), the solution to (2.5)

can be given by

p(t,x) = po(X(0;2,t))J(0;2,t) = po(X(0;2,1)) exp ( - /O V- F(X(o; %t))dff)-

Similarly, the solution to (2.6) is

pe(t ) —pBJ(X(O;x,t))J(O;:c,t)—pa’(X(O;xjt))eXp(—/o V-F(X(U;fc,t))da)-

Therefore,
Il = |<Gp(tn)> - <Gp“’ (tn)>‘ = ’ 0,114 G(iU)(p(tn,l’) - pw(tn,l‘))dx‘
= | G@)(po(X (05, ta)) = (X (0:,t))) T (0: 3, )|
[0,1]4
< Cw max J(0;z,t,) < CwetrdivElloe
z€[0,1]¢

where [|divF|« = sup,|divF(q)|.

The second term is just the error of the quadrature rule, hence I, < CdAxz’ /wz+1

, Where the
1 /wZJrl factor comes from the /-th derivative of d,,. Obviously, I3 < Ce,j. The final result comes

from the standard error analysis for the linear hyperbolic equation [38]. O

Remark 2.1. Note that for the upwind scheme, due to the CFL condition At = O(Az/d), one
has
O(At/w) = O(Azx/dw) = o(dAz/w?),

hence the second equality in (2.18) holds. For the spectral discretisation in Subsect. A.1, we require
that
AALY Jw® ~ dAzt W™ ~ e,

see (A.10) for example, where d for time comes from the dimension splitting in (A.2). This means
ALY Jw® < ALY Jw® < dAzt Jw

That is, we can still combine the two terms on the right hand side of (2.19). We leave it as is in

what follows.

11



For the KvN approximation, the quadrature rule gives

w 1 w
(Oye (L)) = o G (x)[yp* (tn, z)|*dz ~ e ; Gilvs, 2
1
= a7 (W) Gy =: (O ), (2.21)

where the elements of the vector ¢ are arranged as ¢, = >, 9% [j), and Gy = diag(g) is a

diagonal matrix with g = Zj Gj/Md/2|j> satisfying ||g| ~ 1.

Lemma 2.2 (Error of KvN representation). Let ¥ be the analytical solution of the KuN repre-

sentation (2.11), and ¥y the numerical solution of *. Then
ey = |{G(tn)) — (Oy )| < Clwe' Il 1 qAzt Jw + ey ), (2.22)

where { is the reqularity of p*, and ey = ||P2[* — |¢ﬁn|2| is the (relative) discretisation error for
the KuN equation (2.8).

e For the first-order upwind finite difference scheme, one has

w?

eon < C(dA$>,

with the CFL condition d\ = O(1), where A = At/Ax.

e For the Fourier spectral discretisation, one has

At*  dAzt ) 7

Eph S C( oo i

where o depends on the accuracy of the temporal discretisation.

Proof. Noting that p* = [¢*|?, we can split the error as

(G (tn)) — (Oye n)l

< [(Gp(tn)) = (Oyes (tn))] + [{Oye (tn)) = (Oye )| + [{Oyeo m) = (O )|
(Gp(tn)) = (Gpe (tn))] + (O (tn)) = (Oyeo )| + (O ) — (Oyr )
I+ Ir + Is.

€y

Here, I; is exactly the first term in (2.20) for the Liouville representation, so I; < CuwetnlldivFllec,
The second term is the (relative) error of the quadrature rule. One again has I, < CdAx?/w!*!

since p¥ = [1)*|?, where the 1/w!*! factor comes from the ¢-th derivative of §,,. For the last term,

one has
Is = (Oye.n) = (Oupan)| = |5 Gy — (47, Gorey|
= | S Gl = S Galw)sal| S s — 1P
J J
This completes the proof. ]
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Remark 2.2. When discretising the Liouville equation by the upwind scheme, since it is in con-
servative form, one can show that the /1 norm at later time is bounded by the norm at ¢ = 0 when
the CFL condition is satisfied (namely it is [; contracting). In addition, the accumulation of the
local truncation error which grows linearly in t. However, this is not true for the KvN represen-
tation. If one uses the upwind scheme to discretize the transport (spatial derivative) term, since
the 1/2 term is a forcing term, it will contribute to the l; error an exponentially growing term like
etnlldivFlle When ¢, < T = O(1) this is not a big issue. But it is worth pointing out the difference
with the Liouville representation here, since if one wants to compute the long time solution, the I;
contraction of the upwind scheme for the Liouville representation gives much smaller error. The
above discussion will be further elaborated later.

For simplicity, we only consider ¢, < T = O(1) in this article.

2.2 Finite difference discretisation for the Liouville representation
2.2.1 The QLSA for the finite difference discretisation

The Liouville representation can be rewritten as

IR

Il
i

G+ 3 - (Fy(z)w(t,x)) =0,

L5

(2.23)

)

wo(x) = by, (z — x0),

where we have assumed the smoothed initial data 4.

Denote e; = [0,---,1,---,0] to be the unit vector with the i-th entry being 1. Let j =
(41, »Jis -+ »ja) and z; = j;Ax are the i-th components of ;. The first-order upwind discreti-
sation at (t,,x;) takes the following form [31, Appendix K]:

w Tt —
o) — _J 7
tWw At )
0 1 . + .
g Fileye(t. ) — 2 ({ B} wfe, — {Fileioap)} wje,)
1 + -
+ i <{Fi(xj¢+1/2>} - {Fi(xjfm)}j >w?7

z J

w

where
o — |af

2

at = max{a,0} = atlaf

>0, o =min{e,0} = <0,

and

1 1
{Fz‘(xjm/z)}j = §(Fi(xjiei) + Fi(z5)) = 5(Fi(fﬂj1,---,jiil,---,jd) + Fi (g, s, a))-

For convenience we introduce the following notation
. + . +
’:l: ,:l:
a;- = {Fi(%’iﬂm)}j , b;- = {Fi(xji—l/Q)}j :
The discrete scheme can be written as

d

d
Wit - [1 A (it - b;:—)} nEDSY [a}’_w?+ei - b;.”Lw;-leJ —0, (2.24)
=1 1=1
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where A = At/Az. In matrix form one has
w"™ — Bw" = Y n=0,1,--- ,N, — 1,

with f? being the terms resulting from the initial and boundary conditions, where the nodal values
at t = t, are arranged as w" = >, w?|j). With the help of the global index (2.16), the non-zero

entries of B can be given by

d
it i _ i\~ A\t
Bujm; =1=A> (a3 =b77),  Bujnj. ==Xy, Buja. =57
i=1
By introducing the notation w = [w';--- ;w™t], where ;" indicates the straightening of {w'};>1
into a column vector, one obtains the following linear system
Lw=F, (2.25)
where _ ) -
1 !
B I 12
L= . F=|"
B I th

For periodic boundary conditions, one has f! = Bw® and f* = 0 for i > 2.

Theorem 2.1. Suppose that A\ = At/Ax satisfies the following CFL condition

d
)\Zsup|Fi(;r)| <1
i=1

(1) The condition number and the sparsity of L satisfy K = O(1/At) and s = O(d).
(2) For fized spatial step Az, let At = O(Ax/d) and w = (dAz)'/3. Given the error tolerance ¢,
the gate complexity of the QLSA (for the problem in Eq. (2.25)) is

~rd3 1
NGates =0 (73 log 7) .
g g

Proof. 1) We claim that ||Bl|2 < 1+ At||divF||«. To this end, one can show that the summation
of the absolute values of row or column entries is not greater than 1 + At||divF| .

Let R; be the sum of absolute values of row entries. Since the i-th equation in Ax = b is actually
the i-th row of A multiplied by x, the entries of the i-th row of A are completely determined by
the i-th equation. On the other hand, the grid values corresponding to the initial or boundary
conditions in the i-th equation will increase the values of the summation of the absolute values of
row entries since they will be moved to the right-hand side. That is, R; < ]N%i, where RZ includes
the contribution from the initial-boundary values.

With the CFL condition, one has



The argument is as follows. Without loss of generality, we set d = 1 and obtain

A

A
71 = Fjm1 + [ Fjy + By + |[Fjo1 + Fyl) =1 = —er,

—1-
¢ 1

where F; = F(x;). This reduces to verify that cp contains only four terms of the grid values of F:
e For Fj_1 + F; > 0, one has
cr =Fjp1 — Fj_1 +|Fjp1 + Fj| + Fjo1 + Fj = Fj + Fj + | Fj1 + Fy,
as required.
e For F;_1 + F; <0, one has
cp = Fji1 = Fjo1 + |Fjpn + Fj| = Fj1 — Fj
Fjpn—Fj 1+ Fjp1—Fj, if Fj1+F; >0,
—Fj = Fj == Fy i+ 1 <0,
as required.

The above argument implies that

d d
R <Ry <1=X) (a5" =b37)+ A (5" —ay”)
i=1 =1
d ' d
=1-A) (a5 +ay” =0y =) =1-X\) (af — b))
=1 =1

1=

Since I is smooth, we obtain from the mean value theorem that

R <1-— )\Z ({ Tit1/2 } {Fi(wi—l/Q)}j>

=1- )\Zamin‘(&)Aﬂ? (Tim1/2 <& < wip12)

i=1
d
=1-AtY 9, Fi(&) < 1+ At]|divF]|o,
i=1
where Fj(&) = Fi(xj,, -, &, ,j,)-

Let C; be the absolute column under discussion. The j-th column of A is exactly the collection
of the coefficients of z; in each equation of Az = b, hence the absolute column sum is simply the
sum of the absolute values of the coefficients with respect to x;. Consider the variable w7 in (2.24).
Notice that the other subscripts are only shifted left and right once in some direction, and thus
the other elements of the corresponding column are only changed by the upper index i. This again

implies that

d
Cj<1-X> (a5" =)+ )\Z byt —ai”) <1+ At]divE]|.

15



2) By definition, omin(L) = 1/0max(L™1). After simple algebra, one has

1 1
1 1 B

which gives
— — N¢—
omax(L™1) = L7 2 < [l + |Bll2 + B3 + -+ + | Blly*
According to the previous analysis, one has
1, |divF ||~ = 0,
|Bll2 <1+ At||divF | < c= ¢ 1+ At, 0 < ||divF]|s < 1,
1+ At|divF||eo, [|divE|lee > 1,

and hence
Nt 1

c—1"
Noting that (1 4+ z/n)™ < e” holds for any real number, we then have

Umax(L_l) <l+4+c+ 2 + .. CNt—l —

1, |[divF s =0
O'max(Lil) S - X e, 0 < HleFHOO <1,
exp([|divFo), [[divE oo > 1

which can be simply written as

_ . 1
Omax (L 1) < exp(||divF oo + I)Kt,

hence
At

exp(||[divF oo + 1)
By the Gershgorin-type theorem for singular values [29,52],

Umin(L) Z

Omax(L) <14 ||Bll2 < 2+ At[|divF|sc.
which gives

1 1
K(L) < (24 ALVF o) exp([divFl oo + 1) S exp(ldivF]loe) <

3) In view of the CFL condition, we set At = O(Az/d). According to Lemma 2.1, the classical
error of the numerical approximation (if the first order upwind scheme is used to discretize the
Liouville equation) to the observables is O(w + At/w + dAz/w?). One can choose w such that
w ~ dAz/w? or w = (dAx)'/3 so the numerical error becomes O((dAz)'/?). To reach the precision
O(e), we choose Ax ~ £3/d, and hence At/w ~ ¢2/d*> < e. This naturally leads to the query
complexity [18]

1 a1
Q= (’)(snlog7> = O(—glogf).
€ € €
The gate complexity is larger than the query complexity only by logarithmic factors. O
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Remark 2.3. Since the Liouville equation is in conservative form, one can get the [; contracting
of the upwind scheme. Without loss of generality we set d = 1. The upwind scheme in (2.24) is
then given by

W (L X )+ A i~ B =0

where a;t = F(:L‘j_l,_l/Q):t and b}t = F(mj_l/Q) Since bi = a] 1> the scheme can be rewritten as

w;”rl —(1- )\(a;r —a;_q))wi + Ma; wi, — a;r_lw?_l) =0.

