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Abstract

The phenomenon of distinct behaviors exhibited by neural net-
works under varying scales of initialization remains an enigma in deep
learning research. In this paper, based on the earlier work by Luo et
al. [16], we present a phase diagram of initial condensation for two-
layer neural networks. Condensation is a phenomenon wherein the
weight vectors of neural networks concentrate on isolated orientations
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during the training process, and it is a feature in non-linear learning
process that enables neural networks to possess better generalization
abilities. Our phase diagram serves to provide a comprehensive un-
derstanding of the dynamical regimes of neural networks and their
dependence on the choice of hyperparameters related to initialization.
Furthermore, we demonstrate in detail the underlying mechanisms by
which small initialization leads to condensation at the initial training
stage.

Keywords— two-layer neural network, phase diagram, dynamical regime, con-
densation

1 Introduction

In deep learning, one intriguing observation is the distinct behaviors exhibited by
Neural Networks (NNs) depending on the scale of initialization. Specifically, in
a particular regime, NNs trained with gradient descent can be viewed as a kernel
regression predictor known as the Neural Tangent Kernel (NTK) [11, 5, 10, 15],
and Chizat et al. [4] identify it as the lazy training regime in which the parame-
ters of overparameterized NNs trained with gradient based methods hardly varies.
However, under a different scaling, the Gradient Flow (GF) of NN shows highly
nonlinear features and a mean-field analysis [19, 23, 3, 24] has been established
for infinitely wide two-layer networks to analyze its behavior. Additionally, small
initialization is proven to give rise to condensation [18, 16, 31, 32], a phenomenon
where the weight vectors of NNs concentrate on isolated orientations during the
training process. This is significant as NNs with condensed weight vectors are
equivalent to “smaller” NNs with fewer parameters, as revealed by the embedding
principle (the loss landscape of a DNN “contains” all the critical points of all the
narrower DNNs [30, 29]), thus reducing the complexity of the output functions of
NNs. As the generalization error can be bounded in terms of the complexity [1],
NNs with condensed parameters tend to possess better generalization abilities. In
addition, the study of the embedding principle also found the number of the descent
directions in a condensed large network is no less than that of the equivalent small
effective network, which may lead to easier training of a large network [30, 29].
Taken together, identifying the regime of condensation and understanding the
mechanism of condensation are important to understand the non-linear training
of neural networks. Our contributions can be categorized into two aspects.
Firstly, we established the phase diagram of initial condensation for two-layer
neural networks (NNs) with a wide class of smooth activation functions, as illus-
trated Figure 1. Note that the phase diagram drawn in [16] is only for two-layer
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Figure 1: Phase diagram of two-layer NNs.

wide ReLU networks and the phase diagram in [32] is empirical for three-layer
wide ReLLU networks. The phase diagram of a two-layer neural network refers to a
graphical representation of the dynamical behavior of the network as a function of
its initialization scales. In this diagram, different regions correspond to different
types of behaviors exhibited by NNs, such as the linear regime, where the network
behaves like a linear model, and the condensed regime, where the network exhibits
the initial condensation phenomenon.

Secondly, we reveal the mechanism of initial condensation for two-layer NNs
and identify the directions towards which the weight parameters condense. There
has been a flurry of recent papers endeavor to analyze the mechanism underlying
the condensation of NNs at the initial training stage under small initialization
[18, 21, 16, 17, 32]. For instance, Maennel et al. [18] uncovered that for two-layer
ReLLU NNs, the GF limits the weight vectors to a certain number of directions
depending sorely on the input data. Zhou et al. [32] showed empirically that con-
densation is a common feature in non-linear training regime for three-layer ReLU
NNs. Theoretically, Maennel et al. [18] argued that GF prefers “simple” func-



tions over “complex” ones, and Zhou et. al. [31] demonstrated that the maximal
number of condensed orientations at initial training stage is twice the multiplic-
ity (Definition 1) of the activation function. However, these proofs are heuristic as
they do not account for the dynamics of parameters. Pellegrini and Biroli [21] de-
rived a mean-field model demonstrating that two-layer ReLU NNs, when trained
with hinge loss and infinite data, lead to a linear classifier. Nonetheless, their
analysis does not illustrate how the initial condensation depends on the scale of
initialization and does not specify which directions NNs condense on.

The organization of the paper is listed as follows. In Section 2, we discuss some
related works. In Section 3, we give some preliminary introduction to our problems.
In Section 4, we state our main results and show some empirical evidence. In
Section 5, we give out the outline of proofs for our main results, and conclusions
are drawn in Section 6. All the details of the proof are deferred to the Appendix.

2 Related Works

There has been a rich literature on the choice of initialization schemes in order to
facilitate neural network training [7, 9, 19, 24], and most of the work identified the
width m as a hyperparameter, where the kernel regime is reached when the width
grows towards infinity [11, 27, 6]. However, with the introduction of lazy training
by Chizat et al. [4], instead of the width m, one shall take the initialization scale
as the relevant hyperparameter. The lazy training refers to the phenomenon in
which a heavily over-parameterized NN trained with gradient-based methods could
converge exponentially fast to zero training loss with its parameters hardly varying,
and such phenomenon can be observed in any non-convex model accompanied by
the choice of an appropriate scaling factor of the initialization. Follow-up work by
Woodworth et al. [26] focus on how the scale of initialization acts as a controlling
quantity for the transition between two very different regimes, namely the kernel
regime and the rich regime, for the matrix factorization problems. As for two-layer
ReLLU NN, the phase digram in Luo et al. [16] identified three regimes, namely the
linear regime, the critical regime and the condensed regime, based on the relative
change of input weights as the width m approaches infinity. In summary, the
selection of appropriate initialization scales plays a crucial role in the training of
NNs.

Several theoretical works studying the dynamical behavior of NNs with small
initialization can be connected to implicit regularization effect provided by the
weight initialization schemes, and the condensation phenomenon has also been
studied under different names. Ji and Telgarsky [12] analyzed the implicit reg-
ularization of GF on deep linear networks and observed the matrix alignment



phenomena, i.e., weight matrices belonging to different layers share the same di-
rection. The weight quantization effect [18] in training two-layer ReLU NNs with
small initialization is really the condensation phenomenon in disguise, and so is the
case for the weight cluster effect [2] in learning the MNIST task for a three-layer
CNN. Luo et al. [16] focused on how the condensation phenomenon can be clearly
detected by the choice of initialization schemes, but they did not show the reason
behind it. Zhang et al. [28, 30] proposed a general Embedding Principle of loss
landscape of DNNs, showing that a larger DNN can experience critical points with
condensed parameter, and its output is the same as that of a much smaller DNN,
but their analysis did not involve its dynamical behavior. Zhou et al. [31] presented
a theory for the initial direction towards which the weight vector condenses, yet it
is far from satisfactory.

3 Preliminaries

3.1 Notations

We begin this section by introducing some notations that will be used in the rest
of this paper. We set n for the number of input samples and m for the width of
the neural network. We set N'(u, X)) as the normal distribution with mean g and
covariance Y. We let [n] = {1,2,...,n}. We denote vector L? norm as |[|-||,, vector
or function L, norm as [|-|| ., matrix spectral (operator) norm as |[|-||,_,,, matrix
infinity norm as ||-||,_,,,, and matrix Frobenius norm as ||-||p . For a matrix A,
we use A; ; to denote its (i, j)-th entry. We will also use A; . to denote the i-th
row vector of A and define A, j.x = [A;;, Ajj1,---,A; ] as part of the vector.
Similarly, A.; is the i-th column vector and Aj.;; is a part of the i-th column
vector. For a semi-positive-definite matrix A, we denote its smallest eigenvalue by
Amin(A), and correspondingly, its largest eigenvalue by A\pax(A). We use O(+) and
Q(-) for the standard Big-O and Big-Omega notations. We finally denote the set
of continuous functions f(-) : R — R possessing continuous derivatives of order up
to and including r by C"(R), the set of analytic functions f(-) : R — R by C¥(R),
and (-,-) for standard inner product between two vectors.

3.2 Problem Setup

We use almost the same settings in Luo et al. [16] by starting with the original
model

fo(@) = aro(w]z), (3.1)
P



whose parameters 6° := vec(09, 6%)) are initialized by

a) ~ N(0,02),  w) ~ N(0,e21,), (3.2)
and the empirical risk is

Rs(0) = 5> (fola:) — i) (3.3)

=1

Then the training dynamics based on gradient descent (GD) at the continuous
limit obeys the following gradient flow precisely reads: For k € [m],

da 1 m
d7tk = - Z (Z ak/a(wg,a}i) — yl> U(ngi)a

d 1 o (3.4)
% ~ T n Z (Z ay o (wj,x;) — Z/z‘) akU(l)(wai)wi.
n
=1 \k'=1

We identify the parameters 8, := vec({ar}}" ;) and 0y, := vec({wy}}" ) as vari-
ables of order one by setting

ap = vag, Wj = EWg,
then the rescaled dynamics can be written as

day I m (s o(ew) ) o(ew]x;)
R e e

i=1 \k'=1

dwy, 1 « = o(ewy, x;) 1
EF = - ; klzlw’ic_lk/g —Y; l/c_lkd( )(8'&);:131)3}@

(3.5)

olewTxs

For the case where ¢ < 1 and € > 1, the expressions % and 0(1)(5117,1:13@-)
are hard to handle at first glance. However, in the case where ¢ < 1, under the
condition (Assumption 1) that ¢(0) = 0 and o (0) = 1, we obtain that

=T
o(ew]x;)
kxi) - 1) (e ~
—— wlz;, oW (ewz;)~1,
ewx; _
hence ZE2%) and oW (ew]x;) are of order one.

In the case where € > 1, under the condition (Assumption 2) that

- W (g) = - W(g) =
Am o @ = lm ot =b



we obtain that .
o(ew, x;
olew ) ~ oW (cw]x;),

€

=T
hence w and o (ew]x;) are also of order one. Under these two aforemen-
tioned conditions, o(-) acts like a linear activation in the case where ¢ < 1, and
acts like a leaky-ReL U activation activation in the case where € > 1, both of which

are homogeneous functions. Hence the above dynamics can be simplified into

dag In (v~ o(ew]x) e o(ew]x;)
dt—‘nz<z”€“k' ) P

i=1 \k'=1

1)

(3.6)
dwy, 1 <& T g(ew! @ v ~
RS (Z vea ") ) Lo ul
i=1 \k'=1
We hereby introduce two scaling parameters
k:=ve, K = g, (3.7)
then the dynamics (3.6) can be written as a normalized flow
da I~ [ o(ew], z; 1 o(ew]x;
O DI (e Z)—yz- L olew:)
dt n € K/ €
i=1 \k'=1
i - m (T (3.8)
w o(ew,, x; _ ,
= (S T ) et
i=1 \k'=1
with the following initialization

In the following discussion throughout this paper, we always refer to this rescaled
model (3.8) and drop all the “bar”s of {ax}}"; and {wy};*, for notational sim-
plicity.

As k and x/ are always in specific power-law relations to the width m, we
introduce two independent coordinates
log v’

, = lim — ,
m—oo  logm m—oo  logm

(3.10)

which meet all the guiding principles [16] for finding the coordinates of a phase
diagram.

Before we end this section, we list out some commonly-used initialization meth-
ods with their scaling parameters as shown in Table 1.
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Name v € K (ve) K (v/e)

LeCun [14] \/g \/g =
4

2
)

3

U

ﬁ\sm
—_ N[— N
O IR NI

He [8] —ARYE
. 2 2 4 m+d
Xavier [7] \/ P mtd \/ (m+1)(d+1) mil
1 1 1 1
Huang [10] 1 poe m Vi 2 2

Table 1: Initialization methods with their scaling parameters

4 Main Results

4.1 Activation function and input

In this part, we shall impose some technical conditions on the activation function
and input samples. We start with a technical condition [31, Definition 1] on the
activation function o(-)

Definition 1 (Multiplicity p). o(-) : R — R has multiplicity p if there exists an
integer p > 1, such that for all 0 < s < p — 1, the s-th order derivative satisfies
a)(0) =0, and o) (0) # 0.

