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SM1. Fourier transform table. We list the results of one-dimensional Fourier transform
in Table SM1 and high-dimensional Fourier transform in Table SM2 used in our proofs.

Table SM1
Fourier transform for 1-dimensional functions used in our proofs.

Function of x Fourier transform with respect to x

g(ax) 1
|a|F [g](

ξ
a
)

g(x− c) F [g](ξ)e−2πicξ

xkg(x) ( i
2π

)
k dk

dξk
F [g](ξ)

g(k)(x) (2πiξ)kF [g](ξ)
1 δ(ξ)

xk ( i
2π

)
k
δ(k)(ξ)

δ(x− x0) e−2πix0ξ

H(x) (Heaviside) 1
i2πξ

+ 1
2
δ(ξ)

ReLU(x) − 1
4π2ξ2

+ i
4π
δ′(ξ)

tanh(x) −iπcsch(π2ξ)
Sigmoid(x) −iπcsch(2π2ξ) + 1

2
δ(ξ)

sech2(x) 2π2ξcsch(π2ξ)
xsech2(x) iπ

(
1− π2ξ coth(π2ξ)

)
csch(π2ξ)

SM2. Proof.

Lemma. (Lemma 2 in main text) Given any nonzero vector w ∈ Rd with ŵ = w
‖w‖ , we

have

1

‖w‖d
δŵ

(
x

‖w‖

)
= δw(x).(SM2.1)
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Table SM2
Fourier transform for d-dimensional functions used in our proofs.

Function of x Fourier transform with respect to x

g(ax) 1
|a|dF [g](

ξ
a
)

δ(x− x0) e−2πiξᵀx0

g(νᵀx) (unit vector ν) δν(ξ)F [g](ξᵀν)
g(wᵀx+ b) δw(ξ)F [g]( ξ

ᵀŵ
‖w‖ )e

2πi b
‖w‖ ξ

ᵀŵ

g(wᵀx+ ‖w‖c) δw(ξ)F [g]( ξ
ᵀŵ
‖w‖ )e

2πicξᵀŵ

xg(x) i
2π
∇F [g](ξ)

x⊥g(wᵀx+ ‖w‖c) i
2π
∇ξ⊥

[
δw(ξ)F [g]( ξ

ᵀŵ
‖w‖ )e

2πicξᵀŵ
]

xg(wᵀx+ b) i
2π
∇ξ
[
δw(ξ)F [g]( ξ

ᵀŵ
‖w‖ )e

2πibξᵀŵ/‖w‖
]

(a) (b) (c) (d)

(e) (f) (g) (h)

Figure SM1. fNN (red solid) vs. fLFP (blue dashed dot) for a 1-d problem. The setting is the same as
the case in Figure 1(a) in main text, except that the label for each data is randomly selected from [0, 1] and the
uniform distribution half width U is randomly selected from [3, 6]. Each subfigure is one trial.

Proof. This is proved by changing of variables. In fact, for any φ ∈ S(Rd), we have〈
1

‖w‖d
δŵ

(
·
‖w‖

)
, φ(·)

〉
S′(Rd),S(Rd)

= 〈δŵ(·), φ(‖w‖·)〉S′(Rd),S(Rd)

=

∫
R
φ (‖w‖yŵ) dy

=

∫
R
φ(yw) dy

= 〈δw(·), φ(·)〉S′(Rd),S(Rd) .
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Lemma. (Lemma 2 in main text) For any unit vector ν ∈ Rd, any nonzero vector w ∈ Rd
with ŵ = w

‖w‖ , and g ∈ S ′(R) with F [g] ∈ C(R), we have, in the sense of distribution,

(a) Fx→ξ[g(νᵀx)](ξ) = δν(ξ)F [g](ξᵀν),(SM2.2)

(b) Fx→ξ[g(wᵀx+ b)](ξ) = δw(ξ)F [g]

(
ξᵀŵ

‖w‖

)
e

2πi b
‖w‖ξ

ᵀŵ
,(SM2.3)

(c) Fx→ξ[xg(wᵀx+ b)](ξ) =
i

2π
∇ξ
[
δw(ξ)F [g]

(
ξᵀŵ

‖w‖

)
e

2πi b
‖w‖ξ

ᵀŵ
]
.(SM2.4)

Proof. Let φ ∈ S(Rd) be any test function.
(a) By direct calculation, we have

〈Fx→·[g(νᵀx)](·), φ(·)〉S′(Rd),S(Rd) = 〈g(νᵀ·),Fx→·[φ(x)](·)〉S′(Rd),S(Rd)

= 〈g(·),Fy→·[φ(yν)](·)〉S′(R),S(R)

= 〈Fy→·[g(y)](·), φ(·ν)〉S′(R),S(R)

= 〈F [g](·νᵀν), φ(·ν)〉S′(R),S(R)

= 〈δν(·)F [g](·ᵀν), φ(·)〉S′(Rd),S(Rd) .

(b) By part (a), we have in the distributional sense

Fx→ξ[g(ŵᵀx)](ξ) = δŵ(ξ)F [g](ξᵀŵ).

