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Abstract

An implicit asymptotic-preserving and energy-charge-conserving (APECC) Particle-In-Cell
method is proposed to solve the Vlasov-Maxwell (VM) equations in the quasi-neutral regime.
Charge conservation is enforced by particle orbital averaging and fixed sub-time steps. The
truncation error depending on the number of sub-time steps is further analyzed. The Crank-
Nicolson method is used to exactly conserve the discrete energy. The key step in the asymptotic-
preserving iteration for the nonlinear system is based on a decomposition of the current density
in the Maxwell model from the Vlasov equation. Moreover, we show that the convergence is
independent of the quasi-neutral parameter. Using extensive numerical experiments, we show

that the proposed method can achieve asymptotic preservation and energy-charge conservation.

Keywords: Vlasov-Maxwell, Quasi-neutrality, Asymptotic-Preserving, Energy-charge conser-

vation.

1 Introduction

The Vlasov-Maxwell (VM) system is of great importance in the modeling of collisionless mag-
netized plasmas, with a wide range of applications to fusion devices, high-power microwave genera-
tors, and large-scale particle accelerators. The VM system is a coupling of a kinetic equation and a
field equations, in which The Vlasov equation describes the motion of microscopic particles, while
the electromagnetic field is a solution of the Maxwell equations coupled to the Vlasov equations

through the electrical charge and current.
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After scaling, the dimensionless VM system (see Section 2) depends on the scaled Debye
length A. It is the ratio of the physical Debye length Ap, which is the distance traveled by a
particle at thermal velocity in 1/27 of a plasma cycle, to a spatial scale and is related to the
plasma frequency [1,6]. In the scaled model, the parameter A\ appears in the Maxwell-Ampere
equation and in Gauss’s law. The electric field cannot be obtained explicitly due to the singular
nature of the quasi-neutral limit. In addition, the scaled Debye length A\ controls the temporal
and space frequencies of plasma oscillations and electromagnetic waves, which may become large
when A — 0. Therefore, the classical explicit scheme enforces small mesh sizes and time steps
to resolve the quasi-neutral parameter. More challenging is the fact that the parameter may
vary by orders of magnitude over time and space, which makes traditional domain decomposition
methods [18,19,22,35] impossible. A good choice is the Asymptotic-Preserving (AP) scheme, first
coined in [29], which switches from a microscopic solver to the macroscopic solver automatically.
For more representative AP schemes, we refer to [30]. In literature, a range of AP schemes have been
developed for various plasma models in the quasi-neutral regime, including the Euler-Poisson [14],
Euler-Maxwell [17], and Vlasov-Poisson systems [16,25,26]. For the Vlasov-Maxwell, Degond etc.
developed an AP scheme [15] by reformulating the VM system to unify the quasi-neutral model
and non-neutral model in a single set of equations.

The VM system itself is energy-charge conserving. But all the aformentioned AP schemes
do not conserve the total discrete energy. Numerical noise introduces spurious energies that can
erroneously feed plasma instabilities leading to unphysical results. In the study of plasma simula-
tions, it is essential to observe the transformation of energy from one component to another. Most
energy-conserving methods are based on implicit methods [7,9-11,31,32]. They relax time-step
constrains for stability and have a good property in long time computation.

Clearly, all the fully implicit methods are consistent with both non-neutral and quasi-neutral
models. However, a fully implicit discretization requires the solution of a nonlinear system. The
convergence of iterative algorithms is severely affected by the small parameter A. The iterations do
not even converge when \ tends to zero. This is because the iterative procedure is usually based
on a linearized approach, which leads to the enforcement of some nonlinear constraints depending
on A. There are not many studies that satisfy both energy-charge conservation and asymptotic
preservation. Most recently, Ji etc. proposed an Asymptotic-Preserving and energy-conserving
(APEC) scheme [28] based on the AP scheme through a Lagrange multiplier to correct the kinetic
energy. The goal of this paper is to design, analyze and validate an implicit Asymptotic-Preserving
and energy-charge conserving (APECC) Particle-In-Cell method for VM system of plasma physics
near quasinutrality. Our AP methodology is partly motivated by the work of Filbet and Jin [21],
which is applied to physical problems with stiff source terms that admit stable and unique local
equilibrium. However their method was not aimed at nonlinear iterations. The contributions of

this work lie in three aspects.

(a) In order to enforce the charge conservation, we modify the particle sub-stepping and orbit-
averaging in [8] by using the fixed sub-time steps during one time step. Discrete energy

conservation is ensured by implicit methods. We split the current density into two parts —



an implicit part represented by the electric field at the current moment, and an explicit part
represented by the results of the previous iteration step. This is the key point for asymptotic

preservation.

(b) We derive an error estimate for the particle orbit integrator with respect to the number of
sub-time steps. We show that the proposed method is energy and charge conserving, the

latter enforcing Gauss’s law even when the scaled Debye length A goes to zero.

(c) We proved the iterative algorithm is well defined as the scaled Debye length A\ goes to zero,

and the convergence is independent of A.

We use electrostatic and electromagnetic tests to demonstrate the competitive behavior of the
implicit APECC scheme. Compared to the AP scheme, the implicit APECC scheme is able to
conserve the discrete energy and charge. In contrast to energy-charge-conserving methods, the
proposed method can handle small parameters A\ using large time steps and spatial sizes.

The rest of the paper is organized as follows. In Section 2, we introduce the Vlasov-Maxwell
system and its quasi-neutral model. In Section 3, we propose the numerical scheme for the VM
system by PIC methods and prove the discrete energy and charge conservation. In Section 4, we
present the iterative algorithm for the nonlinear system. In Section 5, we prove the asymptotic-
preserving properties of the iterative method. Finally, we show the numerical tests in Section 6.

Throughout the paper, vector-valued quantities are denoted by boldface symbols, such as
U, = (Uz,h,Uyh,Vzp), and matrix-valued quantities by blackboard bold symbols, such as A =
lasj] € RN*N with a;;j € R. The notation f < g stands for f < Cg where C' is independent of
the time step At, the spacial size Az, the particle mesh h,, h, and the scaled Debye length A.
Moreover, f ~ g means that f < g and ¢ < f hold simultaneously The norm ||-|| used for the

discrete vector means ||v| = maxp{|vgnl, [vy.nl, V28] }-

2 The Vlasov-Maxwell system and its quasi-neutral model

For simplicity, we study the evolution of a single species of non-relativistic electrons under a
self-consistent electromagnetic field, in which the ion is treated as a homogeneous fixed background

with its charge density denoted by p;,

atf+v-sz+%(E+'vxB)-V,,f:O, (2.1a)
1
OB =V x B =—poJ., (2.1b)
8B +V x E =0, (2.1c)
vV.E=P"P (2.1d)
€0
V-B =0, (2.1e)

where the electron charge densities p and the current density J are defined from the distribution

function as

p(x,t) =en = e/ f(x,v,t) dv, J(x,t)=¢e f(x,v,t)v dv. (2.2)
v Qy



Here f(x,v,t) is the particle distribution for electrons in phase space Qg X €y, © € £, denotes
physical position, v € §2, velocity variables. The electric field E and magnetic field B satisfy the
Maxwell equations, €y and pg are the vacuum permittivity and permeability respectively, ¢ is the
speed of light, e, n and m are the electrical charge, density and mass respectively.

