EMERGENCE OF THE CONSENSUS AND SEPARATION IN AN
AGENT-BASED MODEL WITH ATTRACTIVE AND SINGULAR
REPULSIVE FORCES

JINWOOK JUNG AND SHI JIN

ABSTRACT. In this paper, we study an agent-based interacting particle system with attrac-
tive and singular repulsive forces. We prove the collision avoidance between particles from
different groups due to repulsive forces. Moreover, we provide a sufficient condition for the
emergence of asymptotic consensus in the same group and separation for different groups.
We consider the one-dimensional and multi-dimensional cases separately since they ex-
hibit different dynamics. Numerical simulations are performed to support our theoretical
results.
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1. INTRODUCTION

During the last decade, there have been many studies on the consensus of multi-agent
first order interacting particle systems [1, 2, 3, 4, 7, 8, 9, 12, 13, 14]. In this article, our
interest lies in the dynamics of opposing groups [9], where particles in the same group
attract each other while particles from different groups are repulsive. Here, the attraction
force between particles from the same group is given by a communication weight function
depending on the distance between particles and the repulsion force between particles from
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2 JUNG AND JIN

different groups is given by a singular kernel to ensure the collision avoidance between two
groups. For these opposing groups, we study both the consensus in the same group and
separation of inter-groups. Specifically, we consider the following Cauchy problem:

. 1 & 1A (yr — ;) . d
#i= 5 2 Man —a)an —w) = > 1 g, 1SS Ny any; € RY
—1 =1
(1.1)[a-1]
_ 1 X 1N (2 — y)) ,
Yj = Ezw(ye—yj)(yé—yj)_EZm, 1 <7< Ny,
=1 k=1 J

where ¢ and v are communication weight functions between particles of the same group
satisfying

o(x) = o(llzl),  (y) = (llyl),

and gz~5,1/~1 : [0,00) — R4 are bounded, monotonically decreasing and Lipschitz continuous:
For r,s > 0,

0<50) S H0), (7= 5)(0) = 9s)) <0, swp o0 =2 < o,
0< D) <D0, (=) () <0, sup M <o

Note that our model (1.1) is a natural generalization of the aggregation model and was
already considered in previous literature [1, 3, 4, 7]. However, we also note that these pre-
vious works considered the mean-field limit of (1.1) and did not fully address the emergent
behaviors observed in (1.1). In [6], attractive and repulsive forces were considered but the
consensus and separations were proved for special or simplified communication functions.
For the emergent behavior in the first-order model with singular kernel, we refer to [8].
Now, our goal is to obtain the following estimates:

e Collision avoidance between two groups {xl}f\;ll and {y; };le,
e Lower bound for minimal distances between two groups which is uniform in time,

e (Asymptotic) consensus and separation estimates,

where the notions for asymptotic consensus and separation are given in Definition 2.1.

The main results are two-fold. Since there is a noticeable difference between the dynam-
ics of the system (1.1) in one dimension and multi-dimension, we separately provide the
asymptotic estimates for system (1.1) depending on the dimension.

For the multi-dimensional case, we first consider the collision avoidance between two
groups. If the singularity exponent 3 in the repulsive force between groups is greater than
or equal to 2, we prove that particles from different groups can not collide with each other
in a finite time. Moreover, under suitable conditions on communication weight functions,
we can show that each group reaches an asymptotic consensus while the distance between
the two groups grows to infinity. This can be fulfilled if we exploit the structure of system
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(1.1) that is similar to a gradient flow (see Section 3 for detail).

Next, we discuss the one-dimensional case. First, we may relax the condition for the
collision avoidance from 8 > 2 to 8 > 1. Since particles are in a real line, collision avoid-
ance between two groups implies the following situation. If there is a particle that particles
from the other group surround, particles in each group are separated into several clusters.
Moreover, we can observe the preservation of the ordering among these clusters along time
(see Lemma 4.1). Here, although each group can not reach an asymptotic consensus, nor
asymptotic separation, we show that each cluster reaches a consensus at an exponential
rate. If the singularity exponent [ is greater than 2, we can use the estimates from multi-
dimensional case to get the uniform lower and upper bounds for the distance between the
two groups. Moreover, we show that each particle converges to its asymptotic limit.

The rest of this paper is organized as follows. In Section 2, we present basic estimates
for system (1.1) and our main results. In Section 3, we consider the multi-dimensional case.
First, we address the collision avoidance between two groups in system (1.1) to obtain the
well-posedness. Second, we present a sufficient condition such that each group reaches a
consensus while the distance between the two groups increases to infinite as time grows.
In Section 4, we focus on the one-dimensional case. First, we prove the collision avoidance
under a weaker condition on the parameter than the multi-dimensional case and consensus
results in each group. Moreover, we provide a condition that yields the lower and upper
bound estimates for distances between two groups and also the existence of asymptotic
position for each particle. In Section 5, we present several results from numerical simulations
regarding our system. Finally, in Section 6, we summarize our results and discuss some
possible future works.

Notation We write M,,x,(R) as the set of m x n real matrices. Without further mention, a
vector v € R™ is sometimes regarded as m x 1 matrix. We denote I, by the m x m identity
matrix and 1,, be the vector in R" whose components are all 1, i.e. 1, := (1,1,---,1)T € R™,
For A = (a;j) € Myxn(R) and B = (brs) € Mpxq(R), we write the Kronecker product of
two matrices A and B as A ® B:

anB tee alnB
A@B:=| i, or (A®B)pi-)gng-1)+s = Gijbrs:
amlB tee amnB

We set the following set of indices

Nl ::{17"'7N1}a NQ::{la"'vNZ}v
and let X and Y be as follows:

X:(.%'l,"‘ 733N1)T€RN1d7 Y:(yb 7yN2)T€RN2d-
We use || - || to denote the standard ¢2-norm in the Euclidean space. We define the diameter
of each group and minimal ¢2-distance between two groups as

D(X) = nax lzi —zwll, DY):= Jmax ly; —vjrll, 6(X,Y):= Z-e/\rr?,ifém llz: — vl

and also the mean position for each group:
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1 & 1 Qe
Tei=— Y Ty, = -
c lez:; 7 yc NQ]Z:;y]

We denote Vx = (Vg,-++,Vay ), Vy = (Vy,-++, Vy,,) by gradient operators with
respect to x;’s and y;’s, respectively, and let V := (Vx, Vy).

2. PRELIMINARIES
? Y
F(sec:2)t In this section, we provide some basic estimates for system (1.1) and present our main
results. First, we present several notions to be used throughout the paper.

(02.1) Definition 2.1. Let (X,Y) be a solution to system (1.1).
(1) The pair (X,Y) reaches an asymptotic consensus if

lim D(X) = lim D(Y) = 0.
t—o00 t—o00
(2) The pair (X,Y) fulfills a separation if
inf 6(X,Y) >0,
>0
and it fulfills an asymptotic separation if
lim 0(X,Y) = 0.
t—o0
Next, we consider a conserved quantity in system (1.1).
(L2.1) Lemma 2.1. Let (X,Y) be a solution to system (1.1). Then one has

$c(t) + yc(t) = :L‘C(O) + yc(0)7 vt > 0.