We list out some examples of activation functions with different multiplicity.

Remark 1.

* tanh(z) := % is with multiplicity p = 1;

o SiLU(x) := s with multiplicity p = 1;

x
1+exp(—z)

o ztanh(z) := nggg;g’;&;@ is with multiplicity p = 2.
Assumption 1 (Multiplicity 1). The activation function o € C*(R), and there
exists a universal constant Cr, > 0, such that its first and second derivatives satisfy

pool ze. ool <. )

o0 o0

Moreover,
o(0)=0, oW(0)=1. (4.2)
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Remark 2. We remark that o has multiplicity 1. ¢()(0) = 1 can be replaced by

0(1)(0) # 0, and we set 0(1)(0) =1 for simplicity, and it can be easily satisfied by
¢)

Z0(0)-

We note that Assumption 1 can be satisfied by using the tanh activation:

replacing the original activation o(-) with

) = () —exp(=a)
exp(z) + exp(—x)’

and the scaled StLU activation

o(x) 2z

T Itexp(-a)

Assumption 2. The activation function o € CY(R) and is not a polynomial
function, also its function value at O satisfy

o(0) =0, (4.3)

also there exists a universal constant Cp, > 0, such that its first and second deriva-
tives satisfy

sV (0) =1, Ha@)(-)HOO <cy, Ha@)(-)HOO <Cy. (4.4)
Moreover,
i MW () = ; W () =
wll)lzlooa (x) = a, xll)rllooo (x) =0, (4.5)
and a # b.

Remark 3. We note that Assumption 2 can be satisfied by by using the scaled

S1LU activation:
2z

" T exp(—a)

o(x)

where a =0 and b = 2.
Some other functions also satisfy this assumption, for instance, the modified
scaled softplus activation:

o) = 2 (log(1 + exp(z)) — log2),
where a = 0 and b = 2.

Assumption 3 (Non-degenerate data). The training inputs and labels S = {(x;, yi) }7'4
satisfy that there exists a universal constant ¢ > 0, such that for all i € [n],

1
~<llaily, Il <e,
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and

> i # 0. (4.6)
i=1
We denote by

1 n
z:=_ Zyimi, (4.7)
i=1

and assume further that for some universal constant ¢ > 0, the following holds

1
~ <zl < (43)
and its unit vector "
5o 2zl Ui (4.9)
”Zi:l yzwzHQ

Assumption 4. The training inputs and labels S = {(x;, y;) }i, satisfy that there
exists a universal constant ¢ > 0, such that for all i € [n],

1
“<lailly, lnl <e

and all training inputs are non-parallel with each other, i.e., for anyi # j andi,j €
[n],
x; jf x;.
We remark that the requirements in Assumption 3 are easier to meet com-

pared with Assumption 4, and both assumptions impose the input sample S =
{(z;,yi)}_; to be of order one.

Assumption 5. The following limit exists

1 1
moi= lim ——2Y = lim — 8% (4.10)
m—oo  logm m—oo  logm
then by definition
. log ve . o %
7_7715’%0_1% =+ 72, V_n}ﬂo_bgm_”l_w
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4.2 Regime Characterization at Initial Stage

Before presenting our theory that establishes a consistent boundary to separate the
diagram into two distinct areas, namely the linear regime area and the condensed
regime area, we introduce a quantity that has proven to be valuable in the analysis
of NNs.

It is known that the output of a two-layer NN is linear with respect to 8,, hence
if the set of parameter 8,, remain stuck to its initialization throughout the whole
training process, then the training dynamics of a two-layer NN can be linearized
around the initialization. In the phase diagram, the linear regime area precisely
corresponds to the region where the output function of a two-layer NN can be well
approximated by its linearized model, i.e., in the linear regime area, the following

holds
fo(z) = f(2,0(0)) + (Vo, f (,0(0)) , 04(t) — 6,(0))
+ (Ve [ (2,0(0)),0u(t) — 0(0)) .

In general, this linear approximation holds only when 6,,(¢) remains within a
small neighbourhood of 6,,(0). Since the size of this neighbourhood scales with
|0(0)||2, therefore we use the following quantity as an indicator of how far 0., (¢)
deviates away from 6,,(0) throughout the training process

N  16ult) — 60(0)],
e [BDOW) =T o

(4.11)

(4.12)

We demonstrate that as m — oo, under suitable choice of the initialization
scales (the blue area in Figure 1), the NN training dynamics fall into the linear
regime (Theorem 1), and for large enough m,

sup RD(64,(t)) — 0.
t€[0,400)

We also demonstrate that under some other choices of the initialization scales (the
green area in Figure 1), the NN training dynamics fall into the condensed regime (The-
orem 2), where

sup RD(04(t)) = +o0,
t€[0,400)
and the phenomenon of condensation can be observed, and 6,, condense toward
the direction of z. We observe that in both cases, as 0,, deviates far away from ini-
tialization, the approximation (4.11) fails, and NN training dynamics is essentially
nonlinear with respect to 6,,.

Moreover, under the remaining choice of the initialization scales (the solid blue

line in Figure 1), the NN training dynamics fall into the critical regime area, and
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we conjecture that

sup RD(60,(t)) — O(1),
te[0,+00)

whose study is beyond the scope of this paper.

Training Regimes

w — lazy

w — lag

¥ =0 6 — lazy

a — lag

7=1

Figure 2: Different training regimes in the phase diagram.

Theorem 1 (Linear regime). Given any é € (0,1), under Assumption 2, Assump-
tion 4 and Assumption 5, if v < 1 or~' > v —1, then with probability at least 1 —¢
over the choice of 6°,

lim sup Hew(t)_ew(O)H2
Mm% ci0ro0)  [0w(0)]l2

=0. (4.13)

Remark 4. The linear regime area is split into two parts, one is termed the 8-lazy
area (blue area in Figure 2), where vy < 1, the other is termed the w-lazy area (pink
area in Figure 2), where v > 1 and v >~y —1 > 0.

In the 8-lazy area, the following relation holds

lim  sup 16€) — 6(0)llz =0, (4.14)

M=% 4ci0400)  110(0)]l2

whose detailed reasoning can be found in Appendix B.2, and in the w-lazy area,
relation (4.14) does not hold.
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Theorem 2 (Condensed regime). Given any § € (0,1), under Assumption 1,
Assumption 3 and Assumption 5, if v > 1 and v < v — 1, then with probability at
least 1 — & over the choice of 89, there exists T > 0, such that

16 (t) — 62 (0) ]2

lim sup = +00, 4.15
A e 00l (419)
and
O (1
lim sup M =1, (4.16)
M= 4e[0,T) [0 (2) |
where Oy, »(t) := [(w1, 2) , (w2, 2) , -+, (W, 2)]T.

Remark 5. The condensed regime area is split into two parts, one is termed the
w-lag area (orange area in Figure 2), where v > 1 and 0 < ~' < v —1, the other
is termed the a-lag area (yellow area in Figure 2), where v > 1 and ~' < 0.

In the w-lag regime area, as illustrated in (5.14), Oy, waits for a period of time
of order one until 8, attains a magnitude that is commensurate with that of O,
and the time T in Theorem 2 satisfies that

/
T > log (i) + %_1 log(m), (4.17)
and as m — oo, T — oo.

In the a-lag regime area, as illustrated in (5.14), 8, waits for a period of time of
order one until Oy, attains a magnitude that is commensurate with that of 8., and it
is exactly during this interval of time that the phenomenon of initial condensation
can be observed. Hence for some a > 0, the time T in Theorem 2 can be chosen

as
m-“<T<2m™“, (4.18)

which is obviously of order one, see Appendixz C.4 for more details.

4.3 Experimental Demonstration

In order to distinguish between the w-lag regime and a-lag regime, it is necessary
to estimate the time 7" in Remark 5, which is also a reasonale way to empirically
validate our theoretical analysis. An empirical approximation of 1" can be obtained
by determining the time interval T, starting from the initial stage at t = 0, up

to the point at which the quantity W reaches its climax for sufficiently
w 2

large values of m (m = 50000, 100000, 200000, 400000, 800000, 1600000), as we are
unable to run experiments at m — oo.
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2.0 2.5 3.1
3.0
18 . 24 29
1.6 o 2.3 2.8
2.7
~1a 2.2 — e
12 2.1 25
2.0 2.4
1.0 23
1.9
10 11 12 13 14 15 10 11 12 13 14 15 10 11 12 13 14 15
logm logm logm
(a) y=1.4, R?>=0.983 (b) v = 1.6, R?=10.991 (c) v =18, R?=0.995

Figure 3: T (ordinate) vs logm (abscissa) with different values of ~ but
fixed v/ = 0 for two-layer NNs with tanh activation indicated by blue dots.
The black line is a linear fit, and R? is the coefficient of determination that
provides information about the goodness of fit of a linear regression. The
closer R? is to 1, the better the model fits the data.

4.3.1 w-lag regime

We validate the effectiveness of our estimates by performing a simple linear re-
gression to visualize the relation (4.17), where T is set as the response variable
and logm as the single independent variable. Figure 3 shows that NNs with dif-
ferent values of v but fixed ' satisfy the relation (4.17), thereby demonstrating
the accuracy and reliability of our estimates.

log T

. -13

-2.8

10 11 12 13 14 15 10 11 12 13 14 15 10 11 12 13 14 15
log m log m log m

(a) vy =12, R%=0.936 (b) vy =14, R2=0.977 (¢) v=1.6, R?=0.993

Figure 4: logT (ordinate) vs logm (abscissa) with different values of v but
fixed v/ = —0.4 for two-layer NNs with tanh activation indicated by blue
dots. The black line is a linear fit, and R? is the coefficient of determination.
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4.3.2 a-lag regime

We repeat the strategy in Section 4.3.1 except that in one hand we are hereby
to visualize the relation (4.18) in Figure 4, and in the other, log7 is set as the
response variable and +/ is no longer 0. We can still see a good agreement between
the experimental data and its linear fitting, thus, validating the relation (4.18).

5 Technique Overview

In this part, we describe some technical tools and present the sketch of proofs for
the above two theorems. Before we proceed, a rigorous description of the updated
notations and definitions is required.

We start by a two-layer normalized NN model

o(ew]x)

fo(x) = Zueaki, (5.1)
k=1

€

with the normalized parameters 8° := vec(0?, 8Y)) initialized by

al = a(0) ~ N(0,1),
wp = wyi(0) ~ N(0, Iy).

For all i € [n], we denote hereafter that
ei = €i(0) := fo(xi) — vi,

and
e:=¢e(0):=[e1(0),e2(0),...,e,(0)].

Then the normalized flow reads: For all k € [m],

day, el olewz;)
At wn =TT e
i=1
dw vl 5:2)
kE _ (D) Ton N
—_— = ——— eiapo "’ (ew, ;) T;.
dt en i

5.1 Linear Regime

We define the normalized kernels as follows
1
kl(z, 2 = ?Ewa(ewTa:)a(sza:’),

k(e 2!y = E(a,w)aQU(l)(EwTa:)a(l)(ewT:c/) (z,x'),

15



thus, the components of the Gram matrices K@ and K™l of at infinite width
respectively reads: For any i, j € [n],

= [14],,,
K =kl (2, ),
K[i’} _ [KZ'[;U]LX]”7 (5.4)

we conclude that under Assumption 2 and Assumption 4, K@ and K™ are
strictly positive definite, and both of their least eigenvalues are of order one (The-
orem 4).