It is noted that the Maxwell-Gauss equation (2.1d) and the Maxwell-Thomson equation (2.1e)
are the involution of Maxwell’s system. Equation (2.1e) is automatically satisfied by taking the
divergence of (2.1¢). Equation (2.1d) is found from the divergence of the Maxwell-Ampere equation
(2.1b) and the continuity equation which is from the integration of the Vlasov equation (2.1a) over
Qy,

Op+V-J=0. (2.3)

2.1 The scaled model and its quasi-neutrality limit

Let xq, tg, no, v, denote the space scale, the time scale, the density and the velocity scale,
respectively. The electric field and magnetic field scales are denoted by Ey and By, respectively.
The Debye length Ap is defined by Ap = 1/meovfh’o/eZnO, where vy, o is the electron thermal
velocity. Thus the parameter A\ = A\p/xo quantifies how close to quasi-neutrality the plasma is.
The definition of the quasi-neutral regime from the scaling relations is similar to the most common
assumptions of Magneto-Hydro-Dynamic (MHD) model [15]. Under the scaling of the characteristic
time, velocity and density by tg, vg and ng , length scaled by xg, characteristic electric, magnetic
field and current density by Ey, By and engvg, the distribution function scaled by ng/vg, the

dimensionless form of the Vlasov equation becomes
hf+v-Vof +(E4+vxB)-Vuf=0. (2.4)
The dimensionless Maxwell equation is written as [15]
NO,E—-VxB=-J, B+V x E =0, (2.5a)
NV -E=p—p;, V.-B =0, (2.5b)
with the density and current density defined by

p= / flx,v,t)dv, pi=1 J= [ f[f(z,vt)vdv.
Qo Qo
Since the rigorous analysis on the convergence of the solutions of the Vlasov-Maxwell system (2.4)—

(2.5) to a solution of the quasi-neutral Vlasov-Maxwell system (2.6) when A — 0 is still an open

problem, we simply set A = 0 in (2.5) to obtain the quasi-neutral model,

Of+v-Vof+(E+vxB) -V,f=0, (2.6a)
VxB=J, (2.6b)

OB+ V x E =0, (2.6¢)

p=1, V-B=0. (2.6d)

Applying a generalized Ohm law

OJ+V-S—pE+JxB=0,



where S = va fv ® vdv, one gets an equation that equals to (2.6b) [15],
E+VxVxE=JxB+V-8§, (2.7)

provided that V x B = J at the initial time.
Using particle models, the distribution function f is discretized by a set of particles in phase

space,
Np
fl@,v.t) = Y wpd(a — X,(t)3(v = Vi (1)), (2.8)
p=1

where w, = hah, f(X,(0), V,,(0),0) is the particle weight, (X,(0), V,,(0)) denotes the cell center of
the phase-space grid, h, and h, are the particle mesh spacing in physical space and velocity space,
respectively, and N, is the number of particles. Each particle follows the trajectory of the flow,

dX dv,
dtl’ =V,, d—tp = E(X,) +V, x B(X,), (2.9)

where E and B are the induced fields from the Maxwell equations (2.5). Therefore, the charge

density and current density are from the particles,

Np Np
p=3 wilx - X,(1), J=3 w,Vble-X,(1)). (2.10)
p=1 p=1

Remark 2.1. The particle model is an approximation to the original one and the number of
particles determines the accuracy of the approximation. For interesting previous works on the

convergence of the particle method, we refer to [2,12,13,23,24, 38].

3 Numerical scheme

In this section, we present a discretization scheme for the Vlasov-Maxwell system. We use a
Crank-Nicolson (CN) mover to push the particles and advance Maxwell’s equations. In addition,
we employ the Yee finite difference for the field approximation.

To ensure discrete charge conservation, previous studies [7,9] have argued that automatic
charge conservation is enforced by stopping particles at the cell surface. In their recent research [§],
particle sub-stepping and orbit-averaging were used to allow for a large time step. We follow the
idea but use a fixed sub-time step during each time step.

Let " = mAt, m = 0,1,--- , M, be a uniform partition of the interval [0,7] and At =
T/M. Assume the acceleration is independent of time during each time step, and the trajectory
is a straight line during each sub time step 7 = At/(Ng + 1), where N, is an integer. The
particle position and velocity at time t"™° are denoted by (X}, V"), where t™* = t™ + s7
and (X0, Vo) = (X0, V), (X ™ Vet = (Xt vt For s = 0,---, N, the

movement of each particle from time t™* to t"™5t! ig

T
Ms41 ms __ Mst1 Mg
Xt = X = (Ve 4 V),

LITS ms

. mo,1 mo,1 mo,L1
mes+1 - mes = Z % <E;n+1(Xp 5”2) + ET'(X, HQ) + (mes'+1 + mes) x BT'(X) g )>>
=0

(3.1)



where X,,""'*/? = (X" + X"") /2, the discrete electric field E}"™', E/® and magnetic field
B;' are induced from discrete Maxwell equations. The particle X;n *! stops at cell surfaces for
l=1,---, Ly, and Ly is determined by the number of cell-crossing. The sub time step T];'ZS of
7 from X" to X" is defined by 7/* = 7| X, " — X)) /|Xms+1 X
T = Zl d 7,1°- The interpolation functions Em+1(X;,ns’l“/2) and B} (X, e l+2) are defined by

ms,|

, and satisfies

BP0 = YD B ST s - X,), BP(X ) = 3D B Smen (o, — X,).
h
(3.2)

Here x;, is the grid location, X, is the particle position depending on X;,ns’l and X;,T,ns’l“, and

S™si+1/2 ig a special shape function proposed in [8] to ensure energy, defined by

Smatt1/2 (g, — Xp) =1 Q151 (Ti41)0 — X;ns,l+l/2)s2”;sjl;1/2 +5®5 51 (Y10 — Yy ms, l+1/2)5277;;2+1/2
+ k@ kS (2hp1/2— Zp " l“/Q)SQ;Z;“/Q, (3.3)

where %, j and k are unit vectors in the z, y and z directions, respectively, S (z Tiy1/2 — X * “’1/2)

is the linear B-spline shape function, and
S’ =3 <S2< Yy )8 (e — 2 o+ Salyy — V") ok Z{?S”“)ﬂ)
<52( )Sg(zk — Z ® l) + SQ( Ypms’l+1)S2(Zk — Z;ns’l)/2>, (34)

with Sy(z, — Z, >'™") the second-order B-spline function.
The Yee algorithm [37] centers its Ej and By, components at the edges and surfaces of the
cell, respectively. Thus each component of E}, is surrounded by four cyclic components of By, and

so is each component of Bj. The discretization scheme for the Maxwell system is written as

)\2 Bm+1 4+ Bm
S (B = By = Vg xS — gt (3.5)
1 EM 4 E
o (BT = Bp) + Vi x =i =0, (3.6)
where the current density is defined by
S LmS
J}T+1/2 7 At Z pr Y et/ Z S 172 (g, — X ) . (3.7)

p=1 s=0

Here V, *"/% = (V" *! 4 V) /2, and V, = AxAyAz is the cell volume, Az, Ay and Az are
mesh sizes along the z, y and z directions, respectively. The finite-difference expressions for the
space derivatives used in the curl operators are central difference. The central-difference operations

are also used in divergence operators. Naturally, it yields
Vh : (Vh X Eh) = 0, Vh : (Eh X Bh) = Bh : (Vh X Eh) — Eh : (vh X Bh) (38)

Taking the discrete divergence of (3.6), we obtain the solenoidal property of the discrete magnetic
field i.e. Vp, - B}”Lerl = 0 for any m > 0, as long as the initial magnetic field is divergence free. It is

noted that
)\2

o Vn (B = B = <V, (3.9)



Gauss’s law is enforced by exact charge conservation,
m—+1
Ph — PR

Ve Jr2 — (3.10)

3.1 Energy conservation

In this section, we will prove that the numerical scheme of (3.1)—(3.6) preserves the energy
conservation law. For easy notations, let EmH/2 (B + EM) /2, Bmﬂ/2 (B"™' + BmM) /2,

and define the electrical energy, the magnetic energy, the kinetic energy as:

m >\2 m m 1 m m 1 m
Wi =2 (B V., W = §Z(Bh V2V, Wi = 5pr(vp )% (3.11)
p

2
h h

Since the current density and electromagnetic fields use the same shape functions, we obtain

