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FAST ALGORITHMS FOR SIMULATION OF NEURONAL DYNAMICS
BASED ON THE BILINEAR DENDRITIC INTEGRATION RULE*
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Abstract. We aim to develop fast algorithms for neuronal simulations to capture the dynamics of
a neuron with realistic dendritic morphology. To achieve this, we perform the asymptotic analysis
on a cable neuron model with branched dendrites. Using the second-order asymptotic solutions, we
derive a bilinear dendritic integration rule to characterize the voltage response at the soma when
receiving multiple spatiotemporal synaptic inputs from dendrites, with a dependency on the voltage
state of the neuron at input arrival times. Based on the derived bilinear rule, we finally propose
two fast algorithms and demonstrate numerically that, in comparison with solving the original cable
neuron model numerically, the algorithms can reduce the computational cost of simulation for neuronal
dynamics enormously while retaining relatively high accuracy in terms of both sub-threshold dynamics
and firing statistics.
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1. Introduction

Dendrites play an important role in the information processing of a neuron. A
neuron in the brain may receive thousands of excitatory (F) and inhibitory (I) synaptic
inputs from its dendrites to change the membrane potential at the soma correspondingly
under certain rules. This process is known as dendritic integration [20,21]. The dendritic
integration of synaptic inputs has been found in experiment to support rich functions of
the brain. For instance, the dendritic integration enhances motion detection [10], shapes
spiking activity [7,25], and promotes optimal information coding [5] in sensory systems.
In addition, the dendritic integration fine tunes brain rhythms, such as modulating the
frequency [1] and improving the robustness [31] of gamma oscillations. The dendritic
integration also contributes to cognitive computing in the brain [11]. Therefore, to
understand the principles of information processing in an individual neuron, as well as
in the brain, it is crucial to investigate the computational rules that govern the dendritic
integration of synaptic inputs.

In addition to myriads of experiments [26,27], the rule of dendritic integration
is also under active theoretical investigations [14,17-19,23]. For instance, it has been
shown both in theory and in simulation that the nonlinear integration of synaptic inputs
mainly takes place within dendritic branches locally, yielding the computation of logical
operations [17]. In addition, a two-layer neuron model and its generalization have been
proposed that the synaptic inputs are first integrated nonlinearly within each branch,
followed by a linear integration of the branch outputs at the soma [14,23,24]. These
qualitative models are supported by experiments [2,15]. However, it remains unclear
how to quantitatively capture the dynamics of the membrane potential response at the
soma when receiving multiple spatiotemporal synaptic inputs.
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An arithmetic rule has been observed in recent experiments that quantitatively
characterizes the integration of a pair of F and I inputs [12,18], which is later referred
to as the bilinear dendritic integration rule. The mechanism underlying the bilinear
rule has been revealed from the asymptotic analysis of an idealized cable neuron model
(a neuron without branched dendrites) in our previous works [18,19]. Based on the
asymptotic analysis, the bilinear rule has been further extended to characterize the
integration of multiple synaptic inputs of mixed types, and the rule has been verified
in the numerical simulations of a biologically realistic neuron model [18] in the sub-
threshold dynamical regime (the voltage response is far below the firing threshold).
Here, we generalize the previous work by further considering the bilinear rule up to the
near-threshold regime of a biologically realistic neuron. By accounting for the fact that
the membrane potential of a neuron may strongly fluctuate [30] and even stay at a high
voltage level deviating from the resting state [9], we need to consider the dependency of
the dendritic integration rule on the state of neuron’s membrane potential, whereas the
bilinear rule established previously [18] is only derived near a neuron’s resting state.

With these generalizations, we then develop fast algorithms for simulation of neu-
ronal dynamics based on an analytically-derived dendritic integration rule from a
branched passive cable model with an arbitrary initial state. We evaluate the per-
formance of the algorithms using morphologically realistic neuron simulations. The
article is organized as follows. In Section 2, we introduce the mathematical description
of a passive neuron with an isotropic soma and branched dendrites. In Section 3, we
derive the dendritic integration rule from the asymptotic analysis of the cable neuron
model. In Section 4, we introduce two fast algorithms for simulation of neuronal dy-
namics based on the derived dendritic integration rule, and assess its computational
cost and numerical accuracy using a passive cable model of integrate-and-fire type with
realistic dendritic morphology. In Section 5, we discuss the source of numerical error
and the performance of the algorithms for a neuron with semi-active dendrites.

2. Cable neuron model

Here we consider a passive neuron with an isotropic soma and branched dendrites.
The geometry of the soma is modeled as a sphere and that of each dendritic branch
is modeled as a cylinder. The topological structure of an example neuron is shown in
Figure 2.1A. For the ease of mathematical description, we label dendritic branches with
numbers and use local spatial coordinates at each branch. To be specific, we define the
coordinate &= (7,x) to describe the spatial location x on the ith branch, where z € [0,1;]
and [; is the length of the ith branch. We then express the membrane potential of the
neuron at location & and time ¢ as

v(f,t)zzvi(ﬂﬁ,t)X¢(f)7

where x;(Z) is the characteristic function that equals one if and only if & is on the ith
branch, and v;(x,t) describes the neuronal membrane potential at location x on the ith
branch. Note that we use the vector coordinate & to describe locations on the entire
neuron, and we use the scalar coordinate x to describe locations on a specific branch
when the branch number, i, is given.