Proof. Direct computation yields

d 1 1 (yj — i)
D= 2 Ok~ ai)(ag — 1) — Y wmn
dt (N1) i kENT NN iENT,GEN: lvj — =il

_ 1 3 (y; — i)
- B’
N1 1€EN1,JEN? ‘y] 1’1‘

where we used the antisymmetry ¢ <> k. Similarly,

d 1 1 (i — ;)
—Ye = Ty Z V(e — y;) (e — yj) — Z [PSR—r
dt (N2) JmEN> NNz i€N1,GEN? i = il

_ 1 (i — yj5)
-7 Z 9y

a8
N ienigen, [~ Vil
Thus, combining two estimates gives the desired result.
O

Next, we introduce the Lojasiewicz inequality for later use, which was constructed by
Lojasiewicz in the sixties [10, 11] (see also [5]) last century.
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(L2.2) Lemma 2.2. Suppose that f : D C R™ — R is analytic in the open set D. Let T be a
critical point of f, i.e., Vf(Z) = 0. Then there exist r >0, ¢ >0, and n € [%, 1) such that

IVf(@)| = clf(z) = f(@)]", Vze B(z,r),

where B(Z,r) denotes the ball of radius r in R™ centered at .

Now, we provide our main results. First, we address the dynamics of system (1.1) for
multi-dimensional cases. For this, we set several functionals that give a gradient flow-like
structure to system (1.1):

1 1
Wx() = gam D i~ ). Wyr(t) = oo D (s — uel),
L i ken 2 jleNs
75 Y ot HB#2
8 1 =2 entgens, Pl
DF(t) .=
NNz | s logln -yl if B=2,

1€EN1,JEN,
W =W(X,Y) := Wx + Wy + D",
where

O(z) := /OZ o(r)rdr, and W(z):= /OZ¢(u)u du, zeR;.

Note that if 3 > 2, the existence of an upper bound to the functional D? implies the
distance between two groups is positive, while D? — 0 implies the distance between two
groups increases to infinity.

Then, our main result is as follows.

(T2.1) Theorem 2.1. Let (X,Y) be a solution to system (1.1) with d > 2. Assume that the initial
configuration, the parameter 8 and communication weights ¢ and 1 satisfy

(C1) §(X,Y)(0) >0, 8 >2.
(C2) There exist DY and DS > 0 which depend on the initial configuration such that
1 (Px 1 [
= — o(r)yrdr=—
Nt Jo N3 Jo
(C3) There exist k1, k2 > 0 such that
max{(k1 — ¢m)?, (¢(0) — K1)’} < 4K1m,
m&X{(HQ - 1/1m)27 (w(o) - H2)2} < 4/€Q¢’H’L)
where ¢ = ¢ (DY) and ¥y, =1 (D).
Then, we can observe both the asymptotic consensus and separation:

D(X(t)), DY (t)) =0, §(X,Y)(t) > o0, as t— oo.

W (0) (u)udu.

Remark 2.1. The condition (C3) requires ¢ and b to be small perturbations of certain
constants k1 and Ko, respectively, i.e. ¢ ~ k1 and P = ko. We also remark that if ¢ = Ky
and ¥ = kg, then the conditions (C2) and (C3) automatically hold.
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Next, we consider the one-dimensional case. Since the particles lie in the real line, the
collision avoidance between two groups implies the preservation of ordering between two
groups. To be precise, if we consider non-collisional initial data for system (1.1), then the
initial configuration should be one of the following four types:

0 0 0 0 0 0 0 0 0
(1)$1<"'<13i1<y1<"'<yj1<Il7i1+1<"'<13i2<"'<yjp<5Eip+1<”'<33ip+l,
2) x) <o <a) <yl <o <yy <ah <o <ag, <<y,
(2.1)0 o o o g 0 _ o 0
y1<-~<yj1<m1<~~-<:1cil<yj1+1<-~~<y]-2<~--<xip<yjp+1<--~<yjp+1,
0 0 0 0 0 0 0
)y < <yj <@ <o <@gy <Yjign <o <Yy, <coe < g

Here, we let ig = 1, jo = 1 and define sets of indices as
X = {ir—l +1, - air}’ Vp = {jr—l +1,-- 7j1”})

which denote the sets of indices of the r-th cluster of the X group and the Y group,
respectively. In addition, we let

Xp={z; |ie X}, Yo={y; |jeN}

Once the collision avoidance is guaranteed, each cluster contains the same particles for any
finite time, i.e. the sets of indices X;. and ), remain unchanged for any finite time. Now,
we are ready to present our results on one-dimensional case.

(T2.2) Theorem 2.2. Let (X,Y) be a solution to system (1.1) with d = 1 and communication
weights ¢ and v and initial configuration satisfy

(A) 0(X,Y)(0) >0, and ¢(x)x, ¥(y)y are monotonically increasing on R.
(1) If B > 1, we have §(X,Y) > 0 for all t > 0 and each sub-group in (1)-(4) of (2.1)

accumulate to one point.

(2) Moreover, if 3 > 2 and two groups are not initially separated(see Remark 4.1), we
get

inf6(X,Y)(t) >0, supD(X)(t)+supD(Y)(t) < oo,
>0 >0 >0

and there exists a pair (X°°,Y°) such that
lim X(¢) = X, lim Y(t) = Y.
t—ro0 t—o0

3. DYNAMICS OF THE OPPOSING GROUPS : MULTI-DIMENSIONAL CASE

In this section, we provide the estimates regarding the dynamics of system (1.1) with
d > 2. First, we show the collision avoidance in system (1.1) and then, we use a gradient
flow-like structure in the system to show the asymptotic dynamics. Here, we note that
several estimates can also be applied to one-dimensional case.

3.1. Collision avoidance in the system. Here, we provide the collision avoidance be-
tween two groups involved in the dyanmics of system (1.1), which also implies the well-
posedness of the Cauchy problem.
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{L3-1) Lemma 3.1. Let (X,Y) be a solution to system (1.1) satisfying
0(X,Y)(0) >0, p=>2.
Then for any t > 0, there is no collision between two groups X and Y, i.e.
zi(t) # y;(t), forany (i,7) € N1 x N3, Vt>0.
Proof. We argue by contradiction, i.e. assume that there exists T* > 0 such that

z;(T*) = y;(T*), for some (i,j) € N1 x No.
Without loss of generality, we let T™ be the first collision time, i.e.

zi(t) #y;(t), forany (i,j) €Ny x Ny, VE<T™.

Then, we fix a particle z;+ that is involved in the collision at ¢ = T™ and consider the indices
of particles in X and Y that collides with z;« at position x;«(7T™) and time t = T™:

I:{ZT,vl:}’ J:{]T,7J:}7
lim z(t)= lm a(t)= lm y(t), i€l jel.

t—(T*)~ t—(T*)~ t—(T*)~
li o (t li (), i o (t 1 t), i ), j .
e ()#H(ljrg)_m() m @ ()#H(ljrg) yi(t), i€ Ni\I), j€Na\J)

Then, one can find two positive constants 7; and 7y satisfying

inf min{|z;(t) —y;(t)]:i €I, j €N\ J} =11

t<T*
3.1)[c-0
(3-1)[c-0] t1<njf*min{|xi(t)—yj(t)| e N\ I, jeJ}=n.