P 9 L"LS
ZJm+1/2 ;Ln+1/2 VAt ZZ“’PVP s+1/2 Z Zsms 2 (g — X )Em+1/27_;lu
p=1 s=0 =0 h
P Ns Lms /
s+1/2 m+1/2 M 141/2\ _msg
T e Z E; e

p=1 s=0
From (3.1) and the equality Vj, /2. (V, """/ x B*(X,"'"/?)) = 0, we have

P s
VoAtZJIT+1/2 ‘ Em+1/2 ZZ“P T (et yms) — -, (3.12)
p=1 s=0

Multiplying (3.5) by EZHU %V, and summing over the term h, it yields

(Witt —wi) =S (Vi x By EP TPyt = - N gt R BT AL (3.13)
h h
Multiplying (3.6) by Bm+1/ 2V , summing over h and using (3.8) and periodic boundary condition

yield

(Wt — W) + SOV x B By A = o, (3.14)
h

By summing up equations (3.12), (3.13) and (3.14) together, we get

WEH 4 W Wt = Wi+ WE + Wi

3.2 Charge conservation

In order to obtain that the charge conservation is ensured, we employ second-order B-splines

for the charge density of the p-th particle,
pp = wpSa(wi — X")Sa(y; — Y,") S22 — Z,°) [ Vo, (3.15)

where (i, j, k) is the mesh index. The current density of each particle during the sub time step 7';’[“
is defined by
Jy N = VL S (g, — X))V (3.16)



Since X;,n Sl=1,--- , Ly's stops at the cell surface, along each direction, Taylor’s expansion

shows [7,9]

SQ(xi - XITSJH) SQ(fci - X;}ns’l) + V s+1/2 S1 ( Liv1/2 — X e l+1/2) S1 (l’i_l/g — X;ns’lﬂ/z)

ms
ol Ax

=0,
(3.17)

where V., +F1/2 s the first component of V;)ms“/Z. Due to the definition of J;ns’l“m and pi', taking

the sum of [ and s, one gets

pm—l-l _p Ns Lms
LR p VYOS gy A = (3.18)
s=0 =0

Since the discrete charge and current density are defined by

Np Np N, Lp'
U IR 9 3) SEAE I 19
p=1 p=1 s=0 [=0

It is easy to see that the discrete charge conservation is enforced.

3.3 Sub-step of pushing particles

It is noted that using B?LJF%(X: S’H%) in (3.1) leads to a Crank-Nicolson scheme for pushing
particles, and it still conserves the energy because the magnetic field does no work on a charged
particle. In addition, charge conservation is still enforced since it does not affect the definition of
current and charge density. In this section, we show the dependence of the local truncation error

of the particle movement on the number of sub-steps N;. We rewrite (3.1) with a CN mover as

X;ns-‘rl _ X;ns — T(mes-&-l + V;;)ms)/2,

Ly (3.20)
-VI;mSJrl Vmg _ Z m+1 p s,l+1/2) + am(X;ns,Hl/Z))/Q‘
Here a™*! is the acceleration at time ™+, A Simple calculation yields
Ns Lp™
X = X+ VAL + }:}:2m'—2&+n H(a™HHX ) - a™(X, ). (3.21)
s=0 1=0

Taylor’s expansion shows that

XW“:Xm+VWAﬁ+éﬁdWXm)
p 2 p

At3 (2N2 + 4N, + 3)At3

+—8a (X,") + 120N, + 1)

Oxa™( XV + O(AtY). (3.22)

The exact solution has the following expansion:

A2 A At
Xt = X VA e (X + 0 (X)) + S0 (X + O(AHY). (3.23)

Comparing (3.22) and (3.23), the leading truncation error is estimated by

At? At?
Err = —0,a™(X)") + ———50,a™ (X)) V. .24

p p



It can be seen from (3.24) that the truncation error consists of two parts — the temporal
approximation and the spatial approximation, only the latter is affected by the number of sub-
steps Ng. Therefore, it is not economical to increase N to improve the accuracy of the calculation,
since large N implies large computation. However, large N leads to quick nonlinear iteration,
noting that (3.20) requires a nonlinear solver. In the numerical test, we usually choose Ny = 0 or
Ny = 1, which results in fast convergence of the nonlinear solver for (3.20) and good accuracy of

the particle orbits.

4 TIterative algorithm

Since the numerical scheme is a nonlinear system, in this section, we present a fixed point

iteration to solve the numerical scheme.

4.1 Reference implicit iterative algorithm

The reference iterative algorithm for the nonlinear system (3.1) —(3.6) is denoted by the im-

plicit energy-charge conserving (ECC) scheme, which is listed in Algorithm 1. Compared to the

Algorithm 1 An implicit ECC algorithm for the Vlasov-Maxwell equations

L. Given E}', B}, X', V", start with E,TH’kzl = E}? (k is the iteration index).

2. Start from X7 = X7*, V"0 = V. For s = 0,1,--- , Ny, update X;""* and V" by

st1k sk T s+1k sk
Xy = Xy SV V),
k k 1 mak [ gmtik My Moo
vk ymek Z 1§ e <E1 B, ) By
1=0
Mst1,k ms,k m ms’H%,k
+ (V" + Vmel) x BE'(X, ) |- (4.1)
3. Compute the current density
1 NP Ns L;ns’k
TR = oSy YV V) YT s (@ - X )rieR (42)
°p=1  s=0 1=0

4. The electric filed E;L”H’kﬂ and magnetic field BZHI’HI are obtained by solving

A ks 1 mA1,k+1 m A m1/2k
e En —5Vax (B +By) = B =, ;

1 fk+1 L k41 1 (4.3)
— B - x (B EY) = —Bj".
At h TV (B T B = 5B
5. The iteration is terminated if || B " — E" ¥ /] Ef|| < eqo1, where eq) is the tolerance of

the iteration. Otherwise update index k = k + 1 and return to Step 2.




fully implicit method proposed in [32], the reference implicit ECC scheme employs subcycling for
particles crossing the cell edge.

It can be seen from (4.1) that the computation requires a nonlinear iteration. In practice, the
convergence of the Picard iteration is observed around 2 iterations by choosing Ny < 1. Due to
(3.18), one gets

m+1,k
Py, — Py’

At

where p;bnﬂ’k =2, wpSa(xi— X;nJrl’k)Sg(yj - Yperl’k)Sg(zk - Z},nJrl’k). Thus the charge conserva-

tion is satisfied independent of iteration numbers. From Section 3.2, it can be seen that the energy

m+k

SR VIR AR ) (4.4)

conservation error is determined by the iteration tolerance. Define a linear operator A; as
Eh gEh - %Vh X Bh
Ap =] L . (4.5)
By, ivh x Ey + EBh
The linear system (4.3) can be rewritten as

+1,k+1 A2 +1/2,k | 1 +1,k
y [E,T ]:[mEm " + iV, x BT ]

(4.6)
Byt 4B — 3V x B

It is easy to see that Ay is invertible and well-conditioned when At < A, but ill-conditioned with
a fixed time step when A — 0 .
4.2 Asymptotic-preserving iterative algorithm

We denote by the implicit APECC scheme the asymptotic-preserving iterative algorithm for
(3.1)~(3.6). Define a linear operator M™+1/2 such that

Np N, Ly's M
Mm+1/2 Z prE’rI’Ls Z s, z+1/2 wh _ )(p)ﬁ7 (4.7)
p=1 s=0 ©

where E}f's is an averaged electric field along the substep of the p-th particle, defined by

ms
Lp m,s

ms __ mg, _ pl
E; _ZZV:EV-S (@, = X,) (4.8)

Changing the order of summation and summing up with respect to v, we obtain

MR ZE Zw S (g, @ X,), (4.9)
where
< 1 Ns o Lo? Ly i
S 2(g, wy X Z <Z S 14172 (g, — > (Z S™Ms41/2 () — X )At>
Lp'® M L,” e
+ ) < Z Smeti1/2 (g, — X )Z’) ( > Smaz (g, — Xp)zt>.
0<a<B<N; 1=0

10



Moreover, define

N, N, Lp's
~m 1 4 m s “p . .
I = S eV S S — Xy (4.10)
p=1 s=0 1=0
1 Ny N, L;,ns
Jm, = Mst1/2 ms mg, o ms
JiB = Mm};wp ;(VED x By") - ZZ; S™Ms1/2 (g, Xp)Tpl ) (4.11)

where Byt = ZIL:;TJS > By - §"ei12(zy, — Xy)7) [ At. We rewrite J;TJrl/2 as
m = m s At At
J, +1/2 _ I+ AT + 7Mm+1/2(E;—bruﬂ) + ?Mm+1/2(E}rln)' (4.12)

Changing Step 3 and Step 4 in Algorithm 1, we obtain an implicit APECC scheme in Algorithm 2.