Note that
Fx→ξ[g(x− x0)](ξ) = Fx→ξ[g](ξ)e−2πixᵀ

0ξ,

then

Fx→ξ[g(ŵᵀx+ b)](ξ) = Fx→ξ[g(ŵᵀ(x+ bŵ))](ξ)

= δŵ(ξ)F [g](ξᵀŵ)e2πibŵᵀξ.

Therefore

Fx→ξ[g(wᵀx+ b)](ξ) = Fx→ξ[g(ŵᵀ‖w‖x+ b)](ξ)

=
1

‖w‖d
Fx→ξ[g(ŵᵀx+ b)]

(
ξ

‖w‖

)
=

1

‖w‖d
δŵ

(
ξ

‖w‖

)
F [g]

(
ξᵀŵ

‖w‖

)
e

2πi b
‖w‖ ŵ

ᵀξ

= δw(ξ)F [g]

(
ξᵀŵ

‖w‖

)
e

2πi b
‖w‖ ŵ

ᵀξ
.

(c) This follows from part (b) and the fact that for any function g̃(x)

Fx→ξ[xg̃(x)](ξ) =
i

2π
∇ξ [F [g](ξ)] .



SM4 TAO LUO, ZHENG MA, ZHI-QIN J. XU, AND YAOYU ZHANG

Lemma. (Lemma 3 in main text) The dynamics (4.9) has the following expression in the
frequency domain for all φ ∈ S(Rd)

(SM2.5) 〈∂tF [u], φ〉 = −〈L[F [uρ]], φ〉,

where L[·] is called Linear F-Principle (LFP) operator is given by

L[F [uρ]] =

∫
Rd
K̂(ξ, ξ′)F [uρ](ξ

′) dξ′,

and

(SM2.6) K̂(ξ, ξ′) := EqK̂q(ξ, ξ′) := EqFx→ξ[∇qσ∗(x, q)] · Fx′→ξ′ [∇qσ∗(x′, q)].

The expectation Eq is taken w.r.t. initial distribution of parameters.

Proof. For any φ ∈ S(Rd). since ∂tu is in S ′(Rd) and locally integrable, we have

〈∂tF [u], φ〉 = 〈∂tu,F [φ]〉

=

∫
Rd
∂tu(x, t)

∫
Rd
φ(ξ)e−i2πx·ξ dξ dx

= −
∫
Rd

∫
Rd
K(x,x′)uρ(x

′) dx′
∫
Rd
φ(ξ)e−i2πx·ξ dξ dx

= −
∫
R3d

K(x,x′)uρ(x
′) dx′φ(ξ)e−i2πx·ξ dξ dx

= −
∫
R3d

Eq∇qσ∗(x, q) · ∇qσ∗(x′, q)uρ(x
′) dx′φ(ξ)e−i2πx·ξ dξ dx

= −Eq
∫
Rd
∇qσ∗(x′, q)uρ(x

′) dx′ ·
∫
R2d

∇qσ∗(x, q)e−i2πx·ξφ(ξ) dξ dx

= −Eq
∫
Rd
∇qσ∗(x′, q)uρ(x

′) dx′ · 〈Fx→·[∇qσ∗(x, q)](·), φ(·)〉 .

Since ∫
Rd
∇qσ∗(x′, q)uρ(x

′) dx′ =

∫
Rd
Fx′→ξ′ [∇qσ∗(x′, q)](ξ′)Fx′→ξ′ [uρ](ξ′) dξ′,

we have

〈∂tF [u], φ〉 = −Eq
∫
Rd
Fx′→ξ′ [∇qσ∗(x′, q)](ξ′)Fx′→ξ′ [uρ](ξ′) dξ′ · 〈Fx→·[∇qσ∗(x, q)](·), φ(·)〉

= −Eq
∫
R2d

Fx′→ξ′ [∇qσ∗(x′, q)](ξ′) · Fx→ξ[∇qσ∗(x, q)](ξ)Fx′→ξ′ [uρ](ξ′) dξ′φ(ξ) dξ

= −
∫
R2d

K̂(ξ, ξ′)F [uρ](ξ
′) dξ′φ(ξ) dξ

= −〈L[F [uρ]], φ〉.
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Theorem. (Theorem 1 in main text) Suppose that Assumption 1 holds. If σb � 1, then the
dynamics (4.9) has the following expression,

(SM2.7) 〈∂tF [u], φ〉 = −〈L[F [uρ]], φ〉+O(σ−3
b ),

where φ ∈ S(Rd) is a test function and the LFP operator is given by
(SM2.8)

L[F [uρ]] =
Γ(d/2)

2
√

2π(d+1)/2σb‖ξ‖d−1
Ea,r

[
1

r
F [g1]

(
‖ξ‖
r

)
· F [g1]

(
−‖ξ‖
r

)]
F [uρ](ξ)

− Γ(d/2)

2
√

2π(d+1)/2σb
∇ ·
(
Ea,r

[
1

r‖ξ‖d−1
F [g2]

(
‖ξ‖
r

)
F [g2]

(
−‖ξ‖

r

)]
∇F [uρ](ξ)

)
,

where Γ(·) is the gamma function. The expectations are taken w.r.t. initial parameter dis-

tribution. Here r = ‖w‖ with the probability density ρr(r) := 2πd/2

Γ(d/2)ρw(re1)rd−1, e1 =

(1, 0, · · · , 0)ᵀ.