Here, we set the functional X that measures the distance between particles involved in the
collision at x = x4 (T*):

1/2
N2 Ny 1
= Z (2 — z) (E)]* + — N Z ’(yj_yj/)(t)|2+§ Z (i — y;) ()2
il 2 iied ieljet

Clearly, by definition, X'(t) > 0 for t < T*. Before estimating X', note that there exists a
constant C' = C(T™) such that

(3.2)[c-0-1] sup max[z;(t)| + sup max|y;(t)| < C.

0<t<T* 1€N 0<t<T* JEN2

since the solution (X,Y") is continuous up to t = T*. Now, we have
1d 9
pa 2 I

i3’ €l
1 Yo — T
E d) {L‘k—l‘l — 1)($Z—HZ1/)—F Z |(Z)(33Z—J,‘Z/)
iz el 2 i’ el
k€N1 LeEN?
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1 (Yo — xyr)
N, Z Oz — xp) (g — ) (X — T40) + N Z » —xi/\ﬁ(% i)
1,0 €l ii'el
keN, leNs
2 Yo — x
o 2t e~ m)e ) - - 3 I )
zze[ 2i,i/€I Ye i
kGNl LeN,
2 |zi — 20| 2 (ye — ;)
- - Z 51 N Z g (@ — )
i,i'el N2 ii'el m N iiel Yo — 4]
kN Le(N2\J) teg
* yf - xz
>-C(T"X — — ——
Z |y€ - xz‘ﬁ ! )
KGJ
. Similarly,

where we used (3.1), (3.2), the boundedness of ¢ and the change of index i <> ¢

one obtains

1d 9
2dt Z ly; — vy

'7j/€’]
(T — ;)
~ Z V(ye —y3) (e — v3) (Y5 — yjr) > o TG (Y — yyr)
Nl . |z, Z/J|
jg'ed ji'ed
KE./\/'Q k€N1
1
A Z U(ye — yj) (e — yj)(yj — Z m_y] |3 —yj)
5J'ed
LeN> kGNl
(T — ;)
= — Z (e —y5) (e — yi) (W5 — yjr) > 25— )
Nl |=Tk - y]|
5,3'ed J.j'€eJ
LeEN> k€N1
kzel ’xk - y]|/8 !
Ji'ed
Moreover,
1d
Sdi Z ‘xi—yj‘Q
ieI,jE]
= Z P(xr — zi)( k—ilfi)(%;—yj)—i Z M(xi—%)
Ny £~ |yp— x4/8
ZEI,]EJ iel,jed
kENl LeN>
1 (1 — yj)
Y YW=y e —y) @i — )+ D 5w — yy)
Ny Ny~ o —y;)
el jed iel,jedJ
LeN> keN
> —C(T*)X — S Z M(x —y)+ S Z M(m m
il _ 5 7 ] o /3 J
Ny ieljed e — il M iel,jeJ |2k =y
keNy

LeNs
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= C(THX + T + Tp.

For 7Z;, we have

Z ‘yﬁ_l'l y]) ]\]-7 Z (yf_fbl) ( y])

_ 2.8 — |8
ef lve— i icrses Ve @il
MEJ Le(N2\J)
yé_xz
—C(THX — — Z — ;)
_ B J
]ZEJ
yﬂ_ﬂjz
— ot Y > - 1)
Ty — 7 |B—2 _ 5 J
= lye l‘| N2 = lye— il
]fEJ JleJ

For 75, one obtains

2= lem—yw yﬂ'”Ni > )

— .8
kel ieljed [k — ;]
]EJ ke(NI\I)

—-C(T"X + —yj)
Z e
]EJ

wk - yj
— o Y > )
1y — a.18—2 2 _ 5

et 17k ’ Nl ey 178 = il
]EJ ]EJ

Hence, we combine all the previous estimates to get

d
X%t
el
Ny d
:m$ Z |z; — 2y ’2"‘@% Z ly; — yy‘ +** Z ‘xi_yj‘Q
iilel et zeI,jEJ
S 1] 1 1| 1
> -CX + St Y
. |82 L gy |B—27
N i€l jeJ lys — =il N i€l jeJ i =y
where C' = C(T*) is a positive constant. Since > 2 and X — 0 as t — (T*)~, there exists
te < T™ such that
171 1 1| 1 A 2 "
S il T S COX X te(t,TY).
N 2= T —al 2t N 2 T (10
iel,jed iel,jed
Thus, we get
iXZ(t) > X2 (te, T*)
dt - "

and hence,
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d
a(e—%?) >0, te(t,T").

This yields

e XY TY) — e B X%(t,) = —e X2 (t,) > 0,

which is a contradiction to our assumption that X2(t) > 0 for t < T*.
(|

3.2. Asymptotic consensus and separation for § > 2. In this subsection, we provide
the proof for Theorem 2.1. First, we prove that particles in each group stay within a certan
distance from the mean positions in each group, while the distance between two groups has
a positive lower bound when 8 > 2.

3-2) Lemma 3.2. Let (X,Y) be a solution to system (1.1). Assume that the conditions (C1)

and (C2) hold. Then,

supD(X)(t) < DY,  supD(Y)(t) < DY,
t>0 t>0

inf §(X,Y)(t) > (8 — 2)NiNaW (0)) /02

>0

Proof. Direct computation gives

1 dX 1 dY
.J3) 7C-17 _— = — - = _ w.
(3.3) 701 N, dt VW vy
Thus, we directly get
d dX ay
—W=VxW- -—+VyW.—
(3.4)[c-1-1] dt dt dt

= —N{||[VxW|* = No|[ Vy W |* <0,

which implies

sup W (t) < W(0).
>0

Since functionals Wy, Wy and D? are non-negative for 3 > 2, one may obtain
1 (Px

Ff ; (r)rdr = W(0)

1 ;|
S W) > o Y / o(r)r dr

1 i,keN1 0

eSO ;
>
> [ et

and since ¢ is positive, this implies the uniform boundedness of D(X) and the similar anal-
ysis can be applied to D(Y').

For the uniform lower bound estimate for §, we have



7(C3.1)?

EMERGENT BEHAVIORS IN THE OPPOSING GROUPS

WO) 2 W) > e Sy

/8 — 2NNy €N, JEN,
- 1 1 525
T B—=2N1Ny ’

and this directly implies our desired result.

11

O

Remark 3.1. Note that relation (3.4) still holds when 3 > 2. Howewver, the functional W
may not be positive if 5 = 2 and hence, we can not obtain any useful information from

(3.4).

As a corollary, we can obtain the asymptotic velocity alignment in each group from the

estimates in Lemma 3.2.