Under the CFL condition given in Theorem 2.1, one has
™), Z ] < Z [ (1- —a;_))|w}] — Aaj [wii4] + )\a;.[1|w?_1|}
_.§j[ﬁ1— = )| = Aai ]+ Aaj |
= Zl%’l = [lw"[|1,
J

as required.

2.2.2 The algorithm for the computation of the observable

The quantum algorithm to approximate physical observables is presented in [31] with a detailed
analysis on the gate complexity, where the observable is computed by using the amplitude estima-
tion algorithm with block-encoding techniques augmented by amplitude amplification. Amplitude
amplification was used to achieve optimal scaling of the query complexity with respect to the error
€ while measuring an expectation value. However, since our purpose here is only to compare the
strengths of the Liouville approach versus the Koopman-von Neumann approach, for simplicity we
can instead compute the observable with a more straightforward means, without using amplitude
amplification. In this paper, we first obtain the quantum state proportional to the solution of the

problem, either with QLSA or with quantum simulation, then compute the observable afterwards.

The expectation of the observable

In order to measure observables, we need to express them as Hermitian operators. Let wj , :=

p% , be the solution of the upwind finite difference method (with the smoothed initial data d,).

One has
Z wjnlj)In),

-77n

where the normalization constant Ny = [|w||. With G in (2.15), we define the state
1 .
= g 22 Ciladn),
J

where Ng = (3_; |G;| )1/2 is the normalisation constant. Given the density matrix G := |Gy,) (G|,
we define Y := (¢|G|¢). Simple algebra yields

(G(tn)) = (G po ) = nyng| VY, (2.26)

17



where ng = Ng/M%? = O(1) is known and ny = Ny, /M%? may be unknown. We further define
(0) = (Gpon)® = (nGny)*Y == (®|OlY), O = (ngny)*g. (2.27)

Then one only needs to estimate it to precision ¢ since
1
|<Gpw,n> + <Gpw,n>app|

and (Gpe ) and (Gpe n)app can be considered as O(1), where the subscript “app” refers to the

|<Gp‘”,n> - <Gp“’,n>app| =

{O) = (O)app|

approximations.

The problem then reduces to approximating the normalisation constant Ny, = ||w/|| to a desired
precision, where w = L~'F. This can be referred to as the amplitude estimation or linear equation
norm estimation in quantum computing [12,44]. As shown in Fig. 1, for the QLSA of the upwind
discretisation, we first compute an approximation Nw of Ny by using amplitude estimation, and

then construct the approximate observable with n, replaced by 7.

Lw=F

|

‘ Amplitude estimation ‘

Ny = ||’LU|| Nw

0= (ncn¢)2g ‘ Observables ‘ 0= (Tlcfbw)zg

Fig. 1: Construction of the observables when ||w|| is unknown.

The general sampling law

Since the measurement outcome is probabilistic in general, we have to evaluate the expectation
value via sampling. Let O be an observable with p := (O) = (|O|y) being the expectation value,
where |1)) is a quantum state. Suppose that we conduct n experiments with the outcomes labelled

W1, ln. By the law of large numbers

¥

where Var(O) is the variance. For a given lower bound p, the number of samples required to

Var(O)
ne?

pt et
n

)

—u)<e>21—

estimate (O) to additive precision ¢ satisfies

~ Var(0) Sp — n> 1 Var(O)
pe p 2 .

1
ne2 1-p €

This implies a multiplicative factor Var(O)/e? in the total gate complexity [35,41], which is referred
to as the “general sampling law” in this article. We remark that in many cases of interest, the num-
ber of repetitions can be reduced to O(1/e), up to polylogarithmic factors. For example, quantum
algorithms based on amplitude amplification and estimation are able to compute numerical approx-

imations to sums and integrals with a quadratic speedup over classical probabilistic algorithms, so

18



that the number of repetitions of the quantum simulation follows the “quantum sampling law”
O(1/¢), up to polylogarithmic factors [35]. In this paper, we only assume the general sampling law
O(Var(0)/e?). Noting that

Var(0) = (ngny)*Var(G) < ni,

we may need to include this multiplicative factor ni in the query complexity. Below we will show
that in fact we can replace this factor instead by ny, where ny, = Ny /MY? = |wC||/M¥? as
defined in [31].

For the QLSA of the upwind discretisation, referring to the linear system (2.25), and noting
that || B|| <1+ At and |L7Y| = omax(L™) < Ng, we have

Ny = |lw|| = [LT'F| < N[ F|| S Ne|w®|l,  and 1y S Neng,

which gives the multiplicative factor Nf‘nfbo. However this N;* factor can be removed as addressed
in [4,41] by adding N; copies of the final state w™:. That is, we add the following additional
equations

w' —w" =0, n=N, - ,2N, (2.28)
in (2.25), which is referred to as the dilation procedure. For simplicity, we assume that ||w| =

oo = [[wNt]| = [|w?|| = Ny, Let the padded state vector be
W= [ ;o a™, - eV =) ez +(1) ey, (2.29)

where |0) = [1,0]7, |1) = [0,1]7, and the unnormalized vectors are

x=[w'- - ;o y = [@™, - @M,
satisfying
1 1
~N, N,
l&™ ) = o = ™ 2.

2N, 2N N2,

Let us block the matrix O as (O;;) according to the structure of w. One easily finds that O;; = O

are zeros matrices when (4, 5) # (N¢, N¢). Then,

1 1
(O) = (¥|O[) = W<wl0!w> = W(th)TONt,Ntht (2.30)
" b
2N, N? 2N?2
fiw(@Nt)TO Ve — T %0 (a0t N
= 2 Ny, N, W = = 2 (y) vY
Ny Ny
NZ MY 1 A
= g 7 (BIOB) =i, 7 (BI01),

where Oy = diag(On,.n,, - ,On, N, ), and O = diag(O, - -- ,0,0y). It is evident that Var(0) ~
Var(O), and hence Var(@/nfp) < 1, which implies that the new multiplicative factor is nfpo, as

expected. It’s worth pointing out that the solution vector in (2.29) only requires one ancilla qubit.
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Boosting the success probability of the final state projection

It can be seen from (2.30) that the observable is an expectation value taken with respect to
the value of the state at the final time. When the solution decays exponentially in time, the success
probability of projecting the history state onto the final state is exponentially small. One can raise
the success probability via the amplitude amplification as in [6,16]. This implies a multiplicative
factor g = max,c(o 7] [[w(?)[|/[[w(T)| in the time complexity, which characterises the decay of the
final state relative to the initial state.

In conclusion, the additional multiplicative factor in the time complexity is gnfbo /e for the
computation of the observable. In the subsequent discussion, we will ignore the parameter g for

convenience. For the range of ny,, please refer to Lemma 14 in [31] for some discussions.

2.2.3 The gate complexity of computing the observable

The corresponding result for the quantum state is given in Theorem 2.1. We now consider the

computation of the observable. In this case, we have to discuss the additional cost in estimating

the norm of w. Let (O)app be the approximate value of (O). Then the total error Err satisfies

Err := [(0) — (O)app| < [(0) = (O)| +[{O) = (O)app| =: [ + I, (2.31)
where the first term is for the estimation of Ny, = ||w||, and the second one is for the sampling.
We first need to evaluate Ny, = |lw||, with the result described as follows. One can refer

to [44, Theorem 16] and [12, Corollary 32] for details.

Lemma 2.3 (Estimation of || A71b||). Let Az = b for an N x N matriz with sparsity s and condition

number k. Then there exists a quantum algorithm that outputs & such that
& —llz|l| < nll]|
with probability at least 0.99, in time
(@) ((TU + Tb)g log? k log log g),

where Ty, is the time of constructing the state |b) = ﬁ > bili), and

1
Ty = logN(logN + log?® M) log? E
n n

The cost T} is neglected throughout the paper. With the help of the above result, we are
able to bound the gate complexity of computing the observable for the QLSA of the Liouville

representation.

Theorem 2.2. Suppose the condition of Theorem 2.1 is satisfied and sup, |Fi(z)| = O(1) for i =
1,---,d. Given the error tolerance ¢, if the QLSA for the upwind finite difference discretisation is
used, then the observable of the Liouville representation (2.5) can be computed with gate complezity

given by

nj%d3 1 )

Neates((0)) = O "= log -

ed
where ny, = ||(p®)°|| /M2

20



Proof. (1) For the error I; in (2.31), let a and & be the exact and approximate norms of w,
respectively. Denote 71y, = Ny/M%¥? = &/M%? and ny, = Ny /M¥? = o /M¥? where |a—a| < na.
Then

[(7s)? = (15)?] < g (ms + 7o) < (2 + 1) (1),

and the error
I = |(ngig)®Y = (nany)* Y| < (1 + n)(nanyg)® Y =n(2 + n){(0).

This suggests to take n = O(e) since (O) = O(1).

For the error I3, by the general sampling law, we can obtain an approximation (O)app to preci-
sion € by repeating the quantum algorithm k = (’)(nio /€2) times, where ny, = nz, := ||(p*)°|| /M.
(2) According to Theorem 2.1, one has

M =1/Az ~d/e, At ~ Az/d, ko~ 1/At ~ d?/e3, s~d.
(3) Let T be the gate complexity of obtaining the estimation of Ny. By Lemma 2.3,
Ty = O(r/n) = O(d*/<*).
Let T be the gate complexity of the QLSA. Then,

Ty = 5(smlogé) = 6<£log1).

The overall gate complexity is

The proof is completed. O

Remark 2.4. As observed in the proof, the overall complexity T" of the algorithm is dominated
by the complexity k75 of sampling. This implies, when computing the observables, we just need
to multiply the original gate complexity under an appropriate mesh strategy by the sampling
factor k = O(Var(O)/e?). We further remark that the classical cost contains exponential terms in

dimension like d% and (1/¢)?, which is absent in applications where nz does not grow so quickly.

Remark 2.5. Despite the absence of the unitary structure, we can still propose a “quantum
simulation” algorithm for the Liouville representation as shown in Appendix A by using the di-
mensional splitting Trotter based approximation. The basic idea of the algorithm is to transform
the asymmetric evolution in each direction into a symmetric one, which requires only a simple
variable substitution with the transformation matrix being diagonal. However, unlike the tradi-
tional time-marching Hamiltonian simulation, non-unitary procedures for the variable substitution
are involved, which leads to exponential increase of the cost arising from multiple copies of initial

quantum states at every time step as pointed out in Remark A.1.
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2.3 Finite difference discretisation for the KvIN representation
2.3.1 The QLSA for the finite difference discretisation

We consider the upwind finite difference discretisation for the KvN representation, which can
be written as

d
Opu + ZFi%-l-%(divF)u:O, u =Y,
i=1 ' (2.32)

u(z,0) = ¢¥f.

The scheme reads

d d

n 1 : 04 6] n I L+, m

it [1 — SAHdIvF); =AY (05 -] )]uj 23 [bj e, — b uj,ez} =0, (2.33)
/=1 /=1

where
+
k& . ) )
b;™ = {Fk}J 3= (1 Ja)-
In matrix form one has
u"t—Bu"=0, n=0,1,---,N; — 1. (2.34)

The final coefficient matrix L is of the same form as in Eq. (2.25).

Theorem 2.3. Suppose A\ = At/Ax satisfies the following CFL condition

d
A sup|Fi(z)| < 1.
i=1 *

(1) The condition number and the sparsity of L satisfy k S 1/At and s = O(d).

