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Quantum simulation of partial differential equations: Applications and detailed analysis
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We study a recently introduced simple method [S. Jin, N. Liu, and Y. Yu, Quantum simulation of partial
differential equations via Schrödingerisation, arXiv:2212.13969] for solving general linear partial differential
equations with quantum simulation. This method converts linear partial differential equations into a Hamiltonian
system, using a simple transformation called the warped phase transformation. Here we provide a more-in-depth
technical discussion and expand on this approach in a more detailed and pedagogical way. We apply this to
examples of partial differential equations, including heat, convection, Fokker-Planck, linear Boltzmann, and
Black-Scholes equations. This approach can also be extended to general linear partial differential equations,
including the Vlasov-Fokker-Planck equation and the Liouville representation equation for nonlinear ordinary
differential equations. Extension to higher-order time derivatives is also possible.
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I. INTRODUCTION

Quantum algorithms for solving partial differential equa-
tions (PDEs) have received extensive attention in recent years
[1–14]. This is due to the fact that many classical methods
for solving PDEs suffer from the curse of dimensionality,
whereas quantum methods are observed to be less costly
due, for instance, to the development of quantum algorithms
with up to exponential advantage in linear algebraic prob-
lems [4,7,12,15–19]. For time-dependent PDEs, one usually
discretizes the spatial variables to get a system of ordinary
differential equations (ODEs), which in turn is solved by
quantum ODE solvers [4,7,15]. In particular, when the result-
ing ODE is also a Hamiltonian system, quantum simulation
methods can be performed. In general, quantum simulations
have less time complexity than quantum ODE solvers or other
quantum linear algebra solvers (e.g., the quantum difference
methods [4,12]) and thus the design for quantum simulation
algorithms for solving linear PDEs is important for a wide
range of applications. A very recent proposal is based on block
encoding [20].

This paper presents more-in-depth technical details for a
protocol that transforms a general linear PDE into a quantum
Hamiltonian system. We call this method the Schrödinger-
ization method, introduced in our paper in [21]. From the
simplest example of the heat equation, for instance, a cor-
responding set of Schrödinger equations can be derived. In
Sec. II we present the heat equation example in detail, as an
example to familiarize the reader with the technique. We also
present the example of the convection equation.
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This method is inspired by a recently developed trans-
formation given in [10], though originally for a completely
different motivation. Here we introduce an auxiliary variable
and construct a transformation, referred to as the warped
phase transformation, that converts the original equation into
an equation that has the structure of the Schrödinger op-
erator. Then it can subsequently be simulated by quantum
Hamiltonian simulation. Since the method introduces only a
one-dimensional auxiliary variable, the additional computa-
tional cost is small.

When discretizing a general linear PDE by spectral meth-
ods or other numerical methods, a Hamiltonian system is
not necessarily obtained. There are two reasons for this: One
is that the coefficient matrix arising from each term of the
equation is not always preceded by the imaginary number
i = √−1 and the other is that despite the imaginary number,
the coefficient matrix is usually not symmetric, especially for
problems with variable coefficients or for the discretization
schemes that are not centered (with a symmetric stencil).

We observe that applying the warped phase transformation
works for equations with constant coefficients and it also
works for some variable-coefficient problems. However, for
general variable-coefficient problems, the direct use of the
method does not necessarily achieve the goal of getting a
Hamiltonian system. For example, see the Vlasov-Fokker-
Planck equation discussed in Sec. IV D.

For this reason, we further design a universal algorithm
for the system of linear ODEs based on warped transfor-
mation, where the system of ODEs is obtained after spatial
discretizations of any linear PDEs. In Sec. III we introduce
an algorithm for this general linear system of ODEs. This
idea works for ODEs resulting from spatial discretizations
for all constant-coefficient and even some variable-coefficient
PDEs. We also discuss some alternative methods to our
approach.
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We remark that this approach will also find a variety
of applications in solving problems with a (time-dependent
or -independent) source term and boundary-value problems
(with time-dependent or -independent boundary conditions).
In fact, when constructing Hamiltonian systems for general
boundary-value problems (for example, with the Dirichlet
boundary condition), the inhomogeneous right-hand side in
the resulting ODE system may arise after spatial discretiza-
tion of the boundary conditions for the PDEs. We propose a
simple augmentation technique (see Remark 6 and [22,23])
to resolve this issue, which together with the warped phase
transformation allows our method to be applied to time-
dependent boundary-value problems. This approach has also
been recently applied to linear algebra problems like the linear
systems of equations and finding maximum eigenvalues and
eigenvectors [24].

In Sec. IV we show that our method is applicable to a
variety of important linear partial differential equations, in-
cluding the linear heat, convection, Vlasov-Fokker-Planck,
linear Boltzmann, and Black-Scholes equations. For nonlinear
problems, we give an application via the linear representation
(Liouville representation) approach for nonlinear dynamical
systems. It is worth pointing out that the Liouville represen-
tation can be symmetrized using the Koopman–von Neumann
representation [11,25–27], but it involves the square root of
the Dirac delta function δ(x), which is not well defined math-
ematically, even in the weak sense. Thus one needs to be
more careful in interpreting its solution and the consequent
numerical convergence in a suitable solution space [26]. Our
approach allows a direct treatment of the Liouville equa-
tion and hence does not have difficulties in this regard.

II. QUANTUM SIMULATION OF THE HEAT AND
CONVECTION EQUATIONS

A. The heat equation rewritten as a system
of Schrödinger equations

This section demonstrates how to transform a linear heat
equation into Schrödinger-type PDEs.

1. Heat equation

Consider the initial-value problem of the linear heat equa-
tion

∂t u − �u = 0,

u(0, x) = u0(x),

where u = u(t, x), x = (x1, x2, . . . , xd ) ∈ Rd is the position,
and t � 0. Introduce an auxiliary variable p > 0 and define

w(t, x, p) = e−pu(t, x), p > 0.

A simple calculation shows that w solves

∂tw + ∂p�xw = 0, p > 0. (1)

From w one can recover u via

u(t, x) =
∫ ∞

0
w(t, x, p)d p =

∫ ∞

−∞
χ (p)w(t, x, p)d p, (2)

where χ (p) = 1 for p > 0 and χ (p) = 0 for p < 0 or, since
u(t, x) = epw(t, x, p) for all p > 0, one can simply choose

FIG. 1. Quantum circuit for the preparation of |u(t )〉.

any p∗ > 0 and let

u(t, x) = ep∗w(t, x, p∗). (3)

Applying the Fourier transform on x (here we assume x is
defined in a periodic domain) and letting ŵ(t, ξ , p), with ξ =
[ξ1, . . . , ξd ]T the Fourier modes, be the corresponding Fourier
transform of w, one gets a convection equation

∂t ŵ − |ξ |2∂pŵ = 0,

where |ξ |2 = ξ 2
1 + · · · + ξ 2

d . Clearly, the solution ŵ moves
from the right to the left, so no boundary condition is needed
at p = 0, while the initial data of w are given by

w(0, x, p) = e−pu0(x), p > 0.

Moreover, if we extend w to p < 0, then the solution
does not impact the region p > 0 for w. For this reason, we
symmetrically extend the initial data of w to p < 0 but keep
Eq. (1):

∂tw + �x∂pw = 0, p ∈ (−∞,∞),

w(0, x, p) = e−|p|u0(x). (4)

This equation for w will be called the phase-space heat equa-
tion. The solution obviously coincides with the solution of (1)
when p > 0. Due to the exponential decay of e−|p|, one can
(computationally) impose the periodic boundary condition
w(t, x, p = −L) = w(t, x, p = L) (=0) in the p direction for
some L > 0 sufficiently large. Then the Fourier transform on
p gives

∂t w̃ − iη�w̃ = 0 or i∂t w̃ = −η�w̃, (5)

where w̃(t, x, η), η ∈ R, is the Fourier transform of w in p.
Equation (5) is clearly the Schrödinger equation, for every η.

This means that w̃ evolves according to w̃(t, x, η) =
exp(−itη�)w̃(0, x, η). If we embed the values of w̃(0, x, η)
into the amplitudes of a quantum state |w̃(0)〉, then we can re-
cover |w̃(t )〉 = exp(−i p̂2 ⊗ η̂)|w̃(0)〉 with a unitary quantum
circuit exp(−i p̂2 ⊗ η̂), where p̂ is the momentum operator and
η̂ is another quadrature operator with eigenvalue η. In a more
general scenario, instead of using �, we can have some other
Hamiltonian H , so we have a more general unitary operator
exp(−iH ⊗ η̂t ). The preparation of |w̃(0)〉 is straightforward.
When given |u(0)〉, we form a product state with the auxil-
iary mode proportional to

∫
d p exp(−|p|)|p〉 and then take

a quantum Fourier transform with respect to the auxiliary
mode. After application of exp(−iH ⊗ η̂t ) we have |w̃(t )〉. To
recover |u(t )〉, we apply an inverse quantum Fourier transform
to the auxiliary mode and obtain |w(t )〉. Finally, from Eq. (2)
we see we need only the p > 0 parts of the auxiliary mode to
recover |u(t )〉, so in the simplest setting we can apply P̂ to the
auxiliary mode to project out only the p > 0 parts (see Fig. 1).
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For a fully continuous-variable formulation of Schrödinger-
ization, with H also a continuous-variable operator, see [28].

Remark 1. One can justify the validity of the setup (4)
(which is more convenient than the half-space problem for
w if one uses, for example, spectral methods in p space) in
another way. Applying the Fourier transform on x to (4), one
gets

∂t ŵt (t, ξ , p) − |ξ |2∂pŵ(t, ξ , p) = 0, p ∈ (−∞,∞),

ŵ(0, ξ , p) = e−|p|û0(ξ ).

Using the method of characteristics, the analytic solution is
given by

ŵ(t, ξ , p) = ŵ(0, p + |ξ |2t ) = e−|p+|ξ |2t |û0(ξ ). (6)

If p > 0, then

ŵ(t, ξ , p) = e−|p+|ξ |2t |û0 = e−p[e−|ξ |2t û0(ξ )].

The inverse transform implies

w(t, p) = e−pF−1(e−|ξ |2t û0(ξ )) = e−pu(t, x),

where F represents the Fourier transform. This is exactly the
solution of (1).