Corollary 3.1. Let (X,Y) be a solution to system (1.1) satisfying the conditions (C1) and

(C2). Then, one gets

Proof. From (3.4), we get

d
—W Wl <o,
W IV

and we integrate this relation with respect to time to get

t
(35) 1 W(o)+ [ IVIW[Pds < W)
0
Here, for each i € N7 and j € Na,
i - 1-8
Jii| = Z o(x Z W_w < ¢(0)D(X) + 6" 7,
kENl mGN v
951 = |~ D (v — i) (ye — v5) < P(O)D(Y) +6'7,
’ e§2 ’ YoM kgf\:/ o - yﬂ‘ﬁ
and we use the uniform upper and lower bounds guaranteed in Lemma 3.2 to get
d
(3.6)[c-1-3] sup H + sup H < 0.
>0 >0

Next, we also have

&3] = ‘]\1,1 > [(Dﬁﬁ(%k — @) (B — 20)) (5 — i) + Pk — @) (Tg — i‘z‘)]

keN
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(ye — ) - (e — %)) (ve Yo — &
Z _ . |BF2 N, Z lys — 718
EGN |yf ’1" | ZGN |y£ xl|

dX dX
— I D(X) +2¢(0) | —— DA (| = —
dtH )+ 200) [ 5] + 5+ 1) ( 2],
where D¢ denotes the gradient of ¢ and ¢, denotes the Lipschitz constant of ¢. Similarly,
.. ay dy _
i < 20 | | 2000+ 20000 | G|+ 05 (|45 + G )

where 913, denotes the Lipschitz constant of 1. Thus, one may use (3.6) to get

< 20Lip

(3.7)[c-1-4] sup

t>0

Thus, one combines (3.6) with (3.7) to get

H + sup
t>0

d
=sup |— (|[VxW|]? + |[VyW]?
tzg dt(\l xWIP+IVyW|?)

sup

SN Y .o S g
~ b ldt \ | vt N, dt
2 dX X 2 dY &Y

“SW\N2a aE T NIt de
2 dx eX|, 2 dYH eY || _
su - Su —_— su - Su —_ Q0.
= N2 oan | dt | h | || TN e ||t || e || de2

Thus, by the integrability (3.5) of |[VW||? and the uniform upper bound for 4 (||VW|[?),
we may use Barbalat’s lemma to yield

VW2 = |[Vx W2+ |VyW|? = 0, ast— oo,

el

HN dt Ny di

which implies our desired result.

3.2.1. Proof of Theorem 2.1. Now, we proceed to the proof of Theorem 2.1. First, we set

C( ) C(X Y = Z ‘xz xc|2 Z |y] c

zENl JGNz
K1
= TI\X (L, @ La)ef* + o= |Y (1, ® Lg)yel*

e (Step A: Asymptotic consensus): We differentiate the functional C with respect to ¢ to
get



EMERGENT BEHAVIORS IN THE OPPOSING GROUPS 13

d K1 dX dx.
Lo Blix — (1, @)z - (25 — (1y, @Iy 2Ee
0= = (e ln) - (G~ (o))
K2 dy dyc

b = (o T (G - (e 91 5.

and note that

da;c dmc
(X = (I @1g)ze) - (In, ® Hd)ﬁ = ; (z; — ) - o 0,
1 1

d c dyc
(Y - (]lNz ® ]Id)yc) : (]lNg & Hd) Y = Z (yj - yc) : at =0.

dt jGNQ
Thus,
d K1 dX Ko dY
Z0="L20 (X = (Iy, @ I)ze) + 2= (Y = (In, ® Ia)ye

=—r(VxWx + VX'Dﬂ) (X = (In, @1g)ze)
— ko(Vy Wy + VyD?) - (Y — (Ln, ® Lg)ye).

On the other hand, we have

d dX dy
Zpb = ERNtT v A ) 1l
dtD VxD 7 + VyD o

= —NVxD? . VxWyx — Ni||VxD?||?
— NoVyDP - Vy Wy — Ny||[Vy DP |2

Then, one obtains

d

—(C+D7) = = VWi - (X = (Ly, ® Lo)ae)
~ N (vXDﬁ n %(X (Iy, ® ]Id)mc)> — N[V x D82
— ko Vy Wy - (Y — (]1]\[2 X Hd)yc)

K
N, (vyDﬁ + FZ(Y ~(1y, ® ]Id)yc)) — N,||VyDF|?

4
= ZIBr-
r=1

We separately estimate Zs,.’s as follows.

o (Step A-1: Estimates for Z3;1): We use the change of indices i <> k to get

I3 = —miVxWx - (X = (In, ® Ig)z.)
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Nz O Olak — i) (wi — )z — o)

zk6N1
Y bl — ) — @il
1 i,k€EN
/-61¢ K19
<O N Jay - = PO X - (L, @ Ty
N} M
ZkEN1

o (Step A-2: Estimates for Z32): First, we use Young’s inequality to yield

K
Ty = —N;VxDP - (ﬁl

(X~ (Ly, @ Lxe) + Vx W) = N[ VD7)

(3.8)[c-2]

< TG - ax 1w - v

Here, we get

| (R x - (v @ L) + 9wy |

— ]\17% Z Z (p(xg — x5) — K1) (TE — 24)

1€N1 |kENT

~ X | X ol = ) ) o — i)

n=1ieN7 |keN1
2

2 Z Z Z pik(xkn - xm) 5

n=1ieN7 |kEN]

where xj, denotes the n-th component of z; and P = P(X) € My, xn, (R) is a matrix
whose components are given as

_N% Y. (dlwy —x) — k1), ifi=4,
P(X)i = | VENTIA Y
N (92 = zi) = k1), ifi £ j.

Note that if {en}ﬁzl is a standard orthonormal basis in R¢, then for each n = 1,--- ,d,
(eF®In,)X is a vector in RV whose k-th component is zy,,. Here, we recall that (el @Iy, ) €
Mn, «n,a(R) is written as

(ef ®1Iy,) = € My, xn,a(R).
0 el

Now, since the sum of each row in P is zero, one gets
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H (L(X ~ (Ly, @ Lae) + VW) H2

Ny
d 2 2
Z Z Z Pire(xkn — @in) N2 Z Z Z Pikxin
=1lieN7 |keNy n=14ieN7 |keN
d 2
Z Z Z ’sz(xkn - :L'cn)
=1ieN: |keNL
1
=W Z Pl @ Iny) (X — (Ly, ® L))’
S N2 Z ‘ ® ]INl (]lNl & Hd)$c)|2
A(P
- 5\72) |X - (]lNl ®Hd)xc|2a
1

where \(P) is the largest eigenvalue of P in (1;,)+. Note that
(65 @ In ) (X — (In, ® Lg)ze) - Ly = Z (Tkn — Ten) =0,
keNy

ie. (ef @Iy ) (X — (In, ®Ig)z.) € (1n,)*. To estimate A\(P), consider any U € (1n,)*.
Then, once we notice that P is symmetric and the sum of each row in P is zero, we have