(2) For fized spatial step Az, let At = O(Ax/d) and w = (dAz)'/3. Given the error tolerance ¢,
the gate complezity of the QLSA is
~(d 1
Ngates = @ (73 10g 7) :
€ £

Proof. The proof is similar to the argument in Theorem 2.1, so we omit the details. O

Remark 2.6. For the upwind discretisation of the KvN representation, the forcing term %(divF)u

t || divF oo

will contribute to the [; error an exponentially growing term like e In fact, one easily

obtains from (2.33) that
n+1 1 : n 1 : " 0
lum < (1+ 5AtdiVFllo ) [l < (14 S A8 divE o ) [l
1t n .
= (14 3 v ool < eI ).
n

As a comparison, if one uses the Liouville equation, the I; norm of the error is contracting, as

shown in Remark 2.3.
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2.3.2 The gate complexity of computing the observable

Let n = N, for convenience. For the KvN approximation, from (2.21) we know that the

observable at t = t,, is
1 1

1
— w) T W oy
<Od)“’,n> = W('wn) Guy, ~ Md/2 Md/2

where w is the solution of (2.34), and Gy = diag(O,--- ,0,G ). Let

1 .
) = N, > g alidin),
jin

(u”)TGMu" = uTgMu,

where the normalisation Ny, = ||u||. The expectation of the observable can be defined as

1 Ny
(Oyo ) = W(?ﬂIOW =:(0), 0= WQM

One easily finds from (2.21) that Var(Gas) is bounded since
Var(Gar) = (Gas) — (Gu)* < |Gurv|* S 1.

Following the similar analysis in Subsect. 2.2.2 for the Liouville representation, one obtains
the multiplicative factor in the time complexity can be given by n} /e2, where nx = ||[u®||/M¥/* =
| ()0 /M%/*, where we have omitted the parameter g which characterises the decay of the final
state relative to the initial state. The arguments for computing the observable of the Liouville
representation also apply to the KvIN representation. The corresponding result is described in the

following theorem.

Theorem 2.4. Suppose the condition of Theorem 2.3 is satisfied and sup, |F;(z)| = O(1) for
i=1,---,d. Given the error tolerance €, if the QLSA for the upwind finite difference discretisation

1s used, then the observable of the KvIN representation can be computed with gate complexity given

by

~ni.d® 1
Neates((0)) = O( = 1og ),

where ny = H('lp“)OH/MdM.

Proof. The KvN representation has the same error estimate as the Liouville representation, which
leads to the same mesh strategy. From Theorem 2.3, we also observe the same condition number
and sparsity for the associated coefficient matrix. We therefore obtain the same gate complexity

with the multiplicative factor replaced by n3./e2. O

Remark 2.7. In view of the relation (2.12), one easily finds that

I [ I €70
L= "pdi2 = " ppdiz UK

2.4 Spectral discretisation for the KvN representation

The KvN representation can be solved by quantum Hamiltonian simulation directly since
the evolutionary operator is Hermitian, where the Hamiltonian simulation can be realised by the
quantum version of the classical Fourier spectral method. On the other hand, we can also develop

the QLSA based method for the spectral discretisation.
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2.4.1 The notations

We consider the Fourier spectral discretisation. To this end, we first introduce some notations
frequently used in this article.

For one-dimensional problems we choose a uniform spatial mesh size Ax = 1/M for M =
2N = 2™ with m an positive integer and the time step At, and we let the grid points and the time
step be

xzj =jAz, t, =nAt, j=0,1,--- N, n=0,1,---

We consider the periodic boundary conditions. For z € [0, 1], the 1-D basis functions for the Fourier

spectral method are usually chosen as
oi(x) = ey =2ml, 1=-N,--- ,N—1.
For convenience, we adjust the index as
di(x) = ey =2r(l-N—1), 1<1<M=2N.

The approximation in the 1-D space is

u(t,z) = ch(t)(m(x), r=uz;, j=0,1,---,M—1. (2.35)
=1

which can be written in vector form, u(t) = ®c(t), where

u(t) = (u(t,zj))mx1, €= (c)mux1, P = (Pj)mxm = (¢1(2;))mxnm-

The d-dimensional grid points are then given by x; = (xj,,--- ,xj,), where 3 = (j1,--- ,ja),
and

zj, = jilAx, §i=0,1,--- M—1, i=1,---,d.

We use the notation 1 < 7 < M to indicate 1 < j; < M for every component of 3. The multi-
dimensional basis functions are written as ¢;(z) = ¢, (z1) - - - ¢y, (xq), where L = (I1,--- ,1g) and
1 <1< M. The corresponding approximate solution is u(t,z) = Y, c;(t)¢y (), with the coefficients
determined by the exact values at the grid or collocation points x;. These collocation values will

be arranged as a column vector:

u(t) = Zu(taﬂﬁj)\ﬁ) ® - ® |ja).

J
That is, the nj-th entry of w is u(t, z;), with the global index given by
nj =52 4542 G = (e da)-

Similarly ¢; is written in a column vector as ¢ =), ll1) ® - @ |lg).

To determine the transformation matrix between u and c, let ¢; = ¢;, - - - ¢;,. Then

uft xJ chl €l 91 x]l) ¢ld(xjd)' (2.36)
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The direct calculation gives

> ult,z)j) @ @ lja) = ( > by (g, |J1>) - ® ( > Czdcf)zd(%)ljd)),

J Jish Jd>ld

which implies

where
P —dw...0® @) — (¢
;X) .® , c (c1;)Mmrx1s
matrices
c:c(1)®---®c(d):chlll>®---®\ld>. (2.37)

l
This shows that by arranging x; in the order of |j1) ®---®|jq4), and ¢ in the order of |I;) ®---®|l4),
the corresponding coefficient matrix is exactly the tensor product of the matrices in one dimension.
For later use, we next determine the transitions between the position operator Z; and the
momentum operator 15] = —i% in discrete settings.
We first consider the one-dimensional case. Let u(z) be a function in one dimension and
u = [u(xg), - ,u(zpr_1)]" be the mesh function with M = 2N. The discrete position operator ¢

of Z can be defined as
24y = (u(xﬁ) — (xzu(:cl)) =D,u or #u = D,u,

where D, = diag(xg,x1, - ,xp—1) is the matrix representation of the position operator in z-space.

By the discrete Fourier expansion in (2.35), the momentum operator can be discretised as

M M
T) R chmbz(ﬂf) => aPe(x) Z (=01 (z
=1 =1
M
ch,ulqbl , My = 27T(l — N — 1)
=1
forx =2, j=0,1,--- ,M — 1, which is written in matrix form as

Plu =D, 'u=:Pou, D, =diag(u1, - ,pnm),

where P4 is the discrete momentum operator. The matrices D, and P, can be referred to as
the matrix representation of the momentum operator in p-space and z-space, respectively, and are
related by the discrete Fourier transform.
For d dimensions, we still denote w = u(z;)[j1) - - |ja). Let
1 d
U(IL‘J) = u(lea T 7'7:]}1) = u( )(le) T u( )(mjd)v
where u) = ®c). One has u = u) @ --- @ w(¥. The discrete position operator jld is defined as
d)

i}i:u:u(l)@)---@u(d) — u(1)®---®'&(l)®~--®u( ,
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where
al) = (%iu(l) (ﬂszi)) = D,u®.
Then,
#u=(I%" @D, ® I* u = Du.

Using the expansion in (2.36), one easily finds that
Plu = (I®l_1 ® P ® I®d_l)u =: Pu.

Note that
(®*) ' Pe®" = 1*" @ D, ® 1*" = DI (2.38)

2.4.2 The QLSA for the spectral discretisation

Let us consider the matrix representation of the operator H; in (2.8), where

Lo
H; = 5(Fj($)Pj + PjF;(%)).

For clarity, we still use u to denote the mesh function of ¢ (see the notations in Subsect. 2.4.1).

When performing series expansion on F', one has

Fi(atu:= Y (@) (@) 'u =Y ay(DY - D u
l

l
=Y a(D}®- @ Di)u=: Fu
l

in the discrete setting, where F} is clearly a diagonal matrix. We assume that the series expansion

is accurate enough to simplify the discussion. Then one has

1 aiad Al 1
Hjw = S(F; () P + P F;(i%)u = S (F;P; + P Fj)u
(

_ (M U-1 o pG) (G+1) (D), .
=(F;’@--eF  VoF e F" o @ F”)u= Hju,

where each Fj(l) is a diagonal matrix and

=) 1 G) | &)
F _i(Pij +F7P,).

One easily finds that the sparsity of H; is O(M). The resulting system of ordinary differential

equations is

Su(t) = Au(t), A=-iY Hj,
Jj=1 (2.39)
u(0) = (¥(0,z5)).
The analytic solution is obviously given by
d
u(t) = eu(0) = exp ( — iz Hj)u(O),
j=1
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which implies ||u(t)|| = ||u(0)|| for any ¢ > 0 since H; are real symmetric matrices. Let n = N,

and denote
1 n|s n
|¢>:quj|3>7 Ny = [lu"].
v
Since Ny = |[u™|| = ||u®|| =: Ny,, the observable can be reformulated as
1 w\ T w 1 n\t n Nio

The ODEs in (2.39) can be solved by the quantum differential equations solver reported in
[4,6,16]. Here we consider the one in [6] with the result described below. For convenience, we still

refer it to as the QLSA based method since the approach in [6] applies the QLSA.

Lemma 2.4. Suppose A = V1DV is an NxN diagonalizable matriz, where D = diag(\1,- - , An)
satisfies Re(\j) <0 for any j € {1,---,N}. In addition, suppose A has at most s nonzero entries
mn any row and column, and we have an oracle O4 that computes these entries. Suppose x;, and
b are N-dimensional vectors with known norms and that we have two controlled oracles, O, and
Oy, that prepare the states proportional to x;, and b, respectively. Let x evolve according to the
differential equation

dx

Y Az +b
@t

with the initial condition x(0) = zipn. Let T > 0 and g = maxycpo) ||()[|/||z(T)||. Then there
exists a quantum algorithm that produces a state e-close to x(T)/||x(T)|| in 1> norm, succeeding

with probability Q(1), with a flag indicating success, using

O sy | AllgT - Poly(log(siv || AllgT5/2)) )

queries to O4, Oy , and Oy, where Ky is the condition number of the transformation matriz
V', g characterises the decay of the final state relative to the initial state, and B = (x| +
To)/|=(T)||. The gate complexity of this algorithm is larger than its query complezity by a
factor of Poly(log(sNky | A|lgTB/¢)).

Note that the parameter g can be dropped if we only output the quantum state |x), not the
projection |z(7")). For the approximate evolutionary operator in (A.2), we are ready to quantify

the gate complexity for the QLSA.

Remark 2.8. The authors in [6] utilised the matrix exponential to construct a linear system for the
ODEs and solved the linear system by using the QLSA proposed in [18]. As claimed in [18], the gate
complexity exceeds the query complexity by a multiplicative factor O(log N + log?®(sx/e)), where
N = O(M?) is the order of the matrix A. This implies the linear dependence of the dimension d

when considering the gate complexity with respect to the matrix order.
Theorem 2.5. Assume that maxi<;<q||Fj|| = O(1) and T = O(1).

(1) There exists a quantum algorithm that produces a state e-close to w(T)/||w(T)| with the gate

complexity given by
d2+2/€

Ncates = 5 (W> .
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(2) The observable of the KuN representation can be computed with gate complezity given by

_ ok g2+2/e
Nowes((0)) = O ().

where ng = H('L,b‘”)OH/Md/‘l.

Proof. (1) Let A = V-'DV with D = diag(\1,---,\y), , where N = O(M¢9) is the order of
A. Since Hj are real symmetric matrices, the matrix 25:1 H; has only real eigenvalues and the
transformation matrix V' can be chosen as an orthogonal matrix. This implies Re();) = 0 for any
je{l,---,N} and Ky = 1. According to Lemma 2.4, there exists a quantum algorithm that
produces a state e-close to w(7T")/||u(T)| with the gate complexity given by

Nates = O swv || AT - Poly(log(sNy | 4]T/e)) )

where we have omitted the parameter g that characterises the decay of the final state relative to

the initial state.
It is evident that the sparsity of A is O(M) = O(1/Az). The norm of A satisfies

d d d
1Al < Y IHG I < Y IF P < ) IF;|ID) |
j=1 j=1 j=1

d
<M Fi|| <dM Fi|| =d/Ax - F;||.
< MBS Ay |Fl = 4/ o |

]:

According to Lemma 2.2, the error of the spectral discretisation is O(w-+At® /w®+dAz’ /wtT1),
where « is for the precision of the temporal discretisation which has been considered in the quantum
algorithm in [6]. To reach a precision of €, one just needs to set w ~ dAz* /w”l ~ g, and gets
Az ~ g2/t /d' /¢ Therefore, we have

~/ d ~ s d2t2/t
N = 0(52) = O G )
where in the last equal sign we have included the additional factor d arising from the matrix order
(see Remark 2.8).
(2) For the spectral discretisation, the constant Ny is known. The desired estimate follows

from the general sampling law. O
2.4.3 The quantum simulation for the spectral discretisation

The ODEs (2.39) can also be solved by quantum Hamiltonian simulations.