From (6) one sees that |ŵ(t, ξ , p)| � |û0(ξ )|. Note that
if u0(x) ∈ Ck , then û0(ξ ) ∼ O(1/|ξ |k ). Therefore, if u0(x) is
sufficiently smooth, ŵ decays very fast in ξ , which means only
those ξ such that |ξ | = O(1) are important; hence ŵ will move
to the left with O(1) speed. Thus, for T = O(1), |L| = O(1) is
sufficient for the computational domain of p ∈ [L, R], where
L < 0 and R > 0.

From Remark 1 and Eq. (4) one sees easily that∫ ∞

−∞

∫ ∞

0
w(t, x, p)2d p dx = 1

2

∫ ∞

−∞
u(t, x)2d p dx,

∫ ∞

−∞

∫ ∞

∞
w(t, x, p)2d p dx =

∫ ∞

−∞
u0(x)2dx.

Standard PDE analysis using Poincaré’s inequality gives∫ ∞

−∞

∫ ∞

0
w(t, x, p)2d p dx � e−αt

∫ ∞

−∞

∫ ∞

∞
w(t, x, p)2d p dx

(7)

for some positive constant α that depends on the (finite) do-
main size in x.

Example 1. We conduct a numerical test in one dimension
to justify the above idea:

ut − uxx = 0, x ∈ (−1, 1),

u(0, x) = u0(x),

u(t,−1) = u(t, 1), ux(t,−1) = ux(t, 1).

The exact solution is given by u(t, x) = e−π2t sin(πx).
For numerical implementation, it is natural and convenient

to introduce α = α(p) in the initial data of (4) for p < 0:

∂tw + ∂xxpw = 0, p ∈ (−∞,∞),

w(0, x, p) := w0(x, p) = e−α|p|u0(x). (8)

FIG. 2. Schematic diagram for the computational domain of p.

To match the exact solution, α(p) = 1 is necessary for the
region p > 0. In the p > 0 domain, we will truncation the
domain at p = R, where R is sufficiently large such that e−R ≈
0. We will choose a large α for p < 0 so the solution (see
Fig. 2) will have a support within a relatively small domain.
Since the wave ŵ moves to the left, one needs to choose the
artificial boundary at p = L < 0 for |L| large enough such
that ŵ, initially almost compact at [L0, R], will not reach the
point p = L throughout the duration of the computation. This
will allow one to use periodic boundary condition in p for the
spectral approximation.

The Fourier spectral approach will be used to dis-
cretize the spatial and the auxiliary variables. Let M and
N be two even numbers. We choose uniform mesh sizes
�x = 2/M and �p = (R − L)/N for the spatial and the
auxiliary variables, with the grid points denoted by x0 <

x1 < · · · < xM and p0 < p1 < · · · < pN , respectively. Let
w(t, p) = [w(t, x0, p),w(t, x1, p), . . . ,w(t, xM−1, p)]T . The
discrete Fourier transform (DFT) on x gives

∂tw(t, p) − P2
μ∂pw(t, p) = 0, p ∈ (L, R),

w(0, p) = e−α|p|u0, (9)

where u0 = [u(0, x1), . . . , u(0, xM−1)]T and Pμ is the matrix
representation of the momentum operator −i∂x in the original
variables. For details on the derivation of (9), refer to the next
section for notation. The matrix Pμ can be diagonalized via
Dμ = 
−1Pμ
, where Dμ = diag(μ−M/2, . . . , μM/2−1) is a
diagonal matrix with μl = π l for l = −M/2, . . . , M/2 − 1.
Let ŵ(t, p) = 
−1w(t, p). Then one has

∂t ŵ(t, p) − D2
μ∂pŵ(t, p) = 0, p ∈ (L, R),

ŵ(0, p) = e−α|p|û0, (10)

where û0 = 
−1u0 and the lth component of ŵ, denoted by
ŵl , corresponds to a linear hyperbolic system and the wave
moves from the right to the left with speed sl = μ2

l . The
analytic solution to (10) is obviously given by

ŵl (t, p) = e−α(p+sl t )|p+sl t |û0,l , (11)

where l = −M/2, . . . , M/2 − 1. According to Remark 1,
when u0(x) is sufficiently smooth, we know that the fastest
left-moving wave will have a speed s∗ = O(1). Given the
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FIG. 3. Discrete Fourier transform of the initial data u0(x) =
sin(πx).

evolution time T , we can estimate a large enough |L| such
that |s∗T | < |L|.

Now we consider the full discretization. Let the grid value
matrix W (t ) := (w(t, xi, p j ))M×N , which can be straightened
as

w(t ) = [w0; w1; . . . ; wM−1] =
∑

i j

w(t, xi, p j )|i, j〉,

where the semicolon indicates the straightening of {wi}i�1

into a column vector and

wi = [w(t, xi, p0),w(t, xi, p1), . . . ,w(t, xi, pN−1)]T .

Performing the DFT on both x and p yields

∂tw(t ) − i
(
P2

μ ⊗ Pμ

)
w(t ) = 0, (12)

where we use the same denotation Pμ for both variables since
no confusion will arise. Let Fx and Fp be the discrete Fourier
transform matrices for x and p, respectively. One can translate
Eq. (12) into the frequency space

∂t c(t ) − i
(
D2

μ ⊗ Dμ

)
c(t ) = 0,

where c(t ) = (F−1
x ⊗ F−1

p )w(t ). If c(t ) is arranged as a
matrix C(t ) in the form of W (t ), then the relation W =
QCPT = FpCF T

x or C = Q−1W P−T = F−1
p W F−T

x is easily
found, which avoids the use of memory-consuming tensor
products. Therefore, the numerical realization can be effec-
tively implemented via the discrete Fourier transform (see
Remark 2). The solution ŵl (t, p) of (10) can be extracted from
the lth row of F−1

x W .
In the numerical test, we choose M = 24 = 16 and N =

29 = 512. In Fig. 3 we plot the modulus of the DFT co-
efficients û0. Clearly, the amplitudes decay very fast in the
Fourier mode μl , and μ±1 contribute most to the propagation.
Therefore, for this example one can choose time t such that

s1t � L0 − L or t � T∗ := (L0 − L)/s1, (13)

FIG. 4. Numerical and exact solutions of u(t = T∗) for the spec-
tral method using (a) Eq. (3) and (b) Eq. (2).

where s1 = π2 ∈ O(1). For other parameters, we choose L =
−5, R = 5, t = T∗, α = 10 for p < 0, and L0 = −1 (the
estimated T∗ = 0.4053). The numerical solutions for u(t ) =
[u(t, x0), . . . , u(t, xM )]T are displayed in Fig. 4, with (3) and
(2) used to restore the solutions, respectively. Note that it
is better to pick the point p∗ > 0 near p = 0, for example,
p∗ = pN/2+3, to avoid the loss of significant digits of e−p∗ for
large p∗.

To validate the choice of computational domain shown
in Fig. 2, we now take snapshots of the movement of the
wave corresponding to Eq. (10), with the result shown in
Fig. 5(a). Since the wave amplitude in the frequency space is
a complex number and its real part is small, we display in this
figure the modulus of these complex numbers, i.e., |ŵl∗ (t, p j )|
for j = 0, 1, . . . , N − 1, where l∗ corresponds to the speed
s∗. The blue dashed line represents the initial wave |ŵ(0, p)|
and the red circles and black solid lines are the analytic
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FIG. 5. Initial and evolved waves in the frequency and original
spaces (T∗ = 0.4053): (a) modulus of the wave amplitude |ŵl∗ (t, pj )|
corresponding to (10) in the frequency space and (b) wave amplitude
wi∗ (t, pj ) corresponding to (9) in the original space.

solution given by (11) and the numerical solution at time t =
T∗, respectively. We also plot the wave amplitudes wi∗ (t, p j )
in the original space in Fig. 5(b), where i∗ corresponds to local
index of s∗ in {si}. As observed, the waves in both spaces have
almost moved to the left end, which validates the previous
arguments.

Given t = T = 1, we can choose a large enough L in
absolute value to get satisfactory numerical results. In view
of the relation (13), we take L = L0 − T s1 ≈ 11. Considering
the periodic condition, one can choose α = 40 and R = 10,
for example, with the results shown in Fig. 6.

One can also use the finite-difference discretization to
further validate the above arguments. For the spatial dis-
cretization, we use the central difference to get

∂twi(t, p) + ∂p
wi−1(t, p) − 2wi(t, p) + wi+1(t, p)

�x2
= 0,

w0(t, p) = wM (t, p),

FIG. 6. Numerical results for given evolution time t = T = 1:
(a) numerical solution for the heat equation recovered by (2),
(b) modulus of the wave amplitude |ŵl∗ (t, pj )|, and (c) wave am-
plitude wi∗ (t, pj ).

w1(t, p) − w−1(t, p)

2�x
= wM+1(t, p) − wM−1(t, p)

2�x
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for i = 1, 2, . . . , M − 1, where we have introduced the ghost
points x−1 and xM+1. To get a closed system, we assume the
discretization is valid on x = x0 and x = xM :

∂tw0(t, p) + ∂p
w−1(t, p) − 2w0(t, p) + w1(t, p)

�x2
= 0

at i = 0 and

∂twM (t, p) + ∂p
wM−1(t, p) − 2wM (t, p) + wM+1(t, p)

�x2
= 0

at i = M. Summing the above two equations and eliminating
the ghost values

∂tw0(t, p) + ∂p
−2w0(t, p) + w1(t, p) + wM−1(t, p)

�x2
= 0,

i = 0,

we then obtain the system

∂tw(t, p) + A∂pw(t, p) = 0,

where

w(t, p) =

⎡
⎢⎢⎢⎢⎣

w0(t, p)
w1(t, p)

...

wM−2(t, p)
wM−1(t, p)

⎤
⎥⎥⎥⎥⎦,

A = 1

�x2

⎡
⎢⎢⎢⎢⎣

−2 1 1
1 −2 1

. . .
. . .

. . .

1 −2 1
1 1 −2

⎤
⎥⎥⎥⎥⎦.