Proof. For simplicity, we assume that b ∼ N (0, σ2
b ), σb � 1 in this proof. It is straight-

forward to extend the proof to general distributions for b as long as it is zero-mean and with
variance σb � 1.

1. Divide into two parts. Note that

(SM2.9)

(
g1(wᵀx+ b)
xg2(wᵀx+ b)

)
=

 ∂a[aσ(wᵀx+ b)]
∂b[aσ(wᵀx+ b)]
∇w[aσ(wᵀx+ b)]

 = ∇qσ∗(x, q).

One can split the Fourier transformed kernel K̂ into two parts, more precisely,

K̂ = EqK̂q, K̂q = K̂a,b + K̂w,

where

K̂q(ξ, ξ
′) = EqFx→ξ[∇qσ∗(x, q)] · Fx′→ξ′ [∇qσ∗(x′, q)],

K̂a,b(ξ, ξ
′) = F [g1(wᵀx+ b)] · F [g1(wᵀx′ + b)],

K̂w(ξ, ξ′) = F [xg2(wᵀx+ b)] · F [xg2(wᵀx′ + b)].

For any φ, ψ ∈ S(Rd), we have

〈K̂q, φ⊗ ψ〉 := 〈K̂q, φ⊗ ψ〉S′(R2d),S(R2d) =

∫
R2d

K̂q(ξ, ξ
′)φ(ξ)ψ(ξ′) dξ dξ′.(SM2.10)

The expressions for K̂a,b and K̂w are similar.

2. Calculate K̂a,b(ξ, ξ
′). Since

K̂a,b(ξ, ξ
′) = δw(ξ)δw(ξ′)F [g1]

(
ξᵀŵ

‖w‖

)
· F [g1]

(
ξ′ᵀŵ

‖w‖

)
e2πib(ξ−ξ′)ᵀŵ/‖w‖,
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we have

〈K̂a,b, φ⊗ ψ〉 =

∫
R2d

δw(ξ)δw(ξ′)F [g1]

(
ξᵀŵ

‖w‖

)
· F [g1]

(
ξ′ᵀŵ

‖w‖

)
e2πib(ξ−ξ′)ᵀŵ/‖w‖φ(ξ)ψ(ξ′) dξdξ′

=

∫
R×R

φ(ηw)ψ(η′w)F [g1](η) · F [g1](η′)e2πib(η−η′) dη dη′.

By assumption b ∼ N (0, σ2
b ), i.e., ρb(b) =

1√
2πσb

e
− b2

2σ2
b , then F [ρb](η) = e−2π2σ2

bη
2
.

Eb
(

e2πib(η−η′)
)

=

∫
R

1√
2πσb

e−b
2/2σ2

b e2πib(η−η′) db

= F [ρb]
(
−(η − η′)

)
= e−2π2σ2

b (η−η′)2

.

Therefore

Eb
[
〈K̂a,b, φ⊗ ψ〉

]
=

∫
R×R

φ(ηw)ψ(η′w)F [g1](η) · F [g1](η)Eb
[
e2πib(η−η′)

]
dη dη′

=

∫
R×R

φ(ηw)ψ(η′w)F [g1](η) · F [g1](η)e−2π2σ2
b (η−η′)2

dη dη′.

Applying the Laplace method, we have

Eb
[
〈K̂a,b, φ⊗ ψ〉

]
=

∫
R
φ(ηw)F [g1](η) ·

[∫
R
ψ(η′w)F [g1](η)e−2π2σ2

b (η−η′)2

dη′
]

dη

=

∫
R
φ(ηw)F [g1](η) ·

[
ψ(ηw)F [g1](η)

1√
2πσb

+O(σ−3
b )

]
dη

=
1√

2πσb

∫
R
φ(ηw)ψ(ηw)F [g1](η) · F [g1](η) dη +O(σ−3

b ).

Next we consider the expectation with respect to w. Up to error of order O(σ−3
c ), we have

Ew,b
[
〈K̂a,b, φ⊗ ψ〉

]
= Ew

[
1√

2πσb

∫
R
φ(ηw)ψ(ηw)F [g1](η) · F [g1](η) dη

]
=

∫
Rd+1

1√
2πσb

φ(ηw)ψ(ηw)F [g1](η) · F [g1](η)ρw(w) dw dη.

Here we assume that ρw is radially symmetric so ρw(w) is a function of r := ‖w‖ only. By
using spherical coordinate system, we have

1 =

∫
Rd
ρw(w) dw

=

∫
Rd
ρw(‖w‖e1) dw

=

∫
R+

∫
Sd−1

ρw(re1)rd−1 dŵ dr

=

∫
R+

ρr(r) dr,
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where ŵ ∈ Sd−1 and we define

(SM2.11) ρr(r) :=

∫
Sd−1

ρw(re1)rd−1 dŵ =
2πd/2

Γ(d/2)
ρw(re1)rd−1,

where Γ(·) is the gamma function. Then we introduce the following change of variables,{
ζ = ηw,

r = ‖w‖,

whose the Jacobian determinant is

det

(
∂(ζ, r)

∂(w, η)

)
= det


η 0 · · · 0 w1

0 η · · · 0 w2
...