We focus on a small segment [z,24+ Az] on the ith branch with diameter d;. It
has been shown in experiments that the membrane of the neuron can be viewed as
a resistor-capacitor circuit with a constant capacitance and leak conductance density
[8,28]. Therefore, based on the law of current conservation within the segment, the
capacitance current of the membrane shall balance with the leak ionic current, the
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synaptic current across the membrane, and the axial current along the dendrite, i.e.,

ov; ) .
cwdiAxa—; =—grrd; Axv; + " + I (x) — I} (z + Az), (2.1)
where v; is the membrane potential on the ith dendritic branch relative to the resting
potential, ¢ is the membrane capacitance density, and gy, is the leak conductance density.
Here, I'*" is the synaptic current on the ith branch

.L-‘rAI
IM=— %" nd; / —g,)dx, (2.2)

q=E,I

where Gg and Gy are the excitatory and inhibitory synaptic conductance densities and
ep and e are their reversal potentials, respectively. When the neuron receives multiple
excitatory and inhibitory inputs, G, is the summation of all individual conductance
transients, i.e., G4 = Z Gy, for ¢g=FE,I. For the jth synaptic input of type ¢ received
at time t =t and at 81te x rq;, we have Gy, = f,.94,0(x —14,), where f, is the input
strength of synaptic conductances. The normalized conductance g,; is often modeled
as

t—ty. tq.
_ 95 ttay

9q; (titg;)=Ngle et —e 7o )O(t—tg,) (2.3)

oqr
with the peak value normalized to unity by the normalization factor N, = [( %) 7qd=ar —
q
vad

(Zez)7qa=7ar |71 and with o and o4q as the rise and decay time constants [16]. Here

Jqd
O(t) is a Heaviside function. The axial current I?(z) can be derived based on the Ohm’s
law,
wd? Ov;
Ia = — L

i (@) 4r; Ox’

where r; is the axial resistivity on the ith branch. Taking the limit Az — 0, Equation
(2.1) becomes the cable equation describing the spatiotemporal dynamics of the voltage
on the ith dendritic branch in response to multiple synaptic inputs,

ov; d; 03v;
C&t 91 —Gp(vi—ep) —Gr(vi—er)+ 1 92

(2.4)

(2.5)

g
with the conductance Gy(x,t;{xq;,tq,}) = > fq,9q, (titg,)0(x —x4,) and ny is the total
j=1

number of the synaptic inputs of type q.

We next introduce the boundary conditions of the cable model (Equation (2.5)).
For the dendritic branch directly connecting to the soma, e.g., the 1st branch in Figure
2.1A, by applying the law of current conservation at the soma, we have

ov®
ot

where S is the somatic membrane area, v® is the somatic membrane potential. The
dendritic current flowing to the soma, Ijenq, takes the form of Equation (2.4) at x=0.
Because the voltage is continuous at the connection point, i.e., v*(t) =v1(0,t), we arrive
at the boundary condition on this branch at z=0,

8111(0 t) ’/Td% 8’01

o Py e (2.6)

=—g1.5v° + Igend,

=—grv1(0,t)+
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F1G. 2.1. Example cable neuron models and the asymptotic solutions: (A) Diagram of the branched
cable model used in (B-D). (B-D) Asymptotic solutions to various orders to the cable model for (B)
EPSP, (C) IPSP and (D) SSP in comparison with numerical solutions to the cable model. The dashed
blue line is the first order approximation. The red circle is the second-order approzimation. The black
solid line is the numerical solution to the PDE cable model in (A). Parameters in our simulation are
within the physiological regime [12, 16], c=1uF-cm~2, g5, =0.05 mS-cm™2, eg=70 mV, e;=—10
mV, $=2.8x10% um?,r=100 Q-cm. og, =5 ms, ogg="7.8 ms, o7, =6 ms, o;4=18 ms. The E and
I inputs are given at locations Tg = (9,50 pm) and Zy = (6,50 um), respectively. The initial voltage of
the entire neuron is 2 mV. All the voltages are relative to the resting potential.

For the dendritic branches at the end of the dendrites labeled by {i,.}, e.g., i
{3,5,8,10,12,14,16} in Figure 2.1A, by assuming the ends of these branches are sealed,
we arrive at the boundary condition on these branches at z=1;_,

81),‘ m
ox

=0. (2.7)

im

Additional boundary conditions are prescribed at the connection site of several
branches. Suppose that one end of downstream branches labeled by {i,} with diame-
ter d;,,d;,,...,d;, and length l;,,l;,,...,l;, , respectively, are connected to the end of the
upstream branch i with diameter d; and length ;. By the law of current conservation,

we have the following boundary conditions,

wd? Jvi,,

:i__zélnn

The initial condition of the neuron is set as v(Z,0) =wvg, which can deviate from its
resting state. This is consistent with experimental observations that the membrane
potential of a neuron in general fluctuates [30] and may stay at a high voltage level
deviating from the resting state [9] before receiving any future synaptic inputs.

’7sz2 (%i
4r; Oz |,

(2.8)

x=0

3. Derivation of the dendritic integration rule

In this section, we first derive the dendritic integration rule for a pair of E and [
synaptic inputs, and then generalize the rule to characterize the dendritic integration
of multiple synaptic inputs of mixed types.

In the absence of synaptic inputs, the cable equation (Equation (2.5)) with the
boundary conditions (Equations (2.6-2.8)) is a linear system. Therefore, its Green’s
function in response to a delta-pulse input exists. However, because the synaptic cur-
rents (Equation (2.2)) include the unknown dynamical variable v;, the Green’s function
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method cannot be directly applied to obtain the analytical solution to Equation (2.5)
when the synaptic inputs are present. Note that, when the neuron receives a pair of
E and [ inputs, within the physiological regime, i.e., the amplitude of an excitatory
postsynaptic potential (EPSP) being less than 5 mV and the amplitude of an inhibitory
postsynaptic potential (IPSP) being less than 2 mV, the corresponding input strengths
fe and fr are relatively small. Therefore, given an F input at ¥g = (ig,zg) and an
I input at &7 = (iy,xs), we can represent the voltage response v(&,t) as an asymptotic
series in the powers of fg and f7,

o0

VEEW) =Y D FR v (E W), (3.1)

k=0m-+n=k
where W C{Zg,%1,tg,tr} is parameter space, Zg,tg €W if m#0; Zr,tr €W if n#£0.
In addition, for each branch ¢, we define

Combining Equations (3.1-3.2) and the cable equation (Equation (2.5)), order by
order, we can obtain a differential equation for each branch i. For the zeroth-order, we
have

ov; d: O%v;
Vigg = — 0L Vig + A U'LQ()O .
ot 4r; Ox

Using the boundary conditions (Equations (2.6-2.8)) and the initial condition v(Z,t) =
Vg, the solution is simply

o ot
voo (T, ;) =vpe” ™

(3.3)

for Z on any branch of the neuron. Here 7,,, =¢/gy, is the membrane time constant. For
the first order of excitation O(fg),

2
Ca’l)ilo dl 0 Viqig

5 :—gL’UilO+47Ti 02 *QE(tQtE)(S(f*fE)(UOO*5E)-

With the help of Green’s function, the solution can be expressed as
Ulo(f,t;fE,tE) :G(f,fE,t)* [gE(t;tE)(EE —Uoo(fE,t;@))]. (34)

Here ‘+’ denotes convolution in time, G(Z,¢,t) is the Green’s function of the system.
For the second-order of excitation O(f3),

8vi2 dz 82'02'2 25
b2 — —2 —gg(t;tg)d(Z—TE)vio- (3.5)

Because vyq is given by Equation (3.4), the solution of Equation (3.5) is

—

vo0(Z,4; 7, tE) =G(T,7R,t) x[~gE(t;te)vio (TR, 6 7R, tE)].