We define the normalized Gram matrices G1%(8), G*1(9), and G(8) for a
finite width two-layer network as follows: For any i,5 € [n],

nxn

ng](e) = % Z <vdkf9($i)7 ;vdkf9($j)>

k=1
€ m

=—= Za(awlwi)a(awgmj)
v

k=1

1
= Solewlz)o(ew]z)), (5.5)

= 223 200 (ew]wi)o ) (cwla;) @i, @),
m k=1
and
G(6) := G(9) + GII(6). (5.6)

Remark 6. We conclude that

Amin (G[“] (90)) ~Qwe?),  Amin (G[w} (00)) ~ Q(13%), (5.7)

and it has been rigorously achieved by Proposition 2 located in Appendix B.1.
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Finally, we obtain that

4 pgto (

et GM(O) + Gl (9))

n?

T\m

i V
k=1

In the case where v < 1 (6-lazy regime), the following holds for all ¢ > 0:
1 1
. [a] > _ 3 . [w] > 3
Amin (G (O(t))) > Ve A, Amin (G (0(15))) 2 5V EN,

for some universal constant A > 0. Hence, we obtain that

S Rs(0(1)) = —2eT (G¥(00) + G(0(1) ) e
2m

== Amin (G(6(1))) Rs(6(1)

< M2 (E)\ + §A> Rs(0(t)),

IN

n
then
Rs(8(t)) < exp (—7 e ( A+ A) )35(0(0)). (5.8)
The following relation
: 10(t) — 6(0)]|2
lim sup ———-"—=0, 5.9
L S IO o9

is illustrated through an intuitive scaling analysis. Since

S Rs(0(1)) = = V0, Rs(0(1) |3~ Vo, Rs(@)I3 ~ ~"v2* (21 + U2) Rs(6(1),

then we have that
Rs(6(t)) ~ exp (— 2072 (Sa+ 2 )t) Rs(6(0)),

and

Vo, Rs(@(0)l, ~ ) 2= (A + E0) VRSO0

\/1/3 ZA) exp (—%u%z (%)\ + g/\>t) Rs(0(0)),

Voo Rs(@)l ~ /et (7 22) V@0

~—
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~ \/:ysi” (5)\ + g)\) exp (—%V262 (%)\ + gA)t) Rs(6(0)),
both holds, hence
10(t) = 6(0)[|2 < [|6a(t) — 0a(0)]|2 + [|6w(t) — 0w (0)]|2
<* / Vo As@6)lads + ~ [ [Va, Rs(60()

< /0 Vo, Rs(8(s))]lyds + = /Ooollvesz( (s))ll5 ds
S <\/7 \/7> \/mzﬂsQ EX+ L)) Rs(6(0)),

e 18(0)]|5 ~ v/m,

hence

He(n)e o 0)ll2 (\[ \[) \/m2y2€2 ez VRSO0
5\/m Rs(6(0)).

The rigorous statements of relations (5.8) and (5.9) are given in Theorem 5.
In the case where v > 1 and ' > v — 1 (w-lazy regime), the following holds
for all ¢t > O:

(5.10)

Ain (G(01))) > 202",

for some universal constant A > 0. Hence, we have

SRs(0) = e (G100 + G 0)) e
< =2 rin (G(0(0) Rs(6(1)
< —%V%Q—ARS(O(t))
= — v ARs(0(1)),

thus the following holds




and (5.9) does not hold anymore. However, we still have

lim  sup 10w () = 6w (O]l _ 0, (5.11)
M09 t€[0,4-00) [0 (0) |2

and it can also be illustrated through an intuitive scaling analysis. Since

S Rs(0(0)) = — V0, Rs(0(0) 13 — ¥ Vo, Rs(0() I} ~ — v’ ARS(6(1),
then
V6. Rs(0(0)]l, ~ 1/ 7= AV/Rs (0(0))
m mv 3
~ oy Petrexp (- 2;”) Rs(6(0)).
hence
16() = 0 (0)] < [ Vo, AsO(s)],ds

<2 [T Vo, rs(6(s))], ds

S\ ooy VRS (0(0),
and as

18O, ~ v/m.

then

[6w(t) = 0w Ol o /1 /gy
~ A 24

0w 0)]; 5.12)

<\ VA

The rigorous statements of relation (5.11) are given in Theorem 6. To end this
part, we provide a sketch of the proofs for Theorem 1, see Figure 5.

5.2 Condensed Regime

We remark that the {aj,wy}}"; dynamics

day el o(ew; ;)
O SN
dt vn = ’ ’
- (5.13)
dwy, vl —
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Schematic Diagram for Proof of

Initial bounds
(Lemma 1)
, 2o n W\
(m=>0 (n lc;gn) )
AN ALY

.//
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(Proposition 2)

(00 > 22 (e
Amin (G(8") = "\ + k' Ay

)_..

Theorem 1

Concentration
(Lemma 2, Proposition 1,
Theorem 3)

U 2
N A“, 4
\ -
e Y
Amin(G@ () > 35y
min( ( ) = Z? @
\ (Proposition 2) V)

h 4

mr? A,

Rg(6(t)) < exp (—T(F 4 m’Aw))Rs(ﬁo),t € [0,t7)

(Proposition 3)
bounds on 7 n”logn
[16(2) — 8(0)]]oo "”2”( 3

(Proposition 4)

h 4

7 < 1 case of Theorem 1
(Theorem 5)

mﬁ.z
Rs(6(t)) < exp (—ﬂfm) Rs(6"),t € [0,£)

(Proposition 5) J
(n2 logn n--)\‘ bounds on
Fox )/ [16(t) — 8(0)|
2
A "’\// (Proposition 6)
%, _

' > v —1,7" > 0 case of Theorem 1
(Theorem 6)

Figure 5: Sketch of proof for Theorem 1.

is coupled in the sense that the solution of at least one of the equations in the
system depends on knowing one of the other solutions in the system, and a coupled
system is usually hard to solve.

However, in the condense regime, as ¢ < 1 and ev < %, the evolution of
{e;}_; is slow enough so that it remains close to {—y;}"_; over a period of time
T > 0 at the initial stage, hence (5.13) approximately reads

dak el - T

At T yn L YO
i=1

d’wk vl

o~ o 2 viae(

(5.14)



and the coupled dynamics is reduced to linear dynamics.

We are able to solve out the linear dynamics (5.14) (Proposition 7), whose
solutions read: For each k € [m], under the initial condition [vay(0),ew](0)]" =
[Vag, (swg)T] T we obtain that

1 1
van(®) = (G exp(lzlat) + g expl-llln) ) of

te (;exp(HZHQt) _ ;exp<—!\z\2t)) (wf, 2,

1 1 . 5.15
cwi(t) = v <2€Xp(||z|]2t) — S exp(—lzll2t) ) a2 (5.15)

1 1 2) 2
e (Gepllzln) + 3 exp(-l=lan ) (uh.2)
_ €<wk;7 >z +5'wk

We remark that {ay,wy}}" are the normalized parameters, then {vay,cwy}]"
corresponds to the original parameters in (3.4).

In the case where v > 1 and 0 < 7/ < v — 1 (w-lag regime), as £ > v, then

the magnitude of {ewy}}" | is much larger than that of {vai}}" , at ¢t = 0. Based

n (5.15), it can be observed that {ewy}}" | remains dormant until {va;};* , at-
tain a magnitude that is commensurate with that of {ewy}}" ,, and only then do
the magnitudes of {ewy}}"; and {vas}}", experience exponential growth simul-
taneously. In order for the initial condensation of 8., to be observed, one has to
wait for some growth in the magnitude of {ewy}}" |, hence T' ~ Q(log(m)). More
importantly, compared with the w-lazy regime, the condition 74/ < v — 1 enforces
e K \F’ thus providing enough room for {ewy}}"; to grow in the z-direction
before {e;}*; deviates away from {—y;}" ;.

In the case where v > 1 and +' < 0 (a-lag regime), as ¢ < v, then the initial
magnitudes of {ewy, }} ; is much smaller than that of {va;}}" ;. Based on (5.15), it
takes only T' ~ Q(1) for {ewy}}", to attain a magnitude comparable to {va}}* ,,
and this rapid growth leads to the observation of initial condensation towards the
z-direction, where v > 1 impose {e;}7"; to a small neighbourhood of {—y;}™, for
a period of time which is at least of order one. To end this part, we provide a
sketch of the proofs for Theorem 2, see Figure 6.

6 Conclusions

In this paper, we present the phase diagram of initial condensation for two-layer
NNs with a wide class of smooth activation functions. We demonstrate the dis-
tinct features exhibited by NNs in the linear regime area and condensed regime
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[ !
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case of Theorem 2 case of Theorem 2
(Theorem 7) (Theorem 8)

J

Figure 6: Sketch of proof for Theorem 2.

area, and we provide a complete and detailed analysis for the transition across the
boundary (critical regime) in the phase diagram. Moreover, in comparison with
the work of Luo et al. [16], we identify the direction towards which the weight
parameters condense, and we draw estimates on the time required for initial con-
densation to occur in contrast to the work of Zhou et al. [31]. The phase diagram
at initial stage is crucial in that it is a valuable tool for understanding the im-
plicit regularization effect provided by weight initialization schemes, and it serves
as a cornerstone upon which future works can be done to provide thorough char-
acterization of the dynamical behavior of general NNs at each of the identified
regime.

In future, we endeavor to establish a framework for the analysis of initial
condensation by a series of papers. In our upcoming publication, we plan to
extend this formalism to Convolutional Neural Network (CNN) [20], and apply it to
investigate the phenomenon of condensation for a wide range of NN architectures,
including fully-connected deep network (DNN) and Residual Network (ResNet) [9].
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A Several Estimates on the Initialization

We begin this part by an estimate on standard Gaussian vectors.

Lemma 1 (Bounds on initial parameters). Given any 6 € (0,1), we have with
probability at least 1 — & over the choice of 69,

m(d+1
max {laf)], |whlloo} < \/210g ) (A.1)
Proof. It X ~ N(0,1), then for any n > 0,
1
P(IX| > 1) < 2exp <—2n2> .
Since for k € [m],
ag ~ N(Ov 1)7 wg NN(O’Id)v
where
0._ 0 0 0\ 1T
wy = [(wi) 5 (We)y s (wr) ]
then for any j € [d],
(wg)j NN(Oa 1):
and they are all independent with each other. As we set
n= \/2 log w7
0
we obtain that
P (o {1l I} > )
0 0
i j >
= mox {lafl, o), 1} > )
d
= U |ak|>77U U(’wk ’>77>
k=1 7j=1
m m d
< 2P (lafl > IEDI B A(CHRET)
=1 k=1 j=1
L L,
< 2mexp —51 + 2md exp —51
Lo
=2m(d+1)exp )= J.
O

27



Next we would like to introduce the sub-exponential norm [25] of a random
variable and Bernstein’s Inequality.

Definition 2 (Sub-exponential norm). The sub-exponential norm of a random
variable X is defined as

X[l := inf {s > 0| Ex [exp ('f'ﬂ < 2} . (A.2)

In particular, we denote X := x%(d) as a chi-square distribution with d degrees of
freedom [13], and its sub-exponential norm by

Cyd = (Xl -
Remark 7. As the probability density function of X = x?(d) reads

1
fx(z) = — 251 exp <—E) , 2>0,
2T(4) 2

we note that

IX| o1 1 1 1
Ex~y2(1) €Xp el B ; 2%1“( )z zexp | — 5757 dz = . =

Then we obtain that

Moreover, we notice that

X Y\
Ex -\ 2(a) €xp <‘s’> = <EY~X2(1) exp (U)) ,

as we set
1 9,
2
1-3
then
2
s = ,
1—-274
hence 5
> < Cmd < 3,
1—-274a
and
Cya = Cy,,
ford > 1.
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Lemma 2. Given |z||, < 1 and |yl < 1 equipped with o(-) : R — R, with
o € CY(R), satisfying

and

oo <1

Under the condition that
a~N(0,1), w~N(0,1),

then for any e > 0,

o if
X1 1= HolewTz)o(cw'y),
then
1X1llgy < Cyoas
e and Zf
X2 = a20'(1) (ngm)a(l) (5U7Ty) <$, y> 5
then
[Xallyy < Cyp1.
Proof. Let
7= |wlf ~ x*(d).
Since

Xi1| < JwTa| [wTy| = [lwl]3,

then by definition,

X
IXilly, = inf {s > 0| Ex, exp (‘1') < 2}
T T
= inf{s > 0 | Eyexp <\a(w z)o(w y”) < 2}

S

2
§inf{s>0 | E exp <Hw\2> SZ},
s
hence
Xl < Cya- (A.3)
By similar reasoning, as
|X2| S (12,
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hence

X2y, < Cy1- (A.4)
Il

We state an important theorem without proof, details of which can be found
in [25].