Algorithm 2 An implicit APECC algorithm for the Vlasov-Maxwell equations

1. Given E;, By, X", V", start with EZH_UC:I = E}? (k is the iteration index).
2. For s =0,1,---, Ny, update X,"" and ;™% by (4.1) with X% = X2, V™ = V™.

3. Compute the linear operator M™+1/2k and jhm’k, j;nék, then obtain
Sm+1/2k 5 mk smk | DU 12k gm
J, =J, T+ AT G+ 7/\/1 (ET). (4.13)

4. Obtain the electric filed E}TH’kH and magnetic field B,TH’kH by solving

N 1 1 k1 1 1Lk+1 A2 L zmtlk
I+ Mk gttt g, (BT B = B - )
Zel™s JE o (B B = 7B myl
(4.14)
1 1 1
BT v, (BT L B = B 4.15
A2 0 BT ALRC T ) = zpBi (4.15)
Here 7 is an identity operator.

5. The iteration is terminated if || B " — E" ¥ /| Ef|| < eqo1, where ey is the tolerance of

the iteration. Otherwise update index k = k + 1 and return to Step 2.

Different from Algorithm 1, the charge conservation is determined by the iteration tolerance,

since the current density at the k-th iteration is computed by
m+1/2,k+1 = mk Fm,k At m+1/2,k  prm+1,k+1 At m+1/2,k  ppm
J, =J, T+ AT 5+ 7./\/1 (E, )+ 7./\/1 (E). (4.16)

Equation (4.14)—(4.15) equals to

m—+1,k+1
E] ]

A2 1 ym+1/2,k 1
Ak [ [ ER" = 73y + a5 Va X By (4.17)
he | gmtlitl ) :
h

A2
1 1
re B — s Ve < By

11



where .A;Zn’k is defined by

F
B,

It is noted that AT’k is invertible and well-conditioned when A — 0 if the eigenvalues of MM

(25T + MM E, - LV, x B,

(4.18)
mvh x Ey, + @Bh

k

are independent of A. In the next section, we will prove that the convergence of the implicit APECC

scheme does not depend on A.

4.3 Implicit APECC and implicit ECC schemes in the electrostatic regime

The electrostatic can be viewed as the reduced Vlasov-Maxwell system by a vanishing magnetic
field. The electric field is computed from a scalar potential ¢. The Vlasov-Poisson system is written
as:

E=-V3p, —NVgu- (Vad)=p—1. (4.20)

Algorithm 3 An implicit APECC algorithm for the Vlasov-Poisson equations

L. Given ¢5', X", V", start with Eerl =1 —Viop' (k is the iteration index).

2. Start from X0 = X, V"0 = V™. For s = 0,1,---, N, update Xmerh and prms“’k by
solving
.
X;ﬂerlvk _ X;ns,k — 5(‘/12m5+1,k + ‘/pms,k)’
(4.21)

Ly

1 > m 1’k m l,k

Mst1,k ms,k __ ms,k m—+1,k sl+5 m s,l+75

Ve =y —§§:ij5 E; (Xp )+ Ef*(Xp )]
=0

3. Compute the charge density pmJrl k n (4.24).

4. The potential filed ¢m+1 AF1 are obtained by solving (4.23).

m-+1,k+1

5. The iteration is terminated if ||¢, gbm+1 dly 61| < eto1, where ey is the tolerance of

the iteration. Otherwise update index k& = k + 1 and return to Step 2.

In fact, Algorithm 2 can also be employed in the Vlasov-Poisson equations by setting magnetic
field to zero. From (4.14), we deduce that
A2 A2 1 zmtlk

(——=Ey——dJ, *).
At? (R B = 2 )
Let ¢m+1 K1 and @' be the potentials related to EZLH’kH and E;", respectively. Using —Vj, -
N(Vpot) = pit — 1, it yields
)\2 =m+1,k 1

m+1/2,k m+1 k+1y _ Ph

7+ Mm+1/2 k) }7Z’L+17k+1) -V,

Vi (553 (4.22)

Vi (33 (4.23)
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where

m+2,k

AR NAVINN (4.24)

Applying (4.23) and (4.24), an implicit asymptotic-preserving and energy-charge-conserving (APECC)
algorithm for the Vlasov-Poisson system is as follows in Algorithm 3.

Similarly, we modify Algorithm 1 to get the implicit energy-charge conservation (ECC) scheme
for the Vlasov-Poisson system in Algorithm 4. Both Algorithm 3 and Algorithm 4 have the property

Algorithm 4 An implicit ECC algorithm for the Vlasov-poisson equations

L. Given g5, X", V", start with Eerl F=l = —Viop (k is the iteration index).

2. Start from X = X, V"0 = V. Update X;nﬂ’k and meH’k by solving (4.21) for
s=0,1,---,N,.

3. Compute the charge density

w
m+1 k Z p52 X;’L-FLk)Sz(yj — Y;)m-i—l,k)s&(zk _ Z;H_l’k), (425)

4. The potential filed quﬂ #F1 are obtained by solving
N2V, - (Vg bRty = gtk g (4.26)

m+1 k+1

5. The iteration is terminated if m“ k M| < eto1, where e is the tolerance of
h

the iteration. Otherwise update mdex k =k 4+ 1 and return to Step 2.

of conserving the total energy:

m m 1 m )\2 m
fzwpw 12 4 Z'V O Vo =5 D@l VP 5 D [Vaef Ve, (4.27)
p h

5 Asymptotic Preserving

In this section, we will show that the iteration is well-posed and that the convergence of the
iteration is independent of A. For simplicity of the exposition, we restrict ourselves to a reduced
version of the VM equations with one spatial variable, =, and two velocity variables, v = (vz, vy, 0)".
The electric field has a longitudinal component E,, and a transverse component E,, i.e. E =
(Ey(z,t), Ey(z,t),0). Finally, the magnetic field is aligned with the z direction and its magnitude
is denoted by B,, i.e. B = (0,0, B,(z,t)). The reduced VM system is written as

O f +020pf + (Bx +vyB:)0y, f + (Ey —v:B)0y, f =0, (5.1)
OE, 0E, 0B, 0B, OF
N T e X e = T T O 2

where

Jx:/ / f(z, v, vy, ) vzdvpd vy, Jy:/ / f(x, vz, vy, t)vydvpd vy, (5.3)

13



The Gauss law reads

No,E, =p—1, (5.4)

where p = [, f(z,v,t)dv.
Taking a uniform grid, denoted by Cy the cell [(g—1/2)Az, (g+1/2)Az] withg € ZT, g < N.
According to Yee’s lattice configuration, the different components of the electromagnetic field and

of the current densities are

Eh = (Ez,g—l/QaEy,gfho)T) Bh = (Ovosz,g—l/Q)Tv Jh = (‘]l',g—l/27‘]y,g*170)—r' (55)

The linear interpolation of E; and By are denoted by E; and Bj. Using the definition of linear

interpolation functions and inverse inequality, it yields
2
1E1ll 00,y < BRIl IVErl Lo, = £ 1Bl - (5.6)

For simplicity, we assume Ng = 0 and all of the particles cross the cell edge only once. This

can be satisfied when the time step is not particularly large. Let XS , V;)O, Eg, B?L denote X", V™,

m~+1,k Vm+1k Em+1,k Bm+1,k Xmo,l+1/27k 7_mo,lc
)

E;", B;', respectively. We also denote X, h , By, , Xp s Thl and

L;”O’k by X’lC Vk Ek Bk XZH/2 k, zfl and Lp, respectively. The iteration starts from E,’le = E,?,
and the k-th iteration is rewritten as

XE-Xx90 = &(vk +V2),

Vi-V) = Z oL (B (X, 0) + BYX) + (VE+ V) x BYXGTHY). o
(At2I+ 1Mk)Ek+1 2Atv X (BkH +By) = A/\;EO tjflz/zk’ (5.8)
LB L1y, x (B + E) = L BY.
Here Vpk (kap, Vykp, 0)", the operator MF is defined by
& Fegok( i 1+1/2,k g
I;;‘*’p g;E ST p)Kt).S 7 (xh_Xp)2Aa:At’ (5.9)

where

STV (@ — X)) = i @S (w, — XpTF) 4§ @ 351 (wn — XpHPF) + k@ kS (@ — XA,

By defining
N, Lk
pl VO . gl+1/2k o
Sy S h Vi ST g = X)),
p=11=0
P
0,k Ty k 0 k 1+1/2.k
JXB_ZZ4A pAt V —|—V;)) XBp)'S+/ (-Th_Xp)7
p=11=0
with
Ly Lk
BS = ZZBV . Sl+1/2’k<l‘y . Xp)Tg]fl/At _ ZBI(X;;+1/27k)TI]fZ/At, (510)
=0 v 1=0
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the current density at the k-th iteration is computed by

At

m+L k1 =1/2,k At
2 5 MEEB = TR 5 MEEB. (5.11)

1 - At
J, = (Jho’ + AT + 2M’“(E2)> +
Assuming X, V), E} and Bj; are the solutions to (3.1)-(3.6), one has

Xy =X =5V, + V0,

L . I+3, 145 % l+ ; (5.12)
vy -V ZZZ ”(EI(X >+ EY(X, )+ +(V;+ V) x BY (X, 2 ),
* 2 F1/2 %

(A% + IMNE; — 55V, x (B + BY) = 25 B — L7/ 5.15)
A B} + iV, x (E; + E)) = 4 B).

