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A SPATIAL-TEMPORAL ASYMPTOTIC PRESERVING SCHEME FOR RADIATION
MAGNETOHYDRODYNAMICS

SHI JIN, MIN TANG, AND XIAOJIANG ZHANG

ABSTRACT. The radiation magnetohydrodynamics (RMHD) system couples the ideal magnetohydrodynam-
ics equations with a gray radiation transfer equation. The main challenge is that the radiation travels at the
speed of light while the magnetohydrodynamics changes with fluid. The time scales of these two processes
can vary dramatically. In order to use mesh sizes and time steps that are independent of the speed of light,
asymptotic preserving (AP) schemes in both space and time are desired. In this paper, we develop an AP
scheme in both space and time for the RMHD system. Two different scalings are considered, one results in
an equilibrium diffusion limit system, while the other results in a non-equilibrium system. The main idea is
to decompose the radiative intensity into three parts, each part is treated differently. The performances of
the semi-implicit method are presented, for both optically thin and thick regions, as well as for the radiative
shock problem. Comparisons with the semi-analytic solution are given to verify the accuracy and asymptotic

properties of the method.

1. INTRODUCTION

Radiation magnetohydrodynamics (RMHD) is concerned about the dynamical behaviors of magnetized
fluids that have nonnegligible exchange of energy and momentum with radiation, which is important in high
temperature flow systems, solar and space physics and astrophysics. The radiation transfer equation (RTE)

for the radiative intensity I and the fluid temperature 7" in the mixed frame is governed by

I T T
O L o I =Cop (2 Z 1) £ CosT= 1)+ 3nvou (T — J) 41 v(on + 00)(I +3)
ot 47 47
p (1.1)
90w H = (00 — 00T — (00 — o) 20D

C )
where o, and o, represent absorption and scattering opacities respectively, n € V is the angular variable,
a, is the radiation constant and C is the speed of light [7]. The ideal MHD equations with radiation energy

and momentum source terms are

0
LV () =0,

ot
(1.2)
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with the energy density

B =g = [ 1an = 4 (D),
VI v
the radiation flux
4nC
F,=47CH = —— [ nldn =47C (nl),
VI v

and the radiation pressure

4
PT»=47TK:—7T/ n’Idn = 4n (n°I).
Vv

In particular, the operators (-), (n-) and (n?-) are respectively ‘—‘14 Jy -dm, ﬁ Jyn-dn and ‘—‘14 [y n?-dn
in context. Moreover, p is fluid density, v is fluid velocity, B is magnetic flux density, p is static pressure,
P* is full pressure of fluid, P* = (p+ B2/2)M (with M the unit tensor), and the total fluid energy density is
1, 2
FE = Eg + 5[)7] + 77
where E is the internal energy density, v?2 = v-v and B? = B - B. The radiation MHD system is closed by
the perfect gas equation of state:

Eg = p/(7 - 1)7 T= p/(Ridcalp)a

where + is adiabatic index for an ideal gas, and Rjges is the ideal gas constant.

Numerical approximations to RTE have been extensively studied in [12,14,15,21,24,30] and for ideal MHD
see for example [2,18,29]. The RMHD coupled system has been investigated lately [1,6,7,13,27,28,31]. Since
the transport term in the RTE and the advection term in the MHD equations are at different time scales,
the RMHD system can be stiff, as can been seen more clearly after nondimensionalization [19]. To solve the
RMHD system, classical numerical discretizations require the space and time steps resolve the speed of light,
which leads to very expensive computational cost. Asymptotic-Preserving (AP) schemes provide a generic
framework for such multiscale problems [8,9]. AP schemes were first studied for steady neutron transport
problems in diffusive regimes [16,17] and then [5,10] for boundary value problems, and unsteady transport
problems [11,14]. In the discrete setting, from the microscopic scale to the macroscopic, AP schemes preserve
the asymptotic limit. When the scaling parameter ¢ in the multiscale system can not be resolved numerically,
AP schemes should automatically become a good solver for the macroscopic models.

AP schemes for RMHD have been proposed in the literature but since most of them are based on operator
splitting, they are only AP in space. In [1], Simon et al. have developed a second-order scheme in both space
and time for the Euler equations coupled with a gray radiation Se model. The scheme in [1] uses MUSCL-
Hancock method to solve the Euler equations and the lumped linear-discontinuous Galerkin method for the
radiation S model. For the time discretization, the TR/BDF2 time integration method is employed. Jiang
et al. devised an Implicit/Explicit (IMEX) scheme for the splitting system that treats the transport term in
the RTE and convective term in the fluid equations explicitly, and the source term implicitly [7]. Recently,
another method by Sun etc. [31] uses the gas-kinetic scheme (GKS) to deal with Euler equations and the
unified gas-kinetic scheme (UGKS) for the RTE. However, all the aforementioned methods either require a
time step that satisfies a hyperbolic constraint with CFL number proportional to the light speed [1,7], or
use nonlinear iterations involving (1.1) in order to get rid of the time step constraint [31]. Both approaches
are expensive. It is desired to design a scheme that can use a time step that is independent of the light
speed and employs nonlinear iterations that involve only macroscopic quantities, i.e. the p, v, E, B or the
moments of radiative intensity.

In this paper, we aim at developing a scheme for RMHD that is AP in both space and time. Two
different parameter regimes are considered. One is for o, small and o4 large, which results in the non-

equilibrium diffusion limit system. The other is for o, large, which gives the equilibrium diffusion limit
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system. The proposed scheme preserves both limits. The main idea is to decompose the intensity into three
parts, two parts correspond to the zeroth and first order moments, while the third part is the residual. The
two macroscopic moments are treated implicitly while the residual is explicit. Thanks to the properties of
residual term, one can update the macroscopic quantities first. For the space discretization, we use Roe’s
method in the Athena code to solve the convective part in the ideal MHD equations and the UGKS for the
RTE. AP property of both semi-discretized and fully discretizad are proved.

This paper is organized as follows. Section 2 gives the asymptotic limit of the coupled system, and the
equilibrium and non-equilibrium diffusion limit systems under different scalings are obtained. The semi-
discretization and one dimensional fully discretized scheme for RMHD are illustrated in Sections 3 and 4
respectively. Their capability of capturing both diffusion limits are proved. In Section 5, performances of
our AP method are presented in both optically thin and thick regions. The radiative shock problems are
tested. By comparing with the semi-analytic solutions in [20], we observe that the scheme is accurate and
stable using large time step and meshes that are independent of the light speed. Finally, we conclude in
Section 6.