Theorem 3 (Bernstein’s inequality). Let {Xy}}", be i.i.d. sub-exponential random

variables satisfying

then for any n > 0, we have

EX; =
1 m
P<
m
k=1

2
. n n
E X —pu|l>n| <2exp | —Copm min , ,
) X113, " 1Ky,

for some absolute constant Cy.

Proposition 1 (Upper and lower bounds of initial parameters). Given any § €

(0,1), if
m =) <log ;L) ,

then with probability at least 1 — § over the choice of 6°,

\/?< 16¢ll2 < 2 : (A.5)
< ol < /2, (4.6)
and
\/W< 16°]12 < \/di+ (A.T)
Proof. Since
(ad)” . (a3)", - (a)” ~ x(1)

are i.i.d. sub-exponential random variables with
E(a9)” = 1.

By application of Theorem 3, we have

1 & o
— <2exp | —-Commin | ——, =—— ,
(et —1] ) <o (-commin (2

k=1
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since Cy 1 > % > 2, then for any 0 < 7 < 2, it is obvious that

min 772 " = 772
2 - 2
Czp,l C?N Cw,l

2
n )
2exp | —Com—— | = =,
( Ci,l) 2

We set

and consequently,

then with probability at least 1 — g over the choice of 69,

[C? 4 C? 4
P,1 02 ¥,1
1-— loe=| <@ < 1 log —
m C'OOg5 < |16,1l5 <m + C@Ogé ,

by choosing

we obtain that

/m 0 [3m
— < < —_—

As for 6%, by application of Theorem 3,

1 md ) 172 ;
P < md; (wp)” =1 > ?7) < 2exp (—Comdmin <

Ch. Cya
2
2 exp (—Cgmdc772> = é
0,1

We set

and consequently,

02
Y2 log é,
mdCy 0

7’]:

then with probability at least 1 — g over the choice of 69,

C? 4 C? 4
P,1 012 P,1
md {1—/ log= | <|18%112<md |1 log —
mdCy 25 | = 162 [I2 < + mdCy 85 |
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by choosing

402 4
1

> log —

= dCy %85

/md [3md

16°113 = 1162113 + (1613,
then with probability at least 1 — §,

/m(d;— 1) < [16%, < /3m(cé+ 1).

we obtain that

Finally, as

B Linear Regime

B.1 Full Rankness of the Gram matrices

We shall state two lemmas concerning full rankness of the Gram matrices, which
have been stated as Lemma F.1. and Lemma F.2. in Du et al. [5].

Lemma 3. Assume o(-) is analytic and not a polynomial function. Consider input
data set as Z = {z1,22,...,2n}, and non-parallel with each other, i.e., for any

J#k,
z; ¢ span (zy),
we define
G(Z) :=[G(2);],
G(2)ij = Eyeono,n) [o(wTz))o(wT2z;)],
then Amin (G(Z2)) > 0.

(B.1)

Similar to Lemma 3, we have another Lemma.

Lemma 4. Assume o(-) is analytic and not a polynomial function. Consider input
data set as Z = {z1,z9,..., 2}, and non-parallel with each other, we define

G(2) :=[G(2);], (B.2)
G(2)ij = Ewnon |0 (wTzi)oM (wT2)) (2;, 25) |, '

then Amin (G(Z2)) > 0.
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We state an important theorem concerning the least eigenvalue of the normal-
ized Gram matrices K% and K™ at infinite width limit. Recall that
1
K = SEwonoryolcwTz)o(cw')),

g2 (B.3)

Kz[;u} = E(a,w)NN(O,Id+1)a20(1)(Emei)U(l)(c?'wTﬁ?j) (xi, ;) .

Theorem 4 (Least eigenvalue of Gram matrices at infinite width). Under As-
sumption 2 and Assumption 4, the normalized Gram matrices K% and K™ are
strictly positive definite, and both of their least eigenvalues are of order 1.

In other words, if we denote

Ai=min{ s, A} >0,

where
Xa = Amin (K[“]) . Aw = Amin (K[wl) : (B.4)
then
A >0,
and
A~ Q(1).

Proof. Since the following limit exists

loge

V2 = lim — s
m—oo  logm

then we conclude that

lim ¢ =0,
m—0o0
or
lim ¢ =1,
m—00
or

lim e = 400,
m—00

and the normalized matrices K4 = [K Z[;L]} and Kl = [K Z[;U]} read

nxn nxXn

1
K = 3 Buwnn (0,10 (ewT@)o (cwTe;),

K = By (01,0000 (cwT2)o O (cwTa;) (2, ;)

= EwNN(OJd)O'(l)(E’wT:Bi)O'(I) (ewTx;) (x4, x;) .
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For the case where lim,, ..o = 1, by direct application of Lemma 3 and
Lemma 4, A ~ Q(1) can be easily achieved.
For the case where lim,, ,,, € = 0, the normalized matrices read

. 1
Ki[?] = nlgnoo ?EWNN(OJd)0(5mei)a(5'wTazj)

= Ew~no,1,) (w'z;) (w'z;),

Kz[;u] = n}gnoo EwNN(OJd)U(l) (ewTx;)oM (ewTa;) (x4, x;)
= Ew~N(0,1,) [0(1)(0)2] (x, ;)
= (x;, ;).

hence both K@ and K™ are independent of 8y, and 6, and depend merely on
the input sample S. Consequently, A ~ (1).
For the case where lim,,_,~ € = +00, the normalized matrices read

1

Kz[?] - n%ﬂnoo ?EwNN(O,Id)U(EwTwi)U(é“’wTa:j)
- W%E}noo E“’NN(OJd)U(l)(€mei)U(l)(Emej)7
K = i Eypeiongo D (ewta)o® cutey) (o, 2;),

where the entries of the matrix K exhibit leaky-ReLU-like behaviors. It has been
proven in Du et al. [6] that under the unit data and nonparallel assumption, K@
is positive definite. Moreover, its expression can be explicitly computed, see [22].
As for the matrix K™ we define a function G : R™*"™ — R"*" guch that

G(K);j = KiE ( (K.. K.J) ) oD (oM (v).
(u,0)T~N | O, " !
Kji Kjj

We denote that A > B if and only if A — B is a semi-positive definite matrix, and
A > B if and only if A — B is a strictly positive definite matrix. Consequently, a
scalar function ¢(t) is defined as

g(t) == ~ min Auin (G(K)) .
K:K>0, ESK“'SC, /\min(K)zt

Then Lemma 4 guarantees that
g()\o) > 0,

and A ~ Q(1). O
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Finally, we are hereby to show that the Gram matrix G at ¢t = 0 is also positive
definite. Recall that

[a] 1/53 e 1 T T
G'(0) = o Z ?U(swkazi)a(ewkmj),
" k=L (B.5)
Gvlg) = — Z ajoM (cwlz;)oW (cwlx;) (x;, z;)

B
Il
—

Proposition 2 (Least eigenvalue of initial Gram matrices). Given any 6 € (0,1),
under Assumption 2, Assumption 4 and Assumption 5, if

n? 4n?
sz(Azlog 5 )

where A = min{\,, A\ }, whose definition can be found in Theorem 4. Then with
probability at least 1 — & over the choice of 6°, we have

_ 0 3 9 9/(€ v
Auin (G (6°)) = 07 (Sha + Ao ) (B.6)

Proof. For any nn > 0 and all 4, j € [n], we define the events

Q. {90| < ’7}
J n
< ’7}
n

[w] 0
Qe — {e
By application of Lemma 2 and Theorem 3, we obtain that for sufficiently small
n > 0, the following holds

mCon?
(QE]) 1—26Xp< QC?Q )
p,d

w 00772 mc()nz
P(QEJ)Zl—Qexp( 201% )21—26xp(—n203)d ,

Ll (6) - K

1%

L g (g0) - Kl

hence with probability at least 1 — 4n?exp (— mCO"2> over the choice of 8°, we

nQCiyd
have
L Al g0 [a] L Al (g0 [a]
[ee]
1 1
G (@) - K <o G (@) - K[w]” <.

35



By taking n = %,

mCo)\Q
6 = 4n? -
n- exp ( 16”20%@) 5

and we conclude that

Muin (G (6%)) = Auin (G (6%) ) + Auin (G1 (6°))

1

> veddg — vt |-Gl (6°) — K
ve

F

+ 1Ay — Ve %G[wl (6°) — K™

vee

F
> ve*(Aa =) + V(A — 1)
> §1/252 (E)\a + K)\w) .
4 v €
B.2 0-lazy Regime
In the rest of the paper, we define two quantities
a(t):=  max |ag(s)], w(t):= max ||[wg(s)]co,

ke[m],s€(0,t] ke[m],s€(0,t]

and we denote

= inf{t | 6(t) ¢ N (8°)},

where the event is defined as

N (8°) = {0 | 1G(6) — G (8°)||¢ < iu%Q (%Aa + g)\w) }

(B.9)

We observe immediately that the event A/ (00) £ @, since 8° € N (00). Recall

that A = min{\,, A\ }, where

Aa = Amin (K[al) e = Amin (K[w}) ,

whose definition can be found in Theorem 4. Then we have the following lemma.

Proposition 3. Given any 6 € (0,1), under Assumption 2, Assumption 4 and

Assumption 5, if

n? 4n?
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then with probability at least 1 — & over the choice of 6°, we have for any time
t €0,t%),

Rs(6(t)) < exp (—%I/ € ( Aa + Z)\ ) )RS (00). (B.10)

Proof. Proposition 2 implies that for any § € (0, 1), with probability at least 1 —¢
over the choice of 8° and for any 8 € N (00), we have

Amin (G(6)) = Auin (G (6°)) — [|G(6) — G (6°) ||
3 222 v 1
>Z ()\—I—E)\)—ZV&()\-I—)\)
1 L2 v
=372 ([Pt D).
Note that
Gij(0) = G(8) + G¥(0)
53 m 1 3
— Z 50 (ew]x;)o(cw]x;) + o Zako(l)(ewkm Yot )(ewkm]) (@i, xj) ,
k=1 k=1

and the normalized flow
Va,Rs(0) = 1/5% z”: eia(ﬂzm,
Vw,Rs(0) = ve— Zezaka swkacz) i
Finally, we obtain that

d Uiy’ Ny
—Rs(0) = — (Z » (Va,Rs(0),V,, Rs(0)) + Z z (Vw,Rs(0 Vka5<9)>>
k=1 =1

M o2 2 (€ v
< - (V/\aJrg/\w)Rg(B),

and immediate integration yields the result. O
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Proposition 4. Given any 6 € (0,1), under Assumption 2, Assumption 4 and
Assumption 5, if v < 1, and

1
2 2 / 0 1—v
m =max | (n 8n > 7Q (’I?,]%S(B)) ,

N2 108 =5~ \

then with probability at least 1 — & over the choice of 6°, for any time t € [0,t*)
and for any k € [m], both