=1/2,k

Here the definitions of J /2% and M* are similar to J, and MP¥ | respectively.

Before approaching our theorems, we make some assumptions.

Assumption 5.1. Firstly, we assume the initial guess for the iteration satisfies HE,]szl — E;;H <r.
Secondly, we assume that the time step is smaller than the spatial step At = O(Ax'T¢), and the
particle mesh is smaller than the grid size, hy, = O(hy) = O(Az'™¢), where 0 < ¢ < 1 . Thirdly,

we assume the bounds of electromagnetic fields are independent of A and satisfy
I1E; | + [ EQ|l < ME,  ||Byll + || Bh|| < Mp. (5.14)
Finally, we assume the charge density tends to unity as A goes to zero and is always positive.

Remark 5.1. The value of r in the first assumption may affect the rate of convergence, but is
independent of A. We will prove that the iteration is compressed through mathematical induction.
Since the iteration begins with E,’le = Eg, we may have HE,’jzl — E;fLH = O(At) if the solution
is smooth in time. The second assumption follows from the inverse inequality in the proof below.
However, we relax this restriction in our numerical experiments. The third assumption is based on
the fully implicit scheme of the original system, but does not depend on the iteration. Although
we cannot prove the results analytically, numerical experiments in Fig.11 support this conjecture.
From (5.14), it can bee seen that the velocity of the particle is bounded and there exits a constant

My, which is independent of A such that

Vol + 1Vl < v (5.15)

5.1 The eigenvalues of MF

In this section, we will prove the eigenvalues of M* do not depend on X in the view of algebraic

expression. Let S¥ =[Sk 1€ RN»*N be a matrix corresponding to the shape function, where

,pg
Lk
Sk g = Zsl Ty_12 — XETHER)TR A, (5.16)
=0

Define D, = [dyy] € RM*Ne the matrix of the particle weight, with dpq := dpqwp. Here &, is the

Kronecker delta. The matrix corresponding to the z-axis component of M¥ is defined by

Mk

kNT k
k m (S TD, Sk (5.17)

15



It is obvious to find that M’; is a symmetric positive semidefinite matrix. Similarly, define

k k\T k
ME = 2AQC(S) DSk,

l+ Sy ok

with Sf = [SF ] € RN»*N and Sk == Zl ”0 Si(zg 7/ Ot. The matrix corresponding to

Y.pg
MF is defined by
ME 0
MF = [ v k] . (5.18)
0 M

Before we show the eigenvalues of /\/lk we consider a matrix similar to M* denoted by M?+§

1
Let £ = t™ + go,tml—tm—l—TO—l— 2L Define S, s —[Sg;+2]eRNPXN, with

m+ m 7—*l
2 Zsl -1 Xp<tp 7l))é? (519)

1

where X,(t) satisfies (2.9). The matrix My "2 is defined by I\\/Hm+2 = E(SHHQ)T]D) Sm+2.

The characteristic system for the vlasov equation is

% _, %‘t’ — E()+vx B(z), 2(0) =z, v(0) = vo. (5.20)
We denote the solution = = x(xg,vo,t), v = v(xg,vp,t). It can be shown that the mapping
(x0,v0) — (x,v) has Jacobian one and its inverse function is denoted by zo = zo(z,v,t), vo =
vo(x,v,t). The mapping given by (z,v) — (x0,v9) also has Jacobian one. It is followed from
the vlasov equation that the distribution function is unchanged along the characteristic line (5.20).
Changing the variable of integration by (5.20), we obtain

H? - p(z,t) do = / H?f(x,v,t) dedy
Qg Q

= / / [le(:r(xo,vo,t))]f(:cg,vo,0) dvodxo, (5.21)
Qy
where Hj is the linear interpolation of HeRV,

Lemma 5.1. Based on the assumptions in Assumption 5.1, if Ax is small enough which is inde-

pendent of A, there holds

1 1 4
0< I minp(w,t"”%) < eig(M, +2) < gmaxp(gu,tm*%). (5.22)
x

x
Here eig(M ?) denotes the eigenvalue of the matriz My = 2

Proof. For any vector H= [Hi,Hs,--- ,HN_;]T, we denote Hj the corresponding linear interpo-
2 2 2
lation function. Since H7 is not smooth, we build a smooth approximation to H; denoted by H,

through the mollifier [20, Appendix C] such that

H,=Hy, inQ\UyQy, (5.23)
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where Qg = [z, 1 —n,2, 1 + 7] and n = O(Az). According to the properties of mollifiers [20,
2 2
Theorem 7, Appendix C|, we have

HH% - H?HLOO(QQW) g, maxAx (524)
H2
2 ~7g,max .
(o0 H, HLOO Q) Hag(Hn)HLOO(QM) S e o=12 (5.25)
where Hg max = max{Hj_é,Hj_l,HjJrl}. Using (5.21), (5.24)-(5.25) and applying the numerical
2 2 2

integration scheme, it yields

/QI H? cp(x,t) de = /z / [Hg(x(xo,vo,t))}f(xo,UO,O) dvodzg + O(zg: H;_%sz)

2 3
JH2 1

=2 [H(2(X,p(0), Vo(0), )] £ (Xp(0), Vp(0), 0ol + O L Hy 1 Aa®) + O(——52—)

g

=S (X (0) + O 2, Aatt®),

where X, (t) = x(X,(0),V,(0),t), the last term in the second equality comes from the error of
numerical integration, and we have used the definition of wy, hy = O(h,) = O(Az*¢). By

choosing t = tm“'%, using Taylor’s expansion and the property of the mollifier (5.24)-(5.25) , we

have
Np
/ H? - p(z, mte dw-pr H2 X (tmJr )+ 0 ZH2 A:EHBE)
p=1
— pr ZHI X,(tmh) At +O(ZH§_%A1‘1+35). (5.26)
p=1 g

Through a simple calculation, one gets

I . 1 1 1
3 min p(z,t™"2) Z H;fl/zAx < /QI H? - p(z,t™2) dx < Qmi}Xp(x,thr?) Z Hj_%Ax. (5.27)

1
According to the definition of MZHQ, it yields

*

Np
L gl o m, 2
H'M 2 H Zlmx ZZ ~1/2 7 51(Tg-172 = Xplty l))m)
p

=0 g
N L %
:Zp: “p (ZP:HI(X (tmy) 2Ly, (5.28)
— 2Nz — AN N

Due to (5.26)-(5.28), there holds

— 1, L* l T*l 2
! H™M 2 [ wy (S5 Hp (X, (10 2t
elgmm(MglJrQ) —min 22 M Zp p(Zlfo ( z;( P ))At) I O(Ax?’a)

Ji HTH H 20z}, Hg,;
2

1

> = min p(z, ™3, (5.29)
10 =
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. m+d 1
when Az is small enough such that Az < (%;2))3% Here we denote by eig, . (M ?)