One can check that the eigenvalues of A are λk (A) =
− 4

�x2 sin2 kπ
M for k = 0, 1, . . . , M − 1. Let wn

j be the approx-
imation to w(tn, p j ). For the periodic boundary condition, the
value w0 = wN along the boundaries is unknown. We intro-
duce wN into the vector of grid values W n = [wn

1; . . . ; wn
N ],

with the semicolon indicating the straightening of {wi}i�1

into a column vector. Since λk � 0, we adopt the upwind
discretization on p and obtain

wn+1
j − wn

j

�t
+ A

wn
j+1 − wn

j

�p
= 0, j = 1, . . . , N − 1.

The above system is closed by assuming the discretization
holds at p = p0. In view of the periodicity, the additional
equation can be written as

wn+1
N − wn

N

�t
+ A

wn
1 − wn

N

�p
= 0, j = N.

The final iterative system is

W n+1 = BW n, n = 0, 1, . . . , Nt − 1,

with

B =

⎡
⎢⎢⎢⎢⎣

I + A1 −A1

I + A1 −A1
. . .

. . .

I + A1 −A1

−A1 I + A1

⎤
⎥⎥⎥⎥⎦,

FIG. 7. Numerical and exact solutions of u(t = T∗) for the finite-
difference method using (a) Eq. (3) and (b) Eq. (2).

A1 = �t

�p
A.

The numerical results are similar to that of the spectral method
under the same settings, as shown in Fig. 7.

2. Notation for the Fourier spectral discretization

For the Fourier spectral discretization, we will use the no-
tation given in [26]. For one-dimensional problems we choose
a uniform spatial mesh size �x = (b − a)/M for M = 2N =
2m, with m a positive integer, and time step �t , and we let the
grid points be

x j = a + j�x, j = 0, 1, . . . , M.

As an example we consider the periodic boundary conditions.
For x ∈ [a, b], the one-dimensional basis functions for the
Fourier spectral method are usually chosen as

φl (x) = eiμl (x−a), μl = 2π l

b − a
, l = −N, . . . , N − 1.
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For convenience, we adjust the index as

φl (x) = eiμl (x−a), μl = 2π (l − N − 1)

b − a
,

where 1 � l � M = 2N . The approximation to u(x) in the
one-dimensional space is

u(x) =
M∑

l=1

clφl (x), x = x j, j = 0, 1, . . . , M − 1, (14)

which can be written in vector form u = 
c, where u =
[u(x j )]M×1, c = (cl )M×1, and 
 = (φ jl )M×M = [φl (x j )]M×M .

The d-dimensional grid points are given by x j =
(x j1 , . . . , x jd ), where j = ( j1, . . . , jd ) and

x ji = a + ji�x, ji = 0, 1, . . . , M − 1, i = 1, . . . , d.

The multidimensional basis functions are written as
φl (x) = φl1 (x1) · · · φld (xd ), where l = (l1, . . . , ld ) and
1 � li � M. The corresponding approximate solution is
u(x) = ∑

l clφl (x), with the coefficients determined by the
values at the grid or collocation points x j . These collocation
values will be arranged as a column vector

u(t ) =
∑

j

u(t, x j )| j1〉 ⊗ · · · ⊗ | jd〉,

that is, the n j th entry of u is u(t, x j ), with the global index
given by

n j := j12d−1 + · · · + jd 20, j = ( j1, . . . , jd ).

Similarly, cl is written in a column vector as c = ∑
l cl |l1〉 ⊗

· · · ⊗ |ld〉. For convenience, let cl = cl1 · · · cld . Then

u(t, x j ) =
∑

l

cl1 · · · cld φl1 (x j1 ) · · · φld (x jd ) (15)

and the transition between u and c is given by

u = u(1) ⊗ · · · ⊗ u(d ) = (
c(1) ) ⊗ · · · ⊗ (
c(d ) ) = 
⊗d
c,
(16)

where


⊗d = 
 ⊗ · · · ⊗ 
︸ ︷︷ ︸
d matrices

, c(i) = (cli )M×1, u(l ) = 
c(l ),

c = c(1) ⊗ · · · ⊗ c(d ) =
∑

l

cl |l1〉 ⊗ · · · ⊗ |ld〉. (17)

For later use, we next determine the transitions between the
position operator x̂ j and the momentum operator P̂j = −i ∂

∂x j

in discrete settings. Let u(x) be a function in one dimension
and u = [u(x0), . . . , u(xM−1)]T be the mesh function with
M = 2N . The discrete position operator x̂d of x̂ can be defined
as

u = u(xi ) → x̂d u = Dxu,

where Dx = diag(x0, x1, . . . , xM−1) is the matrix representa-
tion of the position operator in x space. By the discrete Fourier

expansion in (14), the momentum operator can be discretized
as

P̂u(x) ≈ P̂
M∑

l=1

clφl (x) =
M∑

l=1

cl P̂φl (x) =
M∑

l=1

cl [−i∂xφl (x)]

=
M∑

l=1

clμlφl (x), μl = 2π (l − N − 1)

for x = x j , j = 0, 1, . . . , M − 1, which is written in matrix
form as

P̂d u = 
Dμ
−1u =: Pμu, Dμ = diag(μ1, . . . , μM ),

where P̂d is the discrete momentum operator. The matrices Dμ

and Pμ can be referred to as the matrix representation of the
momentum operator in the momentum space and the position
space, respectively, and are related by the discrete Fourier
transform. For d dimensions, the discrete position operator x̂d

l
is defined as

u = u(1) ⊗ · · · ⊗ u(d ) → u(1) ⊗ · · · ⊗ ũ(l ) ⊗ · · · ⊗ u(d ),

where

ũ(l ) := [
x jli

u(l )
(
x jli

)] = Dxu(l ).

Then

x̂d
l u = (I⊗l−1 ⊗ Dx ⊗ I⊗d−l

)u =: Dlu.

Using the expansion in (15), one easily finds that

P̂d
l u = (I⊗l−1 ⊗ Pμ ⊗ I⊗d−l

)u =: Plu.

Note that Dl and Pl are Hermitian matrices and

(
⊗d
)−1Pl


⊗d = I⊗l−1 ⊗ Dμ ⊗ I⊗d−l =: Dμ

l . (18)

For convenience, we denote by Fx = 
⊗d
the Fourier trans-

formation matrix in d dimensions. The above denotations also
apply to the variable p. One just needs to modify the subscript
x to p; for example, Fp represents the Fourier transformation
matrix for p. We will use the same denotations Dμ and Pμ for
both x and p whenever no confusion will arise.

Remark 2. Given a set of numbers x0, x1, . . . , xM−1, the
discrete Fourier transform and the inverse DFT are defined
by

yk = 1√
M

M−1∑
j=0

e2π i jk/Mxj, k = 0, . . . , M − 1

and

x j = 1√
M

M−1∑
k=0

e−2π i jk/Myk, j = 0, . . . , M − 1,

respectively. Denote the transformation matrix of the DFT
by F . It is easy to find that the transformation ma-
trix introduced above satisfies 
 = √

MSF , where S =
diag([1,−1, . . . , 1,−1]M×1) is a diagonal matrix.

3. The heat equation as a system of Schrödinger equations

Equation (5) clearly shows w is governed by the free
Schrödinger equation in the Fourier space for p. Below, in the
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discrete space and for the heat equation with a source term,
we also show how the heat equation can be reformulated as
a system of Schrödinger equations. Consider the linear heat
equation with a source term

∂t u − �u = V (x)u,

u(0, x) = u0(x), (19)

where V (x) is a scalar function. We now consider the spectral
discretization of (1) with respect to the variable p. According
to the above discussion, the term ∂pw in (1) can be discretized
as

∂pw = i(−i∂pw) −→ iPμw(t, x),

where w(t, x)= [w(t, x, p0),w(t, x, p1),. . .,w(t, x, pM−1)]T .
Thus we have the semidiscrete system of partial differential
equations

∂tw(t, x) + i[�x + V (x)]Pμw(t, x) = 0,

w(0, x) = w0(x) := [w0(x, p j )]M×1.

In the momentum basis, one has

∂t c(t, x) + i[�x + V (x)]Dμc(t, x) = 0,

c(0, x) = c0(x) := 
−1w0(x), (20)

where c = F−1
p w. The above PDEs can be viewed as a quan-

tum system since we have introduced the imaginary number
i = √−1 and Dμ = diag(μ1, . . . , μM ) is a real diagonal ma-
trix.

In conclusion, we have converted the heat equation to a
decoupled system of Schrödinger equations by using the idea
in Sec. II A 1 and the discrete Fourier transform on p.

Remark 3. The Schrödinger equation is i∂t = − h̄
2m (� −

2m
h̄2 Ṽ ). To match the form above, we can interpret μ j ↔
−h̄/2m and Vj = −Ṽ /h̄μ j , which is the potential correspond-
ing to the jth mode. However, this requires us to have the
right sign μ j < 0; otherwise we need to interpret negative
mass. This issue can be easily resolved by introducing the new
variable ĉ j (t̂, ·) = c j (t, ·), where t̂ = −t if μ j > 0.

4. Quantum simulation of the heat equation

One can now directly simulate the (decoupled) system of
equations (20). For clarity, we will consider (x, p) as a new
variable and repeat the construction in the preceding section.
Let

w(t, x, p) =
∑

l

cl (t )φl (x, p), l = (l1, . . . , ld , lp). (21)

The collocation points are denoted by (x j, p jp ) with j =
( j1, . . . , jd ). As in (17), we define c = cx ⊗ cp, where
cx = c(1) ⊗ · · · ⊗ c(d ). We also introduce the notation w =
wx ⊗ wp, where wx = w(1) ⊗ · · · ⊗ w(d ), and w(l ) = 
c(l )

can be viewed as the approximate solution of w in xl

direction. Following the discussion in Sec. II A 2, one

has

�xwp =
d∑

l=1

∂2
xl
∂pw = −i

d∑
l=1

(−i∂xl )
2(−i∂p)w

= −i
d∑

l=1

P̂2
l P̂pw → −i

d∑
l=1

(P̂d
l )2P̂d

p w

= −i
d∑

l=1

(P2
l ⊗ I )(I⊗d ⊗ Pμ)(wx ⊗ wp)

= −i
d∑

l=1

(P2
l ⊗ Pμ)w,

where Pl = I⊗l−1 ⊗ Pμ ⊗ I⊗d−l
, and

V (x)wp = iV (x)(−i∂p)w → iV (x̂d )P̂d
p w

= i(V ⊗ I )(I⊗d ⊗ Pμ)(wx ⊗ wp) = i(V ⊗ Pμ)w,

where V is a diagonal matrix with

V n j ,n j = V (x j ), n j = j12d−1 + · · · + jd 20.