4 1
max|ag(t) — ar(0)] < 2max {E, 1} \/210g Mp,
v

o : (B.11)
I?el%”wk(t) — wg(0)[loo < 2max {g} 1} \/2 log 4m(cfs+l)p,
and
max {|ax(0)], [l (0)]c} < \/QIngm(cfsm’ -
hold, where

_ 2V2dn\/Rs (6°)
 mwe (%)\a + %)\w) ’

Proof. Since

a(t) = lax(s)],  w(t) = [ACH o

max = max
ke[m],s€l0,t] ke[m],s€[0,t]

we obtain
2

1 n
Vo, Rs|* = - Zeiya(swgwi) < 2||lewy |22 Rs(0) < 2d*(w(t))*v?e*Rs(0),
i=1

1 < ?
- Z eil/eaka(l)(e'wlzmi)wi
i=1

”V'kaSHQ = < 2|ak|21/252R5(9) < 2(a(t))2u252R5(9).

o

By Proposition 2 and Proposition 3, we have if

16n2C? 8n2

Ay o
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then with probability at least 1 — g over the choice of 8%, we have that

u(0) ~ 0 < [ [V Rs(006))| s
< V/2de? /Otw(s)\/mds
< V() [ VRS @ e (~5? (Sha+ Daa) ) ds
< V2de2w(t) /0  /Rs (89 exp (—%y% (%A + gxw) t) ds

2v/2dn+/Rgs (6°)

9

and
lwi(t) — wi(0)]| . < ’;/0 |V 00 Rs(0(s))]|_ ds
< V22 /Ota(s) Rs(6(s)) ds
< V2r%a(t) /Ot V/Rs (6°) exp (—%zﬂg (%)\a + g/\w) t) ds

< V2r%a(t) /OO / Rs (69) exp <—2E1/262 (E)\a + g)\w) t) ds
0 n v
2v/2n+/Rs (09) 2v/2dn+/Rs (69)

- <
me? (EXg + L) o) < 5 (Ea + Zha)

a(t) = Zpa(t).

Thus c
a(t) < a(0) + Sp(h),

w(t) <w(0) + Zpa(t),

moreover, by Lemma 1, we have with probability at least 1 — g over the choice of
0°, as

dm(d+1)

max {|a(0)|, [|wk(0)]lcc} < \/2 log ———,
k€m) )

then

a(0) < \/210g 4m(cf;+1)a w(0) < \/QIOgZM(Cf;Ll)
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Hence if

1
S 2v/2dn+/Rgs (69) \ '™
- A )
we have
_ 2V2dn\/Rg (69) - V2dn+/Rs (0°) 1
e (%)\a + gAw) - mue -2
Thus c
a(t) < a(0) + —pw(0) +pPa(t),
hence : 5
at) < 5a(0)+ g%w(O)
Therefore

4 1
at) < 2max{§,1} \/210g m(c(ly—i—)

Similarly, one can obtain the estimate of w(t) as

v dm(d + 1)

To sum up, for any t € [0,¢*), with probability at least 1 — § over the choice of §Y,

4 1
l?é% lag(t) — ax(0)] < Zmax{g7 1} \/2108; m(cf;_)p’

heim] lw(t) — wi(0)] o < 2max{g, 1} \/2log 4m(cf5+1)p

O]

Theorem 5. Given any § € (0,1), under Assumption 2, Assumption 4 and As-
sumption 5, if v <1 and

mmax(g(;;bglﬁg?>,g((@)a),
Q ((”2\/];\523(90)>11”) 7Q(log§>),

then with probability at least 1 —% over the choice of 8°, we have for all time t > 0,

2m1/262)\t>

(B.13)

Rs(6(t)) < exp <— Rs (67), (B.14)
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and with probability at least 1 — & over the choice of 8°,

O (t) — Oy
lim  sup 16 (1) Oz _ (B.15)
M=% e 400)  [0w(0)]|2

Remark 8. In this scenario, we also obtain that with probability at least 1 — ¢
over the choice of 6°,

0(t) —6(0
lim  sup 16@) = 6(0)ll2 =0. (B.16)
M=% el 400)  |10(0)]]2
Proof. According to Proposition 4, it suffices to show that t* = oc.

(i). Firstly, from Proposition 3, we have with probability at least 1 — % over the
choice of 8%, for any t € [0,t*), the following holds

|ag(t) — ag(0)] < Spw(t) < 2max {E, 1} £p,
v
|wp(t) — wk(O)HOO < EPCV( ) < 2max{ }ép,
where
23 /R @)
mve (EXa + “Aw)’
and

&= \/QIOgSm(CfS_'_l).

For m large enough, i.e.,

N <2x/§dn\/RS (90)> =

A

then we have

_ 2\/§dn\/R5 (69) < \/ﬁdn\/RS (90) 1

" mwe (%)\a -+ %)\w) - MUEN 2

IN

It is noteworthy to emphasize that the demonstration of (B.14) requires solely the
utilization of the aforementioned relations.

(ii). Let
gl[?](w) = éa(szxi)a(szzvj),
then
3 m
. o ve
Gl - ¢l )] < -3 o wn®) - gl (o))
k=1
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By mean value theorem, for some ¢ € (0,1),
95 (wn(®) — 915 (Wi (0))] < | Vangly (cwr () + (1 = Jwel0))]| _[[wr(®)=wi (0},
where
1
ngl[?]( )= ga(l)(ewT:ci)a(szxj)a:i + éa(awT:ci)a(l)(ng:cj)wj,

and
|Vug w)|| < 2wl

then ,
lwi(t) = wi(0)], < 2dmax {Z,1} ep,

thus, we have

lew(t) + (1 = )wr(0) ]|, < d([lwr(0)]loo + [[wi(t) — wk(0)[lo0)

(e mus {2 1))
<afe {51}

< 2max{g, }df,
hence
3 m
a a ve a
G (0(1) — GHO(0)] < =3 [l (wn (1)) — o5 (e 0))|

b
Il
—

< 8d*v%e £2max{z E}p,

[SI 2

then by using the same technique in Proposition 2,
|6 - cMow)|

0
< 8d%n1%e® max {z, 5} (2 Jog 3+ 1)) 9/2dn+/Rs (89)
E v 0 mz/g( )‘a+”)\ )
s2v/2dn? (1og 40 /s (69
m(;/\a'i_%)‘w) .

v €
< rvemax{ —,—
E vV

We shall notice that as




Il
p—
(=2
7N
[\)
\1"_‘
~
Nl
QNN
~—~
>
+ -
N
>
SN—

and
1 (1)2 1
—>16( —
2 = 2
(@ e (7 )
_16<1>2€ 1
21) V(SN + L)

As v < 1, then we may choose m large enough, such that

96v/2d%n 2(1og <d+1>) Rs (69)

mve > 2
256+v/2d3n2 <10g (d“)) Rs (60)
>
16 (L)i A2
v ey 256v2d%2 (log ® (d“)) Rs (09)
> max{ } » .
v (Eha+ 2hw)’
Then for any ¢ € [0, t*),
1 € v
[a] _ gl S22 (N, + Y
HG O1) - G (9(0))HF < Svie (Vxﬁ gxu,). (B.17)

(iii). As for GI*(0(t)), we observe that directly from Proposition 3, for any
t € [0,t*), the following holds

v

G o) - o)

we define a new quantity

Diij(t) = o ((wi(t), 1) o ((wi(t), )~ (wir(0), 2:)) o'V ((wi(0), z5)) ,



then we obtain that

o) - GlY6(0)

v

We shall make an estimate on the quantity Dy, ; j( ):

Diij(t) = o ((wi(t), ) o ((wi (1), 25)) — o ((wi(t), ) o ((wi(0), 25))
+0(1) (wi (1), ) oV ((wi(0), 25)) —0(1) (wi(0), 2)) o ((wr(0), z5))
< [{wr(t), i) — (wi(0), i) | + (wi (1), 2;5) — (wi(0), z;)]|
< 2wk (t) = wr(0)]; < 2d [lwi(t) — wi(0)]|

< 4dmax{g, }fp.
Hence, we observe that
|ai(t) = ai (0)] < |ax(t) — ar(0)|* + 2 |ax(0)| |ar(t) — ax(0)|
BT E P R
< 6maX{<i>2, }5219,

and consequently

ESIN)
—
Ry R O
~— =

[\
- +
= Q
—— =N
ST
+ SN—

78y

no

N
D
Iy
I\
=
o
"
— " 2
N—
N
[
——
+
7ax%
)

/N /N

Thus, we have




2 2
<3 <16dmax{<i) ,Z}§3p+6dmax{<i> ,1}§2p>
3
2 2
§24V2€2d<210gm<d+1>>2m{('/) ,E}p,
) € v

then by using the same technique in Proposition 2,
H(;[w]( el IT H

<n

GE}‘”(@( )~ G (6(0) .

d+1 2
< 241%:%d <2 log 8m(5+)) { Z i} np

—Z/Emax{< )2 5}96d2 n? (log * d+1>§\/7

’ 0 (2ha L)

14

We notice that as

Z2 2 1
w2 oy~ ()
(Yw) &7 (FAa+ “w)
and
1 >16<1>§ 1
N2 & 9= 2
T )
_16(1)% 1
27 V(é)\ LU )

As v < 1, then we may choose m large enough, such that

384d%n 2<1og (d“)) Rs (69)
)\2
%

384d%n 2<log Bm(d“) Rs (00) 384d2n 2(1og (d“)) Rs (69)
)\2

mve >

e

> max

16 (%)} 2

§ max{(”)Z,E} d2n2 (log m(d1) ?\3

(FAa+2

)’
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Then for any ¢ € [0,t*),
1 € v
[w] _ gl < 22 (= —
HG O1) -G (9(0))HF < v (VAQ+ gxw). (B.18)
To sum up, for ¢ € [0,¢*), the following holds
m 0
Rs(B(t))gexp(—nue( Ao + A))RS(O).

Suppose we have t* < +o00, then one can take the limit ¢ — ¢* in (B.17) and (B.18),
which leads to a contradiction with the definition of ¢*. Therefore t* = +oo
Directly from Proposition 1, we have with probability at least 1 — § over the
choice of Y,
0 md
16w, = /5

thus we have

|62 (t) = 6y (0) |2 \/7
sup S sup 0 1) — 9 0 7
ebroe)  [10w(0)]2 dte[o D 18w(®) = 8 (0)ll;

via Proposition 4, with probability at least 1 — ¢ over the choice of 8°,

v
< _
o [lwg(1) — wi(0)] o < 2max{6,1}5p,

then

10w (1) — 0 (0, < [Z (lww(e) - wk<o>||§o)]
2

5 mve (EXa + “Aw)

L Sm(d+1)  diny/Rs5(0)
8 Vmve (SXa + L)

-1
< 2max{g71} m\/Qlog 8m(d+1) Zﬂdn\/w
J

hence

16w () = 6w (0)]2 _ [ 2
sup < sup |0 (t) — O (0)]|
te[0,4-00) Hew(O)H2 d te[0,4-00) 2

0
< Sﬁmax{z,l} log 8m(d+1) dn\/Rs(6°)
€ 5 mve (EXq + L)
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< 4v3: g 8m(d + 1) dny/Rs (69)

) mreX
as v < 1, then we obtain that
8m(d+1)
0w (t) — 6 log =—=5—
wp 1000~ 0w}l _ /o™ 519
teoro0)  Bw(0)]]2 mi=
hence 0. (8) — 0. (0
lim  sup 16:() = 8w (0)] =0. (B.20)
m=%0c0,400) 0w (0)ll2

Similarly, directly from Proposition 1, we have with probability at least 1 — g over
the choice of 6°,

0 m(d+1)

