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ABSTRACT

The embedding space of language models is widely believed to capture the semantic relationships;
for instance, embeddings of digits often exhibit an ordered structure that corresponds to their natural
sequence. However, the mechanisms driving the formation of such structures remain poorly under-
stood. In this work, we interpret the embedding structures via the data distribution. We propose a
set of probability signatures that reflect the semantic relationships among tokens. Through experi-
ments on the composite addition tasks using the linear model and feedforward network, combined
with theoretical analysis of gradient flow dynamics, we reveal that these probability signatures sig-
nificantly influence the embedding structures. We further generalize our analysis to large language
models (LLMs) by training the Qwen2.5 architecture on the subsets of the Pile corpus. Our results
show that the probability signatures are faithfully aligned with the embedding structures, particularly
in capturing strong pairwise similarities among embeddings. Our work uncovers the mechanism of
how data distribution guides the formation of embedding structures, establishing a novel understand-
ing of the relationship between embedding organization and semantic patterns.

1 Introduction

In recent years, deep neural network-based large language models (LLMs) have demonstrated remarkable perfor-
mance (Comanici et al., 2025; OpenAl et al., 2024; DeepSeek-Al et al., 2025). The development of these models has
largely followed what Richard Sutton termed “the bitter lesson”—that the most effective approach to improving Al per-
formance has historically been to leverage greater computational resources, larger models, and more data, rather than
incorporating human knowledge or specialized architectures (Sutton, 2019). This trend has been formalized through
scaling laws, which quantify the relationship between model performance and factors such as model size, dataset size,
and computational budget through power law relationships (Kaplan et al., 2020). While these scaling laws provide
valuable quantitative predictions for model performance, they also reveal a concerning limitation: the power law rela-
tionship suggests that achieving further significant improvements may require prohibitively large increases in model
and data size, making continued scaling increasingly impractical and resource-intensive.

One promising approach to address these limitations is to develop a deeper understanding of the underlying mech-
anisms that drive transformer models’ success in natural language processing (NLP). The No Free Lunch theorem
establishes that no single algorithm can perform optimally across all problem domains, highlighting the fundamen-
tal importance of understanding both the characteristics of the data and the properties of the algorithms that process
it (Wolpert & Macready, 1997). Recent research has made significant progress in uncovering key properties of deep
learning models, including the edge of stability phenomenon (Wu et al., 2018; Cohen et al., 2021), frequency prin-
ciple (Xu et al., 2020, 2025a), attention patterns (Elhage et al., 2021; Olsson et al., 2022; Bhojanapalli et al., 2020),
parameter distribution properties (Kovaleva et al., 2021; Dar et al., 2023), condensation phenomenon (Luo et al.,
2021; Xu et al., 2025b), and embedding structure (Cai et al., 2021). There has also been some investigation into
data characteristics—such as the power-law decay of correlations between elements (like pixels) as a function of
their distance (Ruderman, 1994). However, there is a significant gap in understanding how these two fundamental
aspects—algorithmic properties and data characteristics—interact to produce the remarkable performance.
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The embedding space, which acts as the encoder of the language tokens, therefore provides an ideal entry point
for investigating how algorithmic properties and data characteristics interact. Ideally, the structure of embeddings
should reflect the semantic relationships among tokens. A concrete example involves digits such as 0,1, 2, ..., which
possess a natural ordering. Their embedding vectors accordingly display an ordered structure consistent with this
numerical sequence, reflecting basic reasoning capabilities in mathematical tasks (Mikolov et al., 2013b; Ethayarajh
etal., 2019; Zhang et al., 2024; Yao et al., 2025). However, the cause of the consistency between embedding structures
and semantic structures is still an open question, and the driving factors of the embedding structure are still not well
characterized.

In this work, we identify a set of probability signatures that encode the semantic information in the data into the
structure of the embedding space of language models. Such probability signatures are constructed based on label
distribution, input distribution, input/output co-occurrence distribution, etc, that systematically capture inherent token-
level relationships and reflect semantic structures. This result is achieved via utilizing an embedding-based model
with gradient flow analysis of embedding vectors and unembedding vectors for well-designed variable-controlled
experiments. We further extend our findings to LLMs with realistic corpora, such as the Qwen2.5 architecture (Team,
2024) and subsets of the Pile dataset (Gao et al., 2020; Biderman et al., 2022). The analysis approach with the
controlled experiments offers a promising methodology to uncover more and more probability signatures that can
bridge the data semantics and embedding structure in language models.

2 Related Work

Parameter analysis in LLMs Investigating the underlying parameter properties in LLMs is crucial for understand-
ing the foundation of models. Some works focus on the specific modules in models. Elhage et al. (2021); Olsson et al.
(2022) uncover mechanisms such as induction heads from the attention module. Bhojanapalli et al. (2020) reveals the
rank-collapse phenomenon of the attention matrix. Geva et al. (2021, 2022); Dai et al. (2022) investigates the char-
acteristics and functions of the FFN in LLMs. Additionally, analysis of a single neuron has been widely employed in
mechanism interpretation, particularly in circuits analysis Hanna et al. (2023); Wang et al. (2023); Hanna et al. (2024);
Wang et al. (2025), sparse autoencoders (SAE) Huben et al. (2024); Bricken et al. (2023), transcoders Dunefsky et al.
(2024), and cross-layer transcoders (CLT) Ameisen et al. (2025). There are also some studies investigating the global
properties of all parameters. Dar et al. (2023); Katz et al. (2024) introduce a framework for interpreting all parameters
of Transformer models by projecting them into the embedding space. Kovaleva et al. (2021); Yu et al. (2025) provide
an analysis of the parameter distribution, demonstrating the significance of these outliers. In this work, we will focus
on the embedding space, explaining the formation of its structure from both experimental and theoretical perspectives.