1 1 N1
(PUUY = > Pigsur = Y Pirlus — wp)ug + Y Piptij
i,k=1 ik=1 ik=1
=0

1

=3 ZPZk|u7' —
i#k

1

< s maxl[600) =l 1 — o} 3 s —

ik
= max{|¢(0) — k1|, |[k1 — om|}U?,

which implies

A(P) < max{[¢(0) = 1|, |1 = ¢ml}.
Thus, we apply this result to (3.8) and get

I3

IN

(5~ L) + 900 |

)\(‘ )2 2
< —
= I, |X (]lN1 ® Hd)$c’
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_ max{[$(0) — m1 % [k1 — du|*}

‘2
- 4N

’X - (]lNl b2y Hd)l‘c

o (Step A-3: Estimates for Z33): Similar to the estimates for Z33, one can obtain

|Y - (]lNl ® Hd)yC‘Q'

o (Step A-4: Estimates for Z34): We employ the same analysis for Zss to get

- max{[¢(0) — k2, K2 — P

o = AN, i

%}
}Y - (]lNQ & Hd)yc

Hence, we combine all the estimates for Zs,.’s to yield

d 8
£W+D)
1
< _47]\71 (4HI¢m - maX{‘¢(0) - H1‘27 ”‘{‘71 - ¢m‘2}) ‘X - (]1N1 & Hd)xc‘z
2
~ v, (2, — ma{((0) = ol Im2 = ¥ }) [¥ = (L, © La)ue
< —eC,

where € > 0 is defined as

2!61 2/4,2

S (4f~61¢m — max{|¢(0) — 1], [1 — ¢ |*} 4rotpy — max{]s(0) — 1], [1 — ¢m!2}>
€ := min , .

Thus,
t
C+D°+ s/ C(s)ds < C(0) + D?(0),
0

which gives

/ C(s)ds < oo,
0

and since the uniform bounds in Lemma 3.2 imply the uniform boundedness of }%C
can use Barbalat’s lemma to conclude C(t) — 0 as ¢ — oo.

, We

e (Step B: Separation results): First, we let

- . 1 1
C=CX,Y):=—— Z E7 N L — lyj — yel*.
2N1 i€EN1 2N2 JENS

Then, one has
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d = 1 1
#°= "an2 > dlak — )|k — il — IN2 U(ye — yj)lye — y5l
Ui keNs 2 jleN:
1 (y; — i) 1 (zi —y))
. PP (R
(3.9)[c-6 NNz s\ Sew, Wi = il NNz g, 17— il
1
Z P(xr — @) |z — ‘ T oONZ Z w(yé—yj)’yf—yj‘Z
1 Zk€N1 2 j,ZENQ
1 d
Here, we assume for a contradiction that Y. |z; — y;|? is bounded. Now, we note the
iEN1,JEN?

following identity holds:

310* S eyt = Zy:r, zo|? + ||ze — ycly2+—Z!y; yel?

Z€N17]€N2 ZEN1 jENQ

Then, one uses (3.9) and (3.10) to get

1 2
AN, Ny >, ey

i€N1,5ENS
1 2 1 2
2NN Z ‘xi_yj‘ _ZH[BC_yCH
(3.11)[c=8] ~ 1% ieNjeN:
~ 1
= &)+ e — el
~ 1
> C(0) + 1| (e ~ 5)(O)]2 ~ 2maxc{o(0) }/c s + (8 —2/@5

Since we know [ C(s)ds < oo from Step A, we also have

/ C(s)ds < oo,
0

and hence [;°DP(s)ds < co. However, if we use the uniform bounds in Lemma 3.2, we

easily obtain that ‘%Dﬁl is uniformly bounded and hence, by Barbalat’s lemma, D% — 0

as t — oo, which is a contradiction to the boundedness of > |z; —y;|%. Thus, we find
1EN1,JEN,

out that > |x; — y;|? is unbounded.
iENT,JEN?
It remains to show that > |@ — yj|? grows to infinity as t — co. Now, since C is
iE€ENT,JEN?
uniformly bounded, we deduce from (3.10) that ||z, — y.|| is unbounded. Then, we use

relation (3.9) again to obtain
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5o 1 ) _ b
C(0) + e = vl + 2min{on ) [ Clspas

< €0)+ 7@~ 3O + (8 -2) [ D(s)is.

and we can deduce that

t
/Dﬁ(s)ds%oo, as t — oo.
0

Thus, we use relation (3.11) again to conclude that >,  |z; — y;|*> — oo, and hence

i€EN1,7EN2
from (3.10), ||zc — ye|| — o0 as t — oo. Since we already have the asymptotic consensus
result in Step A, we find out that §(X,Y)(t) — oo as t — co. This completes the proof.

4. DYNAMICS OF THE OPPOSING GROUPS: THE ONE-DIMENSIONAL CASE

? .47
Flsec:4)t In this section, we focus on the dynamics of system (1.1) for one-dimensional case. First,

we prove the collision avoidance result when g > 1.
{L4.1) Lemma 4.1. Let (X,Y) be a solution to system (1.1) with d =1 satisfying

0(X,Y)(0) >0, p>1.
Then for any t > 0, there is no collision between two groups X and Y :

(X, Y)(t) >0, Vt>D0.
Proof. As we did in Lemma 3.1, we use a contradiction argument. Assume that there exists
T* > 0 such that

z;(T*) = y;(T*), for some (i,j) € N1 x Na.

Without loss of generality, we may let T* be the first collision time. Then, we fix a particle
zi+ that collides with others at ¢ = T™ and consider particles in X and Y that collide with
xj+ at position x;+(T™*) and time ¢ = T*. Then, we can find the clusters {X};_,, {Ye}7_;

of X-particles and Y-particles, respectively, such that particles in each cluster collide with
x;+ at t =T and for each k and £,

Xk = {xak,l—i-la o 7$ak}7 }7@ = {ybg,1+lv te 7ybz}7 aOabO cNU {0}7

.)Ek:{ak,1+1,"‘,ak}, j}f:{bffl—i_l?'”vbé}v I::U‘)E]ﬁ j:U‘)}Z
k=1 /=1

and the initial ordering among clusters does not change up to t = T*, i.e. either one of the
following four settings holds on t € [0,7):
(1) Xi<YVi< <X, <Y,
2) X1 <Y1 < <X, <Y, < Xpi1,
(3) }71<X1<"'<1~/};<Xp,
A Yi<Xi<- <Y, <X, <Yp1
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Here, the relation XT < 17} is defined as

Xr < Yr <= maxx; < minyj,
1€Xr JEYr

and Y, < X, is defined in a similar way. Due to the symmetry in system (1.1), it suffices
to consider the cases (1) and (2) without loss of generality. Before we move on, note that
there exist positive constants n > 0 and C = C(T*) > 0 such that

n::min{tian le; —y;] : 1€Z,jeNa\ T or iENl\I,jEJ},
<*

sup max|x + sup max <C(T*
s ()] s a3y (0)] < C(T)

and we set notation for maximal, minimal indices in each cluster: for each r,

Tpm = MiN T;, Ty = Maxz;,
i€ Xy i€ Xy

and we set ¥, and 37 similarly.

o Case (1): Here, for a.e. t € (0,7%),

. . — YpMm Yo — Tim
YpM — Tim = —
b " L5 |xkz—pr|'B Ny ZEZN |ye — x1m|?
1 YpM — Tk Yo — Tim
> —C(T*) +— )y ————
T Ny k; Tk — yp M’ﬁ Ny Z !ye—mmw
) -
> _C(T )+ L(pr xlm)l 57

Ny

where we used

0<ypm — 2k < Ypm — Tim, VkEIL, Vte[0,TY),
0<yr—xim < YpMm — Tim, Y ET, Vte|0,TF).