2. THE DIFFUSION LIMIT OF RMHD

As presented in [19], the dimensionless form for the coupled system can give a better insight on the relative

importance of different terms. Consider the following nondimensionalization:
SC:/I’\ZOO, t:?goo/aom p:ﬁpocn 1):’/U\CLOO, p:ﬁpooagm T:fTom I:arTéof>

E,. = aTTéoﬁv F, = CarTéoﬁ\Ta P. = arTéo/P;a Oq = >\a6—27 Os = Asé\sa
where variables with a hat denote nondimensional quantity and variables with co—subscript are the char-
acteristic value with unit. More precisely, £, @00, Poo and T, are respectively the reference length, sound
speed, density and temperature. Moreover, A\, and A, are respectively the characteristic value of absorbing

and scattering coefficients. Then the full dimensionless radiation MHD system becomes

I T* T*
% +Cn-VI=2%,Co, (471_ I) + ZC(J—-1)+3%.n vo, (471_ — J) +n-v (Lo, + Lsos) (I +3J)
v-v v-(v-K) A
—2%0sv-H — (Luo, — fsos)?J — (ZLuou — gsas)f £ (S,
9p
E +V- (,O’U) = O,
a(gt"’) +V - (pvv— BB + P*) = —PyS,p,
OFE i}
E + V . [(E+ P )’U — B(B . ’U)} = —CP05T67
88—?+V><(UXB):O,
(2.1)
4
where ¢ = &, Py = 5;22‘17 Ly = loohay Ly = loghs, Sre = 47 (S) and S,p = 47 (nS). In (2.1), Py

is a nondimensional constant, which measures the influence of radiation on the flow dynamics. In [4], the
authors considered the equilibrium diffusion regime and non-equilibrium diffusion regime for a simplified
coupled system. In the subsequent part, we consider the equilibrium diffusion limit and non-equilibrium

diffusion limit of the RMHD system by using the same scaling assumptions as in [4].

2.1. The non-equilibrium diffusion limit. In the simulation of radiation-hydrodynamics in [1], the speed
of light C' = 29.98 ¢m ns~!, in nonrelativistic flows the sound speed is 0.001386 c¢m ns~!, the radiation
constent a, = 0.001372 Jk cm™3 KeV 4, the typical computational domain is 0.04 ¢m, and the units of the
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length, time, temperature and energy are respectively em, ns, KeV and Jk. Therefore 1/C = O(e), Py =
O(1). In non-equilibrium regime, we assume .4, = ¢,.%, = 1/e, and the radiation intensity I tends to a
state which can be characterized by a temperature which is different from the material temperature 7. In

summary, we consider the following scaling
Ly=¢, ZLi=1e, Py=0(1), C=c/e.
The RMHD system (2.1) becomes (after dropping the hat):

ol ¢ T+ cog T4 O

a+gn~V1fcaa <47rI) + = (J—1)+ 3en - vo, (471_]) +n~v(saa+?) (I+3J)
9%y H — (200 — 00T — (20, — o) KD (2.2a)

€ C &

Ip

9P L7 (o) = 2.2

5 TV () =0, (2.2b)

a(gt”) + V- (pvv— BB+ P*) = —PyS,p, (2.2¢)

oF

S HV-IEB+ P - B(B-v)] = —SPOSTG, (2.2d)

aai?Jer('va):O, (2.2¢)

where

47 4o c
Sre = €0, <T4 - — Idn) + (30, —c0s) —— - [/ nldn — (v/ Idn—l—v/ n2Idn)] ,
Vv ( )C2|V| €Jv v v

4dr(o 204 4
S,,p:—M E/ nldn — 'u/ Idn+v/ n?ldn +E€20a T4——7T Idn | .
V| EJv v 1% c Vi Jv

When e — 0, we show that the solution to (2.2) can be approximated by the solution to a nonlinear diffusion
equation coupled with a MHD system. We assume that the radiation intensity I and temperature T have
the following Chapman-Enskog expansion such that

I=10 41 4 27 .

2.
T=T7O 70 4 27@) L ... (23)

By substituting ansatz (2.3) into equation (2.2a) and collecting the terms of the same order in €, we have

1

O (82> 1O = O (2.4a)
1

o (> cen - VIO = co, (J<1> - I<1>) +n-vo, <I<°> + 3J<°>) . (2.4D)
13

Multiplying both sides of (2.2a) by m, taking its integral with respect to m and combining the obtained

equation with (2.2c), one can get the following momentum conservation equation:

4 — BB+ P*
o (2 ) v (222 + +4m (nI) | = 0. (2.5)
7)0 C 7)0
By using (2.4a) and (n?) = %, when € — 0, (2.5) gives
9o ®) + v - <p<o>v<o>v<o> _ BOBO | (p*)m)) _ _%ﬂww (2.6)

By taking the integral with respect to n on both sides of (2.2a), and combining it with (2.2d), one can obtain

the energy conservation equation

) (7];3 + 4 (1)

7)0 9

>+V- [(E+P*)U—B(B-v)+47rc<nl>] _o. (2.7)
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By using (2.4a), when ¢ — 0, (2.7) gives

o <€>(Z) +4x <I<0>>> +V-

©) 1 (P)©)p® _ BO(BO) . 50
EZ+ (P) e ~ BB ) +dre (nIM)| =0,
Po

Noting (2.4b), we find

) (E<0> n 47T7>0J(0)) 4 V. [(Em) +(P)@)p® _ BO(BO . O 4 16%7’0,,<0>J<o> _ArcPog | _ o,

30,
(2.8)
(2.2b), (2.6), (2.8) and (2.2e) give four equations for p, pv, E, J, B, to obtain a closed system, we need

one more equation for J. Taking (-) on both sides of equation (2.2a), yields:

C C
I)+-V.-(nl) =—>-..
0.(1) + 59 - (nl) = 15,

By using the expansion in (2.3) and (2.4a), the leading order terms are

470, <I(O)>+47TCV~<nI(1)> = co, ((T(O))4 — 47 <I(O)>>—4ﬂ'as£ {c <nI(1)> — (<I(O)> + <n2I(0)>>} ,

then from (2.4b), one gets

1 4 4
40, T +V - (?TMO)J(O) - ;Cvﬂ)) = co, ((T<0>)4 - 47rJ(0)) + %vw)w(o). (2.9)

Os

Therefore, when € — 0 in (2.2), the solution can be approximated by the solution of the following non-
equilibrium system:

Op+ V- (pv) =0, (2.10a)
« 4Py
O(pv) + V- (pvv — BB + P*) = — 3 VJ, (2.10Db)
1 4
0, (E +47PoJ) + V- [(E +PYu— B(B-v)+ 67;73%4 _v. ( gcpow> , (2.10¢)
Os
A0y ] +V - (1§7ij - iZCVJ> = co, (T — 4nJ) + %UVJ, (2.10d)
B+ V x (vxB)=0. (2.10e)

Here, the non-equilibrium system indicates that J is away from Z—;, while we will see in section 2.2 that the

equilibrium diffusion limit indicates that J = Z—;.

2.2. The equilibrium diffusion limit. The setting of Py and C in this regime are the same with the
non-equilibrium regime. Moreover, we assume .%, = 1/¢,.%; = ¢, and the radiation intensity I adapt to the

material temperature. In summary, we consider the following scaling

Lo=1/e, ZLi=¢e, Py=0(), C=c/e.
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This is called the equilibrium diffusion regime, which will give the classical equilibrium diffusion limit [19,
23,25]. The RMHD system (2.1) becomes (after dropping the hat):

oI ¢ co, ((T* oo (T Oq
E+gn~VI—€—2 (47r_l> —l—cas(J—I)—&—Bn-v? <47r_J> —l—n-v<?+sas) (I+3J)
—2e0,v - H — (04 — 5203)%J — (04 — 5%{9#, (2.11a)
0
£+v.(pv) -0, (2.11b)
8(8pt'v) + V- (pvv — BB+ P*) = —PySyp, (2.11¢)
E
%—t+v. [(E+ P )v—B(B-v)]= fEPOSm, (2.11d)
B
9B Y x(wxB)=0, (2.11e)
ot
where

o 47 4o c
Spe = —2 (T4— — Idn) + (04 — €305) = - [/ nldn — (v/ Idn+v/ n%dn)} ,
€ VI Jv V| e v v v