+3 +3

the

minimum eigenvalue of M, " 2. The maximum eigenvalue of M, 2 satisfies
L* I T\ 2
1 >y wp (220 Hi(Xp(tp™)) £ 4
cig, . (My' " ?) < max =2 Py o 2) +O(A2%) < —max p(z, t™F2).  (5.30)
i 2Ax Y. H= | 3 =
g 9—3
The proof is finished by the assumption that the charge density is always positive. O

Lemma 5.2. Assume X is the solution to (5.12), and Xjf is the solution to (5.7). The assumptions

in Assumption 5.1 hold true. For any vector H= [H%,H%, e ,HNfé]T € RY, let H; denote the
corresponding linear interpolation function. Define
o 1, Th L +1 k. Th
* 2%\ P k _ 2 p
Hy =Y Hi(X, * Ay Hy = > Hi(X,? ) Ap (5.31)
=0 =0
There holds
5 .
* k * k
‘Hp o Hp‘ < EHHHZW}XP o Xp" (5.32)

Proof. Since the particle crosses the cell edge only once, there are three cases according to the
values of L’; and Ly. In the following we will prove the estimate case by case.

Case 1: In the first case, one has L, = L’; = 1. For the p-th particle crossing the cell edge x p

1
2

from left to right, using the definition of the shape function, there holds

* * _ x0 2 * * *_ 2
D Vo W O i S A P o T QO
973 p At At 28x(X) — XZQ)7 973 p At At 28x(X) — X[E’)’
where we have used 7,/ At = (xg_% - X))/(X; — X)) and /Ot = (X, — :cg_%)/(X; —X)). Let
0\2 0\2 % 2 k 2
ASO (ngé - Xp) B (ng% _Xp) ASL — (Xp _mgf%) B (Xp _mgfé)
P 2Ax(Xy - X)) 202(XF - X0) P 2Ax(Xp - X)) 20x(XE - X9)
A simple calculation shows
0\2( vk * .
a0 — Ty~ %) 2K - x| (5.33)
PI2Am(XE - X0)(Xp —X9) — 20z ‘
* 2 * * * *
o [ Kmw) G wy)  (xE-xp)) XE-Xp 20X - X
Py (X;; — X}Q)(X;Dk — Xg) (Xj’; — Xg) (XZI,C — Xz())) 20 T Az
(5.34)
From the definition of linear interpolation function, one gets
0\2
oy Tp0 (2,1 — X}) Th0
H[(X;;/Z )Ait - (Hg—3/2 - Hg—l/?) ' 2&%(}* — XO) + Hg—1/2 ’ éa (535)
p P
2
* X —x 1) *
3/2,4\ Pl _ ( p 9—3 Tpl
HI(Xp/ )E - (Hg+1/2 - Hgfl/Q) ' 2Ax(X; — ;(}(7)) + Hg71/2 : E (536)
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It follows from (5.33)—(5.36) that
5 -
* k * k *
[Hy = HJ| < |Hy )y = Hy 1ol - DShy+ | Hy = Hyy ol - S}, < 2| Hiee | X5 = X3 (5.37)

The result for the particle passing through z,_; /5 from right to left is similar, we omit it.
Case 2: In the second case, there holds LI; = L; = 0 . Using mean value theorem and inverse

inequality yields
* 1 7 *
H; — B < o] | — X2 (539

Case 3: In the third case, there holds LI; =0, L, =1 (or LI; =1, L, = 0). Again using the mean

value theorem and inverse inequality, there holds
) 1/2,% 12, Tpl 3/2,% 1/2,k I 5 vk
‘Hp_Hp’ < E‘HP(XP/ )_HP(XP/ )‘"’_E‘HP(XP/ )_HP(XP/ )‘ < EHHHZW‘XP_XP :

The proof is completed by the conclusion from the above three cases.
O

Lemma 5.3. Assume X, V,© are the solutions to (5.12), X;f, V;Dk are the solutions to (5.7), and

the assumptions in Lemma 5.2 hold. If At is small enough but independent of A, there holds
Xy — Xp| S AP By = BRIV, = VIl S At B — Egl- (5.39)

Proof. For easy notation, let

L; Lk -k
AEp1 ZE* Xz+1/2* pl ZEk Xl+1/2 k)At

1=0

L L’c k
AEp2 ZEO Xl+1/2>k pl ZEO Xl+1/2 k) At

1=0

The estimate for AE, = AE, + AE, is from Lemma 5.2 and the triangle inequality, that is
|AB,| < |AB | + | ABpl| < |[B — B[ + - Ms|X; - X} (5.40)
Let AB, = 3,7 BY(X,/* *) B BO(X’+ 1/2, ’“) . Using Lemma 5.2 again, one gets
|88, < 2 1B X5 - x5 (5.41)

According to (5.7) and (5.12), we have

- At
AVF = (AE + (V) +V)) x AB,),
. . A‘/I-,k AtAVk % Bo(Xm+1/2 k) (542)
Vi =V = At2 0,k\9 )
14+ =-(Bp")?

where B0 b= Zl po B?Z(XIH/2 k)A From (5.40) and (5.41), one gets

t
5(Mg + My Mp)At

S | X — X];\.

_ Aty
1AV < <[ B - x| +
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Due to (5.42), there holds
Cvlﬁt

At - .
vy =Vl < L+ BN AV < | X5 — X, |+ Coait|| Bf —

(5.43)

where Cp1 = (g %HBOH At) (Mg + MyMp) and Cye = % + % HBgH = % + O(At). Since
Xy —XF = %(Vx*p V), it is easy to find

‘X; . X;j‘ < O, AP HEh _EF (5.44)
where C,, = 052 (1-— C;ﬁf)*l = 1 4+ O(At). Substituting (5.44) into (5.43), we have

HV;,*—V;D’fH gC’UAtHE;*L—E’hf (5.45)
where C,, = M 4+ Cyo = 2 + O(At). O

Remark 5.2. Define AS,,;, = Zl 2o S1(xpn — XIH/2 *) Zl o S1(zp, — XIH/2 k) . Choosing
H= €n, whose h-th component is unity and the rest are zero, it follows from Lemma 5.2 and 5.3

that

5C At?

|AS,h| = |H — Hj;\ < |E; — EF|. (5.46)

Lemma 5.4. Based on the assumptions in Lemma 5.1, the eigenvalues of MF* satisfy

1
3 min p(z, tm+%) < eig(M*) < 2max p(z, tm+%), (5.47)
when At is small enough but independent of X.

Proof. From Section 3.2, it is known that the charge conservation is ensured for any order B-splines

for the charge density. Therefore, there exists M), independent of k, m and X such that

prZS o — Xo 2 Pyrk ((AtAT) < M, i=0,1,2. (5.48)
p=1 =0

For any vector H, applying (5.32), (5.48) and the estimate for ASpp in (5.46), we have

oz -y
Ny N ok
e[ 3 5 2 i 3 s
o Wp k < l+2, Wp i1k
= max ;2Ax(ﬂ — HY) Zsl D¢ +Z —Hy NS,
<C,At|H||,. || E; — EF (5.49)
where C, = % Following (5.17), we define M}, = 51—(S}) "' D,S, where S} = [S5,] € RNpN

and Sy, = leo S1(rg_1/2 — X]lgﬂ/2 *)Apft Clearly, M is a symmetric matrix. From (5.49), one
gets
leig(M — M) | < CpAt, (5.50)
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where C,g = C,r. Using the same argument as in the proof of (5.49)-(5.50), combining with the
boundedness of E;, we obtain
1
leig(My 2 — M)| < CoAt, (5.51)

1
where C, depends on the exact solution and Mg, Mp. Since M, M]; and MZH_Q are all symmetric

matrix, due to (5.50) and (5.51), we have

1

1 3
5C8min (M 2) < cig(M) < 2 g (M%) < 2max p(x, 73,
X

1
0 < — min p(m,thr%) <
x 2

20

when At < min{1, %} The proof is finished by finding a similar estimate for Mk O

Remark 5.3. Comparing with Algorithm 1, the conservation error of the charge in Algorithm 2
depends on the iteration tolerance. In order to estimate the loss of the discrete continue equation,

we define
et = || (P — )AL+ V- T

Assume the iteration stops at k = kg, one gets HEmJrl kol _ E}TH”“OH/HE,TH < eiol. From

section 3.2, it can be seen that

=m At m
(Pt — )t + V- (T 4 TMW%”“O(E}L LRy — 0. (5.52)
Due to Lemma 5.4, there holds
At At
m+1 < 7 A\ (Mm+%7k0(E}7ln+1ka+1 _ E,T+1’k°)) < CA maxp(x m + )etol, (5.53)
€T T

where the constant C,. is independent of m and A. Therefore, the error of the discrete continuity

equation will not accumulate.