0], > /LY,

thus we have

10(t) — 0(0)]l2 2
sup ————+—— <, |—— sup ||@(t) —060(0)],,
B 600 @1 1) P, 1600 = 60l

via Proposition 4, with probability at least 1 — % over the choice of 69,

S
— < —
grelﬁnx]]ak(t) ak(())\ 2max{y,1}§p,

v
— < —
;161% lwg(t) — wr(0)] o, < 2max{8, 1} &p,

N|=

Hmw—omﬂ2sIEIQ%w—anP+nwaw—wamﬁJ]
2

<2max{, 2} \/m\/zlog 8m(c(ls+ 1) 2v/2dn./Rs ()

mve (EXa + “Aw)
8$m(d + 1) Vd+ Ldn/Rs (9)
0 /mue (%)\a + g)\w) ’

< Smax{g,z} log
v' e

hence
0(t) — 6(0)||2 2
sup < sup ||@(t) —6(0
A T @1 1) P, 1600~ 60l
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0
§8\/§max{£,y} 1OgSm(alJrl) dn+/Rs (6°)
) muve (%)\a + g)\w)

vV €
S8\/5\/1% 8m(d + 1) dn+/Rs (6°)

) MVEA

i

as v < 1, then we obtain that

8m(d+1)
6(t) ~ 6(0)]l2  V/og ™5 521
~ 1— ) .
tefotoc)  10(0)]l2 m
moreover,
lim  sup 16€) = 6(0)ll2 =0. (B.22)
M0 ¢c[0,4-00) 16(0)]]2
O
B.3 w-lazy Regime
We denote
tr=1inf{t | O(t) ¢ N (6’0)}7 (B.23)
where the event is defined as
N, (6°) := {9 | |G(8) — G (6°)||r < iyagAa}. (B.24)

We observe immediately that the event N, (00) £ @, since 8 € N, (90). Recall
that

)\a — >\min (K[a}> 5
whose definition can be found in Theorem 4.

Proposition 5. Given any 6 € (0,1), under Assumption 2, Assumption 4 and

Assumption 5, if
n? 4n?

then with probability at least 1 — § over the choice of 8°, we have for any time
te0,3),
Rs(0()) < exp (—%Vg?uat) Ry (6°) . (B.25)
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Proof. Similar to the proof in Proposition 3, with probability at least 1 — § over
the choice of 8° and for any 6 € N (6°), we have

Amin (G(9)) >

>

win (G1(9))
> X (G11(8%)) = 1G1(6) — GI) (6°) I

Finally, we obtain that

S Rs(0(1) =~ 5eTGO(1)e

< f%mxmm (G(B(1))) Rs(B(t))

< —BeN,Re(0(1)),
n
and immediate integration yields the result. O

Proposition 6. Given any § € (0,1), under Assumption 2, Assumption 4 and
Assumption 5, if vy > 1, >~ —1, and

1
2 2 0y =
I Q<n10g8n>’Q<WRS<9>> |

2 %75 Mo

then with probability at least 1 — & over the choice of 8°, for any time t € [0,t})
and for any k € [m], both

max|ag(t) — ax(0)] < 25\/2 log Amd+1)
ke[m) v 1) (B.26)
4 1
max [[wy () — we(0) oo < 2% log 2@+,
ke[m)] 1)
and
dm(d+1
max{|ax (0], [[wi(0)l|sc} < leog dmd +1) (B.27)
ke[m] o)
hold, where

_ 2v/2dn+/Rs (69)

me2\,

Pa -
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Proof. Since

t) = ’ = |
a(t) keﬁgg[oyt]lak(s)l w(t) perhax [ (s)]lo

we obtain
2
< 2flcwy 302 Rs(6) < 24 (w(t))2v %2R (6),

n

1
Va, Rs|” = - Z eivo(cwjx;)
=1

2

HVkaSHQ = < 2]ak]2V2€2R5(0) < 2(@(75))21/252]%5(0).

n
‘ g eiueaka(l)(swgwi)mi
n

i=1

o0

By Proposition 5, we have if

16n2d2057d 8n2

m > log 5

- )\200
then with probability at least 1 — g over the choice of 8%, we have that
e [t
n(®) ~ 0)] < 5 [ Vo Rs(6(s))]ds
0
t
< \@ds2/ w(s)y/Rs(0(s))ds
0
t
< 2 0 _m o2 2(E v
< V2de w(t)/o Vv Rs (6 )exp( oV € (V)\a+ 5)\w> t) ds
< 2 = 0 _mo22(& v
< V2de w(t)/o v Rs (6 )exp( T (V/\a + eAw> t) ds
_ 2v/2dn+/Rs (69) w(#)

w2 (%)\a + g)\w)

< 2v/2dn+/ Rg (90) w(#)

MVEA,

IN

3
;paw(t)v
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and similarly
t
14
() = w00 < 2 [V, R (0(3)) . 05

< Va2 /D a(s)y/Tis(8(5)) ds

t
2 0 _m o2 2(€ v

<\ov Oz(t)/o vV Rs (6 )exp( oV € (V)\a + E/\w> t) ds
2 - 0 M op (€ |V

< Vv a(t)/o Vv Rs (6 )exp( 5, € (y)\a+ 8)\,1,) t) ds

_ 2v/2n+/Rs (09) o)
)

me2 (%)\a + L w

2v/2dn+/Rs (6°) o)

3
[
mj)\a

IN

gpaa(t).
Thus -
a(t) < a(0) + ;paw(t),

w(t) < w(0) + gpaa(t),

d

moreover, by Lemma 1, with probability at least 1 — ¢ over the choice of °,

2

dm(d+1
max {|ax(0)], wr(O)llo} < \/210g(6)_

Then, if

m >

<4\/§dn\/RS (00)> =

Aa

we have

Pa

 2V/2dn+/Rs (6°) 1
N me2\, -2
Therefore

€ dm(d + 1) 8\/ dm(d + 1)
< d 9~ 7
a(t) Qmax{y,l} \/2log ; 21/ 2log 5

Similarly, one can obtain the estimate of w(t) as

v 4m(d—|—1)_\/ 4m(d +1)
w(t)SQmax{E,l}\/2log5—2 QIOgT.
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Hence, for any t € [0,¢}), with probability at least 1 — ¢ over the choice of 6°,

4 1
max fax(t) — ax(0)] < 2j\/2 log L),

dm(d+1)

max ||wy(t) — wg(0) < 2\/2 log ———p,.
k€[m) 1)

O

Theorem 6. Given any § € (0,1), under Assumption 2, Assumption 4 and As-
sumption 5, if y> 1, >~ —1, and

1
2 2 / 0y \ 1—+
m = max (Q (n log L6n ) ,Q <nRS(0)> ,

PRGN N
2 1 (B.28)
0 1—v++/
o ((S5) ) o e )

then with probability at least 1 —g over the choice of 8°, we have for all time t > 0,

3
M) R (6°), (B.29)

Rs(0(t)) < exp <—

and with probability at least 1 — § over the choice of 6°,

lim  sup 10w =@z _ (B.30)

Mmoo o) || Gw(0)]l2

Proof. According to Proposition 6, it suffices to show that ¢} = co.
(i). Firstly, from Proposition 5, we have with probability at least 1 — % over
the choice of 8°, for any t € [0,¢}), the following holds

ax(t) = ax(0)] < 2 €pa.
i (£) = wi(0) ., < 260

where
~ 2y/2dn+/Rs (0°)
“ me2\, ’
and

&= \/210g8m(655+1).
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For m large enough, i.e.,

. <4ﬁdn«/RS (00)> =

Aa

we have

_ 2V2dn/Rs (09) _ 1
a me2\, -2

We inherit the proof in Theorem 5 and obtain that

Pa

G2 6(t) - Ge0)| < =Y
ij ij = m p

9k (wi(£)) — 915w 0))|
< 8d21/262§2 max {Z, < } Da
e'v
S 8d21/53§2pa,
by using the same technique in Proposition 2,

|6 — o))
< 8d*nve’ <2 log 8m(d + 1)> 2v/2dn+/Ryg (%)

0 me2\,
32v2d%2 (log ™) /Ry (67)

me2)\,

< ve

As~y>1,and v/ > v — 1, then we may choose m large enough, such that

m(d
L 1283 (log *H) /R (69)
me Z )\2 )

then for any ¢ € [0,t),

HG[“](O(t))fG[“}(G(O))H < Zuedh,. (B.31)

1

F~ 4
Hence, for t € [0,¢}), the following holds

Rs(6(t)) < exp (—%V&SAat> Rs (6°).

Suppose we have t% < 400, then one can take the limit ¢ — ¢} in (B.31), which
leads to a contradiction with the definition of ¢;. Therefore ¢, = +oo0.
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Directly from Proposition 1, we have with probability at least 1 — § over the
choice of Y,
0 md
16w, = /5

thus we have

16w () — 6w (0) ]2 \/7
sup < sup |0 (t) — 0 (0)]],,
teltoe) 118w (0)]l2 md ey +OO)H (t) = 6 (0)]

via Proposition 6, with probability at least 1 — 2 over the choice of 8°,

max |lwi(t) — wr(0)] o, < 2&pa,

kem]
then
m 3
[8u(t) — 8 (0)]], < [Z (eon(t) - wk<o>\io)]
k=1
< 2vVmdEp,
0
<2F\/210 d+1)2‘[d” QRS(O)
Me* A,
2 0
< 81/log 8m(d+1) d2n\/RS(0 )7
5 Vme?\,
hence

0w (1) — B2 (0)]|2 \/7
sup < SUp  ||0w(t) — (0
tE[O,—‘,—oo) ||0w(0)||2 th[O —|—oo) || ( ) ( )||2

8m(d + 1) dny/Rs (6)
) me2)\,

< 8V2 log

as v > 1, and 7/ > v — 1, then we obtain that

_ log dmld+1)
sup 10wl 0w (O] — (B.32)
t€[0,400) 025 (0)]]2 mi=ry
hence o0 o0
i s 180 = 0Ol _ s,
M=% 1c0,100)  |[Bw(0)]l2
O
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C Condensed Regime

C.1 Effective Linear Dynamics

As the normalized flow reads

da _
dt

dw v 1
e (n Zeiaw(”@wimi)mi) |

since e; =~ —y;, and by means of perturbation expansion with respect to € and keep
the order 1 term, we obtain that

<o
|
S
INgh
o
2
™
S
o
8
N———

(C.1)

dakNél "

At T wn 4
i=1 i=1
d'U]k vl zn: (1) vl n
— == yiao W (0)x; = —— Y yiapx,
dt en en

so the normalized flow approximately reads

n
dap €1 T £
—_— == Yiw, T; = ;wkz,

dt vn
- (C.2)
dw, v1< v
% —en YiapT; = —apZ.
t EM 4 5

1=

We observe that (C.2) reveals that the training dynamics of two-layer NNs at initial
stage has a close relationship to power iteration of a matrix that only depends on
the input sample §. We denote by

0 =T
A= , C.3
[ z 0gxq } (C-3)

where

1 n
z=— E YiZs,
n -
=1

whose definition can be traced back to Assumption 3, and (C.2) can be written
into

e _ pq,, (C.4)



where
14 T
qi ‘= [gak,wk} .

Moreover, simple linear algebra shows that A has two nonzero eigenvalues \; =
|z||, and A2 = — ||z]|,. Moreover, the unit eigenvector for A; = ||z||, is

vl
U= |—,—F==2'| ,
VR V2

> i Yiti
157021 viill,

whose definition can be traced back to Assumption 3. We obtain further that the
unit eigenvector for Ay = — || z||, is

where

zZ =

el

uy = |——,—=2T| ,

v

and (u1,us) = 0.