47 (20, o 4
Srp = —M {C/ nldn — ('v/ Idn+v/ n%dn)} + Eaa <T4 - Idn).
C|V| g Jv 1% \% c |V| 14

Using the same expansion as in (2.3), one has

T* = (T 4 eT® 4 273 4 ... )

2.12
= (TO)* 4 4e(TO)3TD 4. (212)
Then substituting (2.12) into (2.11a) and collecting the terms of the same order of €, one gets
o LY. o_ T (2.13a)
g2 )’ T 4r '
1 4T3 3(T(0)4
O(=):en-VIO =¢o, [ -—2— -1V ) 4+ n.wg, (1O + 2L ) (2.13b)
€ 4 4
by similar calculations in section 2.1, one can get the following equilibrium diffusion limit:
Op+ V- (pv) =0, (2.14a)
:(pv) + V - (pvv — BB + P*) = —%VT“, (2.14b)
4
O (E+PoT*)+ V- [(E + P*)v — B(B -v) + ;D%T‘*} =V- (;fOVT‘*) : (2.14c¢)
0B+ V x (vx B)=0. (2.14d)

As we can see, when J = in (2.10), the non-equilibrium diffusion system (2.10) is the same as the

T4
an )
equilibrium diffusion system (2.14), which indicates J is close to %T in the equilibrium system (2.11).

3. TIME DISCRETIZATION FOR THE RMHD

In this section, based on a decomposition for radiation intensity I, we will present a semi-discretization

for the RMHD and show its AP property for any dimensions in space and angular variables.
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3.1. A decomposition. To preserve the asymptotic limit of (2.1) while keeping the computational com-
plexity under control, the intensity I will be decomposed into three parts, and each of them is treated in a

different way. More precisely, we decompose I(t,z,n) as follows:
I(t,z,n) = (I)+ 3n(nl) +cQ(t, x,n), (3.1a)
= J(t,z) +enR(t,z) +eQ(t, z,n), (3.1b)
with 3(nJ) = eR. Then taking (n-) on both sides of (3.1a) and using the condition (n?) = 1 yields
(nI) = (nl) + ¢ (nQ),
which gives
(nQ) =0. (3.2)
Moreover, taking (-) on (3.1b), yields
(I =(J+enR+eQ) =(J+Q) =(I) +£{Q),

which implies

@ =o. (3.3)
Substituting the decomposition (3.1) into system (2.2) leads to
T s
8 (J +emR+Q))+ gnv. (J+¢(nR+Q)) = coq <47T —J) - <080a+ %) (nR+ Q)
2 os T (€20, —o5)v-v (4
—gasz+ nv (saa + ?) 4J+e(mR+ Q)) + 3co,nv (477 - J) e <3J—|—€KQ> , (3.4a)
ap B
N +V-(pv) =0, (3.4b)
8((,')0:) + V- (pvv — BB + P*) = —PyS,p, (3.4c)
OF . c o~
a —+ AV [(E + P )'U — B(B . 'U)] = *EIPOSTE; (34d)
%—?+Vx(va):0, (3.4e)

where Kg = <n2Q> and

_— ) 4
Sre = 5cra(T4 —4nJ) + 47(5‘30“ — 505):—2 . [;R ) (3] + EKQ)} ,

3
(3.4a) has three unknown functions, J, R and . Thanks to the properties of @ in (3.2),(3.3), the zeroth and
first moment equations of (3.4a) have no time derivatives with respect to Q. Therefore, instead of solving
the RMHD system (3.4) directly, we take the zeroth and first moments of (3.4a), and then couple them
together with (3.4b)—(3.4e) to solve variables p, J, R,v, T, B. More precisely, we have

= 4 s 2 a 4 2
S — _M {CR v (3J+EKQ)] - %(;CL(T‘1 —4r)).

(?tJ—i—EV-R:LS/':e,

3 4re
SOR+ SV J4+eV-K €5 (59)
g gV AR = S

coupled with (3.4b)—(3.4e) and by treating K¢ explicitly, one can update the macroscopic quantities first.
Then @ can be updated implicitly by the first equation in system (3.4a), and the new I can be given by
(3.1). The details are illustrated in the next two subsections.
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3.2. The time discretization for the non-equilibrium regime. Let
t° = sAt, s=0,1,2,---,
and
I° ~ I(z,t°,n), p° = p(x,t°,n), v = v(z,t’,n),
T° = T(z,t°, n), B® = B(z,t°,n).
We use the following semi-discrete scheme in time for (3.4), which reads:

Js+1 _ Js Rs+1 _ Rs SQerl _ Qs

N N Y N E”V ST enV - (nRT 4 Q)
_ () s+1 €os s+1 s+1 2 s+1 ps+1
—caa< yp J <650a+ - )(nR +Q°) 305V R
Ts+1 4 s
+3c0,nv° T <( e )" JSH) + no*tt (saa + %) 4T+ e(mR T + Q%))
,vs—&-l . Us+1 4
—(204 — as)f (3J8+1 + 5K‘22> , (3.6a)
s+1 _ s
% +V - (pPv*) =0, (3.6b)
v st _ v)*® s S S * o \s
(,0 ) A (P ) +V-(psv3v5—B B +(P) ):_,PO(Srp)‘—H, (360)
a(pT)S+l _ (,OT)S N ps-i-l (vs+1)2 _ pS(US)Q N (Bs+1)2 _ (Bs)2
At 2At 2At
+V - [(B° + (P*)*)v® — B¥(B® -v*)] = _gpo(sfe)sﬂ, (3.6d)
BS+1 _ BS
T + V x (’US X BS) =0. (366)
where K¢ = <n2Q“"> and
_ v+l [e 4
(Sre)* T = co, (T5TH* — dnJ* ) + dn (30, — 0y) = {3}%5“ — st <3Js+1 + 5K5>} ,
(St = rl0a tZ00) [gRS“ e (;lJS“ " 5K5>] () — ),
The zeroth and first moment equations of (3.6a) are
JHL— s ¢ c -~
s v - . pst+1 - s+1 7
N e CLOME (3.7a)
62 Rs+1 — RS 1 4 (g\)erl
i i vAR £ CKS = el .7b
e Al + 3V JT +eV-Kp ym (3.7b)

We first update p, B by (3.6b), (3.6e) and then solve (3.6¢), (3.6d) and (3.7) to get J, R,v,T. Q*! can then
be updated implicitly by equation (3.6a), and we get the I*T! by using (3.1).

The diffusion limit of (3.7): Then we will show the AP property of the semi-discretization (3.7). From
(3.7b),

4,Us+1Js+1 v . Js+1

c O

RS+1 _

+0(e). (3.8)
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Multiplying equation (3.7a) by 47Py, and adding it up with equation (3.6d), the terms on the right hand
sides cancel. By using (3.8), and sending ¢ — 0 in 47Py x (3.7a) + (3.6d) yields

(pT)s+1 _ (pT)s ps+1(vs+1)2 _ ps(vs)2 (Bs+1)2 _ (Bs)2 Js—i—l —Js
4 -
¢ At * 2At * 2At AT TR (3.9)
1 4 '
+ V| (B* + (P)")o° = B*(B® - v°) + 67;7)%5*%“} =V (gCPOVJS“) .
Os

This is a semi-discretization for (2.10c). Then multiplying equation (3.7b) by 47Py, and adding it to equation
(3.6¢), sending € — 0, formally one gets

s+1 s 4
(o)™ — (po)® Al (pv) + V- (p’v’v® — B°B° + (P*)®) = — W;DOV AR (3.10)
This is a semi-discretization for (2.10b). Sending ¢ — 0 in equation (3.7a), yields
s+1 _ 7s 4 s+1 4
un =T AT Rt o (0 — ar g Y) — e, O (St - A} (g
At 3 3 3
using (3.8) in (3.11), we get
4W7J8+1At_ S + l%ﬂv AR AR I v <;“TCVJS+1) = co,(T*TH* — 4mJ*H1) + %ﬁvsﬂv SJE
Os

(3.12)

which is a semi-discretization (2.10d).