The resulting ODEs are

d

dt
w(t ) − i

[(
P2

1 + · · · + P2
d − V

) ⊗ Pμ

]
w(t ) = 0, (22)

which is an expected Hamiltonian system.
The system (22) can be solved by using, for example, the

first-order time or Trotter splitting, as done for the standard
Schrödinger equation in [26]. To do so, we first diagonalize
the matrix with respect to p for convenience as in (20). Intro-
ducing a new variable w̃ = (I⊗d ⊗ F−1

p )w, one gets

d

dt
w̃(t ) = iHw̃(t ), H = (

P2
1 + · · · + P2

d − V
) ⊗ Dμ.

(23)

From time t = tn to time t = tn+1, the system can be solved in
two steps.

(i) One first solves

d

dt
w̃(t ) = i

[(
P2

1 + · · · + P2
d

) ⊗ Dμ

]
w̃(t ), tn < t < tn+1,

w̃(tn) = w̃n

for one time step, where w̃n is the numerical solution at t = tn.
Noting the relation (18), by letting c̃(t ) = (F−1

x ⊗ I )w̃(t ), we
instead solve

d

dt
c̃(t ) = iHDc̃(t ), tn < t < tn+1,

c̃(tn) = c̃n = (
F−1

x ⊗ I
)
c̃n,

where

HD = [(
Dμ

1

)2 + · · · + (
Dμ

d

)2] ⊗ Dμ

is a diagonal matrix. The numerical solution will be denoted
by c̃∗.

(ii) Let w̃∗ = (Fx ⊗ I )c̃∗. The second step is to solve

d

dt
w̃(t ) = −i(V ⊗ Dμ)w̃(t ) =: −iHV w̃(t )
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for one time step, with w̃∗ the initial data, where HV is a
diagonal matrix. This gives the updated numerical solution
w̃n+1.

We denote by m the number of qubits per dimension.
The total number of qubits is then given by mH = md + mp

for d-dimensional problems, where md = dm and mp are the
number of qubits on x and p registers, respectively. Let �x,
�p, and �t be the step sizes for x, p, and t , respectively, where
we assume the same spatial step along each dimension. Then
m ∼ log(1/�x) and mp ∼ log(1/�p).

For convenience we write the time complexity in terms
of the steps sizes and the number of qubits throughout the
paper. For the given error bound ε, the ε dependence of these
quantities is determined by the particular scheme one wishes
to use. For instance, the mesh strategy of the heat equation can
be given by

�x ∼
( ε

d

)1/�

, �t ∼ ε, �p ∼ ε.

Note that the initial condition, due to a lack of regularity,
implies first-order accuracy on p.

Theorem 1. The solution to the heat equation can be simu-
lated with gate complexity given by

Ngates = T

�t
O(dm log m + mp log mp),

where T is the evolution time.
Proof. Given the initial state of w̃0, applying the inverse

QFT to the x register, one gets c̃0. At each time step, one needs
to consider the procedure

c̃n eiHD�t−−−→ c̃∗ Fx⊗I−−→ w̃∗ e−iHV �t−−−−→ w̃n+1 F−1
x ⊗I−−−→ c̃n+1,

where Fx = 
⊗d
. It is known that the quantum Fourier trans-

forms in one dimension can be implemented using O(m log m)
gates. The diagonal unitary operators e−iHV �t and eiHD�t can
be implemented using O(mH ) gates [29,30]. Therefore, the
gate complexity required to iterate to the nth step is

Ngates = nO(dm log m + mp log mp + mH )

=
(

T

�t

)
O(dm log m + mp log mp),

where mp log mp results from the quantum Fourier transform
(QFT) on the p register, which is only performed twice. �

Remark 4. For the rest of the paper, we refer to the algo-
rithm mentioned in [29,30] to implement eiHt as Algorithm I,
where H is a diagonal matrix.

B. Linear convection equation

In this section we provide a way to turn the linear con-
vection equation in d dimensions with periodic boundary
conditions into a system of Schrödinger equations

∂t u + ∂x1 u + ∂x2 u + · · · + ∂xd u = 0, (24)

where x = (x1, x2, . . . , xd ) ∈ (−1, 1)d and u =
u(t, x1, x2, . . . , xd ).

1. Reformulation

Let

w = sin(p)u,

where p ∈ [−π, π ], which is obviously periodic with respect
to p. Then w satisfies

∂tw − ∂x1,ppu − ∂x2,ppu − · · · − ∂xd ,ppu = 0.

Considering the Fourier spectral discretization on x, one easily
gets

∂tw(t, p) − i
d∑

l=1

Pl∂ppw(t, p) = 0,

where w(t, p) = ∑
j w(t, x j, p)| j〉. Let cx(t, p) =

F−1
x w(t, p). We then get the system of (decoupled) free

Schrödinger-type equations

∂t cx(t, p) − i
d∑

l=1

Dμ

l ∂ppcx(t, p) = 0 (25)

in the momentum space, where Dμ

l is a diagonal matrix de-
fined by (18).

2. Quantum simulation

By further applying the Fourier transform on p, Eq. (25)
becomes

∂t c̃x(t ) + i
d∑

l=1

(
Dμ

l ⊗ P2
μ

)
c̃x(t ) = 0,

where

c̃x(t ) = [c̃x,0(t ); . . . ; c̃x,M−1(t )], c̃x,i(t ) =
∑

k

cx,i(t, pk )|k〉.

Let c(t ) = (I⊗d ⊗ F−1
p )c̃x. Then

∂t c(t ) + i
d∑

l=1

(
Dμ

l ⊗ D2
μ

)
c(t ) = 0, (26)

where c is exactly the momentum variables of w, i.e., c =
(F−1

x ⊗ F−1
p )w.

Theorem 2. The solution to the convection equation can be
simulated with gate complexity

Ngates = O((d + 1)m log m),

where we have assumed the same number of qubits in every
direction.

Proof. Given the initial state of w0, the implementation
involves an application of an inverse QFT, followed by a mul-
tiplication of a diagonal unitary operator H = ∑d

l=1(Dμ

l ⊗
D2

μ) and a QFT. Hence the gate complexity (see Algorithm
I in Remark 4) is

Ngates = O(md+1 + 2(d + 1)m log m) = O((d + 1)m log m),

which completes the proof. �
Remark 5. As was done for the Liouville equation in [11],

one can apply the Fourier spectral discretization to the original
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equation and get

∂t cx(t ) + i
d∑

l=1

Dμ

l cx(t ) = 0,

where cx = F−1
x u and u(t ) = ∑

j u(t, x j )| j〉. The number of
quantum gates required for its simulation is O(dm log m),
which is comparable to that of the Schrödinger system. On
the other hand, one can get u by projecting w onto the x reg-
ister for our quantum simulation approach, since w(t, x, p) =
sin(p)u(t, x) is separated in x and p, which means the costs
of the computation of the observables are also comparable.
Here we want to show that, for conceptual interest, the first-
order hyperbolic equation can be transformed into a system of
Schrödinger-type equations.

III. QUANTUM SIMULATION OF THE GENERAL LINEAR
SYSTEM OF ODEs

Not every linear PDE can be transformed into the exact
form of the Schrödinger equation, but we will see that they
can certainly be transformed into Hamiltonian systems in the
discrete setting. To do so, one only needs to show that a linear
system of ordinary differential equations can be converted into
a Hamiltonian system, since a PDE, after spatial discretiza-
tion, becomes a system of ODEs.

A. General linear ODEs

Suppose one needs to solve the ODEs

du(t )

dt
= Au(t ) + b(t ),

u(0) = u0, (27)

where matrix A is independent of time and A† �= A in general.
We remark that it suffices to assume b(t ) = 0. Otherwise one
can instead consider the augmented system

du(t )

dt
= Au(t ) + b(t )v, u(0) = u0,

vt = 0, v(0) = 1,

where the second equation gives v(t ) ≡ 1, which leads to the
original ODE system. The above ODEs can be written in the
compact form

dũ(t )

dt
= Ãũ(t ), ũ(0) = ũ0,

ũ =
[

u
v

]
, ũ0 =

[
u0

1

]
,

where

Ã =
[

A b(t )
0T 0

]
and the zero vector 0 has the same size as b. For this reason,
without loss of generality, we assume b = 0 in the following.

Remark 6. Quantum simulations for time-dependent or
-independent boundary-value problems are quite difficult be-
cause the ODE system resulting from spatial discretizations is
not necessarily a Hamiltonian system. Spatial discretization of

the boundary condition, for example, the Dirichlet boundary
condition, could also give rise to b �= 0. Our approach com-
bined with the above augmentation technique will resolve this
problem in a generic and an efficient way, which, however, is
beyond the scope of the present work.

One can always decompose A into a Hermitian term and an
anti-Hermitian term

A = H1 + iH2,

where

H1 = A + A†

2
= H†

1 , H2 = A − A†

2i
= H†

2 .

Apparently, H1H2 = H2H1 holds if and only if A†A = AA†.
In view of the stability, it is natural to assume that H1 is
negative semidefinite (note that x†H1x = x†Ax). In addition,
it is simple to see that

2s(H1) ∼ s(A) ∼ 2s(H2)

and

‖H1‖max, ‖H2‖max � ‖A‖max,

where s(A) is the sparsity of A and ‖A‖max denotes the largest
entry of A in absolute value.

Using the warped phase transformation v(t, p) = e−pu(t )
for p > 0 and symmetrically extending the initial data to
p < 0 as in Sec. II A 1, the ODEs are then transformed into
a system of linear convection equations

d

dt
v(t, p) = Av(t, p) = −H1∂pv + iH2v,

v(0, p) = e−|p|u0. (28)

The solution u(t ) can be restored by

u(t ) =
∫ ∞

0
v(t, p)d p.