5.2 The well-definedness and convergence of the iteration

Since the numerical scheme is fully implicit, it is obvious that the scheme is consistent with
the quasi-neutral system (2.6) when A = 0. The key is that the convergence of the iteration does
not depend on A. In this section, we will show the well-definedness and convergence of the iteration

algorithm are independent of .

Theorem 5.1. If the assumptions in Lemma 5.4 hold, the iteration of (5.7)-(5.8) is well defined

even when A approaches zero.

Proof. The computation of (5.7) is easy, we refer to [8] for more details. It suffices to prove that

(5.8) is well posed after obtaining X¥ and V,F. From (5.8), eliminating Bt we get

22 A2 1 = 1
(ipl+sy Ly g 4 L th(thEk“) tvthth E) - —Jl/Q’k—Zth(thEg).

At? A At2 AL
(5.54)
Define a linear operator £F such that for any Ej,,
k Lok 1
L Eh = 5./\/1 Eh + th X (Vh X Eh). (5.55)
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Using £, we rewrite (5.54) as

A2 kN 1k A2 k 1 -~ok
T Efftt = (T - LME) + — B —JY% — —Jy :
(At2 + L") (Atz L") h—I-AVhX n—dJy AtJh (5.56)
It suffices to prove that ( AtQI + £F) is invertible.
The matrix corresponding to operator £F is defined by
1nrk

Lk = Mz ) ko 1 (5.57)

0 sMy+;C

(2 1 0 0 1]
-1 2 -1
Lo =12 1 0
C=AzZ 0 0 -1 2 o o (5.38)
~1 0 0 2

It is easy to find E;Cﬁy => (VL x Ep)- (V) x E) > 0. However, periodic boundary conditions
cannot determine Ej, uniquely. The proof is finished by finding eig( At2H + LK) > leig(MK) > 0, for
any A > 0. O

Theorem 5.2. If all the assumptions in Theorem 5.1 hold, there exists a constant Axg which is
independent of A, we have
lim Ef = E;, lim B} = B, (5.59)
k—o0 k—o0

when Ax < Axg.

Proof. Following (5.54) and (5.56), we obtain a similar formula

A2 22

1 - ox
(Rl T £E = (3

I —L*E) + vh x BY) — J% — I (5.60)

At

where the definitions of £* , jg’; and JN,?* are similar to £F | jg’g and j,?k Subtracting (5.54)

from (5.60), there holds
)\2

(AT +LN(E; - Byt = -

1 = “‘Ok? 3 * ~, ~,*
= D (28— LB+ B + (T2~ IUE). (5:61)

Let Cj = C,My. Combining with the estimate of AS,,} and (5.48), (5.44), it is clear to see that

CJAt

NP
10" = M| < My Y~ R A < |E; — Ef||. (5.62)
p=1

Since (L* — £*)(E} + EY) = $(M* — M*)(E; + EY), it is apparent from (5.49) to find

1
(27 = L) (B + By)|| < 5C,MpAt| By — Ey|. (5.63)
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Similarly, we get

|Vl = [(V; + V) x By — (Vi + V) x BY| < Cost]|BY))| 5 - B}

(5.64)

where Cp = 5CzAt + C,. By the estimate of AS), 5, (5.48) and (5.64), the same argument gives
Lk ok
- - w
1955 = 7250 = | Z AV ZS’*Q’ h= X)L RV V) x By A
p
gC’VBHBhHAtHE;;fEhH. (5.65)

Here Cyp = C;+CpM,. From (5.62), (5.63) and (5.65), we conclude that the right term of (5.61)
denoted by RHS satisfies

RHS < (CyAz° +1/20,MpAt + CypMpAt)|| Ej, — Ef||. (5.66)

From Lemma 5.4, we find

2

. 2 & A 1 K
elgmin(@]I + L ) At N2 + elgmm(M ) (567)
Combining (5.66) and (5.67), we obtain
| E; — EF Y| < 2(eigy (MF)) T (C1A2° + Co0t) || Ef, — Ef ||, (5.68)

where C = Cj, Cy = C,MEg/2+CypMp. It can be shown that the iteration sequence is compressed

when Az < min{1, ('E'igmi“(Mk))é7 (eigmin(Mk))lﬂ%ﬁ}, and these parameters depend on My, Mg, Mp

401 4Cy
and r but not A. Since we have
At
B - By = 21w, x (857 B,
it is easy to see that BY tends to B} as EF goes to Ej. O

6 Numerical simulations

In this section, we consider two different one-dimensional test problems to demonstrate the
accuracy and performance of the present algorithm. We show properties of energy-charge con-
servation and asymptotic preservation using standard electrostatic and electromagnetic tests. In
both cases, the computational domain is characterized by a uniform mesh and periodic boundary
conditions. We will see that while the AP-Particle scheme proposed in [15] loses the energy con-
servation property, the implicit APECC-methodology is able to control the energy loss within the
error tolerance, and while the implicit ECC method does not converge (when A — 0), the implicit
APECC scheme still provides excellent accuracy.

To test the energy conservation, we define the discrete energy at time t™ as

Wg = 5 Z(Eh) Az, Wg = §Z(Bh YAz, Wi = izwﬂvﬁ 2.
h h P

And the total energy is defined by W' = W' + W5 + W{'. Besides, we denote by AW =
|Wi — W2| /W2 the total energy error. In the Vlasov-Poisson equations, EJ* = —V ¢/
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Fig. 1: Resolved case of electrostatic tests with A = 0.5, calculated by the implicit APECC, the
AP and the implicit ECC schemes.

6.1 Electrostatic tests

The system used for this problem is a one-species, one-dimensional, electrostatic model (the

magnetic field is disregarded, the ions are motionless uniform backgrounds). The scaled equations

are

Oif +v0uf + Edpf =0, (6.1)
—0,0=E, —N2¢p=p—1. (6.2)

The space domain is [0, 27]. The initial electron density follows a Maxwellian distribution with a

small spatial perturbation

1 _(v+vb)2+(v7vb)2
202

e bl
2V 2mo

where o = 0.005, 0 = 0.008 and v, = § Similar simulations are listed in [9,27,36] .

fol,v) = (1 + acos(x))

Two different sets of parameter A will be considered. All of the tests use N, = 10% and
etol = 1070 in Algorithm 3 and Algorithm 4. In the first case, the scaled Debye length X is taken
equal to 0.5. Fig. 1 shows the simulation results by using the resolved mesh (with Az = 27/64,
At =0.02 ). It can be seen that the error in the total energy calculated with the implicit methods
is much lower than that obtained with the AP method. Hence, the kinetic energy calculated by
the AP method differs a little from the energy conservation methods for long-time simulations. In
terms of the number of iterations per step, the APECC method requires two iterations, while the
implicit ECC method generally requires three iterations. Next, we employ large spacial and time
steps with N = 16, At = 1 = 2\ in the first case. It is shown from Fig. 2 that the implicit APECC
method has much better energy conservation properties than the standard implicit ECC method
and AP method.

In the second case, we set A = 5-1072 to test the asymptotic-preserving property of Algorithm 3.
Firstly, we obverse the changes in electric energy, kinetic energy and total energy computed by the
implicit APECC, the AP and the implicit ECC method during the time [0, 1] with the resolved
mesh (Az = 27/400, At = 107%) in Fig. 3. The errors of total energy are plotted in Fig. 3(c),
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Fig. 2: Under-resolved case of electrostatic tests with A = 0.5 calculated by the implicit APECC,
the AP and the implicit ECC schemes with N = 16, At = 2.
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Fig. 3: Resolved case of electrostatic tests with A\ = 5 - 1073, calculated by the implicit APECC,
the AP and the implicit ECC schemes.

which shows that the implicit schemes conserve the energy better than the AP method. We then
perform long-time simulations with large spatial sizes and temporal steps. Since the parameter
A controls the smallness of the plasma period with respect to the time scale of the problem, we
have 7, ~ X, where 7, is the typical period of electron oscillations. Let the simulation stop at
T = 7 ~ 14007,. Since the parameter A is too small, the implicit ECC scheme does not converge
within 15 iterations. The outputs of the AP scheme and the implicit APECC scheme are shown
in Fig. 4 and Fig. 5. Most strikingly, only the AP scheme simulation with the smaller time step
(At =2.5-107°, Az = 27/1600) agrees well with the implicit APECC method, despite the fact
that the latter takes a very large special and time step for the simulation (Ax ~ At = 10\). For
this test, 8 iterations are sufficient to maintain conservation errors at relatively low levels (~ 1077).