Since yppr — T1m — 0 as t — T, we can easily obtain a contradiction.

o Case (2): In this case, we have for each r = 1,--- ,p and a.e. t > 0,
. * Yo — TrMm
— &y > —C(TY)
Yrm M Z |$k - yrm|B N2 Z |y€ - 1'rM’B
4.1)|p-1
( ) P —g > C(T* b Z L(r+1)m Z T — YrM
(r+1)m M |y€ - x('r—l—l)m|’b7 Nl ‘xk - er|B

ZEJ

Then, we sum the relations in (4.1) for r = 1,-- - p to obtain

p
Z(i.(r+1)m = YrM + Yrm — xTM)

r=1
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ZZ( Tk —YM Tk~ Yrm )

=1 kel |=77k - er|B |'rk - yrm|ﬁ

1 P L(r+1)m Yo — TrMm

|yz —Tyyml® Yo — 2]

_ ZZ( Tk —YrM Tk~ Yrm )

1 iz< Yo —TrM Yo Trm )

r=2te ] |yZ_-73rM"8 |yi_xrm‘ﬁ

1 Yo = T(p+1)m Yo — T1Mm
ey ( _ .

2 (= \ e = 2prnml”  Jye —z1ml?

| \/

Here, if j, (k € T) is ahead of the cluster Y, i.e. 2 > 9,7, then

Tp —YrM Tk~ Yrm B e - s
ok —yem P ok —yeml® (@ = yrar) (@) = Yrm)

= (1 - /B)(mlt)iﬁ(yrm - er) > 0,
where we used mean-value theorem and z} € (x; — yYrar, Tk — Yrm). Similarly, for the case
Tk < Yrm,

Tk — YrM Tk — Yrm

|xk *er‘ﬁ |xk *yrmw
Moreover, similar estimates give

>0,

yf_wrMB_ yﬁ_xrmﬁ>07 €€j
‘yﬁ - er’ ’yé - xrm’

Thus,

Mzs

(‘f(rﬂrl)m —YrM + Yrm — jer)
r=1

1

* LT(p+1)m — Yt Yo — T1M
> —C(I") + 5 ) ( + )

2 (o \lve = 2prnml®  lye —aaml?

. J
> @)+ L (@im

N —yim) P+ (Yprr — le)Hg) )
2

and this again leads to a contradiction, which implies our desired result

(R4.1) Remark 4.1. Consider the case when two groups are initially separated
(42)[p-2] 2 < - <al, <yl <<yl o <<y}, <2l << al,.

Without loss of generality, we assume the first case in (4.3) and let 6(X,Y)(0) > 0 and
B> 1. Then, due to the collision avoidance from Lemma 4.1, we have



EMERGENT BEHAVIORS IN THE OPPOSING GROUPS 21

w(t) =  max zi(t) < ym(t) := ) SI?iSI;VQ y;(1),

and moreover, for a.e. t > 0,

N2
. . 1
gm — = 5 ;w(w — Ym) (Yo — Ym) — A

N1 N2
1 1 (ye — )
—— > Oz —zpm)(Tr —20M) + — T ]
T ORS O B o

>(1 . 1) 1
T\ NoJ |ym —ap|PY

Then, we multiply both sides by |ym — xar|?~" to obtain

d 1 1
do_ saga( Ll L
|Ym — 1] _5<N1 + N2>,

and hence, we obtain the asymptotic separation result:

1/8
(Ym — xpr) > (yofxo )ﬁJrﬁ LJrL t t>0.

(R4.2) Remark 4.2. Thanks to Lemma 4.1, we can separate particles into several clusters { Xy} _;,
{Ve}i_y of X-particles and Y -particles, respectively, depending on the initial configuration:
If we set

Xk - {xak_l-i-la et 7$ak}’ }/Z = {ybg,1+17 e )ybz}7 CL(),bO S NU {0}7

Xy ={ar—1+1,---,ar}, Ve={be—1+1,--- b},

and hence,

T S
M = UXk, Ny = Uye-
k=1 /=1

Then Lemma 4.1 implies that the initial ordering among clusters does not change up to any
finite time and those orderings are one of the following four settings:

(1) Xi<Yi<--- <Xp<Yp,

(2) X1 <Y1 <--- <X, <Y, < Xpi,

(3) Y1<X1<"'<Y;;<Xp,

(4) Y1 <X1<--- <Y, <X, <Y1
From now on, due to the symmetry in system (1.1), we only consider the cases (1) and (2)
without loss of generality.

We know from Lemma 4.1 that asymptotic consensus in each group can not be obtained
in general. Instead, we can observe that asymptotic consensus emerges in each cluster.
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{L4.2) Lemma 4.2. Let (X,Y) be a solution to system (1.1) satisfying (A) and the following
assumptions:

(X, Y)(0) >0, B>1.

Then, we obtain

_oplXnly _ 9ol
DX, (1) < DX(O)e ™ ', D(¥(t) < DY, (0)e” ™ ', >0,
where ¢2 and 0 are given by
¢ = o(D(X,(0))), ¥y = (D(Y(0))).
Proof. For the r-th cluster X, in X-group, we set
Tp)M ‘= MAX T;, Ty i= Min ;.
1€Xy i€Xr
Then, for a.e. t > 0,
Ny
. . 1
LTyrM — Trm = F Z (¢($k - er)(-Tk - 'TT'M) - Qb(xk - xrm)(xk - l'rm))
L=
N2
_1Z<yé_er _ yﬁ_xrm>
No — ‘yé - xT‘M|ﬁ ’yf - xrm’ﬁ

For 731, since x,pp > Ty, we get xp — Trpr < T — Tpm for each 1 < k < Ny and hence,

¢(mk - er)(xk - er) - ¢($k - x'rm)(xk - wrm) < 0,
due to the monotonicity of ¢(x)z. Thus, we obtain

In < Ni > dlar — wear) @k — xar) — @k = Tpm) (T — Trm)
! kex,

||

< - N (DX () (@ras — Trm)-

For Z30, if £ € )5 such that X, < Y, i.e. if y, is in front of X-particles in the cluster X,
then one gets

Yo —TrM Yo~ Trm
|y€ - :ETM|'B |y€ - "L‘rm|ﬁ
_ 1 1

(e — zoar)P 1 (yo — Tom)P 1
=(1- ﬁ)(l‘:)_ﬁ(xrm —xry) >0,

where we used the mean-value theorem and z* € (y; — Ty, Yo — Trm)-

On the other hand, if £ € Y, such that Y; < X,, i.e. if y, is behind the X-particles in the
cluster X,

Yo — Trpm N Yo — Trm
|yZ _$TM|B |y€ _xrm|5
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1 n 1
(e —y0)P~t  (Trm — ye)P !
= (= B) ) wras = Tm) > 0,

where we again used the mean-value theorem and z* € (zm — ys, Trar — ye). Thus, we can
conclude that

130 <0.