Embedding structure and representation learning Since the introduction of static word embeddings by Mikolov
et al. (2013a); Pennington et al. (2014) and the adoption of contextualized embeddings (Devlin et al., 2019; Peters
et al., 2018), significant attention has been devoted to analyzing embedding properties. Gao et al. (2019); Ethayarajh
(2019); Timkey & van Schijndel (2021) explore the anisotropy of embedding space, while Cai et al. (2021) show that
embeddings exhibit isotropy within clusters. Liu et al. (2022) offers insights into grokking by emphasizing the role
of well-organized embedding structures. Zhang et al. (2024) establishes a connection between embedding structure
and model generalization, and Yao et al. (2025) provides an analysis of this relationship. In contrast to prior work,
our study focuses on the connection between embedding structure and data properties, offering a novel insight for
understanding how embeddings are organized.

3 Embedding-based Model

We first explain the basic notation of embedding space. Given a vocabulary V C NT with size dyon. We denote a
trainable matrix W € R%*dver a5 the embedding matrix for V, where d is the hidden dimension. For any z € V),
we denote e, € R%ev as its one-hot vector and WP := WFe, as the embedding vector of x, which is intuitively

the 2-th column of WE. For a sequence X = [x1,xo, - ,xr] C V, we define its one-hot representation as ex :=
[€ry, €05, 1€, ] € RIer*Land W .= [WE WE ... WE] € R™L as the embedding sequence of X.

Similarly, WU € RévevXd represents the unembedding matrix and WU := WU e, (the v-th row of WU) means
the unembedding vector for any v € V.

We denote the models functioning on the embedding of the input sequence as embedding-based models. We provide
the following formulation:
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Definition 1. Given a vocabularyV C Nt with size dyo1, and a sequence X € VF with length L. An embedding-based
model F taking X as input could be formulated as

F(X) = WG (W),
where G means the mapping in the hidden space.

Embedding-based models have been widely applied in various domains, particularly in NLP. Investigating the charac-
teristics of the embedding space via the gradient flow dynamics is essential for understanding the embedding structures.

Given a dataset { (X i yl) }jvzl, we utilize cross-entropy as the loss function:
exp F (X 1)

Z ey exp F (XY,

¢ = —log Softmax (F (XZ))U —log

Denote that p° = Softmax (F (X ’)) Let © represent the Hadamard (element-wise) product and 7" mean the trans-
pose, we obtain the following results.

Proposition 1. Given an embedding-based model F with an embedding matrix W¥. For any token x € V), the
gradient flow of WE (the x-th column of W ¥ ) can be formulated as:

dWIE Tzv UT pay (1) E rin N 1) E UT i
i =2, W Z G (WXgm w) N Z G (Wx;) © (W%p),
y v P

ve

where NI N, ,, denotes the count of sequences containing x and the count of sequences containing x with label v,
rin = ]\]ZV Ty = NS z ) represents the derivative of G with respect 1o WE. X1 is the i-th sequence containing
x and X denotes the t-th sequence containing x with label v. p}, means the output probability of the model over
X

Proposition 2. Given an embedding-based model F with an unembedding matrix WY, For any token v € V, the
gradient flow of WY (the v-th row of WU ) can be written as

out

v N
T o [ y e e

out .
where N2 denotes the count of sequences with label v and TOUt = N]’(/ . X (1 ») means the i-th sample which takes

v as the label. p"¥ means the v-th element of p'.
In this work, we employ three embedding-based architectures:

* Linear model. Fiip (X) =WV Y _ WE.

¢ Feedforward network. Fy, (X) = WYo (Z ceX wEk ) where o denotes the element-wise nonlinear acti-
vation.

» Transformer-based architecture. We employ the Qwen2.5 architecture in Section 6 and the Llama 2 architec-
ture (Touvron et al., 2023) in Appendix C.4.

4 Probability Signature

In the field of deep learning, the data characteristics play a critically important role in both the training dynamics and

the final performance of the model. Given a training dataset { (X*,y") }f\i
the following probability signatures:

Pr=> Prly=v|zecX)e, ¢X=> P.(@’cX|veX)en,

, sampled from distribution 7, we define

vey '€V
T
o =Y e (zwxfexmex,ymem/) YR EeX|y-ve
veV z’'eV eV
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@Y denotes the distribution of the label given that the input sequence X contains element x. It captures the association
between a specific input element x and its label. ¢ represents the probability that, given X contains z, it also

contains another input element z’. It characterizes the co-occurrence relationship between different elements. ¢§|y
indicates the probability that, when X contains x and the label is fixed, the sequence additionally includes x’. It
further delineates the relationship among different elements in the sequence under a specified label condition. X
denotes the probability distribution of the element x contained in X conditional with the label being v. It reflects the
dependency between input elements and the label from a reverse perspective.

S5 Addition Task

The addition task has become an important benchmark for studying the characteristics of language models. Many
studies have found that the digits’ embeddings exhibit an ordered structure consistent with the natural sequence of
numbers (Zhang et al., 2024; Yao et al., 2025). To demonstrate the significant influence of probability signatures on
the model’s embedding space, we design three types of composite addition tasks to perform variable-controlled exper-
iments. Assuming all tokens belong to positive integers, and we denote an anchor set by .4, whose elements represent
different addition operations, i.e., anchor «; means addition with 1. Given a input sequence X = [z, a1, ], which
means the composite function (a1, a2) on the key z, we define the following tasks:

* Addition task. faqq (X)
same set Z with Z N A
anchors.