We also observe that the rest of the eigenvalues for A is all zero, i.e.,

Az =Ag == Ag11 =0,

and their eigenvectors {uk}zié read,
U = [O,bMT, b, € ZL,

and

d
span {by}; 5 = 27,

whose first component is zero, and the rest of the components spans the orthogonal
complement of z, i.e.,

zt={xeR?|(z,2) =0, V& ecRY},

since

dim (span {bk}i;ré) = dim (ZL) =d—1.
We hereafter denote that: For ¢t > 0,

0= (5 zlt)

<llzll; <«

and since

ol

for some universal constant ¢ > 0, then we obtain that for some universal constants
c1 >0and ¢ >0,
exp(crt) < r(t) < exp(cat).
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Proposition 7. The solution to the linear differential equation

dq 0
= A 0) = .

where r(t) = exp (5 ||z[ly t) -

Proof. We only need to solve out the matrix exponential for A, as A is symmetric,
then it can be diagonalized by an orthogonal matrix P, where

P = [ul, u, ... ,ud+1] s
and
A=PJPT,
where
]2
L Iz |
0

since

exp (tA) = Pexp (tJ) PT,
then

thus, we obtain that
1 1 0
at) = { 5 exp(|lzll2t) + 5 exp(=|[z]}2t) | a
1 1 0 =
+ (5 enllzlat) — 5 exp(=lzla) ) (0, 2)

o7



w(t) = <;exp(||2|!2t) - iexp<—|zu2t>> o'z

1 1 A\ A
+ (pepllell) + 5 exp(-lllan) ) ', 2) 2
—(w?, 2) 2+ w".
[

Remark 9. It is noteworthy that w has two components, one is the projection of
w" into the direction of z:

1 1 1 1
<2r2(t) ~ 2r_2(t)> a’% + <27“2(t) + 2r_2(t)> (w, 2) 2,
which evolves with respect to t. The other is the projection of w® onto z*:
w’ — <'wo7 2> Z,

which remains frozen as t evolves.

C.2 Difference between Real and Linear Dynamics

We observe that the real dynamics can be written into

l/dak 1 - a(swgwi) 1 " T T
@ s\ el et wiz )
i=1 i=1
n

dw, v 1 1 &
o e (‘n > ciapoV(ewl@w — — Y yiagwi + W) |

i=1 =1

(C.7)

hence the difference between the real and linear dynamics is characterized by
{fk‘agk’}’;cn:p where

1< o(ew]x;) T
Jr = EZ G +yiwLx; |,

i=1
1 n
gk = Z; (eiakU(l)(Ew;EiEi)xi + yiakmi) .
=
In other words, the real dynamics can be written into
()
W —A %ak n fr gak(()) _ ga% (CS)
dt wy, Ygr)’ \ wi(0) w) )’
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and its solution reads

C.3 w-lag regime

Definition 3 (Neuron 2-energy, w-lag regime). In real dynamics, we define the
2-energy at time t for each single neuron, i.e., for each k € [m],

V2 2
a®) = (%l + o 0]3) (©.10)
We denote
Qmax(t) = Imax Qk(t) (Cll)
ke[m]

For simplicity, we hereafter drop the (t)s for all gx(t) and gmax(t). Then the
estimates on { fx, gx}j, read

Proposition 8. For any time t > 0,

2
| fil < me?qas willy + e [lwrll;

(C.12)
2 9
lgklly < me”gmax lax| + € |lwill; [ar] -
Proof. We obtain that

1 — olewlx; olew]lx;

el = } > <(€i + yi)M + yiwm; — yi(’“)) ‘
n € €
1< “ o(ew]x;) o(ew]x;)
=|= ((Z Vaka(angi)> % + yiwlx; — yi%
i=1 k=1

IN
S|
M=
N

m
(Z ve |agl IIwng) [[wi o + E(wlwi)2>

v 2, € 2
(Z lanf? += |wk|2)> il +s<w,:m@->2)

A
S
]
N
VR

NE

)

< 2(]1%) |w |l +€(w;193z‘)2>

2

( €2q/%) |wg | +5Hwk||2>
=1
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2
< M Qo |witlly + € Jwil,

and

(e + yi)aka(l)(ewlzwi)mi + yiapT; — yiakg(l)(sw;xi)xi)

9
=
z
I
S~
/N

2

m
1
( vago(ew]x; ) ao’ )(swgwi)wi + yiapx; — yiaka(l)(sngi)wi>
k=1

m
> velag ||wk||2> |ak| + & lwgll, \M\)

k=1

2

/\/\

1 n m
<o Z <<Z€ ﬁ) |ar| + ¢ [lwk |, Iak|>
i=1 k=1
< M G ar| + € | wil, lax] -
O
We denote a useful quantity
¢(t) = Sup Qmax(s)- (0.13)

0<s<t

Then directly from Lemma 1, we have with probability at least 1 — § over the
choice of Y,

m(d+1
max {lap], |wplls} < \/210g ) (C.14)
hence
2m(d + 1
(0) < \/2(d+ 1) log m(5+) (C.15)
We define
—~ -1
Tug = inf {t >0 me2¢3(t) >m™™, 1= 71} : (C.16)
then for m large enough, as v —+' > 1, based on (C.15),
3
2m(d+1)\?2 -/
me2¢3(0) < me? (2(d—|— 1)log m(é—i—)) <m 2 1, (C.17)

hence Tog > 0.
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We observe further that by taking the 2-norm on both sides of (C.9), the
following holds

qk(t) < exp (t[|Ally-,2) 4 (0) +/O exp ((t = 5) [|All5_2) (Mm% Gax () + edmax(s)) ar(s)ds,

and by taking supreme over the index k and time 0 < ¢ < Tig on both sides, and
for large enough m, the following holds

6(1) < 6(0) exp(t) + 2m~ {37} /O exp(t — s)ds

< ¢(0) exp(t) + 2m~ {57} (exp(t) — 1)
< 6(0) exp(t) + 2m™ ™2} exp(t),

(C.18)

then based on (C.15), we have with probability 1 — § over the choice of 8°, for
sufficiently large m,

6(1) < $(0) exp(t) + 2m™ ™37} exp(t)

(C.19)
< 2¢(0) exp(t) < 2\/2(d +1)log 2m{d +1)

CER

we set tg as the time satisfying

2m(d + 1 1 i
2\/2(d + 1) log 2D ity = sm 5 (C.20)
then we obtain that, for any 79 > 7_1'6,0_1 > 0,
1 -~ =1
Teg > to > log <4> + <71 - 770> log(m). (C.21)

Theorem 7 (Condensed regime, w-lag regime). Given any § € (0,1), under
Assumption 1, Assumption 3 and Assumption 5, if v > 1 and 0 <+ <~ —1, then
with probability at least 1 — § over the choice of 8°, we have

lim sup RD(0(t)) = +oo, (C.22)

=400 1[0, Tog)

and

O~ (t
lim  sup w =1. (C.23)

m=+o0ycoTig] 10w(®)lly
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Proof. Since we have

N V :
=) a(i) () (o) - (2D

and its solution reads

<£:) — exp (tA) <£§) + /0 Cexp (1 — 5)A) <Zf;’€) ds

v
As we notice that for any k € [m], (ik
k
one is the linear part, the second one is the residual part. For simplicity of proof,
we need to introduce some further notations.
As we already identify the parameters 8, = vec({ax}}"_;) and 6, = vec({wy}}" ),
with some slight misuse of notations, we denote 8, := Vec({gak}zlzl). From the

observations above,

) can be written into two parts, the first

0 := vec (0, 0,,) = vec <{§ak}:

).

and 6, and 0., can be written into

where the k-th component of 8, and 8,, respectively reads
— 1% 1 2 ]. ]- -2 0 -~
(aa)k = g <2T 5 ) ak‘ + ( — 57‘ (t)) <'wk,z>,
—~ 1% 1 2 ]. 1 —2 0 =~ A
(gw)k‘ = g (27' 5 ) < ) + 57’ (t)) <wk, Z> z
— <w2, 2> Z+ w s

and the k-th component of §a and gw altogether reads

(5a(t))k — /Ot oxp ((t —5)A) (Z%k) -

(5“’ (t)) k

Moreover, we observe that 6,, can be decomposed into two parts, one is the pro-
jection of w? into the direction of 2, i.e., By » , and the other is the projection of
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0 4

w” onto 2z, i.e., B,, ;1. As 0y, and 6, inherits the same structure as 8,,, we may

apply the same decomposition to 6, and 0~w. Hence, we obtain that
O, =(t) = O 2 (1) + O 2 (1),
Ow,zi (t) - o_w,zl (t) + gw,zl (t)a

and these relations concerning 2-norm hold simultaneously for any ¢t > 0,

180 (D12 = (180 (N2 + || 6z (1)]|2
16w (B)][5 = [|6u.=(8)][5 + [| a2 (D)][5

R 8 e

)

2

and the k-th component of 6, , and éwvzl altogether reads

(Buz), =~ @7«2@ - ;T—Q(t)> a2 + (;ﬂ(t) T ;T_Q(t)> (w), 2) 2,

(B 1), = wp — (wp, 2) 2,

and finally, based on the relations concerning 2-norm above, for any t > 0,

6w, < [[Bw®)] -

HO"”ZL(t)HQ = ng(t)HQ

We are hereby to prove (C.22). Firstly, we observe that

hence
18 (t) — 6. (0)]13
= [|0w(t) - 0(0)];
= Hew,z(t) - O_w,z(o) + ew,zl (t) — e_'w,zl (O)HZ
= [Bu=(6) — B (0) + B0 + [ (6) — B (0) + B 1)

by choosing 1y = V_g/_l, then for time 0 <t <ty := (7_§/_1> log(m) — log(2),

’ /Ot exp ((t— ) A) <:f;k> ds
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< (me(0) + e00) [ expl(t =) z1,)ds
m {3} [ (= 5))ds
<9 /0 p((t — s))d

/ ’ /

<om~ T exp(t) < 2m~TE exp(fo) = m~ b

We conclude that for ¢ < tg, the following holds
_ t
Jute)], < vin | [ e ie-a) (- )as
2 0 =9k

since the k-th component of éwyzL reads

2

Ot (t) = wp — (w)), 2) 2,

we observe that since the RHS is independent of time ¢, hence we have

O 21 (1) = 0y, ,1(0),
so we obtain that
16 (t) — 6(0) |3
= (0w 1) ~ 01 2(0) + B2 1) Hz B ()~ 0y (0) 4 By 1) Hz
= [6u021) ~ 000 20) + O o)+ (8o 0]

thus the ratio reads

<|ew<t> - ow<o>||2>2 _|[ows®) w0 + o= 0], + [z 0

6w (O], 60O
[0 t) ~ 0 (0) 4 8| || )]
6w (O3 6wO)2
As m
16O = 6] = 3 ()

and we observe that since w) ~ N(0,1I;), then (w},2) ~ N(0,1). Moreover,
{ag, <w2, 2>}le1 ~ N(0,1) are i.i.d. Gaussian variables. Hence, by application of
Theorem 3, with probability 1 — g over the choice of 8°, for m large enough,

3d



and with probability 1 — % over the choice of 8%, for m large enough,

1 — 2 3
EZ(CI%) §§7

k=1

DN |
IA

and with probability 1 — g over the choice of 8%, for m large enough,

< (wf.2))” <

3=
NE

N | —
B
Il
N | W

1
and with probability 1 — g over the choice of 8°, for m large enough,

1
4

IN

a) <w2,2> <

-

1
m

To sum up, the ratio

_ _ ~ 2 - 2
<WMWWMWﬂ2H%AW”W@+%AWQH%*wm
[0 (0)]|, 16 (0) 13 16 (0)]5

for the first part of the RHS:

Héw,z(t) — 0.2 (0) + §w7z(t)H2

162 (0)]]
1602(8) = Oz ()], — |[8uw=(1)]
>
- 162 (0)]]
= Héw,Z(t) B éw,z(O)HQ _ Haw’z(t)H2
162 (0)]] 1625 (015~
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= i (r(t) = r~(1)) [(r(t) +rl()? <§>2 % () — (1) %
- vl
= (0 =) —5

2 2 3

3 _ _
> 5 (r() =) (r(t) =1 (1)

4

=35 (r(t) — ril(t)) .