...
. . .

...
...

0 0 · · · η wd
w1/r w2/r · · · wd/r 0

 = −rηd−1 = −r
(
‖ζ‖
r

)d−1

.

Thus

(SM2.12)


w =

rζ

‖ζ‖

η =
‖ζ‖
r
,

and its Jacobian determinant is

det

(
∂(w, η)

∂(ζ, r)

)
= − rd−1

r‖ζ‖d−1
.

So one can obtain,

Ew,b
[
〈K̂a,b, φ⊗ ψ〉

]
=

∫
Rd+1

1√
2πσb

φ(ηw)ψ(ηw)F [g1](η) · F [g1](η)ρw(re1) dw dη

=

∫
Rd×R+

1√
2πσb

φ(ζ)ψ(ζ)F [g1]

(
‖ζ‖
r

)
· F [g1]

(
‖ζ‖
r

)
rd−1

r‖ζ‖d−1
ρw(re1) dζ dr

=

∫
Rd×R+

1√
2πσb

φ(ζ)ψ(ζ)F [g1]

(
‖ζ‖
r

)
· F [g1]

(
‖ζ‖
r

)
1

r‖ζ‖d−1

[
Γ(d/2)

2πd/2
ρr(r)

]
dζ dr

=
Γ(d/2)

2
√

2π(d+1)/2σb

∫
Rd
φ(ζ)

∫
R+

[
1

r‖ζ‖d−1
F [g1]

(
‖ζ‖
r

)
· F [g1]

(
‖ζ‖
r

)]
ψ(ζ)ρr(r) dr dζ,

Therefore taking ψ = F [uρ], we have

La,b[F [uρ]] =
Γ(d/2)

2
√

2π(d+1)/2σb‖ξ‖d−1
Ea,r

[
1

r
F [g1]

(
‖ξ‖
r

)
· F [g1]

(
‖ξ‖
r

)]
F [uρ](ξ)

=
Γ(d/2)

2
√

2π(d+1)/2σb‖ξ‖d−1
Ea,r

[
1

r
F [g1]

(
‖ξ‖
r

)
· F [g1]

(
−‖ξ‖

r

)]
F [uρ](ξ).(SM2.13)
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3. Calculate K̂w(ξ, ξ′). Since

K̂w(ξ, ξ′) =
1

4π2
∇ξ
[
δw(ξ)F [g2]

(
ξᵀŵ

‖w‖

)
e2πibξᵀŵ/‖w‖

]
· ∇ξ′

[
δw(ξ′)F [g2]

(
ξ′ᵀŵ

‖w‖

)
e−2πibξ′ᵀŵ/‖w‖

]
,

we have

〈K̂w, φ⊗ ψ〉

=
1

4π2

∫
Rd
φ(ξ)∇ξ

[
δw(ξ)F [g2]

(
ξᵀŵ

‖w‖

)
e2πibξᵀŵ/‖w‖

]
dξ

·
∫
Rd
ψ(ξ′)∇ξ′

[
δw(ξ′)F [g2]

(
ξ′ᵀŵ

‖w‖

)
e−2πibξ′ᵀŵ/‖w‖

]
dξ′

=
1

4π2

∫
Rd
∇ξφ(ξ)δw(ξ)F [g2]

(
ξᵀŵ

‖w‖

)
e2πibξᵀŵ/‖w‖ dξ

·
∫
Rd
∇ξ′ψ(ξ′)δw(ξ′)F [g2]

(
ξ′ᵀŵ

‖w‖

)
e−2πibξ′ᵀŵ/‖w‖ dξ′

=

∫
R×R
∇φ(ηw) · ∇ψ(η′w)F [g2](η) · F [g2](η′)e2πib(η−η′) dη dη′.

By the same computation as for K̂a,b(ξ, ξ
′), we can get

Ew,b
[
〈K̂w, φ⊗ ψ〉

]
=

Γ(d/2)

2
√

2π(d+1)/2σb

∫
Rd
∇φ(ζ)·

∫
R+

[
1

r‖ζ‖d−1
F [g2]

(
‖ζ‖
r

)
· F [g2]

(
‖ζ‖
r

)]
∇ψ(ζ)ρr(r) dr dζ

=
Γ(d/2)

2
√

2π(d+1)/2σb

∫
Rd
∇φ(ζ) · Ea,r

[
1

r‖ζ‖d−1
F [g2]

(
‖ζ‖
r

)
· F [g2]

(
‖ζ‖
r

)]
∇ψ(ζ) dζ

= − Γ(d/2)

2
√

2π(d+1)/2σb

∫
Rd
φ(ζ)∇ ·

{
Ea,r

[
1

r‖ζ‖d−1
F [g2]

(
‖ζ‖
r

)
· F [g2]

(
‖ζ‖
r

)]
∇ψ(ζ)

}
dζ.

Thus taking ψ(ξ) = F [uρ](ξ), we have

Lw[F [uρ](ξ)] = − Γ(d/2)

2
√

2π(d+1)/2σb
∇ ·
(
Ea,r

[
1

r‖ξ‖d−1
F [g2]

(
‖ξ‖
r

)
F [g2]

(
−‖ξ‖

r

)]
∇F [uρ](ξ)

)
.