Apply the discrete Fourier transformation on p to get

d

dt
w(t ) = −i(H1 ⊗ Pμ)w + i(H2 ⊗ I )w, (29)

which is a Hamiltonian system as expected, where w collects
all the grid values of v(t, p) and is defined by

w = [w1; w2; . . . ; wn], wi =
∑

k

vi(t, pk )|k〉,

with the semicolon indicating the straightening of {wi}i�1

into a column vector. By the change of variables w̃ = (Iu ⊗
F−1

p )w, one has

d

dt
w̃(t ) = −i(H1 ⊗ Dμ)w̃ + i(H2 ⊗ I )w̃. (30)

In the following, we assume A is independent of time
and apply the Hamiltonian simulation algorithm in [31] as
described in the following lemma. For time-dependent Hamil-
tonians, we refer the reader to [32–34] for references. As in
[31], we are concerned with the sparse access to the matrix,
with the definition given below.

From now on we define s as the sparsity of A, and ‖A‖max

as the largest entry of A in absolute value,
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Definition 1. Let A be a Hermitian matrix with the (i, j)th
entry denoted by Ai j . Sparse access to A is referred to as a
4-tuple (s, ‖A‖max, OA, OF ). Here OA is a unitary black box
which can access the matrix elements Ai j such that

OA| j〉|k〉|z〉 = | j〉|k〉|z ⊕ Ajk〉
for any j, k ∈ {1, 2, · · · , N} =: [N], where the third register
holds a bit string representing of Ajk; OF is a unitary black
box which allows to perform the map

OF | j〉|l〉 = | j〉|F ( j, l )〉
for any j ∈ [N] and l ∈ [s], where the function F outputs the
column index of the lth nonzero elements in row j.

The quantum algorithm for general sparse Hamiltonian
simulation with nearly optimal dependence on all parameters
can be found in [31]. The run time is measured in terms of
the query complexity or the number of queries made to the
oracles OA and OF .

Lemma 1 (Algorithm II and Theorems 1 and 2 in [31]). An
s-sparse Hamiltonian H acting on mH qubits can be simulated
within error ε with

O

(
τ

log(τ/ε)

log log(τ/ε)

)
queries and

O

(
τ [mH + log2.5(τ/ε)]

log(τ/ε)

log log(τ/ε)

)
= O(τmH Lpolylog)

additional two-qubit gates, where τ = s‖H‖maxt and t is the
evolution time and

Lpolylog ≡ [1 + log2.5(τ/ε)]
log(τ/ε)

log log(τ/ε)
.

This result is nearly optimal.
For convenience, we assume A arises from some discretiza-

tion in d dimensions, which implies A is of order NA ∼ 2md ,
where md = dm and m is the number of qubits along each
direction.

Theorem 3. Our quantum simulation method has gate com-
plexity

Ngates,Schr = (md + mp)Õ

(
s(A)‖A‖maxT

�p

)
+ O(mp log mp),

where NA is the order of A and Õ denotes the case where
all logarithmic factors are suppressed. In particular, if H1 can
be diagonalized in the momentum basis and H2 is a diagonal
matrix, then our method can be implemented with

Ngates,Schr = T

�t
O(dm log m + mp log mp).

Proof. (i) The Hamiltonian in (30) can be simulated with
complexity

T (md +mp)Õ(s(H1 ⊗ Dμ−H2 ⊗ I )‖H1 ⊗ Dμ−H2 ⊗ I‖max)

� T Õ([s(H1 ⊗ Dμ) + s(H2)](‖H1 ⊗ Dμ‖max + ‖H2‖max))

� T Õ([s(H1) + s(H2)](‖H1‖max/�p + ‖H2‖max))

� Õ(s(A)‖A‖maxT/�p),

where ‖Dμ‖max � 1/�p is used. (ii) For the special case, one
can solve (30) by the first-order time-splitting scheme. The

gate complexity can be obtained as in the proof of Theorem 1.
�

The difference between this method and our approach in
Sec. II is that here we first discretize in space (hence A is
the difference matrix) and then use the warped phase trans-
formation later, but in Sec. II we used the warped phase
transformation first and then discretized in space. Let us com-
pare the two ways for the linear heat and convection problems.

(i) For the heat equation, when applying the discrete
Fourier transform on the space variables, one obtains

d

dt
u(t ) = Au(t ), A = −(

P2
1 + · · · + P2

d

) + V .

It is easy to find that (29) coincides with (22) since H1 = A
and H2 = 0, that is, the two treatments are equivalent due to
the fact that A is a Hermitian matrix.

(ii) For the convection equation, the discrete Fourier trans-
form on the space variables gives

d

dt
u(t ) − i

d∑
l=1

Plu(t ) = 0,

which corresponds to a special case H1 = 0. In this case, there
is no need to apply the warped phase transformation since it
is already a Hamiltonian system. Of course, one can still use
the sin(p) transform to get a Schrödinger-type system.

This general method is simply a combination of what we
already did in previous sections. The H2 can be handled ei-
ther directly or by using the approach with a warped phase
transformation.

Remark 7. Our approach can also apply to PDEs of higher-
order time derivatives. Let us consider the second-order case
utt = Au. Let v = ut . One immediately obtains

ut = v, vt = Au

or

d

dt

[
u
v

]
=

[
0 I
A 0

][
u
v

]
,

which reduces to the situation under discussion. The extension
to higher-order derivatives is straightforward.

B. Parity-dilating unitarization of linear ODEs

In addition to transforming ODEs into Hamiltonian sys-
tems, one can also translate the evolution operator into
products of unitary operators that are suitable for quantum
simulation. Here we present and extend the unitary dilation
technique (for instance, in [35] applied to the Black-Scholes
equation) to more general cases. In the following we still
consider the ODE system (27) and assume that u(t ) has been
encoded as a state vector |ψ (t )〉.

The solution of |ψ (t )〉 can be approximated by

|ψ (t )〉 = e(H1+iH2 )t |ψ (t0)〉 ≈
Nt∏

j=1

(eH1�t eiH2�t ) j |ψ (t0)〉, (31)

with Nt�t = t . Higher-order terms with commutation re-
lations between H1 and H2 can be added later for higher
accuracy. We can enlarge the matrix (or operator) to make
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unitaries out of each eH1�t eiH2�t term. Since eH1�t =: H�t is
Hermitian, one can define a unitary dilation operator Ũ as

Ũ :=
⎡
⎣ H�t

√
I − H2

�t√
I − H2

�t −H�t

⎤
⎦ = (σz ⊗ I )eiσy⊗arccos(H�t ),

(32)

which is a particular instance of the blocking encoding of
Hermitian matrices [36], where I is the identity operator and

σy =
[

0 −i
i 0

]
, σz =

[
1 0
0 −1

]
.

Note that when H1 is negative semidefinite, ‖H�t‖ � 1 holds,
which guarantees Ũ being well defined.

Remark 8. The equals sign in (32) can be understood as
follows. Let

A(λ) =
[

λ
√

1 − λ2√
1 − λ2 −λ

]
=

[
cos t sin t
sin t − cos t

]
=: B(t ),

where λ = cos t ∈ [−1, 1]. Then the column vectors of B(t )
are the solutions of

du1(t )

dt
= −u2(t ),

du2(t )

dt
= u1(t ),

whose evolution is given by

B(t ) = exp

([
0 −1
1 0

]
t

)
B(0) = e−iσyt B(0) = e−iσytσz

or B(t ) = σzeiσyt . This leads to A(λ) = σzeiσy arccos λ and hence
the desired equality by letting λ = H�t .

Let |0〉 = [1, 0]T . Then we can define a new unitary oper-
ator U acting on |0〉 ⊗ |ψ (t0)〉 = [|ψ (t0)〉; 0] as

U

[|ψ (t0)〉
0

]
: = Ũ (I ⊗ eiH2�t )

[|ψ (t0)〉
0

]

=
[

H�t eiH2�t |ψ (t0)〉√
I − H2

�t e
iH2�t |ψ (t0)〉

]
, (33)

where 0 has the same size with |ψ (t0)〉. For convenience,
we refer to the new operator U as the (first-order) evo-
lutionary unitary dilation operator. Now if proceed to use
this state directly to the next time step and multiply by an-
other U , one does not recover a term (H�t eiH2�t )2|ψ (t0)〉
in the top entry, but rather it is augmented by another term

(
√

I − H2
�t e

iH2�t )2|ψ (t0)〉. This means we cannot postselect
at the end, but only at every time step. For instance, in the
second step the quantum state should be postselected as[

H�t eiH2�t |ψ (t0)〉
0

]
=

[|ψ (t1)〉
0

]
= |0〉 ⊗ |ψ (t1)〉,

and hence we can repeat the procedure. However, if the suc-
cess probability of every time step to obtain the top entry is
P, then after Nt time steps, a single success requires O(P−Nt )
copies of |ψ (t0)〉 at the beginning. A simple case is that H1

commutes with H2 as for the Black-Scholes equation [35]. In

this situation

eAt |ψ (t0)〉 = eiH2t eH1t |ψ (t0)〉
and one can first apply the unitary dilation technique to eH1t

and perform one postselection at the end of the simulation of
H1.

However, H1 and H2 do not commute in general. We go for
an alternative approach, where we instead begin with the state
|0〉⊗N∗

t ⊗ |ψ (t0)〉, where N∗
t = log Nt . In this case we only

need to perform one postselection at the very end. Observing
that [|ψ (t0)〉

0

]
U−→

[|ψ (t1)〉
∗

]
,

we can introduce the translations⎡
⎢⎢⎢⎢⎢⎢⎣

|ψ (t0)〉
0
0
...

0
0

⎤
⎥⎥⎥⎥⎥⎥⎦

U1−→

⎡
⎢⎢⎢⎢⎢⎢⎣

|ψ (t1)〉
∗
0
...

0
0

⎤
⎥⎥⎥⎥⎥⎥⎦

U2−→

⎡
⎢⎢⎢⎢⎢⎢⎣

|ψ (t2)〉
∗
∗
...