3.3. The time discretization for the equilibrium regime. We substitute the decomposition in (3.1)
into the RMHD system (2.11), and the time discretization of (2.11) is same with (3.6) except the RTE and

— —

source terms (Sy¢)*T! and (Syp)**!, which read:

Js+1 —Js Rs+1 — RS Qs+1 _ Qs
N

“ Ts—&-l 4
£ SRV P L enV - (R 4 Q) = 08 (< I J>
€ € 47

,U8+1 . ,Us+1

a 2 4
- (% + CECTs) (nRT 4+ Q) — §€QUSUS+1RSH — (00— %0%) c <3JS+1 + 5K632>

“ Ts+1 4 “
4370 pstt (=) T 4ottt (20 4o, AT 4 e(nRH 4 Q%)),
€ 4 €
(3.13)
and
(51 = ZE(TH ) = Am ) 4 (oo — o) S [CR ot (21 4 er (3.14)
re - a s) 72 3 3 Q s .

c 3

Moreover, the procedure of solving the equilibrium case is the same as for (3.6).

< 4 2 s a 4 s+1
(Spp)* Tt = _4n(o. + 0a) [CRS‘H — st (3JS+1 + EK22>:| _ " oo (T5H —4ngsth).  (3.15)

The diffusion limit of the equilibrium regime: The derivation of the equilibrium diffusion limit is
similar to the non-equilibrium case, but requires additional analysis for the zeroth moment of equation

(3.13). Sending & — 0 in the zeroth moment equation of (3.13), one gets
oo (T —4nJ5t) 4 O(e?) = 0,

which implies
dr 5T = (T + O(£?).
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Therefore, (3.9) and (3.10) in the equilibrium regime become

a(pT)erl _ (pT)s N ps+1(vs+1)2 _ ps(vs)Z (Bs+1)2 _ (BS)2 (Ts+1)4 _ (Ts)4

At DAL * oAl + %o At
9B (e - BB - Doy < v (B,
s+1 _ s
(p’U) (pv> T v N (pé’Us’Ué _B°B*+ (P*)s) _ —&V <Ts-|-1)47

At
which gives a semi-discretization of system (2.14).

4. THE FULL DISCRETIZATION FOR THE NON-EQUILIBRIUM REGIME

For the ease of exposition, we will explain our spatial discretion in 1D. That is, z € [0, L], n € [-1,1],

and ( =3 f f(n)dn. Recall the RMHD for the non-equilibrium case in the slab geometry:
c T4 CcOg T4 O
atl—&-gnawf—caa <47T—I> (J I) + 3env,o, (477 —J) + nuy (eoa—k?) (I+3J)
s x Uz x ° x K
9%y H = (200 — ) T (200 — o) Dy 1)
€ c
Orp + 0z (pvs) = (4.1b)
Ot (pvg) + O (pv +p+ 32/2 + B2) = —PoSrp, (4.1c)
Oulpvy) + 0 (puavy — B.B,) =0, (11d)
O (pvy) + Oy (pvzvz B,B,) =0, (4.1e)
pv* + B? . c
O | apT + — + 0.[(F + P")v, — (B -v)By] = —EPOS,.e, (4.11)
0¢By + 0z(Byv,; — Byvy) =0, (4.1g)
OB, + 0,(B,vy — Byv.) =0, (4.1h)
where

1 1 1 1
Sre = €04 <T4 - 271'/ Idn) +2n(e®0y — 605)% Lc:/ nldn — (vi/ Idn + vx/ nQIdnﬂ ,
1 -1 -1 -1
9(0s + 20, 1 1 1 . 1
Srp:fM [C/ nldn — (vz/ IdnJrvz/ nzfdn)] +1)7€20a <T427r/ Idn),
c €J-1 -1 -1 ¢ -1

and vy, vy and v, are fluid velocity in the 2—, y—, and z—directions, respectively. B,, B, and B, are magnetic

flux in the x—, y—, and z—directions, respectively. The boundary condition becomes
I(t,0,n) = by(t,n), for n>0; I(t,L,n) = bgr(t,n), for n<O0. (4.2)

Higher dimensions can be treated in the dimension by dimension manner. Let [a,b] be the computational
domain, Az = (b — a)/N,, and we consider the uniform mesh as follows

xi_%:aJr(z'fl)Aac, 1=1,2--- N, + 1,

and let

T =a<x1<x%<-~-<xi,%<xi<xi+%<-~-<x1\/z<xNI+%:b,

1

2
x,-:(aci,%—i-xﬂr%)/?, fori=1,---,N,.

To get a consistent stencil in spatial discretization, we use the unified gas kinetic scheme (UGKS) for

spatial discretization [22]. Other space discretization that is AP can be applied as well. The most crucial
point is that the space discretization of the MHD system has to be consistent with that of RTE.
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4.1. A finite volume approach. UGKS is a finite volume method, integrating RMHD system (4.1) over

[ts,ts+1] and [z;_1, @, 1] gives
JEt s RYI Ry Q5T - QS 1
IRy vy vy W (Rl
Tt , , ,
e (H - J;“) — (ceoa+ ) (B 4 Q1T 4 Gy (4.30)
47 €
s+1 s
i —pi 1 s
T_‘_E( 114,_1 Flz_,)zov (43b)
pva)i Tt — (pva); ( .
( At ) + Ax (FQSH-— FZS,'L—%) = _7)0(‘5’ ) +1a (43C)
(pvy )3t = (pvy); ] s
. At ’ +A7(F31+2 Fyio1) =0, (4.3d)
(pUZ)SJrl (pv2)i s
Al + I( piv: —Fiio1) =0, (4.3e)
(pT);™ = (pT); | (po* + B?);H! — (pv® + B?); 1 ¢ o
: L= Fs, 1) =—=Po(Swe)i™, (4.3
a At + AL + Ax( 5i+3 %) EPO(S )i (4.3f)
s—&jl o s 1
S A Foas — Foi) =0, (4.3g)
BSfl — BS S S
gt A—(F7 iy~ F ) =0, (4.3h)

where G, (S )it and (S, )SJrl are

3

T§+1 4 .
G; =3¢a,, mvs+1 <(l4) - Jf“) + nostt (eaa_i + @) (4T +e(nRIT + Q3))
Iy ’ ’ g
2 €2aai — Os,i US+1 4
_ 505 szJrleJrl ( ’ )( ) (3JZS+I + EK& z) ,
c ;
s+1
o~ (T§+1)4 s 47T(53o'a7i — EUS’Z-)UI?E C e s 4 . s
(St = o (S o) + z g o (3hT ke )|

+1 s
Sy = - Arloei £ 0es) [C ReH_ it ( I ek, )] T <(Ti - J-”1>
s 3 () K3 7 .