» Addition task with the same value domain. fadd (X)=z4+a1+a2, a1,as € A. Foranchor pair (a1, as),
z € Z(al_m) = Y — a1 — ag where ) denotes the label domain, which is identical for all anchor pairs. In

fadd, ¢X are distinct with varying anchor a while ¢Y, are identical for all o« € A.
* Module addition. fioq (X) = minZ + (2 +a; +ay mod | Z|), ai,az € Aand z € Z. Both ¢X
and ¢Y, are identical with different anchors, while anle are distinct.

z+a1+ag, «ai,as € A. For each anchor pair (a1, ae), z is sampled from the
0. In faqq, @Y are distinct with varying anchor a while ¢X are identical across

In this work, we set 4 = {11,12,--- ,20} and Y = Z = {101,102, --- ,140}. Figure 1 A displays the probability
signature, which is distinct across the « in each task, revealing that the difference among « lies in the global horizontal
shift. The detailed formulations are provided in Appendix B.1.

A fadd ? dd fmod B
0.03 a 0.03 a 0.12 mo 1.0
] >
19)
o
= fadd
> S z
> *Stj x5 < 0.5 add
s ()} fmod
c
< — Fiin
L g =" Fffn
0.00 0.00 0.00}— 0.0
120 190 60 130 100 150 0 — 500 1000
a=11 =a=20 Training Steps

Figure 1: A: Probability signature which is distinct with varying « in each task (faqga — @Y, fadd = X, frmod —
qbéqy), o = 11 (red) and 20 (blue). In qbff‘y, it’s displayed with y = 160. B: Training accuracy of the Fj;,, and Fiy,
on the three addition tasks.

For notation convenience, we denote that W4 = [Wf]aeA,(bA = [Palpeu for ¢o = &Y, ¢X, xlv,
and cos (W¥) := [cos (Wf,W(f,)]a’a,eA,cos (pa) = [c0S(GasPar)lq.aca Similarly, cos (W) =

[cos (W, Wg)]u,u’ev and cos (¢3¥ ) == [cos (¢y, Pu )l ey

5.1 Results

We train these addition tasks using the Fj;, and Fy, with d = 200. Inspired by the work of Luo et al. (2021); Xu
et al. (2025b), we initialize the model parameters by W, ; ~ N ((), d*O'g), indicating a small initialization scale. The
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complete training configurations are provided in Appendix A. Figure 1 B shows the training accuracy of Fj;, and Fiy,

on the three addition tasks. The results reveal that both f,q4 and fadd are learned well by the linear model, whereas
fmod requires the nonlinear model to achieve an effective fit.

5.2 Embedding Matrix

In the addition tasks, the anchors exhibit a strict ordering due to the numerical sequence. This provides an ideal setting
for the embedding space to develop a corresponding ordered relationship. To formally quantify the formation of the
ordered structure, we define the following metric:

Rorder (Wf) = Corr (COS (Wf) ) {| o — O/ |}a,o¢’6A) :

Rorder (Wf ) reflects the relationship between embedding similarity and anchor difference. A strong negative
Rorder (Wf ) (approximately —1) indicates that the similarity decreases systematically with increasing anchor dif-
ference, confirming the presence of a hierarchical organization in the anchor embeddings. Figure 2 A represents the
distribution of cos (WJQE ) for the three tasks with Fj;;, and Fi,, respectively, and Figure 2 B depicts the corresponding
evolution of Ry ger (Wf ) In the case of faqq, anchor embeddings quickly form an ordered structure, where the
cosine similarity gets smaller as the anchor distance gets larger. For the task fada, the anchor embeddings also develop
a similar hierarchical structure. However, its construction requires more steps, indicating that the driving factors of the

structure in fnqq and faqq are different. In fp,04, although the linear model fails to learn it effectively, the anchor em-
beddings still undergo noticeable changes from the initial stage. Specifically, all embedding vectors become aligned
in nearly the same direction. Furthermore, the anchor embeddings of f,0q4 in Fi, construct an ordered structure with
more steps, suggesting that the activation provides another factor in deriving such an embedding structure.

Epoch 0 Epoch 30 Epoch 60 E och 90 E och 120 Epoch 0 Epoch 30 Epoch 60 Epoch 90 E och 120

Bd V¥ o4 rris
vl | Fl-tvd |
L vl | | Fa

Fiin Ffn == fadd
—04 ,"‘ -0.4 AN
2::——.._,""~——-.—’ - F.\ O = =, fadd
$%-06 \ T3-06 \ ~ —— frod
= \ = \ \
o -0.8 \ 9 —0.8] \ \
~
_10 e ) i @ i o S T D _1.0 T Em e e o e R GE———)
0 40 80 120 0 40 80 120
Training Epochs Training Epochs

Figure 2: A: The heatmap of cos (W) in Fy;, (left) and Fi, (right) during the training process. Each row corresponds

to fadd, fadd, and fi,04, respectively. B: Dynamics of Royqer (Wf ) in Fj;, (left) and Fi, (right). Line colors represent
task types.

We derive the reasons for the embedding structure in each task from the gradient flow. With Proposition 1, we obtain
the following approximation:

Corollary 1 (Embedding of Linear Model). Let N — oo, 7 denotes the data distribution over the training set. The
gradient flow of WY in Ry, can be approximated by

dWE -
dta _ WU,TT,;n ((,bg‘ _

where 1) denotes the data-independent and higher-order terms.

—WYWFEeX + n> , (1)
dvob
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Remark 1. Deep learning methods fundamentally comprise three essential components: the model, the data, and the
optimization algorithm. Corollary I clearly illustrates how these three elements are coupled (model: Fiy,; data: prob-
ability signatures, optimization algorithm: the gradient flow) and influence the embedding space, providing crucial
insights for understanding and investigating their joint impact on the performance of deep learning approaches.