The above procedure can be generalized to higher orders. Similarly, we can have the
first and second-order solutions to the inhibitory inputs.

vor(Z,t;Z1,t1) =G(Z,Z1,t) * [gr(t;tr) (e1 —voo (Z1,8:2))], (3.6)
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U02(57t;fl7t1):G(faff7t)*[_gl(t;tf)vol(flat;f17t1)}-
For the order of O(fgfr), we have

8vi11 dz 82112‘11
ot __gLU211+47"Z- Ox?

whose solution is obtained as follows,

—9E(t)0(Z—Zr)vor — g1(t)0(Z — Z1)v10,

v (2,6, 2E,Z1,te, tr) =G(Z,Zg,t) * [—gr(t;te)vol (£, t; &1, t1)]
+G(Z,Z1,t) *[—g1(t;tr)v10(Z1,1: 7, LE)).

All these asymptotic solutions involve the Green’s function of the system. Although
the Green’s function of cable models in general is difficult to obtain analytically, it can
be measured numerically using white-noise input as a property of linear systems. The
numerically measured Green’s function enables one to directly evaluate the performance
of the asymptotic solutions in approximating the numerical solutions to the cable model.
When the cable neuron model (Figure 2.1A) receives a pair of E and I synaptic inputs,
our numerical simulation of the model using the Crank-Nicolson method (time step 0.01
ms and space step 1 pm) shows that the second-order asymptotics is sufficiently accurate
to capture the solution of physiological membrane potentials, as demonstrated in Figure
2.1B-D. Therefore, the EPSP denoted by Vg induced by an individual E input alone
can be approximated by Vg ~wvgo+ fEv10 —I—f]%;vgo, the IPSP denoted by V; induced by
an individual I input alone can be approximated by Vi =wvgg+ frvo1 + f7voz2, and the
summed somatic potential (SSP) denoted by Vg induced by both E and I inputs can
be approximated by Vs~ oo+ fEvio+ fEv20 + frvor + ffvoe + fEfrvii-

If we normalize these voltages by subtracting the zeroth order, we can identify a
bilinear dendritic integration rule to capture the membrane potential response when the
neuron receives a pair of E and [ inputs, i.e.,

(3.7)

‘75’:‘7E+‘7I+kEI‘7E‘7]a (38)
where Vp =V, —vgo for pe{FE,I,S}, and the coefficient k is defined as

Vs Ve -V _ v (6 ZE,Z1,tE,tr)
Ve Vi vi0(t;%E,tE) - vo1 (t;%1,tr)

+O(fe)+0O(f1)-
(3.9)

kpr(t;Zp,Z1,te,tr)

Equation (3.9) shows that, for a fixed initial condition v(&Z,t) =vg, the leading order of
kpr as a function of time is independent of the input strength. Note that the variable
Z is omitted in the expression of kg; and v,,, because we are only concerned with
the voltage response at the soma. In addition, Equations (3.4, 3.6, 3.7) indicate that
kgr is determined by the input locations and input arrival times. Therefore, kg;
parameterizes the spatiotemporal information of the synaptic inputs. Note that the
bilinear integration rule (Equation (3.8)) holds at any location on the neuron, including
its soma in particular.

Based on a similar analysis, it is straightforward to generalize Equation (3.8) to
describe the dendritic integration of multiple synaptic inputs of mixed types,

Vs=> Vit Vi+Y Kprvive+> ke Vave + 3 kRvivy, (3.10)
i J m,n w,w

r,s
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where ‘A/]% and ‘71] are the normalized individual EPSP and IPSP, respectively, kg7,
%, and k77 are the coefficients encoding the spatiotemporal information of the

synaptic inputs, which are nearly independent of synaptic input strengths.

The derived bilinear integration rule provides an alternative approach to simulate
the dynamics of a spatial neuron rather than numerically solving the PDE cable models.
By taking advantage of its simple form, next we will develop fast simulation algorithms
and evaluate their performance including computational speed and numerical accuracy
in contrast to the full simulation of a morphologically realistic passive neuron and the
simulation based on the linear integration rule below (without taking into account the
bilinear interaction),

Vs=> Vi+> V7. (3.11)
i i

4. Fast algorithms based on the dendritic integration rule
Here we develop two fast algorithms based on the derived bilinear dendritic integration
rule and assess its performance using a passive cable neuron model with full dendrites.
The neuron is passive in a sense that there is no active ion channel on the soma or any
dendrites. The morphology of the example neuron is reconstructed from a hippocampal
CA1 pyramidal neuron (data acquired from the Duke Southampton Archive of neuronal
morphology [4]), and is shown in Figure 4.1A. The time of the onset of an action poten-
tial (spike time) in the passive neuron is determined by the time when the membrane
potential of the soma crosses a threshold Vyr=—55 mV. When the neuron spikes, we
reset v(Z,t) across the neuron uniformly to its resting potential V., =—70 mV. A case
for a semi-active neuron that is capable of generating a full-spike shape (with the same
algorithms) is shown in Section 5.

We develop fast algorithms by employing the bilinear dendritic integration rule
together with a library approach to obtain the voltage trace at the soma in response
to multiple synaptic inputs. The voltage dependence of the bilinear integrations is the
initial voltage of the second input of each pair. To evaluate the fast algorithms, we then
evolve the PDE cable model numerically by using the NEURON software [13] as the
numerical solver to obtain the neuronal voltage trace under the same input condition as
the benchmark for comparing the computational speed of the two approaches, as well
as their numerical accuracy in terms of voltage trace, spike timing, and other statistics
such as the gain curve and the distribution of inter-spike intervals. The NEURON
software is also used for the setup of the library. The source code of the fast algorithms
is available on https://github.com/g13/bNEURON.