Theorem 2.6. Given the error tolerance €, assume that maxi<;<q || Fj|loc = O(1) and the simula-

tion time t = O(1).

(1) The semi-discrete problem (2.39) obtained from the spectral discretisation of the KvN represen-

tation can be simulated with gate complexity given by

Noes = O (%)
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(2) The observable of the KuN representation can be computed with gate complezity given by

_ TL4 d2+2/€
NG’ates(<O>) = O(%),

where ng = H(I/;“)OH/Md/‘l.

Proof. (1) Let H = Z‘j:l H;. Then the evolution of (2.39) can be written as [1(t)) = e Ht4)(0)).

According to Theorem 1 in [5], e '#! can be simulated within error ¢ with

log(7/e)
O< log??® 7) = - polyl
7(mq + log (7'/5))10g og(7/7) O(Tmg - polylog)
2-qubits gates, where 7 = $||H||max?, s is the sparsity of H and ||H||max denotes the largest entry

of H in absolute value, and
polylog = 10g2'5(7'/5)101goig(g(/7_%.
This result is near-optimal by Theorem 2 therein.

The sparsity of H is s = O(M). According to the proof of Theorem 2.5, the mesh strategy is
M=1/Az = d1/2/51+2/£’ and hence the number of qubits per dimension is
v

).

m = O(log M) = O(logm

The total number of qubits is my = dm. With these settings, noting that

d d

Hinax < 3 | Hlloo S M) _11Fjlloc < dM - max | Fyloc,
7j=1 7j=1

one has

d1+2/€)

dl +2/¢ )
c2+4/t '

T/e= 0(53+4/e

The gate complexity for solving the ODEs is then given by

=0

Newes = 0%y ).

(2) The gate complexity for computing the observable is obtained from the general sampling
law. O

One can also run the simulation along each direction by using the Trotter based approximation.

The evolution of (2.8) can be written as
(¢ -+ Ar)) = e DAy 1),

Let

Uy = o 1 labt . omithAL (2.40)

One has [15,51]
eI HHIAL _ 171, 4 Oy AL, (2.41)

where C'y depends on the operator H=H + -+ ﬁd or the matrix H, considered as O(1) in the

following. Therefore, the problem is reduced to the simulation of each H 3
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Remark 2.9. One can clearly make the time discretization second order by using Strang’s splitting.
Since other methods use first order time discretization, in order to compare the time complexities

on equal footing we also use first order time discretization, namely the simple splitting, here.

First, we determine the mesh strategy. According to the error estimate in Lemma 2.2 and

noting Eq. (2.41), one has the error estimate
ey < Ow + At/w + dAz’ /).
The above error bounds suggest the following mesh strategy:
M =1/Ax = O@dY /20, At~ &2 (2.42)

Second, we quantify the number of gates used in the quantum simulation. According to

Theorem 1 in [5], e HiAt can be simulated within error n with

. log(7/n)
o (T(md + log? 5(7/77))m>

2-qubits gates, where 7 = s||H|lmaxAt, s is the sparsity of H; and || H||max denotes the largest
entry of H; in absolute value. One can check that the sparsity of H; is s = O(M). Therefore, Ua¢
defined in (2.40) can be simulated within error O(dn) [41, Proposition 1.12] with

Naates(Uat) = O(dTmg - polylog),

where

T = MﬁmaxAtv Hmax = m]aX ||Hmeax S_, Mmjax HE”maxv

log(7 /1)
loglog(7/n)’
We also need dnp = O(At?) or n = O(g*/d), and the number of qubits per dimension is m =
O(log(d'/*/e'*+2/%)). The total number of qubits is mg = dm. With these settings, we obtain

polylog = log>®(/n)

= (’)(Atdw>,

d1+2/€
c2+4/¢ > ’

T/n=0 (€6+4/e
and the total number of gates required to iterate to the n-th step is

" d2+2/€
NaGates = nNGateS(UAt) = O(W)’

which is comparable to the result in Theorem 2.6.

Remark 2.10. From time ¢t = {,, to time ¢ = t,11, we solve "t = Ugtu”, where Ugt is the

discrete version of Uay in (2.40), given by Ugt = o it o—iH{AL According to the previous

e 'H1At  Ope can alternatively solve a

discussions, one has Ugtu" = Bu", with B = e iHalAt ...
linear system LU = F' in the form of Eq. (2.25), which, however, is not a suitable algorithm because

the sparsity of L grows exponentially with the number of dimensions, i.e., s(L) = O(M?).
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3 Liouville representation for nonlinear Hamilton-Jacobi PDEs:

finite difference vs. spectral approximations

In [31], the level set method was used to map the nonlinear Hamilton-Jacobi equation into linear
Liouville equation in the phase space, based on which quantum algorithms were then constructed.

Hamilton-Jacobi equations take the following general form
S+ H(VS,xz) =0, (3.1)
S(0,z) = Sp(x)
with t € RT, 2 € R%, S(t,2) € R. Define u = VS € R% Then u solves a hyperbolic system of
conservation laws in gradient form:
owu+ VH(u,z) =0, (3.2)
u(0,z) = VSy(x).
The level set function ¢;(t, z, p) can be defined by
¢i(t,z,p=u(t,x)) =0,
wherei =1,--- ,dand z,p € R%, and u(t, x) is the solution of Eq. (3.2). The zero level set of ¢ is the
set {(t,z,p)|p;(t,x,p) = 0}. Since u(t, ) solves Eq. (3.2), one can show that ¢ = (¢1,--- ,¢q) € R?
solves a (linear!) Liouville equation [33]
0p+VpH -V —V,H -V,0=0. (3.3)
The initial data can be chosen as
0i(0,z,p) =p; —u;(0,2), i=1,---.d. (3.4)
Then u can be recovered from the intersection of the zero level sets of ¢; (i = 1,--- ,d), namely

To retrieve physical observables (and to avoid finding the zero level set of ¢ which is challenging)

later, [31] proposed to solve for v, defined by the following problem
oYy +VpH -Vup =V, H -V, =0, (3.5)

d
=1

whose analytical solution is ¢ (¢, x, p) = d(¢(¢, z, p)). We have thus transformed a (d+1)-dimensional
nonlinear Hamilton-Jacobi PDE to a (2d 4 1)-dimensional linear PDE — the Liouville equation,
without any approximations or constraints on the nonlinearity. The mapping is exact, but at the
expense of doubling the spatial dimension.

In the following, we consider a typical case, namely H(z,p) = %]p\Q + V(z). The Liouville

equation is then rewritten as
Ow+p-Vow—V,V(z) Vyw=0,

w(ovva) = W"(Oa x7p) = H?:l 6w(pi - ui(()?‘r))v

where we have assumed the smoothed initial data.

(3.6)
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3.1 Finite difference discretisation for the Liouville equation
3.1.1 The QLSA for the finite difference discretisation

Consider z,p together as a new variable, and write y = (x,p) = (21, -+ ,Z4,P1, " ,Pd) =
(Y1, ,y2q). Use the same uniform mesh in each y; direction. Let 3 = (j1,- -+, jd, Jdt1, " 5 J2d)-

Then the upwind discretisations for each term of the equation in (4.6) are

wh T —
87511) — %’
O0H Ow 1 (0H\—-, , n 1 (0H\+, . .
oy 0 B oy g Wreass ~ ) mp G 5 (0 )
OH Ow 1 (0H\*, , " 1 (0HY-, .. .
e Aoy s Ve~ W)~ Al fa ) (08— wie),
where
at = max{a,0} = oz—|—2|oz|’ a” = min{a, 0} = oz—QM.

For convenience we introduce the following notation

G s

J

The discrete scheme can be written as
d
ntl b (™ — L (™ —
W wj + )‘Z {bj (w3+€d+z’ wﬂ) + bj (wJ w3—8d+i)]
i=1

d
k,+ k,—
A [ e, — wf) + T (wf —wi,)| =0,
k=1

or
d
n+l _ |1 _ Z L4 pl— L+ 4— n
w; [1 AD (b by +a; aj” ) |wj
(=1
d
l,—_ n bt n b+ n b—_n _
—i—x\Z{bj Wiie, , — b Wi_e, , —aj Wite, +aj wi_ | =0. (3.7)
(=1
In matrix form one has
w"™ — Bw" = Y n=0,1,--- , N, — 1,

with f being the terms resulting from the initial and boundary conditions, where the nodal values

at t = t, are arranged as

w' =Y wilin) ® @ |ja) @ @ |jaa)-
J

That is, the nj-th entry of W™ is w;?, with the global index given by n; := G122 g 020,
The non-zero entries of B can be provided by using the global index as before. The resulting linear

system is
Lw =F, (3.8)
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where
. F=[fN5 )
The coefficient matrix L is of the same form as in Eq. (2.25). Note that we consider the Liouville

equation with the smoothed initial data, and for periodic boundary conditions, one has f' = Bw’
and f' =0 for i > 2.

Theorem 3.1. Suppose A\ = At/Ax satisfies the following CFL condition

d

)\Z (sup |0z, H| 4 sup |8piH]) <1,
i:1 ‘r7p x?p

and assume

sup |0y, H| +sup |0p, H| = O(1), i=1,---,d.
T,p z,p

Then the condition number and the sparsity of L satisfy k = O(1/At) and s = O(d). For fized
spatial step Az, let At = O(Az/d) and w = (dAz)Y3. Given the error tolerance e, the gate

complezity of the quantum difference method is
~d3 1
Ngates = O(—g log 7>.
€ €
Proof. The proof is similar to the argument in Theorem 2.1, so we omit the details. O

3.1.2 The computation of the physical observables

In the following, we consider the computation of the physical observables for the Liouville
equation and assume the periodic boundary conditions. Then physical observables are defined as
(G(t,z)) = » G(p)y(t,z,p)dp, (3.9)

where G(p) = 1,p, |p|?/2 for example, which yield density, momentum and kinetic enregy respec-
tively [31]. As in (2.15), one can compute the integral (3.9) by using the numerical quadrature

rule
1 1
<G(tna IE])> = /]Rd 7/J(tn>ffjap)dp ~ W Z le;:},l,n = W Zlej,l,n = <Gz,j>7 (310)
l l

where, Gy are the weights, j = (j1, -+ ,jq) and I = (I1,--- ,13) and M is the number of points in
each dimension of the 2d phase space.

Let wj ; », be the solution of the classical spectral method or the upwind finite difference method
(for the smoothed initial data). Then for the QLSA one has

Mzﬁzwmmm,

j7l7n

where the normalisation Ny, = ||w||. For the quantum simulation method, one can just remove the

“time register” (in this case Ny, is for time ¢t = t,,). With G} in (3.10), we define the state

Gug) = 5= S Gl
l
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where Ng = 1/>; \GIP is the normalisation. Given the density matrix G := |G, j)(Gp j|, we define
= (¢Y|G|). A simple algebra yields

(G(tn, x5)) = (G4 ;) = nyna|VY],
where ng = Ng/M%? = O(1) is known and n,, = N,,/M%? may be unknown. We further define
(0) = (G} ;) = (ngny)*Y == (Y[OW), O = (ngny)*g,
as in Subsect. 2.2.2.