Corollary 1 indicates that the dynamics of W2 in Fy;, are primarily impacted by the probability signatures ¢¥, and
¢X, demonstrating the connection between data distribution and the embedding space. As we mentioned, the ¢, is

distinct for different o, while the ¢X is identical for all o in fadd, the opposite holds for fadd Figure 3 A deplcts
cos (¢%) (left) and cos (¢%X) (middle column) in faqq (top) and faqq (middle row), revealing that ¢¥ and ¢X ar
significant for the formation of the hierarchy embedding structure in f,qq and fadd, respectively. Furthermore, (1)
indicates that @Y, acts as a leading term and the effect of ¢X is weaker in the early training process since it times a
small magnitude term - A WUWE This results in the formation speed of the structure in fadd being slower than
fadd, which is cons1stent w1th the phenomenon in Figure 2.

A B
fadd: cos(¢*) 1o cos(9X) cos(pX 1Y) 10 fadd : §7 fada : WE
' ’ ' 20 11 20 11
9 12
Jd9 12 o
ol 18 13
0 Js 13
A7 a4 &7 L4
JA615 o6 15
0.8 0.1 0 0
Af:-add: 1.0 10 fadd ¢3§ fadd : Wi
' ) 20 11 15 J6
29 12 14 A7
s 0 13 8
0 48 13 12 '1:19
.17.1&514 0 20
0.8 0.1 5 0
fmod 10 1.0 Fmod : ¢§ ly fmod Wf{
‘ ' J615 J6 45
a7 a4 17 14
0 Jds 13
0 13
Jd9 12 12
20 11 Pl 11
0.8 0.1 0 0

Figure 3: A: Cosine similarity among different anchor o of ¢g, X Pa Xly (see (4)) in each task. B: The PCA

projection of the key factors (faqaa — @Y, fadd — @X, fnod — ¢a y) and the embedding vectors in different tasks
(Ffn, 120 epoch).

In task frod, @Y and qbgf are both identical across different anchors «.. Figure 3 A (bottom) indicates that cos ((byA) and
cos (¢f ) are 1 for all anchor pairs, which leads these embedding vectors to converge to almost the same direction,
consistent with the observation in Fj;,. To identify the key factors that contribute to the formation of the ordered
embedding structure for fi,0q in F,, we perform a similar analysis of its gradient flow and obtain the following
result.

Corollary 2 (Embedding of FFN). Let N — oo, m denotes the data distribution over the training set. The gradient
flow of WE in Fyg, could be approximated by

AW?E <N T 1 )
=T (021) by + g i @

where T € R&XdvorXdvor T = p,  diag (Wlf]) WPE forv € V and 0 otherwise. Mgy and Ngx denotes the term
related with ¢Y, and ¢X, respectively. 7 represents the higher-order term.
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Corollary 2 indicates that the ordered embedding structure of fi,,q primarily relies on probability signature ¢§Iy
Figure 3 A (right) depicts the cos (qbfly) in tasks, which reveals that ¢aX‘y in fioq constructs an ordered structure,

resulting in the ordered embedding structure in Fy,. Furthermore, Figure 3 C shows the PCA projection on probability
signatures and the embedding space in Ff,, revealing a high consistency. This comparison demonstrates the impact
of the probability signatures in shaping the embedding space.

5.3 Unembedding Matrix

The i-th row of the unembedding matrix can also be viewed as the feature for the ¢-th token. As shown in Figure 4
A, a similar ordered structure emerges among the unembedding vectors with the label index in Fj;,, across all tasks.
Specifically, WY in fi,0q constructs a ring where the similarity between small v and large v/ is also large since
Zmax +1= Zmin in fmod-

A C
Epoch 0 . Epoch 60 Epoch 120 fadd : COS(@X) fadd : 9% fagd : WY
fada : 8 . N 0 1 e .
? REL R
0148 158 146 158
of © 148 160| 0 144 160
0.87 | » 144 162 142 w2
142 164 140 14
1f9s 156 138 166
' v o —
7 1o [ COS((DV) L fada : 0% fada : WY
add ' ' 192153 101
/ A | e
. R F 113 Wg o135, 103
>4 . i of »111 b f °a31 105
109 ©1o o 137
-0.5 0.7 | - fdsor “gs
' v 0 0
o fmod : COS(‘P ) 1 fmod (P1)§ fmod : W]‘}’
’ R 121350303 ltégzﬁan
o135 107 117 1291
0133 109 ‘15 31
4 of « 131 g ol 110 83
o 129 1.:13 ° i 135
< i 109 5
0.87 *1i1230118 0705030
' v 0 0

Figure 4: A: The heatmap of the cos (Wg ) with label index in Fj;, during the training process. B: The heatmap of
cos (o3 ) across different tasks. C: PCA projection of ¢35 and WY (epoch 120).

Similarly, we identify the driving factors of this specific structure by examining the gradient flow of WU Since this
phenomenon occurs in both Fj;, and Fiy,, it suffices to analyze the linear model. Based on Proposition 2, we derive
the following result:

Corollary 3 (Unembedding of Linear Model). Let N — oo, m denotes the data distribution over the training set. The
gradient flow of W in R, could be approximated by
dwY
dt

= Lrg™ (WEeX)" 4, 3
where 1) denotes the output term.

Corollary 3 illustrates that X plays a significant role in shaping the unembedding matrix. Figure 4 B depicts the
distribution of cos (¢35 ), which is aligned with the distribution of the cos (W) in Figure 4 A. Furthermore, Figure 4
C compares the PCA projection of cpff and W\I{ in all tasks, revealing a high consistency and validating our analysis.