4.1. Library setup. For the purpose of illustration, and without losing general-
ity, we randomly choose six excitatory synapses that are located far away from the soma,
and three inhibitory synapses located relatively near the soma. The spatial distribution
of excitatory and inhibitory synapses in our setup is consistent with that observed in
experiment for CA1l pyramidal neurons [22]. At each synaptic input location, we use
four different magnitudes of input strength f € {0.2,0.4,0.8,1.6} nS for the synaptic con-
ductance. The largest input strength will induce a voltage change at the soma as high
as 4 mV when vg=—62 mV, as shown in Figure 4.1B and C. For better understanding,
the various time-related variables used in the library (and later in the fast algorithms)
are schematically explained in Figure 4.2A.

4.1.1. Library of single-input voltage trace. We first build a library of
a series of somatic voltage responses V,(t;f,vo,At) induced by individual inputs at
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Fi1G. 4.1. Library setup: (A) The dendritic morphology of the passive neuron for evaluating the
fast algorithms we developed. The six red dots are the excitatory synapses and the three blue dots are
the inhibitory synapses. (B) The responses of membrane potential Vp(t) at the soma to each single
synaptic input at the dendritic positions marked in (A). The black line marks Viqse when no input
is presented. Each synapse is associated with four different input strengths, all plotted with vo=—62
mV. (C) Voltage traces of Vp( )=Vp(t) — Vbase, which are the single-input response at the soma to
be stored in the library. Only the case of At=0 ms is shown here (see text for the definition of At).
(D) One example plot of the contributions from single-input response to a two-input case (At=0).
The response VE to one excitatory input is plotted in red, and the response \7[ to one inhibitory input
is plotted in blue. The full response of the soma VS when receiving the two inputs simultaneously is
plotted in cyan, and the linear sum of the two single-input response VE+V1 is plotted in dotted green.
The residual term Vg — Vg —V; for the calculation of the second-order coefficient k (Equation (3.9))
is plotted in black. (E) Linear relation between the residual term versus the product of the two single-

input Tesponse VE‘71. For each combination (a total of 16) of such pairs of synaptic inputs in (D), we
acquire a data point, and we fit a line through these data points when |VgVy| reaches its mazimum at
t=39.9 ms with vo =—66 mV. In this example, the slope k=0.05 mV~1!.

various synaptic sites, which we later refer to as the “single-input responses”. The
subscript p here denotes the numbering index of the synapses and ¢€[0,D,], where
D, is the duration when ‘A/p decays back to sufficiently close to zero. A typical value
of D for excitatory synaptic inputs is 240 ms, and 300 ms for inhibitory ones. The
input strength is denoted by f, and the initial voltage at the soma is denoted by wvy.
We further evaluate the single-input responses for different values of At, which denotes
the duration of a voltage clamp at vy, starting from ¢ =0 when the input arrives. The
meaning of At differs when the single-input responses are used in different situations.
For the generation of the library of the second-order coefficient k in the next subsection,
where the single-input responses are also needed; then, for the second synaptic input
of the pair, At means the time interval between the two inputs since the initial voltage
dependence is defined by the initial voltage at the arrival time of the second synaptic
input. When a spike is generated before t=D,, linear contributions from the single-
input responses need to be re-evaluated after the spike since the voltage is reset to the
resting potential; then, in this case, At means the time difference between the synaptic
input and the time of spike, illustrated as At’ in Figure 4.2A. When used for linear
contributions to the voltage trace before a spike, At simply equals zero.

To obtain ‘A/p(t) with an initial voltage of vy, we first perform the simulation without



W.P. DAL S. LI, AND D. ZHOU 1321

B Direct Interpolation
------ single E
...... single I K ’
------ linear
—— bilinear D
T T T t
Interpolation after alignment
..... K
. e >
t t ottt t,+D,

Fig. 4.2. Schematic diagrams: The time-related variables At, AT, and D, that considered in
the library setup of single-input voltage trace and second-order coefficient are illustrated in (A) and
interpolation procedure in (B). (A) to,t1,t2, and t3 are the arrival time of the four synaptic inputs.
Assuming the input received at t1 is from the pth synapse, D, denotes its duration of contribution

and At' marks the time difference between the spike time of linear integration (dotted grey) tglp), and
synaptic input time t1. The time difference between the two synaptic inputs t2 and t3 is denoted by At;

the time difference between the spike time of the bilinear integration (grey) tgl;) and ta is denoted by

AT. The initial voltage for the single-input responses (Vp(t)), excitatory in red and inhibitory in blue,
are based on the wvoltage trace of the bilinear integration. Note that the action potential is generated

@

much earlier without taking into account the bilinear integration terms. After the neuron spikes at tsy

(tg?), the linear (bilinear) integration procedures are to be repeated for all inputs (input pairs) that
come before the spike with new variables of interpolation, e.g, At’ for the single-input responses arrived
at t1, and AT for second-order coefficients of the pair of inputs arrived at ta and ts, respectively. (B)
The top figure illustrates the situation of a direct interpolation on At=T for second-order coefficient
k (see Section 4.1.3) while the bottom figure shows the correct way: align the two nearest library data
7; and Ti41 to T to avoid undefined nonzero values for t € [1;,7] shown in the top figure. The solid line
in both figures are the supposedly interpolated k with the two methods, respectively. Note that, (B) can
also be viewed as the alignment of At for single-input responses.

any input to record Viese(t) (corresponding to the term vgg(t) in Equation (3.3)), which
is the zeroth-order response. Then, the simulation is performed when the neuron receives
individual inputs from various synaptic sites, with all the combinations of input strength
f and discretized values of At to obtain a series of V,(¢). The resultant V,(¢) are
either EPSP traces above Vjgse(t), or IPSP traces that go below it, where V,(0)=1vo
and Vpgse(0) =v9. An example with vo=—-62 mV and At=0 ms is shown in Figure
4.1B, where Vpqse(t) is the black line, excitatory traces of V,,(t) are in red dotted lines
and inhibitory ones are in blue dotted lines. Note that, all the combinations of input
strengths and synaptic locations are plotted. Then, by subtracting Vigse(t) from V), (¢),
we obtain Vp(t) in Figure 4.1C for each combination of the discretized values of f and
At at the pth synaptic location for the given initial voltage vo. Finally, we iterate the
process over the discretized values of vy to obtain the full library of V,,(¢; f,vo, At).