c B3t c 4dr
Here the numerical fluxes FSz +1 at the interfaces use Roe’s Riemann solver [29], based on the piecewise
linear reconstruction. At last, we discuss the microscopic flux ¢ defined at the interface x;, 1 in (4.3a). In
[22], all the terms of the microscopic flux are treated explicitly, in this paper all the terms except the initial
value and K are treated implicitly, and the processes of UGKS are detailed in Appendix A.
With the expressions (A.3), (A.4) and (A.6), the numerical flux ¢;, 1 is

2

s, s, — s i+5 s
Gy = Ay (L7 s + I Tnco ) + Ol g2t + —2n(TH) + FyynGy
1 1 Dinrl 1 1,
+ Di1+%712 (6$J::_%7+]ln>0 + 5zJ::%’_]1n<o> + 47r2 n’ (595(7?:%’4_) n>0 + 0o (T} T _) ]1n<0) 5

(4.4)
where 1,<o is the indicator function. Here the two approximations for I, from the left and from the right,

at the interface z, 1 are given by:

s Az . s Az
L =1+ — 01}, I =T = 003 (4.5)
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Moreover, the coefficients in the numerical flux are given by:

A= (1 —e_”At),

c
Atep

2 2
1 C 0y 1 N 2 C"0q 1 —pAt
- At—=—(1—e " = At— —(1—e "
¢ At&f”u( u( ‘ )>’ ¢ At€u< u( ‘ ))’

1 Cgas —pAt 2 —uAL
D = At At(1+e )—;(1—e ), (4.6)
o, _ 2 _
D? = = (At (14+e7#8") - B (1—e Hm)) :

c 1
_ - _ —uAt
F = e (At p (1—e )) ,

with p = % For reader’s convenience, the processes of UGKS are detailed in Appendix A.
To obtain a scheme that can update the quantities J,R, T" and v,, the zeroth moment and first moment
of velocity field n for (4.3a) are needed. Integrating equation (4.3a) for n from -1 to 1, and multiplying the

both sides by 4w, one can obtain

JS+1 5 c .
drn——— At / <z+§ - i—l = g(sre)erl, (47)

where

1 1 2D | J9+1 Jgstl D2 s+l s+1v4
= _ s+ s,— it Jit1 i ( i+1 ) (T77)
/4 CH%dn B /4 AH%n (IH'%LDO * I“”%LKO) dn + 3 Ax + 67r Az

(T3 Oyin1 +E%0, 11
s+1 it+3 s+1 s+1 s,i+5 a,it 3 s+1 s
+Fiys 26%7“%7}%“% i JH_2 +vw7i+% 6 Jz+§ 2e K, i+l

Multiplying equation (4.3a) by n, then integrating it for n from -1 to 1, and multiplying the both sides by

47, one can obtain

s : 1
where
1 1 ct c?
/_1 nGy1dn = /_1 Ai+%n2 (Iff%]lr»o + I;%]ln@) dn + ;2 (st-f-rll + I + %((zﬁ:ﬁl) +(I7HY

2 4
s+1 2 “ ps+1 _ s+1 s+1
iy [Uﬂaw; (6 asit} +"s«i+%) (5Ri+é + [ Qiydn ) = gou vt R

2(52‘711,14-% —0s i+%)(vi—t—_1,_;)2

4
’ ’ 2 5+1 s
- > ( SRy, )

Coupling equations (4.7), (4.8), (4.3c) and (4.3f) as a system and solving the system, quantities J, T, R and
v, can be updated. Finally, quantity @ can be updated by equation (4.3a), and the new I can be given by
using (3.1).
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4.2. The diffusion limit of (4.3¢)—(4.8). Firstly, assuming o, and oy are positive, as ¢ — 0, the leading
order of the coefficients in the numerical flux (4.4) are

A(At,e,c,04,05) =0+ O(e),
cCY(At,e,c,04,05) = c+ O(e), eC? =0+ 0(e),
D'=-S40@), D2=0+0@),

S

éF S + O(e).

Os

This means the zero moment and the first moment of the numerical flux, as ¢ — 0, have the following limit:

1 s+1 s+1
= 8 s+1 s+l 2c Ji—l—l —J;
/1Ci+%dn—>7v$1i+%Ji+%—3o — AL , (4.9)
— s,z+§
1 c
5/1 nCiy1dn — g(ijf + JEHh. (4.10)

Multiplying equation (4.7) by Py, and adding it up with equation (4.3f), the terms on the right hand sides
cancel. By sending ¢ — 0 and using (4.9) yields

(T = (pT);  (p? + B2 — (" + B); e
. I -

4Py —(F?. . —F?.
At 24t AP ag ey~ i) (4.11)
s+1 s+1 s+1 s+1 . ) . 4.11
167P, Vorit3Jidd ~ VoioiJiod _ AaPoe IS -7 ArPoc  JPTH— T
3 Az B 30,110 Az 30,10 Az '

This is a fully discretization for (2.10c). Then multiplying equation (4.8) by £Py, and adding it to equation
(4.3c), sending € — 0 and using (4.10), one obtains

s+1 s s+1 s+1
2)i o — (pvg)3 2 Ji = J0
(p’U )1 (p’l) )z + 7( 25 i 7F28',l) + 71—7)0 i+1 i1 0. (412)
At Ax ' 2t L 3 Ax
This is a fully discretization for (2.10b). Sending ¢ — 0 in equation (4.8) and using (4.10) gives
4 J:9+1 _ J_S+1
R§+1 _ = er_1J§+1 _ it i—1 , 4.13
) Cvz,z 4 2Ax0's,i ( )
using (4.13) in (4.7) and sending € — 0, one gets
47TJ;+1 —J7 4 c S - ¢ I =g
At Az |30, ;41 Az 30, 1 Az
it 3 T
s+1 s+1 s+1 s+1
167 vx,z‘+l‘]i+l - Uz,i—l‘]i—l s o 2w Jis“ - z‘sjl
= e = o (TP —dmgitt) - g%# HAz S ()

which is a fully discretization for (2.10d).

4.3. Boundary conditions. In this section, the numerical fluxes in the system (4.3¢)—(4.8) under the
boundary condition (4.2) are considered. The construction of the flux on the right boundary is similar to the
construction on the left boundary, for which we only consider the left boundary case. At the left boundary,
the integral representation of the radiative intensity I (A.3) reads:

e if n>0,
—p (t—ts) on N LU N
Li(t)={° ° I(’fs’%+?<t—ts>)+TG%
( —Hy (=) CUS’% cn caa,% 4 cn .
+tfe 2 ( = J(z,m%f?(tfz)>+ el (z,x%f?(tfz)))dz, if n<O.

(4.15)
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According to the approximation (A.4) and (A.6) , the reconstruction of I for n < 0 and z > x 1 at the left
boundary can be written as:

I(ts,x,n) =17,

and the reconstruction of J for ¢ in the interval [ts, ts11]:

J(tx) = T3 4 6T (1),
2 2

Js+1_Js+1
where J;' = 1((by) + J;T') and 5 J5ThT = ﬁ. Then the numerical flux at the left boundary
2 2
reads:
02
cn ; 1 7s+1 3 mstlya A
C% = ?bL]ln>0 + A%n[f]ln<0 + C%’I’LJ% ]]-n<0 + E'I’L(T% ) ]ln<0 + F%nG%]HKo
1, D3 1
+Din’s, J§+ 1 = n25$(T§+ ) ,c0,

which indicates

1 —~ 1 cn 1 Ci -1 Ci s+1\4 s+1\4
/1C%dn:/ <?bL]1n>o+A%nIf]1n<0) dn— 5 | 5 (74 ) + 2 (@) + (1Y)
Fl Gl 1 DQL
o <D§(Jf“ = (bu)) + (T = (1Y )

here TE'H is the material temperature at the left boundary, and

LR L/ en? 2 s 1 Cé s+1 Ci s+1v4 s+1y4
[ nadn = [ (Fbitaso+ Ayt it ) dn 3 5 O+ 0u) + gH(T + T
1 1 D21

2 2 1 s+1 2 s+1\4 s+1\4

+ 3 1Az <D (777 = (br)) + T ()" =1I™) )) .