6 Language Model

We have demonstrated the influence of data distribution on the embedding space in the addition tasks. In this section,
we explore how to extend this analysis to real-world language models. Most contemporary language models are built
upon the Transformer decoder architecture. Assuming the input sequence is denoted as X with length L, we define a
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Figure 5: A: Heatmap of the cosine similarity of W WU ¢ and @P™. B: Reos (W, ¢"*) (top) and
Reos (WY, @P™) (bottom) with different datasets. C: Relation between Corr (cos (W.E, W) | cos (2, pnoxt))
and the average value of cos (W, W¥). Each point denotes a token s. D: Distribution of peos(guext), conditioned on
intervals 0 ~ 10%, 40 ~ 50% and 90 ~ 100% of the Deos(w E)- Bt Average value of peos(gnext) Within each interval
of Peos(wE)-

language model Fi,, as:
Fan (X) = WY (WE + F (X))
Given the training corpus { X* }1111
Pt = Z Pr (U5 { X1 = 8" | Xy = s}) ew,
eV
— L—1 / @
b = Z Pr (U { Xy =5 | Xi41 = s}) e,
s'eV
and " = [P1] .\, , P = [@P™°] .. We derive the following result:

Corollary 4. Let N — oo, 7 denotes the token distribution in the training dataset. The gradient flow of the embedding
vector WE of token s could be fomulated as

, we define the following probability signatures for any s € V:

dWE —pinp UT gext 4 pE.
dt
Furthermore, the gradient flow of the unembedding vector WU could be approximated as
dawl T
dts — T(s)ut (WE gre) + ,,,'U_

The 0¥ and nY denote the output probability and the higher-order term.
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Corollary 4 suggests that given any token s, the distributions of its next token and previous token significantly impact
its embedding. We trained a group of Qwen2.5 models on different subsets of the Pile. Figure 5 A shows these simi-
larity matrices for the dataset Pile-dm-mathematics, where the tokens displayed are those that occur most frequently
in the corpus. We define the following correlation coefficient R (WE , ¢“e"t) := Corr (cos (WE ) , COS (qbne"t)) ,

and similarly R.os (WU, <ppre). Figure 5 B depicts both metrics across all subsets, suggesting that probability sig-
natures significantly impact the structure of the embedding space and reflect the relationships among embeddings.
Furthermore, we find that the probability signatures reflect the strong connections of embeddings more faithfully.
As shown in Figure 5 C, the correlation between Corr (cos (WE, W¥) | cos (¢2°, ¢p"*")) and cos (WEF, WE) is
plotted against for all tokens s, demonstrating stronger consistency in high-similarity regions. We define p.,qw =) and
Peos(gnext) as the percentile matrix of each elements in cos (WE) and cos (@"**"), respectively. Figure 5 D displays
the distribution of peog(guext), conditioned on different intervals of the p..sw =), and Figure 5 E shows the average
value of peog(gpnext) Within each interval of peow =). It can be observed that the alignment is significantly stronger in
the regions with large embedding similarity. In Appendix C, we provide a detailed method explanation, a specific case
of the token group with large similarity, and an analysis with the Llama-2 architecture to validate the generalization of
our analysis.

Since general-purpose pretrained base models are trained on broad corpora, we attempt to directly estimate their
embedding structure with a subset of general text. We combine all datasets employed in Figure 5 and define ¢ =
@t + P (Since the tied embedding, the detail is provided in Appendix C.1). We compare the cos (d;) with
cos (WE ) of Qwen2.5-3B-base. As shown in Figure 6 A, the structure of ¢ could capture the main properties of the
pre-trained model’s embedding structure, particularly the presence of sub-blocks with high similarity. Furthermore,
we examine the instance for the digits ranging from 0 to 9. Figure 6 B illustrates the cos (WE ) and cos (ﬁ of such

digits, both revealing an ordered organization that aligns with their numerical sequence. It should be noted that this
estimation may not generalize across all open-source base models, as it is sensitive to both the initialization of the
pre-trained model and the true training dataset.

A cos(WE) cos(d) B cos(WE) cos(d)

Il H 1 E 1
'0 |0

Tokens Digit s Corr:0.6184 Digit s

b

A HE i

Token s’
Digit s’
Digit s’

135 B - 0
fasd. e s .l i

Token s Corr:0.5586

Figure 6: Cosine similarity of W ¥ of the Qwen2.5-3B-base and o, respectively, with the frequently-appearing tokens
(A) and the digits from 0 to 9 (B).

7 Conclusion

In this work, we investigate the formation of embedding structures in language models. By interpreting the relationship
between embedding organization and semantic structure through the lens of data distribution, we propose the proba-
bility signatures and design the addition tasks to conduct variable-controlled experiments. Our findings demonstrate
that probability signatures play a crucial role in shaping the embedding structure and reflecting underlying semantic
relationships. An extended analysis of LLMs further confirms our analysis. This study establishes a bridge between
data semantics and embedding space, offering new insights into the understanding of the joint impact of model, data
and optimization method. For future work, we plan to extend our theoretical analysis into a comprehensive frame-
work. Besides, we aim to incorporate the self-attention mechanism into our analysis of the LL.Ms, which is essential
for capturing more subtle and complex relationships among embeddings that remain beyond the reach of our current
methods.
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A Experimental Setups

Addition tasks For each type of addition task, we trained a linear model Fj;,, and a Feedforward network Ff,. The
hidden size d = 200, and we employed the ReLU as the activation function. Each dataset contains 50000 data pairs.
The training is conducted for 1000 epochs with a batch size of 100. The AdamW optimizer is employed with an initial
learning rate of 105,

Language Models In the analysis of the LLMs, we employ the Qwen?2.5 architecture with 12 layers and 12 attention
heads in each layer. We set up that the hidden size is 512, and the intermediate size in FFN is 1024. The dimension
of the key vectors and value vectors in each head is 64. Similarly, we initialize the parameter by W; ; ~ N (O7 d;ll)
where d;,, means the input dimension of W. We select five subsets of Pile, including Pile-arxiv, Pile-dm-mathematics,
Pile-cc, Pile-pubmed-central, and Pile-wikipedia-en. The length of each sequence is 2048. The training is conducted
for 1 epoch in each experiment, with the AdamW optimizer and a cosine learning rate schedule utilized. The initial

learning rate is 1074,

B Addition Task

B.1 Probability Signatures in Addition Tasks

We provide a formulation of the following probability in the three addition tasks. We denote U (A) and U (Z) as
the discrete uniform distribution over A and Z, respectively. A and Z are the random variables following U (A) and
U (Z). For the task faqq, we have that