Theorem 3.2. Suppose the condition of Theorem 5.1 is satisfied. Given the error tolerance €, if
the QLSA for the upwind finite difference discretisation is used, then the observable of the Liouville

equation (3.5) can be computed with gate complexity given by

nt d3 1
NGates(<O>) = O( Ig 10g )
where ng = ||(¢w)0||/Md/2.

Proof. According to Remark 2.4, one just needs to multiply the gate complexity in Theorem 3.1
by the factor n;/e2. O

Remark 3.1. According to Lemma 14 in [31], one has ng = O(B4M??) if we assume the initial
data has support in a box of size 3.

3.2 Spectral discretisation for the Liouville equation

3.2.1 The QLSA for the spectral discretisation

Now we consider solving the Liouville equation in (3.6) by using the Fourier spectral methods.

For simplicity, the periodic boundary conditions are used for the spectral discretisation. To this

end, we introduce some notations. We always assume that x = (x1,---,24) € [0, 1]d and p =
(p1,--- ,pa) € [0,1]% Introduce a new variable y = (z,p) = (x1,--- ,24,p1, - ,Pq), and set
w(t,x,p) :w(tvy) :ch(t)qsl(y)a l= (l17"' 7ldald+17"' al2d)- (311)

l

The collocation points are denoted by y; with j = (jz, Jp). Asin (2.37), we define ¢ = ¢, ®c,, where
Cy = V@ @c® and cp = ) @ ... @9 We also introduce the notation w = Wy @ Wy,
where w, = wV @ -+ @ w@, w), = w@) @ ... @ w) and w® = dc® can be viewed as the
approximate solution of w in y; direction.

According to the discussion in Subsect. 2.4.1, the first term can be discretised as

d d
p-Vyw = iZ Yi+d(—i0y, )w — iz U1a PR (w, ® wy)

=1 =1
d ) ) d

:iZ(I® ® D)) (P, @ I%)(w, ® w,) 12 P, ® D)) (wy ® wp).
I=1 I=1
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For the second term, one has

Vi V(z) - Vyw = 01V (), 3dV(m))-pr= (vi(z), -+ va(2)) - V
d

d
Zvl dew—lZvl dew—HZUZ Pl+d (W ® wp)
! 1=1

=1
d 4 d
12 (Vi®I%) I® R P))(w,; @ wp) 12 Vi ® P)(w; @ wy),
=1 =1

where
Vi = diag(vg), v = Z’vk wi i) - lia) = DV (g, )in) -+ da)-
Let
d ~
A=-iY (PeD - V@ P) = —iA (3.12)

=1
Note that A is a real symmetric matrix. The resulting ODEs is

du(t) = Au
arult) = Au(?), (3.13)

u(0) = (¥~(0,y5)).
We are ready to apply the quantum algorithm in [6] to solve the above ODEs, with the time

complexity described below.
Theorem 3.3. Assume that maxi<i<q||Vi|| = O(1) and T = O(1).

(1) There exists a quantum algorithm that produces a state e-close to w(T)/||w(T)| with the gate

complexity given by
~ d2+2/€
Ncates = O(w)

(2) The observable of the Liouville equation can be computed with gate complexity given by
4 1242/t
Noues((0)) = O ().
where ng = ||(¥*)°||/MY2.

Proof. The argument is similar to that of Theorem 2.5.

(1) Let A = V-'DV with D = diag(\;,---,Ay). Since the matrix A in (3.12) is a real
symmetric matrix, Re(\;) = 0 for any j € {1,--- , N} and ky = 1. According to Lemma 2.4, there
exists a quantum algorithm that produces a state e-close to w(T")/||w(T)|| with the gate complexity
given by

Neates = O(snv || A|IT - Poly(log(sNwy 4| T/e)) ),

where we have omitted the parameter g that characterises the decay of the final state relative to

the initial state.
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It is evident that the sparsity of A is O(M) = O(1/Axz). The norm of A satisfies

d d
1Al <D IR @ D= Vie Pl < Y (IR + Vil Pll)
=1 =1
d

<M D Vil < dM 1 Vil).

S ;(II -+ 1Vill) S dM max (1 + [[Vi]))
According to Lemma 2.2, the error of the spectral discretisation is O(w-+At® /w®+dAz’ /w!Tl),
where « is for the precision of the temporal discretisation which has been considered in the quantum

algorithm in [6]. To reach a precision of €, one just needs to set w ~ dAz’/w!™! ~ ¢, and gets

Az ~ g2/t /q' /¢ Therefore, we have

d d2+2/€
Nowes = 0(533) = (G )
where in the last equal sign we have included the additional factor d arising from the matrix order
(see Remark 2.8).

(2) For the spectral discretisation, the constant ny, = Ny /M%? is known since Ny = |[ut|| =

|u®|| = Ny,. The desired estimate follows from the general sampling law. O

3.2.2 The quantum simulation for the spectral discretisation

One can directly solve the ODEs (3.13) by using the quantum simulation since A is real
symmetric. We in the following consider the Fourier spectral methods based on the time-splitting
approximations.

From time t = t,, to time t = ¢,,4.1, the Liouville equation is solved in two steps: One solves
Ow+p-Vyw=0 (3.14)
for one time step, followed by solving
Ow —VV(z) - Vyw=0 (3.15)

again for one time step.

Step 1. According to the previous discussion, one has

d
p-Vaw — 1Y (P& Dy)(w, @ wy).
=1

Since Pw, = <I>®dD;‘cx, the first step (3.14) gives
d

d .
3 (Ce ®wp) + i) (D' ® Dy)(c. ® wy) =0,
=1

which can be written as

d
a(qE ® wp) +iL(c; ® wp) = 0,

where

L= Du®[®d_1 ®Dp®f®d_1 +'”+I®d—1 ®DM®I®d_1 oD,
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is a diagonal matrix. Therefore the intermediate solution of the first step is
(C:L" ® wp)* — e_iLAt(Cx ® ,wp)n.
Step 2. The second step is to solve (3.15), i.e.,

0= 0w — V,V(x) Vow = 0w — (01V(x),--,04V(z)) - Vyw
=: Ow — (v1(z), -+ ,vg(x)) - Vpw.
Similar to the first step, one has
(,wx ® Cp)n-i—l — eiUAt(,wx ® Cp)*7
where
U=Vi@D, oI +... 4+ V;@I* @D,
is a diagonal matrix, and
Vi = diag(vr), vk =Y or(zi)lj) - la) =Y 0V (x5,)li1) -+ lia)-
Je Jz
Given the initial state of w”, applying the inverse QFT to the z-register, one gets (c; ® wp)o.

At each time step, one needs to consider the following procedure

e—iLAt N Fx@p}jl elUAL

F;loF,
(cz@wp)" —— (O wp) —— (W, ®e¢p)" — (W, ® cp)"Jrl = -5

)n+1

(cz @ wy )
where F, = F, = %",

Theorem 3.4. Given the error tolerance e, assume that So(z), Ao(x) and V(x) are smooth enough.

(1) The Liouville equation can be simulated with gate complexity given by,

d dl/f
NGates = O(? log m)

(2) The observable of the Liouville equation can be computed with gate complezity given by

4 1/¢
nyd d
NGates((O)) = O(gT log m)

where ng = ||(x*)°||/MY2.
Proof. When Syp(z) and V (x) are smooth, the time-splitting spectral method has the error estimate

At dAzt ) ’

() = wita, ) < Colw+ =+ 5 (3.16)

{+1

where w*™" comes from the ¢-th order derivative of w := w®, and Cy is an O(1) constant. Then

one can implement the following meshing strategy

wre, At~el Az~ et T2 (3.17)
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by forcing both error terms to be of order €. Thus,

JL/ )

m L
M=L/Az=2 = m= logA —O(log T

where m is the number of qubits per dimension, and the total number of qubits is mogy = 2dm.

The diagonal unitary operators e LA and eV2f can be implemented using J(mag) = O(maq)
gates, and the quantum Fourier transforms F, or F), can be implemented using dO(m logm) gates.

Therefore, the gate complexity required to iterate to the n-th step is

Ngates = 2n(J(mag) + 2dO(mlogm)) = 2nO(2dm + 2dm logm)

d dl /e
= O(4ndmlogm) = (9( log 61”/@)
The gate complexity for the observable is obtained from the sampling law. O

4 The Schrodinger framework

In this section we propose another framework based on solving the Schrédinger equation, since
the Liouville equation is the classical limit of the Schrodinger equation. The idea is to choose a
semiclassical parameter, still denoted by h here, sufficiently small, so the solution of the Schrédinger
equation is close to that of the Liouville equation.

Since the error between the expectation of the wave function and its classical counterpart (the
physical observables of the Liouville equation) is of O(h?) [37], one can take i = O(4/€), to maintain
the computational precision of O(g) for this framework.

We consider the Schrodinger equation in the semiclassical regime

ihdu(t,z) = =% Au(t,z) + V(z)u(t,z) in Q= (a,b)% >0,

u(0, ) = up(z)

(4.1)

with periodic boundary conditions, where 2 = (1,29, - ,24) € R%, wu(t,z) := u(t,z) is the
complex-valued wave function, V'(z) is the external potential and i = O(y/e) with € < 1 being the
precision. Without loss of generality, we always set a = 0 and b = 1. The initial condition in (4.1)
is chosen in a WKB form,

:So(@)

up(x) = Ap(x)e' ", (4.2)

with Ag and Sy independent of A, real-valued and smooth. The periodic boundary conditions, for

example, in one-dimensional case can be written as
u(t,a) = u(t,b), wuy(t,a) =u.(t,b), t>0.

The problem (4.1) will be solved by the classical time-splitting Fourier spectral method [3],

which, as described below, can be interpreted as the Trotter based Hamiltonian simulation [34,41].
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4.1 The semiclassical approximation

We first recall the WKB analysis, which assumes that the solution remains the same form as

the initial data at later time:
S(t,z)

u=A(t,x)el 7,

where A(t,z) and S(t,z) are the amplitude and phase respectively. Substituting this into (4.1),

and separating the real and imaginary parts, one gets

2
AB,S + %\vxsﬁ AV = %AA,

1
OA+V,A- V.S + iAAS =0.
Ignoring the O(A?) terms, and multiplying the second equation by A, one gets

A2 + V. (|A*V,.S) = 0, (4.3)

1
oS + §|VxS]2 +V =0 (4.4)

The first equation (4.3) is a transport equation, and the second one (4.4) is the eikonal equation,
which is exactly the Hamilton-Jacobi equation (3.1). Note that the eikonal equation admits solu-
tions S with discontinuous derivatives (usually referred to as the caustic) even if the initial data
of u is smooth. Thus the WKB analysis is only valid up to the time when the first caustic forms.
Beyond caustics, the solution becomes multi-valued [30, 32].

In contrast to that, the Wigner tranform technique yields the Liouville equation on phase
space, in the semiclassical limit A — 0, whose solution does not exhibit caustics, hence is valid

globally in time. The Wigner transform of u is defined as [30, 32]

w'(t, x, p) = w'u)(t, z, p) == (271'(')d /Rd u(m + gn)ﬂ<x - gn) ePdn. (4.5)

Applying this transformation on the Schrédinger equation (4.1), one obtains the Wigner equation

(also called the quantum Liouville equation):
8twh+p'v:cwh_Hth :07 wh(07‘r7p) :win(‘r7p)7

where .
Hyu' = ot [ V)i dndy,
(2m)¢ [ Jraxrd

oV = %(V(x — gy) —V(x+ gy)>

When h — 0, the Wigner equation becomes the classical Liouville equation on the phase space:
Ow~+p-Vew -V, V(z)  Vyw =0.