(SM2.14)

Finally, one can plug (SM2.13) and (SM2.14) into (SM2.5) and obtain the dynamics (SM2.7).

Corollary. (Corollary 1 in main text) Suppose that Assumption 1 holds. If σb � 1 and
σ = ReLU, then the dynamics (4.9) has the following expression,

(SM2.15) 〈∂tF [u], φ〉 = −〈L[F [uρ]], φ〉+O(σ−3
b ),



SUPPLEMENTARY MATERIALS: LINEAR FREQUENCY PRINCIPLE SM9

where φ ∈ S(Rd) is a test function and the LFP operator reads as

(SM2.16)

L[F [uρ]] =
Γ(d/2)

2
√

2π(d+1)/2σb
Ea,r

[
r3

16π4‖ξ‖d+3
+

a2r

4π2‖ξ‖d+1

]
F [uρ](ξ)

− Γ(d/2)

2
√

2π(d+1)/2σb
∇ ·
(
Ea,r

[
a2r

4π2‖ξ‖d+1

]
∇F [uρ](ξ)

)
.

The expectations are taken w.r.t. initial parameter distribution. Here r = ‖w‖ with the

probability density ρr(r) := 2πd/2

Γ(d/2)ρw(re1)rd−1, e1 = (1, 0, · · · , 0)ᵀ.

Proof. Let

fa(x) := ∇a [aReLU(w · x+ b)] = ReLU(w · x+ b),(SM2.17)

ga(z) := ReLU(z),(SM2.18)

fb(x) := ∇b [aReLU(w · x+ b)] = aH(w · x+ b),(SM2.19)

gb(z) := aH(z),(SM2.20)

so g1(z) = (ga(z), gb(z))
ᵀ and g2(z) = gb(z). Then

F [ga](ξ) = − 1

4π2ξ2
+

i

4π
δ′(ξ),(SM2.21)

F [gb](ξ) = a

[
1

i2πξ
+

1

2
δ(ξ)

]
,(SM2.22)

By ignoring all δ(ξ) and δ′(ξ) related to only the trivial 0-frequency, we obtain

1

r
F [ga]

(
‖ξ‖
r

)
F [ga]

(
−‖ξ‖
r

)
=

r3

16π4‖ξ‖4
,(SM2.23)

1

r
F [gb]

(
‖ξ‖
r

)
F [gb]

(
−‖ξ‖
r

)
=

a2r

4π2‖ξ‖2
.(SM2.24)

We then obtain (SM2.16) by plugging these into (SM2.8).

Corollary. (Corollary 2 in main text) Suppose that Assumption 1 holds. If σb � 1 and
σ = tanh, then the dynamics (4.9) has the following expression,

(SM2.25) 〈∂tF [u], φ〉 = −〈L[F [uρ]], φ〉+O(σ−3
b ),

where φ ∈ S(Rd) is a test function and the LFP operator reads as
(SM2.26)

L[F [uρ]] =
Γ(d/2)

2
√

2π(d+1)/2σb‖ξ‖d−1
Ea,r

[
π2

r
csch2

(
π2‖ξ‖
r

)
+

4π4a2‖ξ‖2

r3
csch2

(
π2‖ξ‖
r

)]
F [uρ](ξ)

− Γ(d/2)

2
√

2π(d+1)/2σb
∇ ·
(
Ea,r

[
4π4a2

r3‖ξ‖d−3
csch2

(
π2‖ξ‖
r

)]
∇F [uρ](ξ)

)
.

The expectations are taken w.r.t. initial parameter distribution. Here r = ‖w‖ with the

probability density ρr(r) := 2πd/2

Γ(d/2)ρw(re1)rd−1, e1 = (1, 0, · · · , 0)ᵀ.
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Proof. Let

fa(x) := ∇a [a tanh(w · x+ b)] = tanh(w · x+ b),(SM2.27)

ga(z) := tanh(z),(SM2.28)

fb(x) := ∇b [a tanh(w · x+ b)] = asech2(w · x+ b),(SM2.29)

gb(z) := asech2(z),(SM2.30)

so g1(z) = (ga(z), gb(z))
ᵀ and g2(z) = gb(z). Then

F [ga](ξ) = −iπcsch(π2ξ),(SM2.31)

F [gb](ξ) = 2π2aξcsch(π2ξ).(SM2.32)

By ignoring all δ(ξ) and δ′(ξ) related to only the trivial 0-frequency, we obtain

1

r
F [ga]

(
‖ξ‖
r

)
F [ga]

(
−‖ξ‖
r

)
=
π2

r
csch2

(
π2‖ξ‖
r

)
,(SM2.33)

1

r
F [gb]

(
‖ξ‖
r

)
F [gb]

(
−‖ξ‖
r

)
=

4π4a2‖ξ‖2

r3
csch2

(
π2‖ξ‖
r

)
.(SM2.34)

We then obtain (SM2.26) by plugging these into (4.17).