4.1.2. Library of the second-order coefficient k. Next we build the library
for the second-order coefficient k(t;vo,%p,Zq, At), where At =t, —t, marks the interval
between the time of input of the pth synapse and that of the gth synapse. Because the
locations of synaptic inputs are now fixed, we change ¥, and Z; to be the subscripts
of k, and rewrite the coefficient as k,q(t;v0,At) for the sake of simplicity. Without
losing generality, we assume that the input from the pth synapse comes before the
input from the qth synapse. To measure the second-order coefficient k, in addition
to the single-input response measured previously, we need to obtain the two-input full
response Vg at the soma based on Equation (3.9). The first input from the pth synapse
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FI1G. 4.3. Validation of the two-input integration rule: (A) Plots of the second-order coefficient k
for all pairs of synaptic inputs as a function of vo, where the pairs are categorized into combinations of
EE, EI, IE, and II. The errorbars give the standard deviations for different combinations of synaptic
locatzons The _coefficient is evaluated for each pair of synapses at the mazimum of the product of their
responses |Vqu| when receiving the two synaptic inputs simultaneously, At=0. (B) Plots of the
percentage of change in k, with respect to the k at vo ="V, across different vg for data in (A). The
errorbars are too small to be visible. (C) Plots of the goodness of fit R? at different vo. The errorbars
show the mean and averaged standard deviation of At€{0,4,8,12} ms, t€ {4,8,12,20,30,50,70,130}
ms and all combinations of pairs of synapses. The inset figure shows the intercept of the fitted lines.

arrives at t, =0 and the second input from the gth synapse arrives at t;=At. Just
as the generation of single-input response Vj,(¢) for At>0 in the previous section, we
need to clamp the voltage at vy for a duration of At. Note that although the voltage
is clamped at vg, the evolution of conductance from the first input is not disrupted.
Also note that At only needs to be discretized over [0,D,], the contribution of bilinear
integration terminates as the first input contribution ends, which is originated from the
pth synapse. After subtracting Vpgse(t) from the summed response Vg, we obtain a
series of ‘75 corresponding to the pair of inputs from the pth and gth synapses for all
combinations of input strengths f, respectively, with different values of discretized vy
and At. Finally, for t € (At D, and initial voltage vp, we can identify a linear relation
between the dataset of VS V V and V, Vq, where the slope of the linear fitting is a
sound approximation of the second—order coefficient k at time t if the intercept is zero.
The fitting process for one of the pairs is shown in Figure 4.1D and E as an example.
Note that before the arrival of the second input, i.e., t €[0,At], we set kp, to be zero
because the bilinear interaction between the two inputs has not happened yet.

Figure 4.3A shows the typical values of second-order coefficient k for different initial
voltages vy and synaptic input pairs from different locations and with different input
strengths. From the negligible errorbars for kg; or krg, we confirm that with the
setup of inhibitory synapses being closer to the soma than the excitatory synapses, the
coefficients kp; and k;g are nearly independent of the location of the excitatory synapse,
as studied in [12,18]. However, the coefficient experiences a ~60% change across the
range of vy, as shown in Figure 4.3B. It is easily recognized that as vy increases, kg, krg,
and k;; are monotonically decreasing for pairs of synaptic inputs at different locations.
However kgp only changes a little for different vy, which can be explained by the fact
that the change of the membrane potential by the initial voltage vy within the dynamic
range of sub-threshold membrane potential is small compared to the reversal potential
of excitatory inputs. Figure 4.3C shows that the goodness of fit R? across vy only
deviates slightly from unity, and the errorbars representing the standard deviation of
all combinations of parameters are negligible. The inset figure shows that the intercept
of the line from linear fitting is always close to zero independent of vg, t, At, or synaptic
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location. Thus, the result confirms the bilinear integration rule (Equation (3.8)) and
that the second-order coefficient is indeed independent of input strength within the
whole parameter space for the passive neuron; yet, it is dependent on the initial state
of the neuron’s voltage distribution and the spatiotemporal information of the synaptic
inputs.

An extended library for second-order coefficient that involves spiking events can
be built by taking care of the discontinuity arising from the spike-reset dynamics in
the passive neuron. The voltage across the neuron is reset to the resting potential
once reaching the spiking threshold, this rapid change in the voltage distribution erases
the dependence of bilinear integration on the initial voltage, while the evolution of
conductance is unaffected. Then, the interpolation has to be redone after the neuron
reset for the pairs of inputs that are received before the spike. Thus, a new dimension
must be created when building the library, just for the second-order coefficient k. To
be specific, we add to k another dependence on AT (Figure 4.2A) that denotes the
interval between the spike-reset time and the arrival time of the first input, which is
always greater or equal to the time interval between the two inputs At.

4.1.3. Interpolation of the library. Finally, to apply the library approach in
the fast algorithms, one needs to first define the interpolation procedure for the library.
The interpolation shall avoid having nonzero single-input voltage responses V,(t), and
nonzero second-order coefficient kpq(t) before the second input, from the gth synapse,
arrives (t <t,). To achieve this, one needs to first align and interpolate the library data
in the dimension of time intervals, e.g. At and AT, before interpolating along other
dimensions. For the sake of illustration, we take the interpolation of k4 (t;v9,At) along
the dimension of vy as an example. To interpolate along the dimension of vy, one needs
to first align and interpolate along the dimension of At. Let 7; and 7,41 (Ti41 >7i)
denote the two nearest discretized values to At=r, and ¥,, (m=j,j+1), denotes the
two nearest discretized values to v9=19 in the library. We align the library data of
kpq(t;0m,7), t>7; with the library data of kpq(t;0m,Tix1), t>7iq1 for m=3,j+1 to
avoid nonzero values caused by ¢ € [1;,7] in the library data of kpq(t; 0, 7;) if interpolated
directly, as illustrated in Figure 4.2B. Now one can interpolate over 7 to get kpq(t;7;, At)
and kpg(t;0;41,At), and finally perform the interpolation for @ € [Up,, Opy1]-