Let H(x,p) = %]p\Q + V(x). One easily finds that the Liouville equation can be written as dyw +
{w, H} =0, where {,-} is the Poisson bracket, defined as

{w,H} =V,H -V,w—-V,H-Vyw.
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When ug is given in WKB form (4.2), the corresponding Wigner measure is found to be
h—0
wlug] === wo = |Ao(2)[*8(p — VSo()),

see [32, Eq. (3.9)]. It should be pointed out that Egs. (4.3) and (4.4) can be deduced from the
moment-closure of the Liouville problem

Ow+ VpH -V,w -V, H-V,w=0,

w(0,,p) = [Ao(2)|?3(p — VSo(x))

(4.6)

with mono-kinetic ansatz w(t, x,p) = |A(t,2)|?6(p — VS(t,x)), but are not valid beyond caustics
since §(p — V;S(t,x)) is not well-defined when V,S(t,x) becomes discontinuous. However, the
equation in (4.6) is valid globally in time, since it unfolds the caustics in the phase space [30-32].
For this reason, we instead solve (4.6) in the semiclassical regime.

Clearly, (4.6) is the level set formulation (3.5) if Ap(z) = 1. Here we leave the general Ay(x).
One can solve the problems in (4.6) by upwind finite difference methods or spectral methods as

shown in the previous section.

4.2 Quantum simulations for the spectral discretisation
4.2.1 The time-splitting spectral approximations

From time ¢ = ¢,, to time ¢t = t,41, the Schrodinger equation is solved in two steps [3]: One

solves
2

hu; — i%Au =0 (4.7)
for one time step, followed by solving

huy + 1V (z)u =0 (4.8)
again for one time step. Equation (4.7) will be discretised in space by the Fourier pseudo-spectral

method and integrated in time exactly. The ODE (4.8) will then be solved exactly.

Remark 4.1. We remark that usually the Trotter or Strang splitting is used for quantum simulation
of the Schrodinger equation, which is second order in time rather than first order in the above simple
splitting. We use the first order one in order to compare, on the equal footing, with other methods
since all other methods use the first order approximation in time. For time complexity of the

Trotter or Strang splitting see [34].

Let u;L be the numerical solution at ¢t = ¢,, and u;‘ the solution given by the first step for
0<j<M-1.

e For the first step, according to the previous discussion one easily obtains
d .
() +in/2- (PE+-- + PHu(t) =0,
or

S elt) +ih/2- (DY)’ + -+ (DE)P)elt) = O
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where the relation (2.38) is used, which gives
« _inaen2 2\ :
c = (e H ) c, D,LL:dlag(/u'la"' 7NM)

e The updated numerical solution for the second step is u
7iVAt/hu*

?H = e‘iV(xi)At/hu;, which can be

written in vector form as u = e , where V' is a diagonal matrix with

‘/njanj = V<xj)7 ng = jlzdil +oee +jd20-

4.2.2 The quantum simulation of the Schrédinger equation

We only consider the 1-D case since it is straightforward to extend the arguments to high-
dimensional cases by using tensor products. According to the previous discussion, we have the

following algorithm (Algorithm 1) represented by the matrix-vector multiplication.

Algorithm 1 Time splitting approximations for the Schrodinger equation

1. Given the initial data u° and n = 0, compute the discrete Fourier coefficients ¢” = &~ lu™.

*

: 2
—IhDLAL2en and w* = e,

2. Calculate the intermediate variables ¢* = e

3. Update the numerical solution u"! = =1V A/ figy*,

In the above algorithm, the matrix ® plays the role of the discrete Fourier transform (DFT),

where given a set of numbers xg,x1, -+ ,x3—1, the DFT and the inverse DFT are defined by
| M-l
Yp = —— e2m]k/Mmj, E=0,--- ,M—-1
M “
7=0
and
M-1

1 ..
Ty = Z e_QWIJk/MykW j = 07 e 7M - 17

respectively. Denote the transformation matrix of DFT by F. It is easy to find the transformation

matrix in Algorithm 1 satisfies ® = vV M SF, where S is the diagonal matrix
S = dlag([la _17 Tty 17 _1]M><l>7

which in turn gives
w't! — o~ iVAY/h g —ihDEAL/2 =1 gy

since S™! = . For convenience, the above two diagonal matrices are denoted by D; and Do,

respectively, and then one has
u"t = DI SFDyF~1Su™ = SD FDyF~1Su™,

or



where we have used the fact that SD; = D¢ S.

Therefore, when preparing the variable v in the computational basis, the implementation in
each iteration involves one application of an inverse quantum Fourier transform (QFT), followed
by a multiplication of a diagonal unitary operator Ds, and a QFT and another diagonal unitary
operator Dy, since the QFT is exactly the quantum version of the DFT.

According to the above discussion, the quantum simulation algorithm to find v™ := Su'™ is

described as follows (see Algorithm 2).

Algorithm 2 Quantum simulation of the Schrodinger equation

Step 0. Initialization of the quantum state: Given v?

M—
1
|¢0 N Z 7 /U?7
7=0

where A is the normalization constant. Let n = 0.

encode it as

Step 1. Performing inverse QFT on [¢™) yields \15)

Step 2. Perform a diagonal unitary operator (e_ih"?m/ 2) for |¢~;>, and the resulting state is

1<I<M
denoted as [*).
Step 3. Perform QFT on [¢#*) with the output denoted by [¢*).

Step 4. Apply a diagonal unitary operator (e_iv(xﬂ' )AL/ h)0< vt to [¢*). The output is denoted
<j<M—
by [ T1).

Step 5. Let n <~ n + 1 and go back to Step 1.

The following example is taken from Example 1 in [3].
Example 4.1. The initial data is u(z,0) = Ag(x)et50@/M where

Ao(z) = e*25(33’0'5)2, So(z) = _é In (65(%0.5) 1 675(170.5))

We take [a,b] = [0,1] and V(z) = 10. The position density p(t,x) = |u(t,=)|? is shown in Fig. 2.
One can see that the solution is oscillatory for small h. For numerical descriptions, please refer

to [3].

4.2.3 Gate counts for the computation of wave functions

To simplify the discussion, we set L = b — a = 1 and the evolution time ¢ = 1 throughout the
paper. The time-splitting scheme involves only diagonal operators and QFTs whose complexities
depend on the number of qubits m per dimension. Since the meshing satisfies Ax = L/M and

M = 2™ we can determine Az and thus m by the expected precision of the algorithm.
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(a) h=0.0256,h = 1/16 (b) k= 0.0064, h = 1/64 (c) B =0.0008,h = 1/512
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(d) h=0.0001, h = 1/4096 (e) h=0.000025,h = 1/16384 (f) h=0.0000125,h = 1/32768

Fig. 2: The position density p(t,z) = |u(t,z)|? at t = 0.54.

Theorem 4.1. Given the error tolerance e, assume V(x) is sufficiently smooth and h = O(/).
Then the Schridinger equation (4.1) can be simulated using mg qubits with gate complexity Ngates,

given respectively by,

dl/é d dl/é >

ma = O(dlog W) Neares = 0(53/2 8 17245700

Proof. According to Refs. [3,34], if Ax/h = O(1) and At/h = O(1), then for each ¢, the error of
the Fourier spectral method is bounded by,

Azt At?
n_ I < —— =). .
" = u(ta, )| < Cen(d(57) + =) (4.9)
Here Cy is considered as O(1). The mesh strategy is
At Ax e \1/¢
Rl t) BLANC
or equivalently,
At ~ 32, Az ~ gH/245/C0 11/t (4.10)

which is obtained by forcing both error terms to be of order £. With this choice of Ax and At, the

number of qubits is
1 d1/€
mgq =dm, m= logg = O(IOgm>'

The diagonal unitary operators can be implemented using J(mg) = O(mg) gates [34,36]. Thus

the gate complexity required to iterate to the n-th step is

d d'/* )

Ngates ~ n(2dmlogm + 2.J(mg)) ~ 2ndmlogm = O<53/2 log c1/2+5/(20)

(4.11)

as required. O
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4.3 The QLSA for the spectral discretisation

According to the discussion in Subsect. 4.2.1, one has the following ODEs

—jtu(t) = Au(t),
where 5
1 ~
— 1 = 2 “e e 2 — —- ]
A= 1(2(P1 4o+ P2+ hv) L i, (4.12)

Obviously, A is a real symmetric matrix.

As in Theorem 3.3, we can apply the quantum algorithm in [6] to solve the above ODEs.

Theorem 4.2. Assume that ||V|| = O(1) and T = O(1). Then there exists a quantum algorithm
that produces a state e-close to w(T)/||u(T)|| with the gate complexity given by
g2/
NGates = O(W)
Proof. Let A =V~'DV with D = diag(\1,---,Ay), where N = O(M?) is the order of A. Since
the matrix A in (4.12) is a real symmetric matrix, Re()\;) = 0 for any j € {1,--- N} and wy =
1. According to Lemma 2.4, there exists a quantum algorithm that produces a state e-close to

w(T)/||lu(T)|| with the gate complexity given by
Naates = O(stv || A|IT - Poly(log(sNwy 4| T/e)) ),

where we have omitted the parameter g that characterises the decay of the final state relative to
the initial state.
It is evident that the sparsity of A is O(M) = O(1/Axz). For the mesh strategy in (4.10), the

norm of A satisfies

d
h 1 1 dvie diti/e
Al < 5 ZZ IBl+ S IVIS haM + 5 S 765 + 275 < S7msran
=1

Then one has
~ s d2t2/t
Ncates = O(W)u
where in the last equal sign we have included the additional factor d arising from the matrix order

(see Remark 2.8). This completes the proof. O

4.4 The computation of physical observables

The quantum mechanical wave function u(t, ) can be considered as an auxiliary quantity used
to compute physical quantities. The most basic quadratic observables [3,30,32] include the position

density p(t,z) := |u(t, z)|?, the current density
h
J(t,x) = hlm(u(t,x)Vu(t,z)) = 2—(HVU —uVu),
i
and the kinetic or total energy
FL2

h2
E(t,x) = EIVu(t, ac)\z or ?\Vu(t,x)P + V(m)]Vu(t,x)\z.
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4.4.1 The expectation of observables for the quantum simulation

The observables p(ty,x;), J(tn,x;) and E(t,,z;) can be expressed as the standard form of
(O) = (u|O|u), which is the expectation of the observable O. Here, u is normalized to 1 since the
output of the quantum algorithms is the normalized state. For the spectral discretisation of the

Schrodinger equation, one has
[ ]| = - = [Ju®]| = N, (4.13)

and @ = u™t/N,,. The output state of the quantum simulation is

@) = S wl) = o ad), G = ()
]

J

For the position density p(t,z;), it is obvious that one can measure the magnitude of the
wave function using multiple shots in the computational basis |¢) as was done in the numerical

experiments in [34], so we choose
O, =: Ngo 2)(i| for the position density.

Let p = |u;|? < 1. Then Var(O,) = N,. p(1—p) < N , hence the number of samples is n, = N\ /&
for the position density.
For the current density, we consider d = 1 for simplicity and denote e; = |i). Let u = u’™t for

simplicity. Using the previous notations, one has
U(r) =ule;,  (Opu)(z;) = (2D, 'u)le; = el (D, u),

which gives
(W0, u)(z;) = w’ (e;el D, & u = ul(e;el @D, > )u =: u'Au,

and

(udyT) (z:) = ((E@xu)(xi))T — uf Afu.

Therefore,
h AN, ~ -
J(tn, 2i) = —ul(A— ADu = —2af(4 — AN,
2i 2i
and we can choose
BN |
Oy := 270(14 — A")  for the current density.
i
One can check that
ﬁMNgO ) 2
4 Y
where M comes from D, = diag(—N,---,N — 1) with N = M/2, which implies a multiplicative
factor ny = (RMNZ))?/e* = M2N,; /e for the current density since i = O(/z).
For the kinetic energy, we similarly obtain
h? h? R*NZ .
E(tn,x;) = ?uT(QDDué_leieiT{)Du(Ifl)u = ?uTBu = T“OuTBu

Var(0) < [|0sa* 5 (

for the one-dimensional case. We can choose

h2N2
Op = TUOB for the kinetic energy.
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It is obvious that
h2M2N30)2
4 )
which implies a multiplicative factor np = (2M?N2)?/e* = M*N  for the kinetic energy.

Var(Op) < |0gal” 5 (

Remark 4.2. By definition, p(t,z) := |u(t, z)|?, where

p(t, x) :/ (t,x,p)d ZGZU}J["’

where w is the solution to (4.6). Then
Niy = 1P = 16°1 S IGI(w)°)l /M S [I(w*) /MY = ny.