0
0

⎤
⎥⎥⎥⎥⎥⎥⎦

U3−→ · · · ,

where the vector has Nt zero vectors and each unitary Uj

is basically the evolutionary unitary dilation operator U in
Eq. (33) but applied to different pairs of qubit systems. For
this reason, we refer to it as the parity-dilating unitarization
approach in this article. The costs are identical for all j and
the explicit formula of Uj can be written as

Uj := |0〉〈0| ⊗ eiH2�t H�t

+ (| j〉〈0| + |0〉〈 j|) ⊗ eiH2�t
√

I − H2
�t

− | j〉〈 j| ⊗ eiH2�t H�t +
Nt −1∑
k �=0, j

|k〉〈k| ⊗ I.

This means that if assume access to Uj (as an oracle), then
one needs to apply this oracle Nt times to the state |0〉⊗N∗

t ⊗
|ψ (t0)〉 and then just to perform a single postselection at the
end. However, we note that this assumption is not equivalent
to the usual assumption of unitary decomposition, where we
decompose into single-qubit gates and controlled-NOT gates
or some other combination.

Theorem 4. Assume sparse access to arccos(H1�t ) with
sufficient precision and suppose that the time step satisfies
‖A‖1�t � 1. Then the first-order parity-dilation unitarization
method has gate complexity

Ngates,unitary = log NA

× Õ

(
T

�t
s[arccos(H1�t )] + s(A)‖A‖max

)
.

In particular, if H1 can be diagonalized in the momentum
basis, H2 is a diagonal matrix, and ‖H1‖�t � 1, then the
parity-dilation unitarization method can be simulated with

Ngates,unitary = T

�t
O(dm log m).
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Proof. (i) The first-order evolutionary unitary dilation op-
erator is

U = (σz ⊗ I )eiσy⊗arccos(H1�t )(I ⊗ eiH2�t ).

By Lemma 1, the operators eiσy⊗arccos(H1�t ) and eiH2�t can be
simulated with

Õ(md s[arccos(H1�t )]‖ arccos(H1�t )‖max)

+ Õ(�tmd s(H2)‖H2‖max)

two-qubit gates (note that �t is not a factor in the first term),
where arccos(H1�t ) is defined according to the Taylor expan-
sion

arccos x = 1
2π − x − 1

6 x3 − 3
40 x5 − 5

112 x7 − 35
1152 x9 − · · · ,

which is well defined when |x| � 1. One easily finds that
arccos(H1�t ) is well defined when the time step satisfies
‖H1‖1�t � 1. In fact, since H1 is Hermitian, there exists a
unitary matrix V such that V −1H1V = �1, where �1 is the
diagonal matrix consisting of the eigenvalues of H1. By defi-
nition,

arccos(H1�t ) = T arccos(�1�t )T −1, (34)

where arccos(�1�t ) is obviously well defined due to the fact
that |λ(H1)|max�t � ‖H1‖1�t � ‖A‖1�t � 1. Therefore,

‖ arccos(H1�t )‖max � ‖ arccos(H1�t )‖1

� 1
2π + ‖H1�t‖1 + 1

6‖H1�t‖3
1 + · · ·

� 1
2π + 1 + 1

6 + 3
40 + · · · = arccos(−1) = π.

(ii) For the special case, the first-order evolutionary unitary
dilation operator is

U = (σz ⊗ I )(I ⊗ 
⊗d
)eiσy⊗arccos(�1�t )

× [I ⊗ (
⊗d
)−1](I ⊗ eiH2�t ), (35)

where �1 and H2 are diagonal matrices and arccos(�1�t ) is
well defined if ‖H1‖�t � 1. The gate complexity is obviously
given by

Ngates,unitary = n[2O(dm log m) + 2O(dm)]

= T

�t
O(dm log m).

This completes the proof. �
Remark 9. Note that for arccos(H1�t ) to be well defined,

one needs ‖H1‖�t � 1. If H1 is the discrete heat operator,
then ‖H1‖ = O(�x2) in one dimension; hence one needs
�t = O(�x2), which is the Courant-Friedrichs-Lewy stability
condition for solving the heat equation using explicit time
discretization. On the other hand, the time-splitting method is
unconditionally stable; thus one can take �t = O(�x) there.
According to the special case in Theorems 3 and 4, the heat

equation (19) can be simulated with

Ngates,Schr = T

�t
O(dm log m + mp log mp)

= T

�x
O(dm log m + mp log mp),

Ngates,unitary = T

�t
O(dm log m)

= T

�x2
O(dm log m).

The mesh strategy is d�x� ∼ ε and �p ∼ ε, which gives

Ngates,Schr

Ngates,unitary
= �xO

(
1 + �

d

log(1/ε)

log(d/ε)

)
.

This implies that the parity-dilating unitarization method re-
quires more computational cost if � is not large, that is, the
solution u is not sufficiently smooth.

In the following, we focus on distinguishing the parity-
dilating unitarization method with our approach.

For spectral discretizations, the coefficient matrix arising
from the differential operators is always dense in the original
variables due to the existence of the DFT matrix. It may be
hard to get a sparse system when the equations have varying
coefficients. For a dense matrix, the preparation of the matrix
arccos(H1�t ) seems to be rather involved. A candidate for
the implementation is the Taylor expansion, which, however,
cannot resolve the sparsity problem.

The finite-difference discretization usually yields sparse
systems but with lower accuracy than the spectral method. The
matrix arccos(H1�t ) is often dense even if H1 is very sparse.
This is like the transformation in DFT, which makes the diago-
nal matrix a dense one [see (34)]. This means s[arccos(H1�t )]
usually scales as O(�x−d ), which can be far greater than
s(H1)‖H1‖max/�p when d is large [the latter one may scale as
O(d2/�xα�p)]. On the other hand, the density makes the im-
plementation of arccos(H1�t ) difficult. It should be pointed
out that for some cases, for instance, the central difference
of the Laplacian, the matrix can be diagonalized in the dis-
crete Fourier, discrete sine, or discrete cosine transformation
matrix. In this case, the arccos(H1�t ) can be efficiently im-
plemented since the transformation matrices can be realized
by the fast Fourier transform.

C. Block-encoding unitarization of linear ODEs

The parity-dilation method shows a particular example
of a block-encoding strategy. More general results can be
derived. In Sec. 4.1 of [20], the authors presented the block-
encoding technique to solve (27) with negative-definite A and
time-independent b, where ‖A‖ � 1 is assumed for technical
simplicity. Based on the evolutionary form

u(t ) = eAt u(0) +
∫ T

0
eA(T −s)ds b

= eAt u(0) + (eAT − I )A−1b,

the algorithm first separately computes the homogeneous and
the inhomogeneous parts and then combines them together
using the technique of linear combination of quantum states.
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For the construction of the linear combination, we refer the
reader to Lemma 22 in [20] when given the block encodings
of eAt and

∫ T
0 eA(T −s)ds.

The query complexity of the block-encoding technique in
[20] is based on access to the block encoding of matrix A,
which can be difficult to realize. If we assume access to the
block encoding of A, then the complexity is dependent of
the condition number of A (i.e., the inverse of δ in Theorem
23 in [20]), which could give rise to a large factor. This is
not the case for the Hamiltonian-simulation-based algorithms.
However, if access to the block encoding of A2 is assumed,
this factor is no longer present.

D. Imaginary-time-evolution methods for linear ODEs

Imaginary-time-evolution methods refer to the application
of a Wick rotation τ = −it to transform the heat equa-
tion ∂t u = ∂xxu into a Schrödinger equation −i∂τ u(τ, x) =
∂xxu(τ, x). This has been applied in heuristic schemes for
quantum problems, for instance, in [37–39]. In this case, the
state obeying the Schrödinger equation and its imaginary-time
counterpart do not have the same evolution. This means that,
except for the steady-state solution, extra resources are nec-
essary to map between the solution in the unitarily evolving
system to the other. Usually some heuristic techniques are
used, like variational methods or classical optimization that
requires input from quantum measurements on the quantum
states themselves. These, however, have the benefit of being
implementable on hybrid classical-quantum devices.

The imaginary-time-evolution approach can also be used
to deal with the general linear ODE system (27) in principle.
However, it may change the nature of the underlying PDEs.
For example, if it is done for the heat equation, then one
changes from a dissipative equation, which has the merit
of converging fast (exponentially) to the ground state, to a
Hamiltonian system that converges slowly to the ground or
steady state.

This differs from our method, which does not rely on
heuristic methods. Here we instead transform the heat equa-
tion to phase space by using the warped phase transformation.
We can also apply this to ground-state or steady-state prepa-
ration [21].

IV. APPLICATIONS TO MORE PDEs

In this section we apply our method to more typical exam-
ples. For simplicity, we only provide the time complexity in
terms of the number of qubits since the error estimates may
be rather involved.

A. Black-Scholes equation

The Black-Scholes equation

∂V

∂t
+ rS

∂V

∂S
+ 1

2
σ 2S2 ∂V 2

∂S2
= rV

is a PDE that evaluates the price of a financial derivative,
where r and σ are constants. For a specific derivative con-
tract, the problem is to determine its present price V (t = 0, S)
according to the terminal price V (t = T, S) of the option [35].
The change of variables S = ex, −∞ < x < ∞, leads to a

backward parabolic equation

∂V

∂t
+

(
r − σ 2

2

)
∂V

∂x
+ σ 2

2

∂V 2

∂x2
= rV.

One can reverse time t → τ = T − t to get a forward
parabolic equation

∂V

∂τ
=

(
r − σ 2

2

)
∂V

∂x
+ σ 2

2

∂V 2

∂x2
− rV. (36)

This is a typical example, in which the underlying operators
can be diagonalized in the momentum basis, which has been
resolved by the unitarization approach in [35].

We first consider our method. By the warped phase trans-
formation W (t, x, p) = e−pV (t, x) with periodic extension of
the initial data, one gets

∂τW =
(

r − σ 2

2

)
∂xW +

(
σ 2

2
∂xx − rI

)
(−∂pW ).