Therefore, we combine the estimates for Z3; and Zss to get

X,
ol

(4'3) TrM — Typm < — N,

Then, we have

(D(Xr (D) (@rar — Trm)-

D(X:(t)) < D(X;(0)), Vt>0,

and hence, we apply the monotonicity of ¢ and Gronwall’s lemma to (4.3) to obtain the
desired estimate. Since the estimates for D(Y;) are similar, we omit the proof.
O

Next, we show that if two groups are not initially separated (i.e. the case of Remark 4.1),
then they are confined in a finite interval.

(L4.4) Lemma 4.3. Let (X,Y) be a solution to system (1.1) satisfying (A) and the following
assumptions:

0(X,Y)(0) >0, [>2
Moreover, assume that the initial configuration (4.3) is excluded. Then,

supD(X) +supD(Y) < oo.
>0 >0

Proof. Here, we may use Lemma 3.2 to obtain that
W (t) < W(0),
which yields %ggd(X, Y)(t) > 0 and

WO)> o 3 @ ail) + 51 S0 Wy~ wel)

L keN; 2 jUEN:

33 (D) + 21N22\I!(D(Y)).

Y

Since we have assumed ¢(z)z and 1 (z)x are monotonically increasing in z, it is obvious that
®(z) and ¥(x) monotonically increases to infinity. Thus, this implies the desired result.

([l
2(Ca.1)? . L
Corollary 4.1. Let (X,Y) be a solution to system (1.1) satisfying (A1)-(A2) and the

following assumptions:
0(X,Y)(0) >0, p>2.

Moreover, assume that the initial configuration (4.3) is excluded. Then, there exists a
bounded interval K such that

zi(t),y;(t) € K, forany (i,j) € Nt x Na and any t>0.
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Proof. We argue by contradiction. Since the other cases are similar, we only consider case
(1) in Remark 4.2. In this case, the following inequality holds for all ¢ > 0:

(4.4) 221m(t) < welt) + yelt) < 2ypar (8):

Together with the results in Lemma 4.3, the nonexistence of such an interval K implies
either one of the followings hold:

either liminfx,y(t) = —oo, or limsupzin,(t) = occ.
t—o0 t—00

Here, due to the collision avoidance between the two groups X and Y, we have

limsupzim(t) =00 = limsupy;(t) =oc0, VjeY, (1<r<p).

t—o00 t—o00

{ ligioglfa:pM(t) =—-00 = ligglfyj(t) =—00, VjeY, (1<r<p)

Moreover, since D(Y) is uniformly bounded,

htrgélolfxpM(t) =-00 = hgloglfpr(t) = —00.

Thus, the inequality (4.4) yields

llgéglf Tpm(t) = —00 = hg(l)rgf (xc(t) + yc(t)> = —00,
limsup z1,(t) =00 = limsup (:cc(t) + yc(t)> = 0.
t—o00 t—00
However, this contradicts Lemma 2.1, since z.(t) +y.(t) is a conserved quantity along time.

Therefore, such a finite interval K exists.
O

4.0.1. Proof of Theorem 2.2. Thanks to Lemma 3.2 and Lemma 4.2, it suffices to show the
convergence toward asymptotic limits. For simplicity, we set W (t) := W (X (t), Y (¢)). First,
we recall from Lemma 3.2 that

d
ZWO) = N[V W@ = Nao[ VyW (0" < = [ VW (@)]*
Since W (X (t),Y (t)) is nonnegative and monotonically decreasing, we can find W > 0

satisfying

lim W(t) = W>.

t—o00
Moreover, we have

/ VW ()2t < —/ Ly yar = wity) — wee.
to to dt

Together with inf;>od(X(t),Y(¢)) > 0 and Corollary 4.1, we have VI¥(t) is uniformly
continuous. Thus,
lim VW (X (%), Y (t)) = 0.

t—o00
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On the other hand, since (X (¢), Y (¢)) is uniformly bounded, we can find a sequence t,, /0o
and (X, Y>) € RM x R™ such that

lim (X (t,),Y (tn)) = (X, V™).

n—oo
Hence, we have

0= tim [[VIV(t,)] = [V (X, 7).

Here, note that the potential W is analytic on the following region:

0 := {(l‘l,-'- y TNy, Y1, 7?JN2) ERNl X ]RNQ ‘ T #y] for all (Zvj) ENl XNQ}'

So, Lemma 2.2 guarantees the existence of positive constants n € [1/2,1), ¢, > 0 such that

(4.5)[p-4] [[VW(X,Y)[| = c[W(X,Y) = W™[", V(X,Y) € B((X*,Y™),r),
where B((X,Y),r) denotes the ball of radius r in RN x R™2 centered at (X,Y) € RVt x RN2,

Our claim is to show that, for any 0 < & < r, there exists ¢ > 0 such that

(X(1),Y(t)) € B(X>,Y%),e), Vt=t,
which implies the desired result. Now, we fix e < r and let g(t) := |[W () — W*|'=". Since
g(t) (0 as t — oo and g is uniformly continuous, we can choose t* > 0 satisfying

N1N>

c(1—=n)
where c¢ is given in (4.5). Due to the sequence {t, },en, we may choose ¢¢ sufficiently large
so that

(90) = g() < 5. Vi

(X (#), Y (#) = (X, ¥>)| <
Now, we set

Te :=sup{t =t | (X(1),Y(t)) € B(X*,Y>),¢e)}.
We claim that T¢ = co. Assume for a contradiction that T° < co. Then, we note that

(16 B (t) = (1~ )W (1) ~ W LW (1) < —e(1 )W (t) — W 9w (o)
Then, for t € [t°,T¢], we use (4.5) to get

dg ( 1 ) L_dg
VW) < - STt
| Ol dt \ (1 —n)|W(t) — Wee|-n||[VW|| c(1—mn)dt
Thus, we obtain

[l ()= [

"
<N [ WO < (o(6) - 9(17) <

NoVy W (t)

( N1V xW(t) )’dt

| ™
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This implies

e = [(X(T°),Y(T)) — (X, V™)

< |(X(T9), Y(T9)) — (X(£°), Y ()| + (X (£°), Y (£)) — (X, V™)
| q X(t) €

Sﬁ ﬁ<Y@ V“a<@

which is a contradiction. Thus 7 = oo and hence, we can obtain our desired convergence:

lim (X (2),Y (t)) = (X, V).