To summarize, we have the following one time step update of the fully discrete version of RMHD.

Algorithm 1: one step of fully discrete update for RMHD

Input: p7, v ;cz= szv 2,47 17, B;w Bzzv I;,J; (JS = <Is>)
Output ps-i-l’ ;-QZ—_I, U;-‘;l’ i-ll-l’ Ts+1 B;—il-l7 Bs+1 Is-‘rl Js-l-l (Js-‘rl <Izs+1>)

1 obtain psJrl stl pstl pstl BSJrl from (4.3b), (4.3d), (4.3e), (4.3g) and (4.3h);

yz y Uy K] [TR AR
2 obtain R?, Q¢ from (3.2) and (3.1)7
3 get JoHH Tt ;tl and R from the system coupled by (4.3c), (4.3f), (4.7) and (4.8);

4 get Qj“ from equation (4.3a) and Qf replaced by Qf“ and K¢, ; replaced by Kg"ll ;
5 obtain I from (3.1).

5. NUMERICAL EXAMPLES

In this section, we conduct numerical experiments to test the performance of our proposed method. The
examples cover both optically thin e ~ O(1) and optically thick ¢ < 1 cases, as well as the radiation shock

problem. In all the numerical examples, we use Sg discrete ordinate method in the angle space.
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5.1. Example 1. In this example, we will test an ideal MHD shock tube problem as in Section V in [2],
where Pp=0 in (2.2). In this case, the radiation does not affect the fluid, but the fluid provides source for
radiation. The computational domain is [—1, 1] and the initial data is given by

(17070a0317071)a $<O,

s Ugy Uy, U ;B aB y P I’7O = >
(p oeeE Y : )( ) {(0125,0,0707_1,070'1)7 x> 0. ( )

The magnetic intensity in the x direction B, = 0.75, the ideal gas constant Rijea1 = 1 and adiabatic index
for an ideal gas v = 2, the absorption collision cross-section o,(x) = 1/3, the scatter collision cross-section
os(x) =1/3, ¢ = 0.1 and ¢ = 1075 in the RMHD system (2.2). The exact solutions at time ¢t > 0 involve
two fast rarefaction waves, a slow compound wave, a contact discontinuity, and a slow shock. Fig. 1 displays
the numerical solutions at ¢ = 0.2 obtained by our method using 800 uniform grids. The reference solution
is computed by Roe’s method shown in [29] with 4000 uniform grids. Moreover, the reference solution of .J
is solved using the diffusion limit equation (2.10) by the semi-implicit scheme (B.7) and (B.8). For all the
schemes, the time step is At = 0.2Az.

5.2. Example 2. The uniform accuracy and stability of the AP method at the equilibrium regime are tested
in this example. The initial data is the same as in (5.1) in example 1, and the initial temperature and density

fluxes are 4
T,z
T(0,z) = p/(Ridealp), 1(0,2,n) = (TW) '

Moreover, we assume that Py = 0.001, ¢ = 0.1 in this example. The absorption collision cross-section o,

(5.2)

and the scatter collision cross-section o, are chosen as o, (z) = os(z) = 1/3.

Accuracy. The uniform convergence order of the diffusion limit system (2.14) and the RMHD system (2.11)

of our AP scheme are given. In Fig. 3, we plot
errorp = HpAw('»tmax) - pAz/Q('ytmax)”lp €Iror, = ||pAz('7tmax) - pr/Q('atmax)Hlla
€ITror,, = H(vm)Aa:('ytmax) - ('Uw)Az/2('7trﬂaX)Hl1a errorvy = H(Uy)Aw('atmax) - (vy)Az/Q('vtmax)”ll;

errorg, = [[(By)aa (" tmax) = (By)az/2 (" tmax) [lu: errory = [|Taz ( tmax) = Taz/2(+s tmax) 11,

(5.3)
for the diffusion limit system (2.14) with decreasing Az and ¢,.x = 0.2. Then in Figs. 4, we plot the same
errors for RMHD system (2.11) with decreasing Az and ¢, = 0.2 for different values of e = 1,107, 1073,
10~°.

Stability condition. To check the stability, we choose At = CAx with C' being constant, and record the
largest possible choice of C' in Table 1 for different ¢ and Az. Uniform hyperbolic stability is observed

numerically.

TABLE 1. Stability test for the RMHD system (2.11). Here we use At = CAx and the
largest possible C that stabilize the scheme are displayed.

Azl v 41 1 1 1
€ 100 200 400 800 1600
1 0.2 02 02 0.2 02
0.1 0.2 02 02 0.2 0.2
1e-03 0.2 02 02 0.2 0.2

le-05 02 02 02 02 02
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1 1
— Reference — Reference
© 800 grids O 800 grids
0.8 4 08+ i
0.6 0.6
EY o 3
0.4r 0.4
0.2r 1 02h [
4
0 . 0 .
-1 0 1 - 0 1
X X
(a) Density p (b) Pressure p
0.8 T 0 T
06l ‘ © 800grids || —Reference
O 800 grids
04f 1 051 P
g
>* 021 Se

0¢ P >
0.21 J
151 s j

-0.4 -

-1 0 1 -1 0 1
X

(c¢) Velocity in x-direction vz (d) Velocity in y-direction vy

1 25
— Reference — Reference
© 800 grids O 800 grids
05 ] 2+
o
@ 0 & 15
D
051 4 14
—
1 0.5

X
(e) Magnetic field in y-direction By (f) The ratio of the pressure and the density
FIGURE 1. The numerical results at time ¢ = 0.2 using our method with 800 grids points
in space (squares) and the Roe solver with 4,000 grids points in space (solid line). For both
schemes, At = 0.2Az.

Comparison with reference solutions. We consider two cases with e = 1 and € = 107 as in [3]. To
compute the reference solution with ¢ = 1, use a fully resolved explicit finite volume solver. For ¢ < 1, we
solve the diffusion limit equation (2.10) by the semi-implicit scheme (B.7) and (B.8). The results are shown
in Fig. 5 and Fig. 6. We can see that our results agree well with the reference solutions.

5.3. Example 3. In the simulation of RMHD, it is a challenging task to produce accurate radiative shocks,
especially in the optically thick regime. We test a range of the radiation-hydrodynamic shock problems
presented in [20] in which several shocks are presented in the solution. For each of these shocks, we set

Py = 107%, adiabatic index for an ideal gas v = 5/3, absorption collision cross-section o, = 1/3, scatter
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0.25

— Reference
O 800 grids

0.2

0.157

0.1

0.057

-1 0 1

X
FIGURE 2. Comparison of J of our AP scheme and the reference solution obtained by semi-
implicit solver (B.7)—(B.8) for RMHD system (2.2). Here Py = 0, ¢ = 1075, ¢t = 0.2,
Az =1/800, At = 0.2Ax for both two schemes.