Owing to the deterioration of the energy conservation, the AP scheme loses much accuracy.
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Fig. 4: Under-resolved case of electric energy as a function of time computed by the implicit,
APECC and AP method with A =5-1072 and Az ~ At = 10\.
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(a) Total energy error as a function of time (b) Electric field E at time T =~ 14007,.

Fig. 5: Under-resolved case of electrostatic tests with A = 5- 1073, calculated by the implicit
APECC and the AP schemes with Ax ~ At = 10A.

6.2 Electromagnetic tests

In this section, we perform a detailed numerical study of the proposed scheme in the electro-

magnetic tests. Following [11], the initial conditions for the system (5.1)-(5.3) are given by

1 —v2 —(vg—wp)? —(vg+vp)?
F(@y 30,0y, 0) = e /(e e IP 4 e (et ), (6.3)
E(z,0) = Ey(z,0) =0, B,(z,0) = bsin(kox), (6.4)

where 8 = 0.01, b = 0.001, ko = 0.2 and the space is [0,27/kg]. We choose N, = 8-10° and
Tol = 1079 in the following tests. Two different sets of parameter A will be considered. In the
first case, we set A = 1. It is a well-known streaming Weibel (SW) instability first analyzed
in [34]. The SW instability and its Weibel counterpart have been derived both analytically and
numerically in the literature [3-5,11,32-34] . In the second test, we choose A = 5-107* to test the
asymptotic-preserving behavior.

We first use A = 1 with the resolved mesh to test the accuracy. We employ N = 80 for the
spacial size and At = 10~! for the time step. It follows from Fig. 6 that the transfer of total energy
from kinetic to the fields. We observe that the magnetic and inductive electric fields grow initially

at a linear growth rate. All of methods show that saturation occurs at around ¢t = 80 in agreement
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Fig. 6: Resolved case of electromagnetic tests with A = 1, energy as a function of time calculated
by the AP, the implicit APECC and the implicit ECC schemes.
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Fig. 7: Resolved case of electromagnetic tests with A = 1, calculated by the AP, implicit APECC
and ECC schemes.

with [11]. Compared with the AP scheme, the implicit methods exhibit additional oscillations due
to their use of a second-order time approximation to Maxwell’s equations. From Fig. 7(a), the
implicit methods have a better behavior on the energy-charge conservation. Although the implicit
APECC scheme does not guarantee the continuity equation exactly, it maintains a low level of error
from Fig. 7(b).

In the second test, we use a tiny parameter A = 5-10~% with large spacial and temporal sizes to
test the asymptotic preservation. Similar to the electrostatic tests, the implicit ECC scheme does
not work. The reference results are computed by the AP scheme with discretization parameters
resolving the Debye length (with At = 107%, N = 120, and N, = 4 - 107), whereas the AP scheme
and the implicit APECC scheme are now used with large steps (with At = 20\, N = 32). We
observe from Fig. 8 that the simulation results of the implicit APECC scheme agree more with
those with the resolved mesh, no matter the change of electric energy or magnetic energy. Fig. 9
shows the values of the electromagnetic field and density at the final time compared to the reference

results. The charge density and magnetic field are in the best agreement with the reference solution.
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Fig. 8: Under-resolved case of Electromagnetic tests with A = 51074, electromagnetic energy as a

function of time calculated by the implicit APECC and the AP schemes with At = 20\, N = 32.

The electric fields are in good agreement with the shape, although their values differ from those of
the reference results. To compare loss of energy and charge due to the numerical schemes, Fig. 10(a)
shows the error of total energy and Fig. 10(b) shows the error of discrete continues equation. Since
the AP scheme uses Boris correction to enforce Gauss’s law, we only show the results of the implicit
APECC scheme in Fig. 10(b). From Fig. 10, we obverse that the implicit APECC scheme conserves
both energy and charge. Moreover, three iterations are sufficient for the implicit APECC scheme
for either A\=1o0r A =5-10"%.

Finally, we test the behavior of the implicit APECC scheme and (5.6) in Assumption 5.1 when
A — 0. Fig. 11 shows the numerical results for the electromagnetic fields after one time step from
t = 0 with At = 20\, N = 32. It can be seen that the numerical solutions converge as A tends to

zero. In addition, this iterative algorithm has a very fast convergence rate and usually converges

in three iterations, which is independent of A.

7 Conclusion

An implicit, Asymptotic-Preserving and energy-charge-conserving Particle-In-Cell method for
the Vlasov-Maxwell system in the quasi-neutral limit has been presented. The proposed method
has been demonstrated analytically and numerically for its properties of conserving exactly the
total energy and charge controlled by a small error tolerance value, and asymptotically preserving
near quasineutrality. This implicit method is based on the orbital averaging of particle substeps
and decomposition of the current density into an implicit and explicit term.

In this paper, we do not mention the numerical treatment of the boundary conditions, although

28



4 x10°
AP under the resolved mesh AP under the resolved mesh

0.4

= im,APECC im,APECC
03[ - 3l
02f i ol
01f , b

01 , At
02 g 2t
03F g 3
| | | | | 4 | | | | |
L6 L3 L2 2173 5L/6 L 0 L6 L3 L2 2173 5L/6 L
X X

(a) Electric filed E; at time T'= 1~ 20007,. (b) Electric filed E, at time T"= 1 &~ 20007.

3
Al T T T
AP under the resolved mesh 0.999999969406 AP under the resolved mesh
08 im,APECC 1 im,APECC
0.6 [ 1
0.9999999694055
0.4
0.2
0.999999969405
o o &
02 W
04 0.9999999694045
-0.6
08 0.999999969404
4 . . . . .
0 L/6 L3 L2 2L/3 5L/6 L 0 L6 L3 L2 2L/3 5L/6 L
X b3

(c) Magnetic filed B, at time T"= 1 ~ 20007,. (d) Charge density ps at time 7' =1 a 20007.

Fig. 9: Under-resolved case of Electromagnetic tests with A = 5 - 1074, plots of electromagnetic
field and density calculated by the implicit APECC scheme with At = 20\, N = 32.

10°®
im,APECC
————— AP
10°®
&
= ,ol0[
3 10
10-12 L
1014 T
0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1
Time
(a) Total energy error as a function of time.
100 3
- WWWW/\/\/\N\’M/V\A
1012 | | | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Time

(b) Error of the discrete continue equation as a function of time.

Fig. 10: Under-resolved case of electromagnetic tests with A = 5 - 1074, the error of total energy

and continuity equation calculated by the implicit APECC and the AP schemes.

29



7 3
008 Py X

08

06

AsSe-12

0.4

—— \o5e-

0.2

Asbe-14
w0 w0 o 0
-0.02 05 0.2
A=5e2 04
A=Se-d .
-0.04 Noses -1 s
= A=5e-8 .
-0.06 ——— A=5e-10 15
AsSe-12 08
A=5e-14 2
L6 L3 L2 L3 5L/6
x

-
L6 L3 L2 213 5L/6 L 0 L 0 L6 L3 L2 213 5L/6 L
x X

(a) Electric filed E, (b) Electric filed Ey (c) Magnetic filed B,

Fig. 11: Under-resolved case of electromagnetic tests calculated by the implicit APECC scheme
with At =20\, N = 32 when A — 0.

the method is naturally applicable to periodic boundary conditions. Note that the physical bound-
ary conditions do not affect the energy-charge conservation and asymptotic preservation properties,
but they add to the complexity of the numerical implementation. The theorems in this paper are

based on Assumption 5.1 and this should be the subject of future work.
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