By repeating the previous calculations, it is straightforward to
derive a Hamiltonian system

d

dt
W̃ (t ) = iHW̃ (t ),

H =
(

r − σ 2

2

)
(Pμ ⊗ I ) +

(
σ 2

2
P2

μ + rI

)
⊗ Dμ,

where W̃ = (I ⊗ F−1
p )W and W (t ) = ∑

j,k W (t, x j, pk )| j, k〉.
Performing the change of variables c̃ = (F−1

x ⊗ I )W̃ , where
Fx = 
, one has

d

dt
c̃(t ) = iH̃c̃(t ),

H̃ =
(

r − σ 2

2

)
(Dμ ⊗ I ) +

(
σ 2

2
D2

μ + rI

)
⊗ Dμ.

Theorem 5. Our approach for the Black-Scholes equa-
tion can be simulated with gate complexity given by

Ngates,Schr = O(m log m + mp log mp).

Proof. The diagonal unitary operator e−iH̃t can be simu-
lated with

Ngates(e
iH̃t ) = O(mH ) = O(m + mp)

two-qubit gates (see Algorithm I in Remark 4). The result
follows by adding the number of gates for the QFT, which
is only performed twice for both x and p. �

For the unitarization method, we rewrite Eq. (36) as

∂τV = ĤBSV,

where ĤBS = Ĥ1 + Ĥ2, with

Ĥ1V = −i

(
r − σ 2

2

)
∂xV, Ĥ2V = σ 2

2
∂xxV − rV

representing the Hermitian and non-Hermitian parts, respec-
tively. Using the DFT, the above equation can be written as

∂τV = (H1 + iH2)V ,
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with

V (t ) =
∑

j

V (t, x j )| j〉, H2 =
(

σ 2

2
− r

)
Pμ,

H1 = σ 2

2
P2

μ − rI.

Let Ṽ = F−1
x V . The equation can be rewritten as the diago-

nalized form in the momentum space:

∂τṼ = (H̃1 + iH̃2)Ṽ , H̃2 =
(

σ 2

2
− r

)
Dμ,

H̃1 = σ 2

2
D2

μ − rI.

Theorem 6. The parity-dilating unitarization approach for
the Black-Scholes equation can be simulated with gate com-
plexity given by

Ngates,unitary = O(m log m).

Proof. Since H̃1 commutes with H̃2, the evolution of Ṽ can
be simply written as

Ṽ (τ ) = e(H̃1+iH̃2 )τṼ (0) = eH̃1τ eiH̃2τṼ (0).

Thus one just needs to perform the unitary dilation technique
once. According to the proof of Theorem 4, the evolutionary
unitary dilation operator is

U = (σz ⊗ I)eiσy⊗arccos(H̃1τ )(I ⊗ eiH̃2τ ),

where the diagonal unitary operators on the right-hand side
can be simulated with O(m + 1) gates. The result follows by
adding the number of gates for the QFT. �

For this simple example, there is a slight overhead in time
complexity for our approach, i.e.,

Ngates,Schr − Ngates,unitary = O(mp log mp) = O( log(1/ε))

since mp ∼ log(1/�p) and �p ∼ ε. Such a conclusion is
obviously valid for cases where the underlying operators can
be diagonalized in the same basis (in this case, the arccos is
not an issue as observed in the proof of Theorem 6), which are
often encountered for the differential operators with constant
coefficients.

B. Fokker-Planck equation

The Fokker-Planck equation describes the time evolution
of the probability density function f (t, x) of the velocity of a
particle under the influence of drag forces and random forces
[40]. It has the form

∂t f = −∇ · [∇V (x) f ] + σ� f , (37)

where V (x) is a scalar function and σ > 0 is a constant. The
first term on the right-hand side is called the drifted term and
the second term is the diffusion term generated by white noise.
This equation has the steady-state solution f = e−V (x)/σ . For
convenience, we assume the periodic boundary conditions
with x = (x1, . . . , xd ) ∈ [−1, 1]d .

1. Conservation form

Equation (37) can also be written as

∂t f = σ∇ · [e−V/σ ∇(eV/σ f )]. (38)

As done for the heat equation, one can introduce the transfor-
mation F (t, x, p) = e−p f (t, x) and extend the initial data to
p < 0 to obtain

∂t F = σ∇x · {e−V/σ ∇x[eV/σ (−Fp)]},
F (0, x, p) = e−|p| f (t, x).

Apply the discrete Fourier transformation on both x and p to
get

∇x · {e−V/σ ∇x[eV/σ (−Fp)]}

=
d∑

l=1

∂xl {e−V/σ ∂xl [e
V/σ (−Fp)]}

= −i
d∑

l=1

(−i∂xl )(e
−V/σ (−i∂xl ){eV/σ [−(−i∂p)]F })

→ i
d∑

l=1

(Pl ⊗ I )(e−V/σ ⊗ I )(Pl ⊗ I )

× (eV/σ ⊗ I )(I⊗d ⊗ Pμ)F

= i
d∑

l=1

(Ple−V/σ PleV/σ ⊗ Pμ)F,

where Pl is the same as the one given for the heat equation and
eV = diag(g) is a diagonal matrix with the diagonal vector
given by g = ∑

j eV (x j )| j〉. It should be pointed out that eV

is not the matrix exponential eV , where we have used the bold
symbol e to indicate the difference.

Let Al = Ple−V/σ Pl , which are Hermitian matrices. One
has the ODE

d

dt
F = iσ

d∑
l=1

(AleV/σ ⊗ Pμ)F.

Defining F̃ = (eV/(2σ ) ⊗ F−1
p )F, we get a Hamiltonian sys-

tem

d

dt
F̃ = iH1F̃,

where

H1 = (B1 + · · · + Bd ) ⊗ Dμ,

Bl = σeV/(2σ )AleV/2σ , Al = Ple−V/σ Pl .

2. Heat equation form

Using the transformation ψ (t, x) = eV/2σ f (recall the def-
inition of F̃ in the conservation form), one easily gets that ψ

satisfies the imaginary-time Schrödinger or heat equation [41]

∂tψ = σ�ψ − U (x)ψ, (39)
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where

U (x) := |∇V |2
4σ

− 1

2
�V.

Since Eq. (39) has the same form of the heat equation in (19),
one can introduce the transformation technique to get

d

dt
�̃(t ) = iH2�̃(t ),

where

H2 = [
σ
(
P2

1 + · · · + P2
d

) + U
] ⊗ Dμ

is a Hermitian matrix and U is defined as V .
Remark 10. Obviously, it is more time consuming to per-

form the quantum simulation of the first matrix H1. In fact,
Bl is not sparse in the xl direction; hence the simulation of
H1 is not sparse along xl direction. However, P2

l in H2 can be
efficiently implemented in the frequency space by using the
quantum Fourier transform.

C. Linear Boltzmann equation

In this section we consider the linear Boltzmann equa-
tion with isotropic scattering [42]

∂t f + ξ · ∇x f = 1

|�|
∫

�

f (t, x, ξ ′)dξ ′ − f ,

f (0, x, ξ ) = f0(x, ξ ),

where f = f (t, x, ξ ), x = (x1, . . . , xd ) ∈ [−1, 1]d , and ξ =
(ξ1, . . . , ξd−1) is a vector on the unit sphere Sd−1 in Rd . We
assume the periodic boundary conditions are imposed.

1. Hamiltonian system

Proceeding as in the previous sections, we introduce the
warped phase transformation

F (t, x, ξ , p) = e−p f (t, x, ξ ), p > 0,

with the initial data symmetrically extended to p < 0, and find
that F solves

∂t F + ξ · ∇xF = −
(

1

|�|
∫

�

∂pF (t, x, ξ ′, p)dξ ′ − ∂pF

)
,

F (0, x, ξ , p) = F0(x, ξ , p) := e−|p| f0(x, ξ ).

We use the discrete-ordinate method to discretize the integral.
Let (wk, ξk ) be the quadrature weights and points, where
ξk = (ξk1, . . . , ξkd ) and 1 � k � N . One has the semidiscrete
system

∂t Fm + ξm · ∇xFm = −
( ∑

k

wk∂pFk − ∂pFm

)
,

where m = 1, 2, . . . , N and Fm = Fm(t, x, p) :=
F (t, x, ξm, p). Let

Fm =
∑
j, jp

Fm(t, x j, p jp )| j, jp〉, j = ( j1, . . . , jd ),

which is a column vector of Md+1 entries. Taking the discrete
Fourier transformation on both x and p yields

d

dt
Fm + i

d∑
l=1

ξml (Pl ⊗ I )Fm

= −i(I⊗d ⊗ Pμ)

(
N∑

k=1

wkFk − Fm

)
,

where m = 1, . . . , N and Pl = I⊗l−1 ⊗ Pμ ⊗ I⊗d−l
. The above

system can be rewritten as

d

dt
F + i

d∑
l=1

(�ξl ⊗ Pl ⊗ I )F = −i(W − I ) ⊗ I⊗d ⊗ PμF,

(40)

where F = [F1; . . . ; FN ], with the semicolon indicating
the straightening of {F i}i�1 into a column vector, �ξl =
diag(ξ1l , ξ2l , . . . , ξNl ), and W = ��w, with � = (�i j )N×N ,
�i j ≡ 1, �w = diag(w1,w2, . . . ,wN ).

Define F̃ = (�1/2
w ⊗ I⊗d ⊗ F−1

p )F. One has from (40) that

d

dt
F̃ + i

d∑
l=1

(
�1/2

w �ξl �
−1/2
w ⊗ Pl ⊗ I

)
F̃

= −i
(
�1/2

w ��1/2
w − I

) ⊗ I⊗d ⊗ Dμ)F̃.

Noting that �
1/2
w �ξl �

−1/2
w = �ξl , we finally derive a Hamil-

tonian system

d

dt
F̃ = −iHF̃, (41)

where

H =
d∑

l=1

(�ξl ⊗ Pl ⊗ I ) + (
�1/2

w ��1/2
w − I

) ⊗ I⊗d ⊗ Dμ

is a Hermitian matrix.