4.2. The fast algorithms. Once we have built the library, we can speed
up enormously the simulation of a passive neuron with full dendritic morphology by
implementing the arithmetic dendritic integration scheme that follows Equation (3.10).
Because each single-input response 1717 will decay to zero after the decay time scale D, we
only need to sum over the input pairs that have input time difference At smaller than the
decay time scale D, for a bilinear integration scheme. Two bilinear integration schemes
are introduced in the following section, the full voltage trace scheme and the partial
voltage trace scheme, with the latter one focusing more on computational efficiency. The
linear integration scheme is simply the full voltage trace scheme without the bilinear
contributions. The subscripts 4, j, [ from here on denote the sequence of synaptic inputs
in time, and are independent of p, ¢ that denote both the synaptic type and location.

4.2.1. Full voltage trace scheme. To efficiently generate the entire voltage
trace in response to multiple inputs, we develop a full voltage trace scheme, where
for each synaptic input received at t; we calculate its linear contribution and all the
bilinear contribution originated from the interactions with previous inputs to v(¢) for
t>t; forward in time. We provide the pseudo code for the scheme in Alg. 1, and an
overview of the scheme as the following.
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Algorithm 1: Full voltage trace scheme

build and load library
n < the total number of inputs
add Vigse(t) to v(t)
for i1 ton do
/* p denotes the synaptic index of the ith input */
interpolate to find ‘A/p at f=f;, vo=v(t;) and At=0
add V,, to v(t),t € [t;,t;+ D,
j<1i—1// q denotes the synaptic index of the [th input
while j >0 and t; +Dq >t; do
interpolate to find kqp, at vo =v(t;) and At=¢t; —t;
add kgpVy V), to v(t),t € [ti,tj+ Dy

J=j—1
end
/* the following deals with spike-reset */

while v(t) > Vp,t€[t;,t;+D,] do
’U(t) < V;«,t S [ti,ti +Dp]
tsp < time of v(t) cross Vr
j<1i// p denotes the synaptic index of the ith input
while j >0 and t;+ D, >t,, do
interpolate to find ‘//\'p at f=fp, vo=V, and At=t,, —t;
add V,, to v(t),t € [tsp,t; +Dp)
l<—j4+1// q denotes the synaptic index of the [th input
while [ <i do
interpolate to find kpq at vo=V,, At=t;,—t; and AT =t,, —1;
add kp,V,V, to v(t),te [top,tj + Dy

l—1+1
end
Jei-1
end
end

end

For the ith input received from the pth synapse at t;, we obtain its single-input
response V), (t';u9=wv(t;),At=0) by interpolation from the library for t'€[0,D,] and
add it to the membrane potential v(t) at the soma for t € [t;,t;+D,]. Then for the
jth input received from the gth synapse at t; before the ith input arrival time ¢; and
satisfies t; + D, >t;, we interpolate the jth single-input response and add to v(t) (for
t € [t;,t;+Dy]) the bilinear contribution from the input pair (j,7), which can be written
into

~

Fap(#/50(t:), i — ) Vg (E50(8:),ti = )V (t = (£ — t)50(£:),0), (4.1)

where ¢ € [t; —t;,Dy] is relative to the arrival time of the jth synaptic input, t;. We
repeat the process for all the inputs satisfying the above condition. When v(t) crosses
the threshold Vr at t=t,,, an action potential is considered to be generated and we
reset the v(t) across the neuron back to V.. Before continuing with the (¢4 1)th input
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Algorithm 2: Partial voltage trace scheme

build and load library
n < the total number of inputs
for 1<-1 to n do
update the following variables for interpolation (VI) of the ith input:
vo=v(t;), At=0, f=f;
1 add Viase(ti) to v(t;)
j¢<1i1—1// p denotes the synaptic index of the jth input
2 while j >0 and t;+ D, >t; do
interpolate to find \A/p for the jth input
add V,,(t; —t;) to v(t;)
l—j5+1
update the VI of input pair (7,7):
UQZ’U(tj)7 At:ti—tj
while [ <i do
/* q denotes the synaptic index of the [th input */
interpolate to find k,, with the VI for the input pair (j,{)
add kp,V,V, to v(t;)
l—I+1
end
j—j3—1
end
/* The following deals with spike-reset */
if v(¢;) > Vr then
use linear interpolation over v(t) to find the time of spike tg,
/* repeat line 1 to line 2 (skip updating VI) when evaluate

v(t), t€[ti—1,t;] for interpolation of tg, */
for each input j: j<i and t;+D,>t; do
/* p denotes the synaptic index of the jth input */

update the VI of the jth input:

vo=V;, At=ts,—t; // f is unchanged

for each input [: [>j and I <7 do
update the VI for the input pair (4,1):
vo=V, // At is unchanged
additional dependence of AT =t,,—t;

end
end
1<1i—1// rerun the current iteration with the new VIs
end
end

through the same process above, we need to first update v(t) for ¢ € [tsp,t; + D,], which
means to reapply the single-input responses and bilinear contributions to v(¢) but with
a new set of parameters due to the spike-reset of the voltage. Specifically, for each input
received at time ¢; we need to interpolate the jth single-input response from the gth
synapse with vo =V, and At=t,,—t; (e.g., At' in Figure 4.2A). For each input pair
(4,1), ti>t;, we need to interpolate the second-order coefficient k& with At=t; —t; and
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an additional dependence on AT =t,, —t; from the extended library of k, e.g, see the
inputs arrived ¢y and t3 in Figure 4.2A. When the second-order term is dropped in this
algorithm, we call the scheme a linear integration scheme.