1
P.(y=v|iaceX)=P, (A+Z=v—-aqa), PW(Z€X|OZEX)=@,
1
IE‘>7r(z€X|ozeX,y:y):IPET(A:V—oz—z:):W(S,,,a,zeﬂ7
1
Pw(a’eX|a€X7y:1/):IP’,F(Z:V—a—O/):Eé,,,a,a/ez,

P.zeX|y=v)=P, (A+A=v—2), PrlaeX|y=v)=P,(A+Z=v—a),

where o, o' € A, z € Z.It’s noted that besides the co-occurrence probability P, (2 € X | a € X)), the value of other
ones is dependent on « or v. Figure 7 (left) displays the distribution of these probabilities, which intuitively reveals

the cause of the hierarchy structure in the similarity matrix. Similarly, for fadd, denote Y ~ U ()) and we have
1
Pw(yzy|a€X):m, PrzeX|aeX)=P, (Y -A=z+a),
1

Pﬂ(zeX|(J4€X,y:1/):]PW(A:1/—oz—z):W(SV_Q_ZQA,

1
P, eX|aeX,y=v)=—,
2]
P.zeX|y=v)=P,(A+A=v—2), PrlaeX|y=v)=P,(A+Z=v—aqa).
For fimod, we have

1 1

1
P (Z e X I a€ X,y= V) = m(sufminzf(afz mod| Z|)E(A mod| Z|)>

1
P.(o/ e X|aceX,y=v)= —,
P.(ze X |y=v)=P, ((A+ Amod|Z|) = v —min Z — (z mod| Z|)) ,
Prlae X |y=v)=P: ((A+ Zmod|Z]) =v —min Z — (e mod|Z])) .

Figure 7 depicts all these probability distributions.
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Figure 7: Probability signatures in each task under distinct « and v. In the distribution of d)ax‘y, y = 150 is displayed
in faqq and y = 120 in faqq and fioq, since 150 and 120 are the average label value in each task.
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B.2 Embedding matrix in Linear Model

A PREPRINT

Figure 8 depicts the PCA projection of the anchor embeddings in F;;,, revealing that f,qq and fadd both establish an
ordered structure while the anchor embeddings in fy,,,q are chaotic.

fadd : Wi 'i:add : Wi fmod Wi
Jd5 6 A5 16 o6
A7 a5
4 7
4 o » 27 L, 48
o a3 as| | o 0 a3
12 a9 13 28 20
11 20 12 é% 11 l4a
0 0 0

Figure 8: PCA projection of Wf in Fjiy (epoch 120).

B.3 Umembedding matrix in Feedforward Network

Figure 9 displays the structure of the unembedding matrix in Fp, with the three types of addition tasks. The distribu-
tion of cos (WVU ) (A) and the PCA projection (B) jointly reveal that the unembedding vectors of those label tokens
establish a hierarchy structure, which is consistent with their natural sequence.
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Figure 9: A: The heatmap of the cos (Wg ) with label index in Fi, during the training process. B: PCA projection of
WVU in Fgy, (epoch 120).
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C Language Models

C.1 Technical Details

Remark about Figure 5 C In each subset D;,7 = 1,2,--- M, we define the set S; = {s } as the set of the C;

tokens which appear most frequently in D;. Based on the dataset D;, and denote W i as the embeddlng matrix of the
model corresponding to dataset D;, we compute that

o (W5 007) = o () 5

and
COSDi <¢2§xt7 ¢ncxt) — [COS ((ﬁrslfxt7 ¢£1;3xt>:| c RCI’.
J J s'eS;
for any token s; € ;. Then we define the correlation coefficient

Rp, (s ) Corr (cosDi (Wf, WE) ,COSD, (¢§$Xt» ¢next))
J J
and the average embedding similarity as

, 1
Meanwy = p, (5;) =& COSp, (W;f, WE) -1
2

Then we concatenate the metrics with all token sj— €S;,7=12,---,C; and all datasets S;,7 = 1,2,--- , M, i.e.

Corr (cos (WE, WE)  cos (62, ¢"")) = [Rp, (s )}; Tl eREN G

Mean (cos (WF, W¥)) = [Meanw = p, (s )]; 1122 o M jrEMLC

Figure 5 displays the relation between Corr (cos (WE, W) cos (2, ")) and Mean (cos (WE, W¥)), re-
vealing a positive correlation. In our work, M = 5, and we set up C; = 10000 for each dataset.

Remark about Figure 5D & E Ineach subset D;,7 = 1,2, --- M, we define the set S; = {s } as the set of the
C; tokens which appear most frequently in D;. We compute that
cosp, (W) = [cos (WSEl, Wf)} s € R %
s,8'€S;

and
cosp, (¢next) — [COS (d)neXt7 ¢next)] . ves, c Rci XCi_
Then translate the similarity matrix into a percentile formulation, i.e.

Peosp,(WE) = Percentile (cole. (WE)) s Peosp, (¢next) = Percentile (cosDi (qﬁ“e"t))

and peos(wE) = [pcow (WE )} s Deos(¢next) = [pCOSD (¢next):| 1o AL . Figure 5 D and E reveal the

i=1,2,-+ ,M
distribution and average value ofpcos(dﬂexc) where & x 10% < peoscwrey < (k + 1) x 10%, k =0,1,2,--- ,9.