Lemma. (Lemma 4 in main text) Suppose that H1 and H2 are two separable Hilbert spaces
and P : H1 → H2 and P∗ : H2 → H1 is the adjoint of P. Then all eigenvalues of P∗P and
PP∗ are non-negative. Moreover, they have the same positive spectrum. If in particular, we
assume that the operator PP∗ is surjective, then the operator PP∗ is invertible.

Proof. We consider the eigenvalue problem P∗Pφ1 = λφ1. Taking inner product with
φ1, we have 〈φ1,P∗Pφ1〉H1 = λ‖φ1‖2H1

. Note that the left hand side is ‖Pφ1‖2H2
which is

non-negative. Thus λ ≥ 0. Similarly, the eigenvalues of PP∗ are also non-negative.
Now if P∗P has a positive eigenvalue λ > 0, then P∗Pφ1 = λφ1 with non-zero vector

φ1 ∈ H1. It follows that PP∗(Pφ1) = λ(Pφ1). It is sufficient to prove that Pφ1 is non-zero.
Indeed, if Pφ1 = 0, then P∗Pφ1 = 0 and λ = 0 which contradicts with our assumption.
Therefore, any positive eigenvalue of P∗P is an eigenvalue of PP∗. Similarly, any positive
eigenvalue of PP∗ is an eigenvalue of P∗P.

Next, suppose that PP∗ is surjective. We show that PP∗φ2 = 0 has only the trivial
solution φ2 = 0. In fact, PP∗φ2 = 0 implies that ‖P∗φ2‖2H1

= 〈φ2,PP∗φ2〉H2 = 0, i.e.,
P∗φ2 = 0. Thanks to the surjectivity of PP∗, there exists a vector φ3 ∈ H2 such that
φ2 = PP∗φ3. Let φ1 = P∗φ3 ∈ H1. Hence φ2 = Pφ1 and P∗Ph1 = 0. Taking inner product
with φ1, we have ‖Pφ1‖2H2

= 〈φ1,P∗Pφ1〉H1 = 0, i.e., φ2 = Pφ1 = 0. Therefore PP∗ is
injective. This with the surjectivity assumption of PP∗ leads to that PP∗ is invertible.

Theorem. (Theorem 2 in main text) Suppose that PP∗ is surjective. The above Problems
(i) and (ii) are equivalent in the sense that φ∞ = φmin. More precisely, we have

(SM2.35) φ∞ = hmin = P∗(PP∗)−1(g − Pφini) + φini.
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Proof. Let φ̃ = φ − φini and g̃ = g − Pφini. Then it is sufficient to show the following
problems (i’) and (ii’) are equivalent.

(i’) The initial value problem  dφ̃

dt
= P∗(g̃ − Pφ̃)

φ̃(0) = 0.

(ii’) The minimization problem

min
φ̃
‖φ̃‖2H1

,

s.t. Pφ̃ = g̃.

We claim that φ̃min = P∗(PP∗)−1g̃. Thanks to Lemma 4, PP∗ is invertible, and thus
φmin is well-defined and satisfies that Pφ̃ = g̃. It remains to show that this solution is unique.
In fact, for any φ̃ satisfying Pφ̃ = g̃, we have

〈φ̃− φ̃min, φ̃min〉H1 = 〈φ̃− φ̃min,P∗(PP∗)−1g̃〉H1

= 〈P(φ̃− φ̃min), (PP∗)−1g̃〉H2

= 〈Pφ̃, (PP∗)−1g̃〉H2 − 〈Pφ̃min, (PP∗)−1g̃〉H2

= 0.

Therefore,

‖φ̃‖2H1
= ‖φ̃min‖2H1

+ ‖φ̃− φ̃min‖2H1
≥ ‖φ̃min‖2H1

.

The equality holds if and only if φ̃ = φ̃min.
For problem (i’), from the theory of ordinary differential equations on Hilbert spaces, we

have that its solution can be written as

φ̃(t) = P∗(PP∗)−1g̃ +
∑
i∈I

civi exp(−λit),

where λi, i ∈ I are positive eigenvalues of PP∗, I is an index set with at most countable
cardinality, and vi, i ∈ I are eigenvectors in H1. Thus φ̃∞ = φ̃min = P∗(PP∗)−1g̃.

Finally, by back substitution, we have

φ∞ = φmin = P∗(PP∗)−1g̃ + φ0 = P∗(PP∗)−1(g − Pφini) + φini.

Corollary. (Corollary 4 in main text) Let H1 and H2 be two separable Hilbert spaces and
Γ : H1 → H1 be an injective operator. Define the Hilbert space HΓ := Im(Γ). Let g ∈ H2 and
P : HΓ → H2 be an operator such that PP∗ : H2 → H2 is surjective. Then Γ−1 : HΓ → H1

exists and HΓ is a Hilbert space with norm ‖φ‖HΓ
:= ‖Γ−1φ‖H1. Moreover, the following two

problems are equivalent in the sense that φ∞ = φmin.
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(B1) The initial value problem{
dφ

dt
= ΓΓ∗P∗(g − Pφ)

φ(0) = φini.

(B2) The minimization problem

min
φ−φ0∈HΓ

‖φ− φini‖HΓ
,

s.t. Pφ = g.