4.2.2. Partial voltage trace scheme. If the detailed voltage trace is not of
interest, then we only need to update the membrane potential at the arriving time of
each input to evolve the voltage. To achieve this, we can introduce a partial voltage trace
scheme. The pseudo code for the scheme is provided in Alg. 2. We summarize here
the most important step in this scheme: At the arriving time ¢ =t¢; of the ith input, we
look backwards in time to find inputs that arrive at t =t; <¢; from the pth synapse that
satisfies t; —t; <D, for all j and p; and find the input pairs (j,1) that satisfy t; <t; <t,.
We then add their linear and bilinear contributions, respectively, to the somatic voltage
only at this time instant v(t =t;), as opposed to the full voltage trace scheme introduced
previously.
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Fic. 4.4. The performance of the fast algorithms for a passive meuron with full dendrites shown
in Figure J.1A: Statistics are plotted from four trials of 124 seconds for siz different Poisson input
rates, the synaptic inputs are generated from independent Poisson processes for each synapse. (A)
Computational costs, in terms of CPU time spent, against input rate for the four schemes, i.e., the
simulation (NEURON software) in black, full voltage trace (full v.t.) scheme in blue asterisks, partial
voltage trace (partial v.t.) scheme in blue circles, and linear integration scheme in red asterisks. Notice
that the ordinate is in log scale. (B) The mean and standard deviations of the difference between the
voltage traces of the simulation and those of the two schemes (errorbars), i.e., linear integration scheme
in red, and full voltage trace scheme in blue, per time step before the first spike. The accumulated errors
at the last time step before the first spike (asterisks). Note that the partial voltage trace scheme is
not included since it does not have a complete voltage trace. (C) Gain curves for the four different
schemes. (D) The distribution of inter-spike intervals for each scheme, collected from four trials with
Poisson input rates of 135 Hz. (E) An excerpt of raster plot of the spike timings, with the same
Poisson input rate of 95 Hz for each scheme.

4.2.3. Performance of the fast algorithms. The arithmetic schemes demon-
strate a massive (hundred-fold) reduction of computational cost compared with a direct
numerical computation of the PDE cable neuron model solved by the NEURON soft-
ware, as shown in Figure 4.4A. In practice, the library can be stored in the memory
contiguously and a modern CPU can parallelize the extra additions and multiplications
to a certain extent. Thus, the efficiency gained from replacing full voltage trace scheme
with the partial voltage trace scheme is less significant, compared to the computational
time saved by dropping the numerical simulation of the PDE cable neuron model per-
formed by the NEURON software.
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Meanwhile, the relative accuracy of the bilinear integration schemes, compared
with the linear integration scheme, are retained in terms of voltage trace, and firing
statistics such as the gain curve and the distribution of inter-spike intervals. Figure
4.4B shows a ten-fold reduction in error for the full voltage trace scheme versus the
linear integration scheme both in terms of error per time step and the accumulated
error carried to the time of first spike. From Figure 4.4C, we can see that both the full
voltage trace and partial voltage trace schemes closely follow the gain curve from the
NEURON simulation, while without the second-order correction, the linear integration
scheme doubles the firing rate. The distribution of inter-spike intervals in Figure 4.4D
shows a significantly higher peak for the linear integration scheme while the other two
bilinear integration schemes are comparable with the NEURON simulation, especially
at the tail. We show an excerpt of raster plot with Poisson input rate of 95 Hz in Figure
4.4E, where both of the bilinear integration schemes match most of the spikes with the
NEURON simulation, while the linear integration scheme fires excessively.

5. Discussion

Through asymptotic analysis, we derive the bilinear dendritic integration rule for a
neuron that receives multiple synaptic inputs on its dendrites. We then develop fast
algorithms based on the rule to simulate the voltage dynamics of a passive neuron
with realistic dendritic morphology. The performance of the two bilinear integration
schemes in the algorithms show a massive reduction in terms of computational cost,
while retaining a relatively high accuracy, compared with the linear integration scheme.
Although the algorithms are evaluated only with few synaptic locations with large input
strengths here, the algorithms are expected to be applicable to simulate real neurons
in the brain. In fact, it is quite common for a cortical neuron to have a log-normal
distribution of the amplitudes of its presynaptic EPSPs [3]. Therefore, there are only
a handful of bilinear interactions that are large enough to warrant attention [6] since
the size of the bilinear correction is proportional to the product of the two single-input
voltage responses at soma.

5.1. Sources of numerical error. Higher orders (>3) may come into play
when the synaptic input rate is very high. For example, suppose there are n excitatory
synaptic inputs with the same amplitude of A that arrive within an interval of ~ 10
ms, with a typical second-order coefficient kg ~0.1 mV~! for each pair. This interval
of ~10 ms is chosen so that for a given time during this interval all the single-input
responses are at a relatively high voltage level, ~0.9A. Then the bilinear contribution
(for a total of n(n— 1) input pairs) increases with O(n?). Thus, the ratio v of the bilinear
contributions to the linear contribution can be approximately obtained as follows,

—0.1(n(n—1)/2)(0.94)  —9A(n—1)
R 0.94n =200

In this case, the total response could actually be reduced to zero or below because we
can have stronger inhibitory effect from the bilinear interaction than the total sum of
linear responses when v < —1.0, e.g., when n>24 and A=1 mV. This is unrealistic as
such nonlinearity is not observed experimentally in pyramidal neurons. The combined
synaptic input rate in this case is 2400 Hz. For a total of six strong excitatory synapses
as we implemented here, this would correspond to an instantaneous input rate of ~ 400
Hz for each synapse, which is a quite extreme case. However, if we increase the number
of synapses to ~ 100, then it corresponds to a 24 Hz instantaneous input rate, well within
the physiological value. Thus, the higher order contributions are quite important when
considering more synaptic inputs with strong input strength or higher input rates. In