-1
10 — — -slope=1

—©—errorin p
—<—errorinv,
—p—errorin vy

—*—errorinp
——errorinB
y

—A—errorin T

1073 : :
1073 1072

1

FIGURE 3. Plot of errors (5.3) for diffusion limit system (2.14) with decreasing Az = 15,

1

ﬁ, ﬁ, ﬁ,m. Here At = 0.2Ax.
collision cross-section o, = 10°, ¢ = 3 x 105, ¢ = 1 in RMHD system (2.2), and the radiation temperature
T, = (47 J)"25. Moreover, the computational domain is [—0.02, 0.02] and the results at ¢ = 0.04 are displayed.
In this example, Az = 1/800, At = 0.2Az. In [20], the authors have obtained some semi-analytic solutions
for the non-equilibrium diffusion limit system (2.10) at different Mach numbers, we compare the numerical

results with the semi-analytic solutions obtained [20].

(1,1.2,0,0,0,0,1,1), z <0,
(pvvrv'UyavszvaszaTr)(x70) = (54)
(1.208088,0.9244363,0,0,0,0, 1194888, 1.194888), 2 > 0,
(1,2,0,0,0,0,1,1), z <0,
(p)’Uw7vy)UZ7ByaBZaT7T’r‘)(x;0) = (55)
(2.287066, 0.874482876, 0, 0,0,0,2.077223,2.077223), > 0.

First of all, a Mach 1.2 shock is considered, which has no isothermal sonic point (ISP) but a hydrodynamic

shock. The initial conditions are shown in (5.4). Fig. 7 compares our numerical results with the semi-analytic
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4 e=1 4 e=0.1
10 T 10° T T
— — -slope=1 — — -slope=1
—e—errorin p —e—errorin p
errorinv, errorinv
—p—errorin vy —p—error in vy
—¥—errorinp —*—errorinp
——errorin By ——error in By
—A—errorin T —A—errorin T
1021 ] 1021 1
10 107 ‘ ‘
108 102
A X
(b)y e=0.1
-5
e=10
107 107 ‘ ‘
- = -slope=1 ~ ~ ~slope=1
—O—errorin p —©—errorin p
errorin v, errorinv,
—p—error in vy —p—errorin vy
—¥—errorinp —*—errorinp
——errorin By ——error in By
—A—errorin T —A—errorin T
102 1 102 1
103 : : 107 :
103 102 10° 102
A X A X
(c) e=10"3 (d) e=10""
FIGURE 4. Plot of errors (5.3) for RMHD system (2.11) with decreasing Az = 155, 555,

165+ m05>Ta0g- Here At =0.2Az, e =1,0.1,1073 and 1075,
solutions, in which we can see good agreement for all quantities, including density, velocity, material and
radiation temperature. Due to the hydrodynamic shock, there exhibits discontinuities in the solution profiles
of density, velocity and material temperature, and the maximum material temperature is bounded, since there
is no ISP to drive it further.

At Mach 2, there are both a hydrodynamic shock and an ISP. The initial conditions are given in (5.5).
Fig. 8 compares our numerical results with the semi-analytic solutions. One can see that our numerical results
are in good agreement with the semi-analytic solutions. In Fig. 8, discontinuities can be seen in material
density, velocity and material temperature due to the hydrodynamic shock. Moreover, the Zel’dovich spike
can be observed in material temperature as in Fig. 8(c). The Zel’dovich spike is caused by the ISP embedded
within the hydrodynamic shock, which drives up the material temperature at the shock front.

6. CONCLUSION AND DISCUSSIONS

In this paper, we have introduced an AP scheme in both space and time for the RMHD system that
couples the ideal MHD equations with a gray RTE, and two different scalings are considered, one results
in an equilibrium diffusion limit system, while the other results in nonequilibrium. The main idea is to

decompose the intensity into three parts, two parts correspond to the zeroth and first order moments, while
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‘ — explicit
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(f) The ratio of the pressure and the density

FI1GURE 5. Comparison of the results of our AP scheme and the reference solution obtained
by fully explicit scheme for RMHD system (2.11). Here ¢ = 1, t = 0.2, Az = 1/800,
At = 0.2Ax for the AP scheme, and Az = 1/4000, At = 0.001Az for the explicit solver.
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FI1GURE 6. Comparison of the results of our AP scheme and the reference solution obtained
by the semi-implicit solver (B.7)—(B.8) for RMHD system (2.11). Here ¢ = 107°, ¢t = 0.2,
Az =1/800, At = 0.2Az for both two schemes.
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FIGURE 7. Comparison of the results using our AP scheme at time ¢ = 0.04 and the semi-
analytic solution for Mach number M = 1.2. For AP scheme, we use Az = 1/800 and
At = 0.2Az.

the third part is the residual. The two macroscopic moments are treated implicitly while the residual is
explicit. For the space discretization, we use Roe’s method in the Athena code to solve the convective part
in the ideal MHD equations and the UGKS for the RTE. Numerical results are presented in the optically
thick region and the radiative shock problem, which are compared to the semi-analytic solution to verify
accuracy and asymptotic properties of our method.

It would be worthwhile to construct a second-order AP method for the radiation magnetohydrodynamics
system. In the semi-implicit scheme, a simple time-integration method has been used. To obtain a second

scheme, higher order IMEX time-integration method can be considered.
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APPENDIX A. THE PROCESSES OF UGKS FOR THE NON-EQUILIBRIUM REGIME
Recall the RTE (4.1a) in the slab geometry, and integrating it over [t,,¢s41] and [z;_1, 21, 1] gives
o1 (T 1) | s gst1 _ pst
ZTtl_FE(CH_%_ i_%):Co-a,i <147T_If+)+8;z(‘]ls —I: )+G

The microscopic flux ¢ is computed by solving the following initial value problem at the cell boundary

x:xﬂ_%:

R (T O
7 ) _ — i 7 _ I§+1 5,1 §+1 _ I§+1
R T Ap G TG = ( o )+ 2 T IEE

I(t,z,n)|t=t, = I(ts,z,m).

In the UGKS scheme, we firstly assume the coefficients o, and o, in space and time are piecewise constant,
thus the radiative transfer equation in RMHD system (4.1) is equivalent to

d
—ettT (t,m + ﬂtn) = et (CUS J (t, T+ @t,n) + a4 (t,x + gt,n) + G) , (A.2)
dt € g2 € 4T €
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with p = 52“’% Solving the equivalent equation (A.2) with the initial value in the system (A.1), which
gives the solution
—p 1 (t—ts)
(bt 1 — ¢ Hit3 ~
I(t,z; 1,n)~e Hipg (¢ t)I(ts,£U+1+ (tft))Jr—GH;
2 :LL’L-‘,-% 2

(A.3)

¢
—hip g (t=te) (Ositd ( _ ey ) “Taits 4 ( Py )
+/e 3 ( = Iz igs - (t—2))+ p T% (2241 . (t—2)) | dz,

with g, 15 Oaitd and og ;. 1 being the constant value at the corresponding cell boundary for u, o, and
o respectively. In solution (A.3), there remains three terms that need to approximate: the first one is the
initial condition I(ts) around ;4 1, namely the function J (ts, Tip1r + 20— ts)); the second one is the two
functions J, 7% localized in the time interval [t,ts41] and around the boundary z, 41, de, the functions
J (z,mH% — Lt - z)) and T* (z Tips — E(t - z)), the last one is the term (A?Z-Jr;
The first term: For the first term, a piecewise linear reconstruction function is used to approximate the
initial function I(ts) around @, 1:
I+ 6. (v — ), if o<z,
I(ts,z,n) = { . L (A.4)

L+ 0,10 (v —xig1), if x>0

Here §, 17 is the limited slope determined by the minmod limiter [26]:

- DI, DI . -
min{ 1“ A —aa— ), if all are positive,
Tror e o I . .
017 = § max{ ‘“ —, A, R}, if all are negative, (A.5)
0, otherwise.