Proof. The operator Γ : H1 → HΓ is bijective. Hence Γ−1 : HΓ → H1 is well-defined and
HΓ with norm ‖·‖HΓ

is a Hilbert space. The equivalence result holds by applying Theorem 2
with proper replacements. More precisely, we replace φ by Γ−1φ and P by PΓ.

Corollary. (Corollary 5 in main text) Let γ : Rd → R+ be a positive function, h be a
function in L2(Rd) and φ = F [h]. The operator Γ : L2(Rd)→ L2(Rd) is defined by [Γφ](ξ) =
γ(ξ)φ(ξ), ξ ∈ Rd. Define the Hilbert space HΓ := Im(Γ). Let X = (x1, . . . ,xn)ᵀ ∈ Rn×d,
Y = (y1, . . . , yn)ᵀ ∈ Rn and P : HΓ → Rn be a surjective operator

(SM2.36) P : φ 7→
(∫

Rd
φ(ξ)e2πixᵀ

1ξ dξ, . . . ,

∫
Rd
φ(ξ)e2πixᵀ

nξ dξ

)ᵀ

= (h(x1), . . . , h(xn))ᵀ.

Then the following two problems are equivalent in the sense that φ∞ = φmin.
(C1) The initial value problem

dφ(ξ)

dt
= (γ(ξ))2

n∑
i=1

(
yie
−2πixᵀ

i ξ −
[
φ ∗ e−2πixᵀ

i (·)
]

(ξ)
)

φ(0) = φini.

(C2) The minimization problem

min
φ−φini∈HΓ

∫
Rd

(γ(ξ))−2|φ(ξ)− φini(ξ)|2 dξ,

s.t. h(xi) = yi, i = 1, · · · , n.

Proof. Let H1 = L2(Rd), H2 = Rn, g = Y . By definition, Γ is injective. Then by
Corollary 4, we have that Γ−1 : HΓ → L2(Rd) exists and HΓ is a Hilbert space with norm
‖φ‖HΓ

:= ‖Γ−1φ‖L2(Rd). Moreover, ‖φ − φini‖2HΓ
=
∫
Rd(γ(ξ))−2|φ(ξ) − φini(ξ)|2 dξ. We note

that [P∗Y ](ξ) =
∑n

i=1 yie
−2πixᵀ

i ξ for all ξ ∈ Rd. Thus

[P∗Pφ](ξ) =

[
P∗
(∫

Rd
φ(ξ′)e2πixᵀ

i ξ
′
dξ′
)n
i=1

]
(ξ)

=

n∑
i=1

∫
Rd
φ(ξ′)e2πixᵀ

i ξ
′
dξ′e−2πixᵀ

i ξ
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=

n∑
i=1

∫
Rd
φ(ξ′)e−2πixᵀ

i (ξ−ξ′) dξ′

=

n∑
i=1

[
φ ∗ e−2πixᵀ

i (·)
]

(ξ).

The equivalence result then follows from Corollary 4.

Corollary. (Corollary 6 in main text) Let γ : Zd → R+ be a positive function defined on
lattice Zd and φ = F [h]. The operator Γ : `2(Zd)→ `2(Zd) is defined by [Γφ](k) = γ(k)φ(k),
k ∈ Zd. Here `2(Zd) is set of square summable functions on the lattice Zd. Define the Hilbert
space HΓ := Im(Γ). Let X = (x1, . . . ,xn)ᵀ ∈ Tn×d, Y = (y1, . . . , yn)ᵀ ∈ Rn and P : HΓ → Rn
be a surjective operator such as

(SM2.37) P : φ 7→

∑
k∈Zd

φ(k)e2πixᵀ
1k, . . . ,

∑
k∈Zd

φ(k)e2πixᵀ
nk

ᵀ

.

Then the following two problems are equivalent in the sense that φ∞ = φmin.
(D1) The initial value problem

dφ(k)

dt
= (γ(k))2

n∑
i=1

(
yie
−2πixᵀ

i k −
[
φ ∗ e−2πixᵀ

i (·)
]

(k)
)

φ(0) = φini.

(D2) The minimization problem

min
φ−φini∈HΓ

∑
k∈Zd

(γ(k))−2|φ(k)− φini(k)|2,

s.t. h(xi) = yi, i = 1, · · · , n.

Proof. Let H1 = `2(Zd), H2 = Rn, and g = Y . By definition, Γ is injective. Then by
Corollary 4, we have that Γ−1 : HΓ → `2(Zd) exists and HΓ is a Hilbert space with norm
‖φ‖HΓ

:= ‖Γ−1φ‖`2(Zd). Moreover, ‖φ − φini‖2HΓ
=
∑
k∈Zd(γ(k))−2|φ(k) − φini(k)|2. We note

that [P ∗Y ](k) =
∑n

i=1 yie
−2πixᵀ

i k for all k ∈ Zd. Thus

[P ∗Pφ](k) =

P ∗
∑
k′∈Zd

φ(k′)e2πixᵀ
i k
′

n

i=1

 (k)

=

n∑
i=1

∑
k′∈Zd

φ(k′)e2πixᵀ
i k
′
e−2πixᵀ

i k

=

n∑
i=1

∑
k′∈Zd

φ(k′)e−2πixᵀ
i (k−k′)

=

n∑
i=1

[
φ ∗ e−2πixᵀ

i (·)
]

(k).
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The equivalence result then follows from Corollary 4.