. (5.1)
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addition to the error from dropping the higher-order terms, the numerical error of the
arithmetic schemes, i.e., full and partial voltage trace schemes, largely comes from the
linear interpolation of data in the library, instead of the time step since the library is
built from the simulation that uses the same time step.
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Fi1a. 5.1. The performance of the fast algorithms for a semi-active neuron: (A), (B), and (C)
show the statistics for the two-input dendritic integration rule on a semi-active neuron. (A) Plots of
the second-order coefficient k for all pairs of synaptic inputs as a function of vg, where the pairs are
categorized into combinations of EE, EI, IE, and II. The errorbars give the standard deviations for
different combinations of synaptic locations. The coefficient is evaluated for each pair of synapses at
the mazimum of the product of their responses |VpVyq| when receiving the two synaptic inputs simulta-
neously, At=0. Because At=0 ms, kgy overlaps with krg. (B) Plots of the percentage of change in
k, with respect to the k at vo =V, across different vo for data in (A). The errorbars are too small to
be wvisible. (C) Plots of the goodness of fit R? at different vo. The errorbars show the mean and aver-
aged standard deviation of At€ {0,4,8,12} ms, t€{4,8,12,20,30,50,70,130} ms and all combinations
of pairs of synapses. The inset figure shows the intercept of the fitted lines. (D), (E), (F), and (G)
plot the statistics of data from four trials of 124 seconds, synaptic inputs are generated from the inde-
pendent Poisson processes for each synapse. (D) Gain curves for each scheme with the Poisson input
rate to the synapses as the abscissa. (E) The mean and standard deviations of the difference between
the voltage traces of the simulation (NEURON software) and those of the two schemes (errorbars),
i.e., linear integration scheme in red, and full voltage trace (full v.t.) scheme in blue, per time step
before the first spike. The accumulated errors at the last time step before the first spike (asterisks).
(F) An excerpt of raster plot of the spike timings, with the same Poisson input rate of 20 Hz for each
scheme. (G) Computational costs, in terms of CPU time spent, against the Poisson input rate for the
four different schemes, the legend follows the one in (D).

5.2. Performance of the algorithms on a semi-active neuron.  The fast
algorithms can also be applied to neurons with semi-active dendrites and an active
soma capable of generating full-shape spikes. We set a soft threshold for the voltage
at the soma. When its membrane potential crosses the threshold, instead of resetting
the membrane potential across the neuron, we hand over the simulation from the fast
algorithms to the NEURON software, which either continues to produce a spike shape
and hyperpolarizes or signals a false alarm without spiking and crosses back from the
threshold. For both cases, we then hand back the control to the fast algorithms. The
dendrites are semi-active in a sense that they preserve many commonly observed active
ion channels (including the delayed rectifier potassium channel, two variants of the A-
type potassium channel, and the hyperpolarization activated channel), except for the
voltage-gated sodium channels on the apical dendrites. The sodium channels result



W.P. DAL S. LI, AND D. ZHOU 1329

in complex nonlinear effects, to which the dendritic integration rule derived from the
passive cable equation (Equation (2.5)) is not directly applicable. The specific non-
linear factors that could substantially affect the numerical accuracy of the algorithms
include dendritic spikes and spiking threshold that sensitively depends on the voltage
distribution of the neuron.

Figure 5.1A, B and C show that the two-input dendritic integration rule is still
valid for the case of the semi-active neuron. Figure 5.1A gives the values of second-
order coeflicient k across different initial voltage, which are generally larger than the
passive neuron in absolute values under the influence of the active channels. This implies
that the error from omitting the higher-order terms may have a larger role than that in
the passive case. In Figure 5.1B, we can see a smaller change of k in percentage (with
respect to k at vg=V,) compared with the result of the passive neuron. In addition,
different from the passive case, we can observe a significant decrease in the absolute
value of second-order coefficient kgg as vg increases. This can be explained by the
activation of the sodium channel at the soma, which facilitates the depolarization of the
membrane potential. Thus, the extra depolarization from the sodium channel activation
cancels out some of the hyperpolarizing effect from the bilinear integration, effectively
reducing the amplitude of kgg. Figure 5.1C and its inset show the consistently good
fit of the second-order coefficient as R? is close to 1.0 and the intercept stays zero.

In Figure 5.1D and the bottom panel of Figure 5.1, we show the performance of
the full voltage trace, partial voltage trace and linear integration schemes applied on
the semi-active neuron, compared with direct numerical computation of the semi-active
cable neuron model by the NEURON software. Figure 5.1E shows that the full volt-
age trace scheme still achieves higher accuracy than the linear integration scheme, in
terms of both the error per time step in the sub-threshold voltage range and accumu-
lated error before spiking. A series of hierarchical linear-nonlinear (hLN) models has
been introduced by Ujfalussy et al., 2018 [29]. The performances of the hLN models
show that a single-layer (linear integration) hLN model’s explanatory power of the sub-
threshold voltage does not degenerate much (~ 4%) when active channels are involved.
Consistently, in our model, comparing Figure 5.1E and Figure 4.4B from semi-active
and passive neuron, respectively, we find that the sub-threshold voltage error of the
linear scheme is about the same in both cases. In our scenario, this indicates that the
nonlinearities within the ion channels (as long as there’s no dendritic spikes) are not as
influential as the nonlinearities resulting from bilinear integrations.

In Figure 5.1F, we can see that the spike timings obtained from both the full voltage
trace and the partial voltage trace schemes match well with those simulated using the
NEURON software. From the gain curves plotted in Figure 5.1D, the linear integration
scheme fires a substantially larger number of spikes than the others, while the firing
rates obtained from the two bilinear integration schemes only lag a little behind the
NEURON simulation result, although they cannot achieve equally good performance
as in the case with passive neuron. A small tendency of separation can be observed
between the firing rate of result from the NEURON software and that of the bilinear
integration schemes as the Poisson input rate increases. Finally, in Figure 5.1G, the
computational cost is plotted against the Poisson input rate. Since the spike shapes
are all simulated by the NEURON software, it is conceivable to observe a much smaller
decrease in terms of CPU time saved compared to the spike-reset dynamics. Indeed,
as the input rate increases, following the increasing number of spikes, especially for the
linear integration scheme (Figure 5.1F and G), the computational cost rises quickly.

In summary, we have developed fast algorithms based on the bilinear dendritic
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integration rule derived from the passive cable model, with a dependency on the voltage
of the soma when inputs arrive. Our algorithms can also achieve reasonably good
performance when applied to a neuron with an active soma and semi-active dendrites.
For future studies on the subject, it is important to investigate the dependency of the
dynamic spiking threshold on the voltage distribution of an active neuron in order to
build a spike shape library to further improve the computational efficiency. For a more
general application, it is also crucial to explore integration rules for an active neuron
with dendritic sodium channels.
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