Tied Embedding In the Qwen2.5-3B-base model, the embedding matrix and unembedding matrix are the same one,
which aims for computational source saving. Under this condition, we have that

dWsE in U,T ;next out E pre
7 =ry W oo + "W +n
_ WE ( md)neXt + Tout(ppre) + n
b .
Since the next-token-prediction, each token will be an input and an output, except the last token in a sequence, resulting
in ri" ~ 79U Denote rs = 7™ and ¢ = P°** + P, then we have
dWE
dt

= TSWE(Z)S +n.
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C.2 Complete results

Figure 10 represents the cosine similarity distribution of W, ¢"*x*, WU and (P in the other 4 subsets of Pile we
selected, exhibiting an analogous phenomenon with the observation in Figure 5. The distribution representations ¢"¢**
and P"® could effectively capture the high similarity among embedding vectors and unembedding vectors. Figure 11
displays the completed result of Figure 5 D.

cos(WE) . cos(¢pnext) cos(pP)

cos(WY)

Arxiv

Pile-cc

Pubmed

Wikipedia

0 0

Figure 10: Cosine similarity distribution of W¥, ¢t WU P in each experiment with distinct dataset. The
tokens displayed are those with the most appearances in the dataset.
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Figure 11: Distribution of pcgg(gnext), conditioned on intervals 0 ~ 10%, 10 ~ 20%, - - - ,90 ~ 100% of the posw =)-
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C.3 Case Analysis

We provide a detailed case to explain the group of tokens exhibiting high embedding similarities. In experiments on the
Pile-dm-mathematics dataset, tokens such as “/a”, “/b”, “/c”, and “/d” often serve as denominators in mathematical
expressions. Figure 12 shows the cosine similarities of both their embedding vectors and distribution representations,
which are notably high for all tokens except “/e”, which does not appear in the dataset. These tokens share highly
similar semantics and also exhibit very similar next-token distributions, most frequently followed by “*” or *)”. This
similarity in next-token distribution leads to strong similarities in their embedding vectors. This example vividly
illustrates how data distribution shapes semantic structure within the embedding space, particularly in the case of
tokens with high semantic affinity.

next
cos(W¥F) cos(We™™)

1.0 1
Iw fw

0.6 /q

0.98

/m /m

0.0
/a /a 0

Jalbfcidie [Flalh i fj/k /Nim/njolplqlr/s t]ulviw/x]y [z Jaj/bjcid /e [fig/h /i [j/k l/m/nfo/p/a/r/s [tiulviwixly |z

P
Simplify ((k**(-9)*K*K/((K**0/K*K)K)*K)A(K**(1/2))(-26))/(((K*K**(2/3) *K)/K**0)/(K**(-1)*K)**14) assuming k is positive. k**(16/3) \

Simplify (((a**31/a*a)/a)/a)/(a/(a/((a/(a/a**(6/5)))/a)))*(a*a**(-1/67))/((a*(a*a/(a*(a**14*a)/a))/a)/a) assuming a is positive. a**
(14668/335)

Simplify ((*(**(-10/11)4)/4)/i** (3/4)*(/j**4)**7)**(-22/7) assuming | is positive.
Simplify (u*u**(-19))/u**(-1/3)*u/(u**(-5)*u)*u**0 assuming u is positive. u**(-38/3)

Simplify h*h/(h/(h**14/h)*h*h)*h/(h/(h/h**12))*h**(-11)/(((h**(-4)*h)/h)/h) assuming h is positive. h**(-5)

Simplify ((r/r**(-2/3))**4*r*r*r**(-2/9)*r*r/((r**0*r)/r))**33 assuming r is positive
— /

Figure 12: A case analysis of the token group “/a”, “/b”, “/c”, etc. The first row depicts the cosine similarity of
their embeddings (left) and distribution representations (right). The second row exhibits the contexts containing these
tokens, which are highlighted by different colors.
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C.4 Results of LLama 2

To assess the generalizability of our analysis in Section 6 across different model architectures and tokenizers, we
replicate the experiment using the Llama 2 architecture. We employ the same dataset from Pile, and the training con-
figurations are the same as the experiments of Qwen2.5. As shown in Figure 13, the probability signatures effectively
capture structural relationships in the embedding space, especially in regions exhibiting high embedding similarity.
These results align closely with those in Figure 5, indicating that our analytical approach is robust to variations in

model architecture.
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Figure 13: Results with Llama-2 architecture. A: Heatmap of the cosine similarity of WE WU ¢next and
@P™. B: Reos (WE, %) (top) and Reos (WY, @P™) (bottom) with different datasets. C: Relation between

Corr (cos (WE, WE)  cos (¢2°, ")) and the average value of cos (W, W¥). Each point denotes a token
5. D: Distribution of peog(gnext), conditioned on intervals 0 ~ 10%, 40 ~ 50% and 90 ~ 100% of the peos(w ). E
Average value of pcog(gpnext) Within each interval of peogw ).
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D Theoretical Details

D.1 Proof of Proposition 1

Lemma 1. Given a model F and data pair (X ,y) € NtL x NT, ¢ = —log Softmax (F (X)), we have that
ol

=p— 5
where p = softmax (X)) .
Proof. It’s noted ¢ = —F (X)), + log Z “y exp F' (X)), then we have
o exp F' (X
T = Oi=y pF(X), = Pi — Oi=y,
OF (X), Z oy exp F (X)),
where 0;—, = 1if i = y else 0. This indicates that W =p-—e,. O

With Lemma 1, we could obtain the derivative of £ with respect to W.F for any 2 € V as follows:
o OF (Xi) o
OWE OWE OF (X?)
= (WU (5 ) 0 GO (W)
Then the gradient flow of vWW.Z could be obtained by