Then with probability at least 1 — § over the choice of 8° and large enough m, for
any 0 <t <ty= <7 Y 1) log(m) — log(2), the following holds:

Héw,z(t) — 042 (0) + 5w,z(t>H2
[0 (0 )Ilz

R RO ) M I
[0 ( H2 0 (0)]]5

F\/% \/> _y=—1
m 8 .
3md 32

Specifically, if we choose t = tg,

Héw,z(to) — 0u.2(0) + 5w,z(to)H2
162 (0)]]

1 2 ) 2 _’77’7/71
Z\l@(r (to)‘i‘?" (to)—2)— &m 8
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Z m 8 —m 8
By taking limit, we obtain that

[Buetto) — uz(0) + Bt
oo 16 (0)]],

= +o0.

For the second part of the RHS:

[0, _[oute)],
6O~ 10u0)]

then with probability at least 1 — § over the choice of 8° and large enough m, for
any 0 <t <ty= <7 7= ) log(m) — log(2), the following holds:

Haw,zl(t)u Hew t \/> _a=y—1
< m- 8§ .
[0wO, = 0w(0) Hz

By taking limit, we obtain that

li HOUJ7ZL (t)HZ 0
im ————= =0.
m—00 [0y (0)]|,
To sum up, since tg < T, we have that
lim  sup RD(Bw(t)) = 400+ 0 = 400, (C.24)

m——+00 te[O T, }

which finishes the proof of (C.22).
In order to prove (C.23), firstly we have

16w,z (D)l

<1,
16 (1)1

moreover, we observe that

(||0w7z<t>\2>2 _ 18w@)ll3 _ 16w, ()13
16w, 16wDIE w2 (I + [0 (1)]2

|82 6) + B0

Héw,z(t) + §w,z(t)Hz n Héwsz(t) + §w,zl(t)Hj
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Then with probability at least 1 — § over the choice of 8° and large enough m, for
any 0 <t <ty= (“’ 1= ) log(m) — log(2), the following holds:

Héw,z(t) + ew,z(t)HQ > Ha’w(t) — 0.2 (0) + éw,z(t)HQ — 6w (0)]],

=2 ) = 0~ [t - w0,

I ()~ M) = i [P

102 () + 00| < |2 (1) = 0 2(0) + B4y o ()| + (1602 O]

< 8w, + w0,

_y=-1 + 3md
B .

By taking t = £, we observe that Haw 2(t) + Ow 2( H is of order at least \me — )
while ‘ O (1) + 0,w7zl H2 is of order at most /m, which finishes the proof of

(C.23). O

C.4 a-lag regime

Recall the real dynamics,

afzo . .
) (), () - (29)

and its solution (C.8) reads

(5 —expaa) (50F) 4 [ exot -9 (20 Y.

Then, for any u € 21, and |lul|, = 1, we obtain that

d(wg,u) v v
—a *<Z7">+g<gk7">

IR ™

(gr,u),

m

and as
0w7z1_ = Ow,zJ_ + 0w7z1_
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hence the k-th component of 6,, .1, éw’zJ_ and §w7zj_ altogether reads
(éw,zJ-)k = wg - <w27 2> 27
~ V t N N
(Buss), =% [ o) — tauts). 2) 21,
t
A\ & v A\ 4
(GwyzL)k = w) — (w),2) 2+ E/o [gk(s) — (gk(s), 2) 2] ds.

Moreover, the real dynamics can also be written as
()
(wg, 2) :B< %akA > +< Tk A) < %akA(O) > _ < ga% >
dt (wy, 2) gk, 2)) " \(wy, 2) (0) (w, 2))’

where
0 ||z||> <0 1)
B = 2) =z ,
(quz o ) =I=l{1 o

since B is a full rank matrix, the solution to the above dyanmics can be explicitly
written out as

() o () oo , 59, )

(
_ <§r2(t) + 373 (t) 5r3(t) — ;rQ(t)) < YLaf >
%T2(t) - %r‘z(t) %TQ(t) + %’I“_Q(t) <w2, 2>
¢ l7“2(t —8) 4 Sr2(t — s) l7"2(t —5) — 3r2(t — ) Tr(s) .
T AL e O 4 D 0 e O R £

+ [ (G- - 39 o). 2)as
Ol = =2 (320 - 3720 )+ (520 + 370 ) (wh2) 2



- (h 22w+ 2 [ o)~ o). 2) 2las

Definition 4 (Neuron oc-energy, a-lag regime). In real dynamics, we define the
oo-energy at time t for each single neuron, i.e., for each k € [m],

pr(t) = fax {lax(®)]; [lwr ()]l } - (C.25)
We denote
Pmax(t) := max pg(t). (C.26)
ke[m]

For simplicity, we hereafter drop the (t)s for all pg(t) and pmax(t). Then the
estimates on { fx, gx })", read

Proposition 9. For any time t > 0,

il < dmvepday 1wl o + ed [[wr]l5

(C.27)
lgkllo < Vdmvepy o lax| + evVd [[wy ] lar] -

Proof. We obtain that

n

1 o(ew]x; o(cwlx;
il = i Z <(ei + yz)(gkl) + yz‘w;wi - yz(gkl)> ‘
cw;x; cwl
((Z vayo (ewia;) ) O(Ekl) +yiwi T — yz‘(f(E’“z)) ‘
(Z ve x| ||wk||2> il +5<wkmz>2>

(Zusak\fﬂwkﬂ >\/a||wk||oo+€d”wk||io>

< dmver?,. ||wgl, +ed HwkHoo

SER
= I

i=1

IA
S\H
=

%

]
(

IA
SR
L

1

7

and

1 n
gkllo = H Z ((61’ + yi)aka'(l)(éw;wi)xi + yiarpx; — yiakU(l)(E’wZZBi)wz‘)

n =1 o)
n

% Z ((Z Vak0'<€w]1.wi)> aka(l)(swgwi)wi + y;apx; — yiaka(l)(€wlzwi)a:¢>

i=1 k=1

o0
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IN
3\'—‘

D

|
=

=1

m
> velag| HwkH2> |ak| + & [lwgl, |ak|>
ke

1

IN
SM—‘

(Z ve |ay| J&nwknm> Jai] + =V lwi| |ak|)

k=1

| /\

Vidmuvergay lax| + eVd |w| o lax] -

We denote a useful quantity

w(t) ‘= sup pmax(s)- (028)

0<s<t

Then directly from Lemma 1, we have with probability at least 1 — § over the
choice of 69,

d+1)

max{|ak| [wile } < \/210g (C.29)

hence

¥(0) < \/2(d+1)log 27”(6;“) (C.30)

and for all k € [m] and any time t > 0,
| fi| < dmue3(t) + edip?(t),
lglloe < Vmuey? (t) +evVdy*(t).

We are hereby to conduct some simple calculations. Let o« > 0, and there
exists t, > 0, such that
r2(ty) — 12 (ty) = 2m™°,

then we obtain immediately that

2 (to) = exp([|z]ly ta) = V1 +m~@ +m™®,

and
3
ta Slog(vV1+m—+m™9) Ni m~* ~ O(1),
with 3
ta Zlog(vV/14+m=@+m ) ~ §m_°‘ ~ Q(1).
Moreover,

1 1
—r2(ty) + 57"_2(15&) =vV1+m-e,

2
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1 1 _ _
57"2(ta) — 5" *(ta) =m™*,

t —a
“1 5 1 ., m
—1%(te — 8) + =1 “(to — 8)ds = ——,
/o 2 2 12l
ta 1 1 /1 —a 1
/ —12(tq —8) — =1 2(ty — s)ds = L,
0o 2 2 (1P
hence
Jak] < 9(0) +m™* (mvey®(ta) + e (ta))
VoV (C.31)
lowle < Zm(0) + L (myey(ta) + £92(1a)
For some § > 1, we define
- _ /
Tot,p = inf {t >0 | mreyd(t) + ep®(t) >m™", T= —;} , (C.32)
then for m large enough, as v > 1, based on (C.30), we choose /3 satisfying
1 /
min {'y -1, 2} > —%,
then, we obtain that
3
2m(d+ 1)\ 2 2m(d + 1 _a-t
muey®(0)+e2(0) < me <2(d+ 1) log m(;)) +mT2 <2(d+ 1)log m(6+ )> <m

hence Tveﬂ76 > 0.
We observe further that by taking the co-norm on both sides of (C.31), and by

taking supreme over the index k£ and time 0 < ¢ < min {ta, Teﬁ“’ﬁ} on both sides,

and for large enough m, the following holds

0(1) < Zm " (0) + Zm ™

wRe

< mV’a\/z(d +1)log Qm(? D)

now we shall choose a > 0 and 8 > 1, such that
ta < Teﬁ“,[%

which is equivalent to solve out the relation

!
_ _ 3~ _1 _ /_ o
mYm T3 B LT, T 2 <y
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Then, we choose « satisfying

0<+ < min ! 1+1/ E 1+1/

the existence of o can be guaranteed since v’ > 0, and

1 ! 1/1 ! !
mindy (-1%5) 5 (54 5) =650

We observe that

Teff,ﬁ > te, Teff,ﬁ ~ Q(l)

(C.33)

WLOG, we choose 3 := max {—1024%, —5129/ }, and @ accordingly, and finally

we have

Theorem 8 (Condensed regime, a-lag regime). Given any § € (0,1), under As-
sumption 1, Assumption 3 and Assumption 5, if v > 1 and ' < 0, then with

probability at least 1 — & over the choice of 8°, we have

lim sup RD(0(t)) = +o0,

m=rtoo tE[O’Teff,B}
and
iy 1Bl
m—>+°ote[0,7~“eff’5] [0 ()|

(C.34)

(C.35)

As the details are almost the same as the ones in Theorem 7, the proof of

Theorem 8 is written in a slightly sketchy way.

Proof. We observe that
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so we obtain that with probability at least 1 — & over the choice of 8° and large
enough m, for any 0 <t < t5, the following holds:

6w (1) ~ 0003

a1 = 3d
>m-Y a2 _ —-a _
>m (2 \/&;161% Hngoo) ( 1+m 1) (2 +\/g£€1?ni<]|fk|>

a1 ~ 1 ~ (3d ~
>m 7 (2 - ﬂm7> - im*a <32 + \/&mT> ,

hence the ratio

(Hew(t) - Ow(O)HQ>2 _ 18w (t) — 8u(0)]l3
10 (0)]l 116 (0)]15
2 [m_y_o‘ (; — \/&m_;> — lm_a (3d + \/gm_;>] ,

> =
—3d 2 2

by taking limit, we obtain that for any 0 < ¢ < t4

i 10u(t) — 6w (0)],
e OO,

Moreover, since

Oustta)) = 2 (572000) — 5720 ) ol + (7%(0a) + 57 2(ta) ) (wh 2)

2 2
# [ (3t - g e —9)) floras
22 (3= 9+ 32— 9) ) a1, 20 .

(Ou e ), = w0 = (. 2) 2+ £ [ fan(s) — (g1(5).2) 2 .

so we obtain that with probability at least 1 — & over the choice of 8° and large
enough m, for any 0 <t < t5, the following holds:

1 5 a1 — (3d
0w 2 7 (= Vi gl ) = VI (5 Vi | )
= (1 ~ d .
>m ¢ <2 — \/gm7> -2 <32 + \/&m7> ,
1 2 3d . 3d s e
o 18w (O, < 5 +m O Vd max gl < G- 4 m™7 7 Vdm T
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By taking t = t, we observe that - HOw,z(t)Hg is of order at least m "' ~% while

1 HOwyzL (t)H; is of order at most one, which finishes the proof. O
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