2. Quantum simulation

For the Hamiltonian system (41), one can solve

d

dt
F̃ = −iHξ F̃, Hξ =

d∑
l=1

(�ξl ⊗ Pl ⊗ I )

for one time step, followed by solving

d

dt
F̃ = −iHwF̃, Hw = (

�1/2
w ��1/2

w − I
) ⊗ I⊗d ⊗ Dμ

again for one time step. By introducing c̃ = (I⊗d ⊗ F−1
x ⊗

I )F̃, where Fx = 
⊗d
, the system in the first step is trans-

formed into

d

dt
c̃ = −iHξ c̃, HD,ξ =

d∑
l=1

(
�ξl ⊗ Dμ

l ⊗ I
)
,

where HD,ξ is a diagonal matrix.
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Theorem 7. The solution to the Boltzmann equation can be
simulated with gate complexity given by

Ngates = Õ

(
mH N2

�p
+ mH

�x

)
+ O

(
T

�t
dm log m

)
+ O(mp log mp),

where N is the number of quadrature points and
mH = dm + mp.

Proof. Given the initial state of F̃
0

and applying the inverse
QFT to the x register, one gets c̃0. At each time step, one needs
to consider the procedure

c̃n e−iHD,ξ �t

−−−−→ c̃∗ I⊗d ⊗Fx⊗I−−−−−→ F̃
∗ e−iHw�t−−−−→ F̃

n+1 I⊗d ⊗F−1
x ⊗I−−−−−−→ c̃n+1.

By Lemma 1, e−iHw�t can be simulated with

Ngates(e
−iHw�t ) = Õ(�tmH s(Hw )‖Hw‖max)

= Õ

(
�t

mH N2

�p

)
,

where s(Hw ) = N and ‖Hw‖max � NMp. Similarly, e−iHD,ξ �t

can be simulated with

Ngates(e
−iHD,ξ �t ) = Õ(�tmH s(HD,ξ )‖HD,ξ‖max)

= Õ

(
�tmH

�x

)
,

where s(HD,ξ ) = 1 and ‖HD,ξ‖max � M = O(1/�x).
It is known that the quantum Fourier transforms Fx can

be implemented using O(dm log m) gates. Therefore, the gate
complexity required to iterate to the nth step for the system
(41) is

Ngates = n

[
Õ

(
�tmH N2

�p
+ �tmH

�x

)
+ O(dm log m)

]

= Õ

(
mH N2

�p
+ mH

�x

)
+ O

(
T

�t
dm log m

)
.

The proof is complete. �
We remark that ‖H‖max in Algorithm II (see Lemma 1) is

not significantly amplified by the auxiliary variable p. This is
due to the presence of the first-order derivative with respect
to x in the convection term. This is very different from our
approach to the linear convection equation in Sec. II B, where
the second-order derivative with respect to p is included,
which leads to 1/�p2 as the multiplicative factor in the time
complexity if Algorithm II is used.

D. Vlasov-Fokker-Planck equation

We now present an example in which the first use of the
warped phase transformation fails.

Consider f = f (t, x, ξ ) > 0 satisfying the Vlasov-Fokker-
Planck (VFK) equation (also called the Klein-Kramers-
Chandrasekhar equation) [43]

∂t f + ξ · ∇x f − ∇V (x) · ∇ξ f = ∇ξ · (ξ f + ∇ξ f ),

where x, ξ ∈ Rd . Introducing

M = M(ξ ) := e−|ξ |2/2,

the VFK equation can be written as

∂t f + ξ · ∇x f − ∇V (x) · ∇ξ f = ∇ξ · [M∇ξ (M−1 f )].

Let W (ξ ) = |ξ |2/2 and σ = 1. Then M = e−W/σ and the
above equation can be rewritten as

∂t f + ξ · ∇x f − ∇V (x) · ∇ξ f = σ∇ξ · [e−W/σ ∇ξ (eW/σ f )],

where the right-hand side has the same form as that of
Eq. (38).

It seems that we can also try the conservation form and heat
equation form as for the Fokker-Planck equation; however, the
third term ∇V (x) · ∇ξ f on the left-hand side makes the direct
use of the warped phase transformation no longer work. Let
us consider the conservation form as an example. Introduce
the transformation F (t, x, ξ , p) = e−p f (t, x, ξ ) with periodic
extension of the initial data to get

∂t F + ξ · ∇xF − ∇V (x) · ∇ξ f = ∇ξ · {e−W ∇ξ [eW (−Fp)]}.
Applying the discrete Fourier transformation on all variables,
one easily obtains

ξ · ∇xF =
d∑

l=1

ξl∂xl F

→ i
d∑

l=1

(Pl ⊗ Dl ⊗ I )(Fx ⊗ Fξ ⊗ F p),

∇V (x) · ∇ξ F =
d∑

l=1

∂xlV ∂ξl F

→ i
d∑

l=1

(V l ⊗ Pl ⊗ I )(Fx ⊗ Fξ ⊗ F p),

where V l = ∑
i ∂xlV (xi )|i〉 is a diagonal matrix and

∇ξ · {e−W ∇ξ [eW (−Fp)]}

=
d∑

l=1

∂ξl {e−W ∂ξl [e
W (−Fp)]}

= i
d∑

l=1

(−i∂ξl ){e−W (−i∂ξl )[e
W (−i∂pF )]}

→ i
d∑

l=1

(I⊗d ⊗ Pl ⊗ I )(I⊗d ⊗ e−W ξ ⊗ I )

× (I⊗d ⊗ Pl ⊗ I )(I⊗d ⊗ eW ξ ⊗ I )(I⊗d ⊗ I⊗d ⊗ Pμ)F

= i
d∑

l=1

(I⊗d ⊗ Ple−W ξ PleW ξ ⊗ Pμ)F,

where e−W ξ is a diagonal matrix with the diagonal vector
given by

∑
j W (ξ j )| j〉. Let Bl = Ple−W ξ Pl , which are Her-

mitian matrices. One gets the ODE

d

dt
F = i

d∑
l=1

(−Pl ⊗ Dl ⊗ I + V l ⊗ Pl ⊗ I

+ I⊗d ⊗ BleW ξ ⊗ Pμ)F.
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For this system, it does not work by introducing the new
variables F̃ = I⊗d ⊗ eW ξ /2 ⊗ F−1

p since the first term on the
right-hand side will change to Pl ⊗ eW ξ /2Dle−W ξ /2 ⊗ I , which
are not Hermitian matrices. To resolve this problem, one can
first derive an ODE system resulting from the discretization of
x and ξ variables and then apply the generalized approach in
Sec. III A, with the details omitted.

E. Liouville representation for nonlinear ODEs

Consider the nonlinear ODEs

dq(t )

dt
= F (q(t )), q(0) = q0, q = [q1, . . . , qd ]T . (42)

For x = (x1, . . . , xd ), let δ(x) = �d
i=1δ(xi ) be the Dirac delta

distribution. The Liouville equation corresponding to (42) can
be derived by considering a function ρ(t, x) : R+ × Rd → R,
defined by

ρ(t, x) = δ(x − q(t )),

which represents the probability distribution in space x that
corresponds to the solution x = q. By the properties of the
δ function, one obtains the solution of (42) by taking the
moment

q(t ) =
∫

xδ(x − q(t ))dx =
∫

xρ(t, x)dx. (43)

To this end, we can characterize the dynamics of ρ(t, x) and
find the solution q(t ) via (43).

One can check that ρ satisfies, in the weak sense, the linear
(d + 1)-dimensional PDEs

∂tρ(t, x) + ∇x · [F (x)ρ(t, x)] = 0,

ρ0(x) := ρ(0, x) = δ(x − q0).

Since the initial data involve a δ function, we consider the
following problem with the smoothed initial data [26]:

∂t u(t, x) + ∇ · [F (x)u(t, x)] = 0,

u(0, x) = u0(x) := δω(x − q0).

Let u1 = Fi(x)u(t, x). According to the notation for the
Fourier spectral method, one has

−i∂xi u1 → P̂d
i u1 = Piu1 = Pi�Fi u,

where �Fi = diag(F i ) is a diagonal matrix and F i =∑
j Fi(x j )| j〉. The resulting system of ordinary differential

equations is

d

dt
u(t ) = −iAu(t ),

u(0) = u0 = u0(x j ), (44)

where A = ∑d
i=1 Ai, with Ai = Pi�Fi . In Ref. [26] we pro-

posed a quantum simulation method for the above problem
by using the time-splitting approach. However, the simulation
protocol there is different from the traditional time-marching
Hamiltonian simulation since nonunitary procedures are in-
volved at each time step, leading to exponential increase of
the cost. By the generalized framework in Sec. III A, we are
ready to recover a true Hamiltonian simulation.

Let us still consider the splitting in [26]. In fact, there is
no need to apply the splitting since each Ai has the similar
structure. Here we just indicate that our protocol also works
for the splitting. The evolution of (44) can be written as

w(t + �t ) = e−i(A1+···+Ad )�tw(t ),

in which the evolutionary operator can be approximated by
the first-order product formula

U�t = e−iAd �t · · · e−iA1�t . (45)

Then the problem is reduced to the simulation of each Aj ,
where Aj is not necessarily symmetric. Consider the decom-
position −iA j = H j

1 + iH j
2 , where H j

1 and H j
2 are Hermitian

matrices. Following the discussion in Sec. III A, one can con-
struct a Hamiltonian system associated with the evolutionary
operator e−iA j�t ,

d

dt
w(t ) = i

( − H j
1 ⊗ Pμ + H j

2 ⊗ I
)
w(t ),

where w encodes all the grid values of the variable v defined
by (28) [note that v corresponds to the original system (44)].
In contrast to the change of variables in [26], the transfor-
mations here are the same in every time step. We therefore
restore the time-marching Hamiltonian simulation for the new
variables.

V. SUMMARY

We provided technical details for a simple method for
solving general linear PDEs using quantum simulation. The
idea is to introduce a simple warped phase transformation that
can translate the PDEs into a system of Schrödinger equa-
tions without employing more sophisticated methods. This
enables quantum simulation to be applied to these PDEs (and
also ODEs).

This approach was applied to several typical examples,
including the heat, convection, Fokker-Planck, linear Boltz-
mann, and Black-Scholes equations. It can be extended to
general linear partial differential equations including the
Vlasov-Fokker-Planck equation and the Liouville represen-
tation equation for nonlinear ordinary differential equations.
It has the potential to find a variety of applications in
time-dependent or -independent boundary-value problems, ar-
tificial [23] and physical interface boundary conditions [22],
and even linear algebra problems [24]. It is also naturally
applicable in the continuous-variable framework [28].
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