Remark 4.3. The same argument as the proof of Theorem 2.2 implies that there exists

t* > 0 such that
N1Ngy
c(1—n)

Then, the contradiction argument yields

T :=sup{t > t* | (X(2),Y(t)) € B(X,Y™),r)} = o0,
and hence, we can combine (4.5) with (4.6) to get
= S (=)W () = W[V ()]
<= n)|W() = WHT = (1 =)yt =1,

where ¢ is given in (4.5).

If n =1/2, then we may use Grénwall’s lemma to obtain

glt) < g(t7)em Mg > g
Ifne(1/2,1), we can get

_nd 1—n d 1=2

1-n 2 —

dt 1—277@9

which implies
/N

gt) < (9(t) T +E@n - —1)) T, t=vn
In either case, we have g(t) — 0 ast — oo at least at an algebraic rate. Thus,
“ld [ X(s)
X(@),Y () — (XY < —
ey - c=vels [T (F8))

> N1No
SNN/ VW (s)||ds < g(t), t>1t",
e [T I9ws)las < 0

ds

which implies that after some time, the convergence rate toward the asymptotic limits is

least algebraic.

(9() = g(t) < 5. V=0 and [(X(),Y ()~ (X2,7>)] < .

at
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5. NUMERICAL SIMULATIONS

In this section, we present several results from numerical simulations concerning system
(1.1). Since the dynamics observed in (1.1) appears different depending on the dimension,
we provide the results for numerical simulations separately. For any dimension, we em-
ployed the fourth-order Runge-Kutta method.

5.1. The one-dimensional case. In this subsection, we provide the results of numerical
simulations for the one-dimensional case. Notable situations in the one-dimensional case are
the order preservation between clusters and the existence of asymptotic limits. We would
like to observe such phenomena varying the choice of communication weight functions ¢ and
1, and the singularity exponent 8. For our numerical simulations, we choose the following
type of communication weight functions:

1 1
P(z) = At 22y Y(z) = A5 a2y’

Note that if 5 > 1 and a1, a2 € (0,1/2], they satisfy all the conditions in (1) of Theorem
2.2, while 8 > 2 and ay, a2 € (0,1/2] coincide with the conditions in (2).

ap,as > 0.

Now, we consider the case that satisfies our sufficient framework given in Theorem 2.2
and the cases that do not. Note that the red line denotes the position of particles in X-
group, while the blue line denotes the position of particles in Y-group. In Figure 1(a),
the coefficients satisfy the condition and we observe both the consensus in each cluster and
convergence toward asymptotic limits. However, even for the case 5 = 1.5 (see Figure 1(b)),
we can observe both phenomena, where only the consensus in each cluster is guaranteed.

’ 0 10 20 30 40 50 60 70 80 90 100 ’ 0 10 20 30 40 50 60 70 80 90 100
(a) Q] = Q2 = 0.25, ﬂ =25 (b) Q] = Q2 = 0.257 ﬂ =15

Ficure 1. Consensus in each cluster and convergence toward the asymptotic
limits under the sufficient and non-sufficient conditions

On the other hand, in the case of ay = ag = 1.5 with 5 = 2.5 (see Figure 2(a)), it does
not satisfy any of our condition and the boundedness D(X) and D(Y) and convergence
toward asymptotic limits are not observed. However, we can observe the consensus in each
cluster. When a7 = 5, ag = 0.25 and 8 = 2.5, the consensus in the Y-cluster is observed.
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As we may observe in Figure 2(b), the consensus in each cluster of Y emerges while the
consensus in some clusters of X does not.

|
I

0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100

(a) a1 =a2=15,5=25 (b) a1 =5, as =0.25, 8 =2.5

FIGURE 2. Emergence and non-emergence of phenomena under non-
sufficient conditions

5.2. The multi-dimensional case. In this subsection, we consider the multi-dimensional
case. Here, we only consider d = 2. As we did for the one-dimensional case, we would like
to observe the phenomena varying communication weights and the singularity exponent.
Here, we also use the same type of communication weights:

1 1

P(x) = A+ 2y Y(z) = AT P

ap,a > 0.

Unlike the one-dimensional case, now we can expect the emergence of asymptotic con-
sensus and separation. We will use the same parameters as the one-dimensional case and
discuss what is different and what is similar. For the quantities in figures, we write

1/2

N 1/2 No
X — o] = (zm—xce) el [l
i=1 j=1

First, when a3 = as = 0.25 and 5 = 2.5, we can observe the emergence of asymptotic
consensus and separation, which is also observed in the case a; = ag = 0.25 and § = 1.5 (see
Figure 3(a) and 3(b)), although our condition does not guarantee the collision avoidance
when g = 1.5,
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X%l
Y-yl 14r
4(X.Y)
12
1oh X
Y-y i
8(X,Y)
60 70 80 90 100 o 10 20 3 40 50 & 70 8 s 100
(a) a1 = a2 =0.25, 8 =25 (b) a1 =2 =0.25,8=15
FIGURE 3. Emergence of asymptotic consensus and separation
?(F4)?
However, when oy = a3 = 1.5 and 8 = 2.5, the behavior of system (1.1) becomes

different. When the initial data is large, then only the collision avoidance is observed (see
Figure 4(a)). On the other hand, when the initial data is small, asymptotic consensus and
separation seem to emerge as depicted in Figure 4(b).

14 9
ol
12
)
X,
ol Hyﬂ X
Yo 6r ¥y,
5(X.Y)
sk 3(X.Y)
ol
ol
[ ———
6 sl
4+ 2
N
ol
ol
0 1
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
(a) a1 = ag = 1.5, f = 2.5 with large initial data (b) a1 = a2 = 1.5, B = 2.5 with small initial data

(e5) FIGURE 4. Emergent behaviors depending on the choice of initial data
?7(F5)7

Finally, we present a case where partial asymptotic consensus emerges, i.e. one group
reaches an asymptotic consensus while the other does not. When a; = 5, as = 0.25 and
B = 2.5, we can see the same result without the smallness condition on initial data (see
Figure 5(a)).
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20

IXx I
Y-y,
15} SX.Y)

0 10 20 30 40 50 60 70 80 90 100
(a) a1 =5, =0.25, 5 =2.5

FIGURE 5. Partial consensus
?2(F6)?

6. CONCLUSION

? :5)?
Fsec:5)? In this paper, we discussed the asymptotic dynamics of two opposing groups under at-

tractive and repulsive forces. Due to the difference between the one-dimensional and multi-
dimensional cases, we first considered the multi-dimensional case. Here, under a suitable
assumption for the singularity exponent in the repulsion force, we proved the collision
avoidance between two groups. Furthermore, with suitable conditions on system parame-
ters, initial data and communication weights, we proved the emergence of both asymptotic
consensus and separation. In the one-dimensional case, due to collision avoidance, particles
are separated into several clusters by the particles from the other group. Moreover, the
order between these clusters is preserved along time, which hinders the asymptotic consen-
sus in general. Moreover, we showed that each cluster reaches a consensus and tends to an
asymptotic limit.

Still, there are many interesting issues to be discussed concerning the dynamics of op-
posing groups. For example, the dynamics of multiple opposing groups, opposing groups
governed by second-order systems communicating via singular kernel, etc. These will be
treated in future works.
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