Here, (w®)? is exactly the (*)° in Theorem 3.2 when considering the problem (4.6).

4.4.2 The expectation of observables for the QLSA

Unlike the quantum simulation, the solution of the QLSA is a quantum state that is a super-

position of the solution at all temporal and spatial points, denoted as

a) = [@tosat), At =

where the normalization constant is
Nu = [lull = (Jull? + -+ [[u]?) 72 = /Nel|[u]| = /NeNug-
Here we have used (4.13). Let O; = |¢)(i|, O,, = |n)(n| and
O} = 0, ® O3 = |n, 1) (n, 1,
where |n) is of size N;. Then the position density
plt =tn,z;) = (u)TOu" = ul (0, ® O;)u = NyNZ - (u|O} ).

The expectation (O}) := (u|Oj|u) satisfies the condition that Var(O}) is bounded. In this case,
however, we must evaluate (OF) to precision O(e/(N;NZ2,)), which increases the number of samples
by another factor (Nt]\fgo)2 when considering the general sampling law. We remark that the factor
N7 can be removed by using the dilation procedure. In this case, the multiplicative factor is still
given by n, = Ny /2.

For the current density, one easily finds that (d = 1)

Tt i) = (@) (A = ANy = N,N2, - §~T(A — AhHa
1

21

We still need to apply the dilation procedure (2.28) to remove the unexpected multiplicative factor
NZ, and still obtain ny = M zNﬁo /e for the current density.
The kinetic energy can be analysed similarly, with the factor given by np = M 4N30.
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4.5 Gate complexity for the computation of the observables

It is worth pointing out that the time step At can be chosen independently of the small param-
eter h if one is only concerned with the computation of the physical quantities. This observation
was interpreted by using the Wigner transformation approach in [3], and mathematically rigorously

investigated in [11,26]. For instance, the first-order time splitting spectral method gives [11,34]
Azt 9 9
1(OYun = (Ohugea | < Con(d(57) + A8 + At?), (4.14)

where h = O(4/¢) implies the above observation since nAth? = O(e). Note that the term nAth? =
th? is the error between the classically evolved Wigner function and the expectation value of the

Schrédinger solution [11].

4.5.1 The gate counts of the quantum simulation method

Theorem 4.3. Given the error tolerance €, suppose that the estimate (4.14) holds with Cy con-

sidered as O(1). The gate complezities for the observables from the Schridinger equation (4.1) are

given by
N4 d dl/f
Neares ((0)) = 0 (co 5" 1og 75577).
where
1, for the position density,
co = d2/£/54/z, for the current density, (4.15)

d /e8I for the kinetic energy.

Proof. For the observables, one can implement the mesh strategy according to (4.14), given by
At =0(e), Az =O(/>T2/q\1. (4.16)

Then the number of gates for outputting the quantum sate is

d d'/*
0% o8 1737272
For computing the observables, we must add a multiplicative factor Var(O)/e? if the general sam-

pling law is used. According to the previous discussion, one has

N} M2N3  Nid** paa NE Y
np = 52 s njy = - ~ 52+4/£ R ng = M NUQ ~ 824‘8/5 . (417)
This completes the proof. O

4.5.2 The gate counts of the quantum linear systems algorithm

Theorem 4.4. Given the error tolerance €, suppose that the estimate (4.14) holds with Cy consid-
ered as O(1). The gate complexities of the QLSA for the observables from the Schrédinger equation

(4.1) are given by
" N;l d2+2/ﬂ
Ngates((0)) = O@OW);

where co is defined by (4.15).



Proof. For the mesh strategy in (4.16), according to the proof of Theorem 4.2, one easily finds that

the number of gates for approximating the wave function is
_ d2+2/£
NGates = O<m>7

where in the last equal sign we have included the additional factor d arising from the matrix order.
For computing the observables, one just need to include the multiplicative factor Var(O)/e? as
given in (4.17). O

5 Linear representation approach for scalar nonlinear hyperbolic
PDEs

We consider the linear representations for the spatially d-dimensional scalar nonlinear hyper-
bolic PDEs
ou+ F(u) - Vyu+ Q(z,u) =0,

u(0, ) = ug(x),

(5.1)

where z € R? and u € R.

5.1 The Liouville representation

For this general scalar hyperbolic equation, one can still use the Liouville representation but
the Schrédinger representation is not available. In fact, the Liouville representation has been
considered in [31] by using the level set formalism. To this end, we first review the construction.

Let ¢(t,x,p) be the level set function in (d + 1) + 1 = d + 2 dimensions, where p € R. The
zero level set of ¢ gives solution u:

o(t,x,p) =0 at p=u(t, )
One easily finds that ¢ satisfies
d)(()?x)p) =pP— Uo(l’)
Like for the Hamilton-Jacobi PDEs, we can similarly define a function ¢ such that

Opp + F(p) - Vap — Q(z,p)0pp = 0,

©(0,2,p) = 6(p — uo(x)),

(5.2)

with the solution given by ¢(t,z,p) = 0(¢(t,x,p)). Eq. (5.2) is referred to as the Liouville repre-
sentation of (5.1).

One can apply the quantum difference method to solve (5.2) and compute the physical observ-
ables as in Subsect. 3.1. For the spectral discretisation, one can utilize the Trotter based technique
in Subsect. A.1. The similar numerical performance can be deduced, so we omit the detailed

discussions in view of the length of the article and the similarity of the numerical implementation.
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5.2 The KvN representation

For scalar nonlinear hyperbolic PDEs, it is not very clear how to formulate the KvN represen-
tation. Here we offer an idea, which is inspired by the evolution of the phase factor of the KvN
wave function in [35].

Let = (x,p) and denote v = [F(p), —Q(x,p)]. Then problem (5.2) can be written as

0o +v-Vaep =0,
tP ¥ (5.3)

vo(z) = ¢(0,x) = ¢(0,z,p) = §(p — uo()).

Let ¢ be the complex-valued KvN wave function and f = 1%y be the probability distribution

function. Inspired by the discussion in Section II(B) of [35], we define 1) = f1/2¢i¥:

e The amplitude f satisfies the Liouville equation in conservative form:

atf+vw(vf):0>

(5.4)
f(0,) = fo(x),
where fo(x) = d(x — qo) and qo is an arbitrarily given vector.
e The phase factor ¢ satisfies the non-conservative Liouville equation in (5.3).
As in [35], one can check that the KvN wave function 1 is governed by the KvN equation
10, = Hiconth = —i(v - Vi + %vw )y, (5.5)

with the initial data given by

bo(@) = (0, ) = fi*(w)e0®).

The original intention of [35] is to introduce the linear representation for the following nonlinear
ODEs

dg
i v(t,q). (5.6)

Like in Sect. 2, one can first obtain the Liouville representation (5.4) corresponding to (5.6). The
KvN representation is then derived by assuming the non-conservative hyperbolic equation (5.2)
for the phase factor. In view of the evolution of the phase factor, we therefore propose the KvN
representation for the scalar nonlinear hyperbolic PDEs.

It should be pointed out that one cannot get the phase factor ¢ from ¢ = f 1261 gince e is

periodic with respect to ¢. For this reason, it may be impossible to define the physical observables

<mu@%=/MMﬂa%M®

as in [31]. One may instead define

<w@wﬁ=/ﬁ@ﬂ@@wmﬂ@

to remove the unexpected period, where x is a function with period 27. However, (g,(t,z)) is

actually very tricky to compute. It’s not clear if this is possible to do. Suppose we have x(¢) =
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sin(y) or cos(p). If we have access to a Hamiltonian diagonal in ¢, i.e. H =}, ¢;|j)(j|, then we
can create a control unitary U = [0)(0| ® 1 + |1)(1| ® e'”. Then a standard Hadamard test can be
employed to compute (g, (¢, 7)) = Im(,/g|U|[\/g) or Re(\/g|U|,/g) where |\/g) has amplitudes ,/g;.
However, by solving Eq. (5.5) alone, one cannot create access to H unless every ¢; is individually
computed, which defeats the purpose of a quantum algorithm.

Instead we can try to create the state |sin(y)) or | cos(¢)) whose amplitudes are proportional
to sin(¢;) or cos(yp;). Note that

T IR
smgpj—lmwj/\/ﬁ ) =1Im(v;/ w] 1% 1/17 cos(gaj)—wj %

¢! 24 /0!
The question is if we can create a quantum state with amplitudes proportional to Im(v;/\/f;) or
Re(1j/+/fj). If we solve Eq. (5.5) alone to obtain [¢), then we cannot easily access these states.
An alternative to solving Eq. (5.5) alone is to include also its complex conjugate and we instead

solve for zz obeying e
i3 t¢ Hicont)

~ Hiv 0
HieN = KN .
0 HiyN

where

b —
Y+t
We now perform quantum simulation of the state |1Z> o [¢p—1pT)+|1p+4T) with the new Hamiltonian
Hyyn and we can choose to post-select either the state |1p — of) or [ 4 7). Given |¢ + T), we
can compute the inner product |(g|t) +-T)|? to obtain the observable (g, (t, z)) for x(p) = [t £ ¥T|
using standard methods. This differs from x(p) = sin(¢) or cos(p) up to norm factors v/1pt. We

ES

leave it as an open question on how to design algorithms for more general x(¢) functions.

6 Summary and discussion

In this paper, we systematically studied the quantum difference methods and the quantum
spectral methods for solving the linear representations of nonlinear ODEs and nonlinear PDEs.
Since our studies involve many different methods, we summarize the results for computing the
physical observables in Tab. 1, from which we clearly observe that the quantum simulation methods

give the best performance in the computational cost.
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Tab. 1: Time complexities for the computation of physical observables

Nonlinear Ordinary Differential Equations
Probl Quantum simulation Spectral QLSA FD QLSA (a > 4)
roblem
Subroutine Observable | Subroutine  Observable | Subroutine Observable
Liouville d2+2/£ * n%d2+2/€ * d3+2/€ * n%d3+2/€ * e n%da
representation g2+4/t gita/t gdta/e gb+4/¢ 3 ed
KvN a2/t n3 d*+2/" d*2/t n3 d>+2/t d- n3 d
representation c2+4/¢ cA+4/e c2+4/t cA+4/l 23 i
Nonlinear Hamilton-Jacobi PDEs
Probl Quantum simulation Spectral QLSA FD QLSA (a > 4)
roblem
Subroutine Observable | Subroutine  Observable | Subroutine Observable
Liouville d nt,d arr2/ nd, 2+ d- n,d®
equation g2 et g2+4/t gdtd/e g3 gd
Schrodinger d coNg d d>+2/e coNg d*+2/*
equation c 23 cl+4/e c3+4/

2) The notations @ for quantum simulations and O for QLSA based methods are omitted. Since
the dependence on the matrix order is not explicitly presented in [18], we just include the multi-
plicative factor d*~3 (o > 4) in the gate complexity for the finite difference discretisations (note
that the order of the matrix grows exponentially with respect to the dimension).

b) ny and ny are the sampling factors for the Liouville equation, given respectively in Theorems
2.2 and 3.2. Ny, and co are defined by (4.13) and (4.15), respectively. Note that co depends on
d,e when computing the current density and kinetic energy. For the Hamilton-Jacobi equations,
co may be neglected, and N,, S n}f (see Remark 4.2).

*) Despite the absence of the unitary structure, we still proposed a “quantum simulation” algorithm
for the Liouville representation in Appendix A, where non-unitary procedures are involved. The
results are presented in Theorem A.1 and Theorem A.2 when the cost arising from multiple copies

of initial quantum states is ignored.