AW E A VLR ,
& =N awE ~ v W - ) 0 6% (WE),
Since diag (G(l) (W£,)) =0if z ¢ X, we have that
awre 1Y
VE 1S 0 (o - at)) 0 (W)

=1

Tin N;n

= > (WU (e —pY)) 0 G (Wk.).
T =1

Since that y; takes value v € V, we can rewrite this formation as

Nao . in
S e W) 0 360 (WE ) - 536 (W) (v

i=1 i=1

D.2 Proof of Proposition 2

Similar with the analysis of W.F, we derive the gradient flow of WY as follows:

dwyY

t_ﬁg
> (e

1 & \1T
N v )G (Wxi)]
Since eyi.» = 1if y' = v else 0, we have that
aw, N (N gl i T
i = v 2 (6 (VR )] -y X le Rl
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D.3 Proof of Corollary 1

With proposition 1, we have that

. Niu
E in x
dw, WwUT Z roe _ la Zpi
- a,vCr T o
4 Nln
dt vey @ i=1
Nin
— WUT,in Ta, Yo
- T(x Tin €y Nm p(x

vey

1

s (d3 f), we obtain that

Utilizing that softmax (f) =

in

E @
AW = WU Tpin Zra.’”e,,—l.Z( L, Lwv (WE+WE+WE)+0(d vbeUWE))

dt ey g‘ Néln dvob dvob
r 1 1 TR
_ w/UT, in Tow = U E E E 2 v Ui E
B W 7"& Z ’I"in ev dvob ! + dvob W N(lyn Z (Wzl + Wo‘i) + Wa + O (dvobW W )

vey @ i=1

—wtn (S e, - Ly Lwr (S Tt wr | o @i wrwp)
vey o z€(ZNA) «

Let N — oo, we have that

dWocE U, T, in 1
7_W o ZIP’,r(y—l/|a€X)e dvobl
vey
1
+ﬂWU Y PrreX|aeX)WF+WE | +0(dWw/WE)

z€(ZNA)
e (o

in 1
where 7 = WUk (m (WYWE-1)+0 (d
pendent term.

—WUWEeX ) +7,
dvob

wUwpk )) contains the higher-order term and the data inde-

vob

D.4 Proof of Corollary 2

Proof. Since the small initialization, we assume that the activation function can be approximated by the following
form with the Weierstrass approximation theorem.

o (Z Wf) =Co+ 4 (Z Wf) + Cs (Z Wf>®2+e.

rzeX rzeX zeX

With the loss of the generalization, we assume that Cyp = 0,C, = 1,C5 = % Then we have

Na v

E
dW Ta,v WU"TBV) o Z 1+ Z WE
dt No. — (a,v)
vey i=1 wGX(a )
Jv
,rin Ncixn
- NO:n Z 1+ Z WEl © (WUTpoz)
i=1 zeX}
Jr
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For the term JY we have

2Nq v
JY = WU’T Z Ta,v€v + Z Ta,w (WU’TeV) © WQE + 2]\} Z WZEEZ )
vey vev v .

Let N — oo, we have that

JV=WUTrhgy o (1+ WD)+ diag(W)ra, > P’ € X |ae X, y=v)W}

vey x' eV
, T
= WOTrGL e (L WE) + 3 diag (ra W) WP (62107)
vey Y

. T
— WU © (L4+ WE) +T- (¢X)

where T € R¥*dvonXdvon T.., =rqa, diag (WVU) WE for v € V and 0 otherwise.

Similarly, for the term J?, we have that

JP :WU,T,rin

[

(dl 1-— dl WY (W¥E — diag (WY7T1)) X + WF) —l—e> :
vob vob

d?

vob

where €e = O ( L WUwE ) Then we have that

dWFE T 1
a _T. ( X|y) v - ,
7 X% + Ny + don Nex
where 1y = WUTritgd © (14 WE), nex = dyon J®. O

D.5 Proof of Corollary 3

Proof. With Proposition 2, we have that

T

out

T
AWU  pout . 1 L. .
dt :Nout Z Z WI o N ZPLV Z Ww
Vo=l weX| i=1 reXi

:LrﬁutZPﬂ(Jﬁ € X| y:y)Wf’T—LZEW[p” |z e X|WET
eV zeV
L (WEX) o,
wheren =L (W¥E, [p|x € X])T O
D.6 Proof of Corollary 4

Proof. The next-token-prediction training loss could be formulated as
L—1

i 1
/- 7 ; CrossEntropy (Flan (X.1) ;eXt+1) .

So we have that

M_lLZ_le,T(i_e , )@(6 _ 1+F(1)(Xi))
an_Lt:l Py —exi,, Xi=s it) ) -

22



A PREPRINT

Furthermore, we have that

E N L-1
d“; 1 ZZWUT(QXW _pt)Q((ng':sl—i—F(l) (th))
=1 t=1
N L-1 N L1
WUTZZ&X’SGX‘H NLWUTZZem ® FY (X))
e i=1 t=1
1 N L-1 ‘ ) |
S NL L L WITB e (hxn 1 FU (XD)).
i=1 =1

Since the small initialization, assuming that ||W || = O (d~7) for any trainable parameter matrix W, we have that
|FD (XE) [|loo = O (d*727) in the initial stage. Let N — oo, we have that

AWE
dt

where n” = 1 B [p | Xy = 5] + O (d'27¢2). Similarly, we have that

dWU = 7,5 ~ T
NLEZ( t+1=57p)7€ft> (W)]g,%TJFF(X:t) )a

where p ; means the s-th element of the output probability with input sequence X . Let N — oo, we have

_ T;an,T ((brslext o ,’IE) ,

dwl
= (W) 4,
dt
where n¥ = tL;11 E. {Pfx:tW)]g;T} Lo (Tgutdl—?y (WE(pgre)T). -
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