The second term: For the second term, the approximations of two functions J and T* between t, and t,
and around z; 41 are constructed in the same manner, so only the approximation of J is introduced in detail.
The function J is treated implicitly in time by using piecewise linear polynomials, so the reconstruction for
J reads:

JS+ + 0y JSJr1 o — g, 1), i <z,

J(t,z) = (A.6)

Js+1+5Js+1 (x —$i+%)7 if >,

with the interface value of J defined by

ity = (i) =

and with the spatial derivatives given by

<IG+1 I:-:rll >

l\D\H

s+1 _ S+1 s+1 S+1
5y Js-‘rl + _ it3 JZ 5 J3+17— — JZJrl J
Az/2 7 T Az/2

The third term: At last, the approximation for the term G is discussed. Recall the definition of Gy

s+1\4 )
Gi =3cog,mvy @) TP ) + ot (e0as Zos (4J7 T +e(nRT 4+ Q)
o 47 v @t c i i i
2 52Uai — 05, US+‘1 2 4
-3, WS RIT — (€0, - Je,i ) (?)Jf+1 +6K€2,i>,
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The upwind scheme is used to determine G’, i.e., the value of G at the center of the interval [, Tiq1] 18

determined by the velocity field v at the both sides boundary,

s+1 s+1
If v ’El va,i+1 N

éi+% =Gy, if (Gip1—Gy)/ (U;th ;tl) >0,
é'+l - Gi+17 if (Gi+1 - G7) / (v;j’;-l‘rl - v;:‘;l) S 0’

If vs+1 < vi‘til : (A7)

Gipr =Gy, it 0l >0,

APPENDIX B. THE FULL DISCRETIZATION FOR THE EQUILIBRIUM REGIME

Here, we will show the full discretization for system (2.11). Applying semi-implicit finite volume scheme
in system (2.11), the fully discretization of (2.11) is same with (4.3) except the RTE and source terms Sy

and Sy, which read:

JZ-S+1 — J,f T EanJrl + Qerl — an — Qé i(zj ) Zj 1) _ COq,i (Ti8+1)4 _ J_s+1
At At MU GE: 2 €2 A ¢
— ( U;’i + ceoyg 1) (nRT + QY + Gy,

with the source term:

z,1 A7

~ Cai (T4
G: =37t nust! ( _ J;+1) + ! ( +eo, ) (45 4 (R + Q)

2 12
_ 25 o, ZUs+1Rs+1 (00 —053)(vy; )

3 c

4 s+1 s
(3‘]1 + gKQ,i) s

and

(S,e)s‘H 47

+1 P N\,,s+1
@ ((T‘; ) Jis+1> i 47'1'(60'(1,1 5 Js,l)vx,i |:CR§+1 _ Us+»1 <4J§+1 + cKS Z>:| ,
g Iy ’ ’

4 2 S,1 a,i 4
(Srp)g+1 _ 7T(€ g R + o ,) [;Rf—klvs—iﬂ <3Jl§+1 +€Ké,1):| +

c x,1

Moreover, the numerical flux EZ +1 Is defined by

m\»—A

c?
= 1 s+1 1+2 s+1 X

[N

D2,
+ D}y yn? (axJ:j;wm+5ZJ::;—11n<o)+ i (@(Ti“'j;*)“nwo+6m(1f:;")4nn<o),
(B.1)
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where the coefficients in the numerical flux are given by:

A= Atcgu(l B e_#At)’

cl = ZZ; (At = %(1 - e”At)) . = chggﬂ (At = %(1 - e”At)) :

D' = _AC:EZ;z (Al‘ (14e7n) - % (1- e‘““)) : (B.2)
D* = —AC;‘ZZQ (At (L+e 8 — % (1- e_“At)) ,

c 1
— - _ —uAt
F N (At p (1—e )) ,

with p = wﬂ#, and G, +1 is defined in the same way with CAT'z +1. Moreover, the zeroth and first moments
of (B.1) are:

Jh g2 s ~ C o .
am At + E/ Ci+% - i—%dn = E(Sre)i-‘rl’ (B-3)
-1
where
1 1 2D; 4 gstl _ gsti DP (et (pethyt
py _ st 5= it+3 Jit1 i it3 Uit i
/_1 Giprdn = /_1 Ajpin (Ii+%1n>0 + Ii+%]ln<0) dn + 3 AL + = AL
, T4 , 25
Taitsy st1 ( i+3 s+1 o1 Taitd TEOsitd (8 4y s
+Fl+% 2 - U:L’,'H»% T*J’H»% +Uw,i+% - gJi+%+25KQ,’L+% s
dre REYY — Ry 2n (1 /s ~ € o
T [ (G Gy = S (B4
where
1 1 Ci1+l Cz‘2+l
[ nipdn= [ Ay (1 s+ 1 ) dnt SR 07 4 @+ 2

2 ! 4
s+1 2 “ ps+1 3)s _ T2 ) s+1 s+1
+Fi |:Umyi+% (s as7i+%+aa7i+%) (5RZ_+;+ 71n Qi_‘_%dn ¢ 03724_%@@7”%1%”%

2(0-11,1'-1-% - EQUS,i—&-%)(U;—Eil )2

4
YT = rs+1 s
- " (3J¢+;+€KQ,¢+;>

At last, we will give the diffusion limit of the full discretization of the equilibrium case. Firstly, assuming

o, and oy are positive, as € — 0, the leading order of the coefficients in the numerical flux (B.1) are
A(At,e,c,04,05) =0+ O(e),
eCYH(At,e,c,04,05) = 04 O(e), eC? = ¢+ 0O(e),
D'=0+0(), D*=-<10(),

a

%F - L ioe.

Oa
which means the zero moment and the first moment of the numerical flux, as ¢ — 0, have the following limit:

2 T AT (B.5)

1
= 8 1 1
Coadn — —vstL gstl —
/;1 1+2 3 CE,Z+% l“l’% 30‘&,7;4»% Aa’:
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1
e/ n<z+1dn% (J@ Lt (B.6)
-1

In equation (B.3), letting e — 0 , one can obtain

T'S+1 4
4mog 4 (m — Jf"'l) =0.
4

Multiplying equation (B.3) by Py, adding it to energy equation and substituting limit (B.5) into the equation,

then multiplying equation (B.4) by £P, adding it to momentum equation and substituting limit (B.6) into

the equation, at last letting € — 0 in the two equations, one can obtain

(PT);™ = (pT); | (pv® + B?)i™ — (pv® + B?); (I — (@)t 1 s
¢ At * 2AL P At +apFivy ~ i)
€+1 s+1 5’+1 s+1y4 s S S
47)0 T 7,+2 (7;+2 ) :1: 27% (7717—) . POC (11.:_11) ( ) POC (’I; +1)4 B (Ej11)4
3 Az 3aw—+%ALB Az 30@,1‘7%A95 Az
(B.7
(pvz)s+1 (P’Uz) 1 s P (Tzs—tll) (TiS—Jr11)4 _ B.8

which are fully discretization for (2.14c) and (2.14b).
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