- — -
0@ = [ plenxax

2
(o]
4

Symmetrization

Fig. 3: Schematic diagram of linear representations

© = (@)t

Let us summarize the three parts of the article as follows.
(1) Motivated by the idea in [21,31], we established the correspondence between the nonlinear

dynamic system and the Liouville representation via a simple ansatz, which relates the ODE solu-
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tion and the density distribution by the Dirac delta function. In this case, the ODE solution can be
recast as a physical observable of the Liouville equation, which provides an efficient way to solve the
nonlinear ODEs by using quantum algorithms for the resulting linear Liouville equation. We intro-
duced the Liouville approximation and the KvN approximation from the perspective of quantum
differential equations solvers for the Liouville equation with smoothed initial data, while the KvN
approximation can be regarded as the “symmetrized” counterpart of the Liouville approximation
(See Fig. 3 for illustration). For both linear representation approaches, we proposed the upwind
difference discretisations and Fourier spectral discretisations and provided in detail the time com-
plexity analysis for the QLSA based methods and the quantum simulation methods, including the
output of the quantum states and the post-processing for the computation of physical observables.
The KvN mechanism allows direct quantum Hamiltonian simulations, while the Liouville method
can also be translated into the evolution of symmetric propagators with additional non-unitary
procedures at every time step after an appropriate Trotter based approximation.

(2) For the nonlinear PDEs, more specifically the Hamilton-Jacobi equations, by using the
level set mechanism as proposed in [31], one can map the nonlinear PDEs of (d + 1)-dimension
to a linear (2d 4 1)-dimensional Liouville equation, referred to as the Liouville representation for
nonlinear PDEs. For a classical device, doubling the dimension of the problem may seem too costly
because the cost increases exponentially with dimension. However, for quantum algorithms, the
relative overhead in doubling the dimension can be up to exponentially smaller, which has been
verified by the proposed quantum algorithms since no exponential terms in dimension like d¢ and
(1/€)¢ for the classical cost are included.

(3) It is well-known that the Schrodinger equation can be transformed into the quantum Li-
ouville equation via the Wigner transform, which in turn leads to the Liouville equation when
taking the semiclassical limit. In view of the close relations between their physical observables, we
introduced the Schrodinger framework for solving the Liouville equation. We studied the quan-
tum interpretation of the classical time-splitting Fourier spectral method proposed in [3] for the
Schrodinger equation, and presented a comprehensive discussion in the correspondence between
the time-splitting spectral method and the Trotter based Hamiltonian simulation, although this
issue has been addressed (in less detail) in some earlier literature. The time-splitting spectral
discretisation for the Schrédinger equation generates a discretised Hamiltonian system, which can
be handled by standard Hamiltonian simulation algorithms or quantum linear systems algorithms.
We analysed in detail the gate complexity of these two approaches for numerically resolving the
wave function and the physical observables. Despite the advantages in terms of time complexity, it
should be pointed out that the solution to the Schrédiner equatin is oscillatory, hence if one wants

high-resolution (oscillation-free) numerical results the Liouville framework is preferred.
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A Spectral discretisation for the Liouville representation of non-
linear ODEs

A.1 The Trotter based spectral discretisation

Consider the problem (2.23). Let u = Fj(x)w(t,z). According to the above discussion, one
has

—i u—>PZ-du:Piu:PiAFiw,

8:61‘
where Ap, = diag(F;) is a diagonal matrix, where the vector F; = . F;(x;)[j). The resulting
system of ordinary differential equations is

dw(t) = —idw(t),

w(0) = w’ = (wo(;)),

(A1)

where A = Zle A; with A; = P;Afp,. One can check from (2.38) that P; are Hermitian matrices.
However, we note that this does not mean that A is Hermitian, since in general (P;A Fi)T =ApP; #
PAp,.

The evolution of (A.1) can be formally written as
[0+ D) = ANy 1)

where [1(t)) is a quantum state whose amplitudes are proportional to w(t) and the evolution

operator exp(—iA;At) is not necessarily unitary. Let us consider the first-order product formula
UAt — efiAdAt . efiAlAt‘ (A2)
One obtains from [15,51] that
e—i(A1+--.+Ad)At = Upy + CAAtZ, (A3)

where Cy depends on the matrix A, considered as O(1) in the following. Therefore, the problem
is reduced to the simulation of each A;, where A; is not necessarily symmetric. Take j = 1 as
an example and consider the decomposition Ap, = A}Zl — Ap , where Afl = diag(d{c, o dE)
are diagonal matrices with d;c > « for some positive constant . One can further require that

||A§|| < maxi<j<q || Fjl|. Let Ali = PlAi- The Strang splitting gives

s g A= Ap At
e iA1At _ e iA] At/2elA1 Ate iATAt/2 + ClAtB, (A4)
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A AT . .
where €12t and e 4122 can be evolved in the similar way (note that one can also use the
first-order approximation). To this end, we consider the second one as an example.

The simulation of e =41 24/2 i related to the following ODEs:

1 .
Sw(t) = —%A]Lw(t) = —fPlAJr w(t), 0<t<AL

Let w = A;lw, where 4 /A;1 = diag(4/ df, -++,/d}). Then the above ODEs can be reformulated
as

d i,
() = —%Afw(t), 0<t<AL (A.5)

where ﬁi" = A;l P, /AJ},C1 is a Hermitian matrix. The one-step simulation gives

[t + Ab)) = e T2 (1)), (A.6)

where |1(t)) corresponds to w(t). Since d;.t >a >0, w= A;Cl'w can be viewed as a linear

systems problem:
&=Di'w,  Dy=(/Af) (A7)
Similarly,

w=D;'w,  Dy=\/A} =Di". (A.8)

Given the initial state of w?, denoted by [1/°). At each time step, one needs to consider the

procedure

(A7) (A.6)

0y B0, g0y O, 51y BB,y

for e—iAT At/ 2 followed by the similar procedures for e41 2t and the first e—IATAY/2 § (A.4), where

(A.6) can be solved by quantum Hamiltonian simulations or quantum differential equations solvers.

Remark A.1. The transition between w and w in (A.7) and (A.8) may be implemented in a
simpler manner, for example, the LCU method, which decomposes the diagonal (and Hermitian)
matrices D; = diag(d;1,--- ,din), ¢ = 1,2 into a sum of two unitary operations. In fact, it is always
possible to write D; = (U; + V;)/2, where U; = D; +iy/1 — D?, and V; = D; —i,/1 — D? (One can
assume ||D;|| < 1 after an adjustment) These unitaries are also diagonal matrices with diagonal
entries diag(d; +£1,/1 Z 1,- i £1y/1 — dfn) Applying the operation D; onto a quantum
state can be done by a straightforward application of the LCU method (e.g. Lemma 6 in [13]).
Here we can assume access to the control operation |0)(0| ® U; + [1)(1| ® V;.

However, multiple copies are needed at every time step for both the QLSA and the LCU since
they are not unitary procedures, hence the cost (i.e. number of copies needed of the initial state)

will increase exponentially with N;. We can see the last statement more explicitly.

e For the QLSA, when solving D; |w) = |w) with the quantum state |w) given, one must prepare
unitary operations to query the entries of w. This needs post-processing or multiple uses of

|w), hence multiple copies of |w).

e For the LCU, to obtain the state D;|w) for some state |w), one can construct a unitary

procedure acting on |w) and an ancilla that will output a state |w') = a; D;|w) + 5;|v), where
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|v) is some state we don’t want. Omne can then obtain a single copy of D;|w) upon post-
selection of |w’) with O(1/||c; D;s|w)||?) number of measurements, and hence multiple copies
of |w), where ||a; D;|w)|| < 1.

We are not only interested in the cost at every time step: we want to evolve for a long time, to
N; time-steps. Suppose we wanted to repeat this procedure N; times with at least C' > 1 copies
at every time step. At the last NP step if we need only a single copy of the desired state, then C
copies of the state in the previous N; — 1 time-step is required, which means C? copies of the state
in the (N — 2)*™ time-step is needed. Ultimately, this requires CV* copies of the original |w) state

in the initial time-step.

In the following, we ignore the cost of multiple copies at each time step.

A.1.1 The QLSA for the spectral discretisation
Theorem A.1l. Assume further that maxi<j<q ||Fj|| = O(1) and T = O(1).

(1) There exists a quantum algorithm that produces a state e-close to w(T)/||w(T)| with the gate
complexity given by
~ 312/t
Ngates = O(w)-

(2) The observable of the Liouville representation can be computed with gate complexity given by

_ nd g3r2/e
Ngates((0)) = 0(%)

where ny, = ||(p®)°]| /M2

Proof. For simplicity, we omit the discussion of the cost and the error resulting from (A.7) and
(A.8).

(1) Since gf is hermitian, the eigenvalues of ﬁf are real and xky = 1, where V is the trans-
formation matrix associated with ET At each time step, by Lemma 2.4, the gate complexity of

solving (A.5) within error 7 is
Qar = O(srv||Af ) = O(M?) = O(M?Polylog(M*+* /1)),

where s = O(M) = O(1/Axz), HETH = O(M). Therefore, Ua; defined in (A.2) can be evolved
within error O(d(3n + At?)) [41, Proposition 1.12] with

Naates(Unt) = O(dQnay) = O(dM?). (A.9)

In the following, we choose 7 ~ At?, and hence Ua; can be evolved within error O(dAt?). According

to the error estimate (2.17) and noting Eq. (A.3), one may have
e, < Ow + dAtjw + dAz’ Ju'TT),

which is also true for the computation of the observable. The above error bounds suggest the
following mesh strategy:
w~ dAtJw ~ dAzt JwT ~ g, (A.10)
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or equivalently,

M ~dYe e+t At =e?/d. (A.11)

The total number of gates required to iterate to the n-th step is

2 g3t/
Ncates = nNGates(UAt) = O(W) - O(W)a

where in the last equal sign we have included the additional factor d arising from the matrix order
(see Remark 2.8).
(2) For the computation of the observable, according to Remark 2.4, one just needs to multiply

the original gate complexity by the sampling factor k = O(n} /e?). This completes the proof. [

A.1.2 Quantum simulation for the spectral discretisation

The approximate operator in (A.2) can also evolved by the quantum simulation.
Theorem A.2. Assume further that maxi<j<q ||Fj|| = O(1) and T = O(1).

(1) There exists a quantum algorithm that produces a state e-close to w(T)/||w(T)| with the gate

complexity given by
d2+2/€

Ncates = 6 (W) .

(2) The observable of the Liouville representation can be simulated with gate complezity given by

_ nd g2+2/e
Ngates((0)) = O(ﬁ)

where ny, = ||(p®)°|| /M2

Proof. We first quantify the number of gates used in the quantum simulation. According to Theo-

At
e—lAj At/2

rem 1 in [5], in (A.6) can be simulated within error  with

. log(7/n)
o (T(md + log? 5(7/77))m>

2-qubits gates, where 7 = sHZ}“HmaxAt/ 2, s is the sparsity of gj and szmeaX denotes the largest
entry of ﬁ;r in absolute value. This result is near-optimal by Theorem 2 therein. One can check
that the sparsity of Zj is s = O(M). Therefore, Upn; defined in (A.2) can be simulated within
error O(d(3n + At?)) [41, Proposition 1.12] with

NGates(UAt) = O(dde : p01y10g)7

where

7= MApnaAt,  Apax = max | AT ||pax = O(M),
J

log(7/n)
log log(7 /1)
In the following, we choose 17 ~ At?, and hence obtain the same mesh strategy for the QLSA.

polylog = log*®(7/n)
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With the mesh strategy given in (A.11), one has the number of qubits per dimension is

dl/Z
m = O(log M) = O(logm).

The total number of qubits is my = dm. With these settings, we obtain

720(6;‘l+z1/em)’ T/nzo(ﬂ>’

and the total number of gates required to iterate to the n-th step is

J2+2/¢ di/¢
NGates = nNGates(UAt) = 0(52+4/€ IOg €1+2/ﬁ : pOIyIOg)'

(2) For the computation of the observable, one just needs to add the multiplicative factor

O(nf /€?). This completes the proof. O

Remark A.2. We emphasise that here only the total cost of the Hamiltonian simulation component

at each time-step is included. The simulation protocol here is different from the traditional time-

marching Hamiltonian simulation since non-unitary procedures are involved at each time step,

leading to exponential increase of the cost as discussed in Remark A.1.
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