Lemma. (Lemma 5 in main text) (i) For HQ = {h : ‖h‖γ ≤ Q} with γ : Zd → R+, we
have

(SM2.38) RadS(HQ) ≤ 1√
n
Q‖γ‖`2 .

(ii) For H′Q = {h : ‖h‖γ ≤ Q, |F [h](0)| ≤ c0} with γ : Zd∗ → R+ and γ−1(0) := 0, we have

(SM2.39) RadS(H′Q) ≤ c0√
n

+
1√
n
Q‖γ‖`2 .

Proof. We first prove (ii) since it is more involved. By the definition of the Rademacher
complexity

(SM2.40) RadS(H′Q) =
1

n
Eτ

[
sup
h∈H′Q

n∑
i=1

τih(xi)

]
.

Let τ(x) =
∑n

i=1 τiδ(x − xi), where τi’s are i.i.d. random variables with P(τi = 1) = P(τi =
−1) = 1

2 . We have F [τ ](k) =
∫

Ω

∑n
i=1 τiδ(x− xi)e−2πikᵀx dx =

∑n
i=1 τie

−2πikᵀxi . Note that

sup
h∈H′Q

n∑
i=1

τih(xi) = sup
h∈H′Q

n∑
i=1

τih̄(xi) = sup
h∈H′Q

n∑
i=1

τi
∑
k∈Zd

F [h](k)e−2πikᵀxi(SM2.41)

= sup
h∈H′Q

∑
k∈Zd

F [τ ](k)F [h](k).(SM2.42)

By the Cauchy–Schwarz inequality,

sup
h∈H′Q

∑
k∈Zd

F [τ ](k)F [h](k)

≤ sup
h∈HQ

F [τ ](0)F [h](0) +

 ∑
k∈Zd∗

(γ(k))2|F [τ ](k)|2
1/2 ∑

k∈Zd∗
(γ(k))−2|F [h](k)|2

1/2


(SM2.43)

≤ c0|F [τ ](0)|+Q

 ∑
k∈Zd∗

(γ(k))2|F [τ ](k)|2
1/2

.

(SM2.44)

Since Eτ |F [τ ](0)| ≤ (Eτ |F [τ ](0)|2)1/2 =
√
n, Eτ |F [τ ](k)|2 = Eτ

∑n
i,j=1 τiτje

−2πikᵀ(xi−xj) =
n, we obtain
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Eτ

[
sup
h∈H′Q

n∑
i=1

τih(xi)

]
≤ c0

√
n+QEτ

 ∑
k∈Zd∗

(γ(k))2|F [τ ](k)|2
1/2

(SM2.45)

≤ c0

√
n+Q

Eτ
∑
k∈Zd∗

(γ(k))2|F [τ ](k)|2
1/2

(SM2.46)

= c0

√
n+Q

√
n‖γ‖`2 .(SM2.47)

This leads to

(SM2.48) RadS(H′Q) ≤ c0√
n

+
1√
n
Q‖γ‖`2 .

For (ii), the proof is similar to (i). We have
(SM2.49)

Eτ

 sup
h∈HQ

∑
k∈Zd

F [τ ](k)F [h](k)

 ≤ QEτ

∑
k∈Zd

(γ(k))2|F [τ ](k)|2
1/2

≤ Q
√
n‖γ‖`2 .

Therefore

(SM2.50) RadS(HQ) ≤ 1√
n
Q‖γ‖`2 .

Lemma. (Lemma 6 in main text) Suppose that the real-valued target function f ∈ Fγ(Ω)
and that the training dataset {(xi, yi)}ni=1 satisfies yi = f(xi), i = 1, · · · , n. If γ : Zd → R+,
then there exists a unique solution hn to the regularized model

(SM2.51) min
h−hini∈Fγ(Ω)

‖h− hini‖γ , s.t. h(xi) = yi, i = 1, · · · , n.

Moreover, we have

(SM2.52) ‖hn − hini‖γ ≤ ‖f − hini‖γ .

Proof. By the definition of the FP-norm, we have ‖hn − hini‖γ = ‖F [h]n − F [h]ini‖HΓ
.

According to Corollary 6, the minimizer of problem (SM2.51) exists, i.e., hn exists. Since the
target function f(x) satisfies the constraints f(xi) = yi, i = 1, · · · , n, we have ‖hn − hini‖γ ≤
‖f − hini‖γ .

Lemma. (Lemma 7 in main text) Suppose that the real-valued target function f ∈ Fγ(Ω)
and the training dataset {(xi, yi)}ni=1 satisfies yi = f(xi), i = 1, · · · , n. If γ : Zd∗ → R+ with
γ−1(0) := 0, then there exists a solution hn to the regularized model

(SM2.53) min
h−hini∈Fγ(Ω)

‖h− hini‖γ , s.t. h(xi) = yi, i = 1, · · · , n.

Moreover, we have

(SM2.54) |F [hn − hini](0)| ≤ ‖f − hini‖∞ + ‖f − hini‖γ‖γ‖`2 .
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Proof. Let f ′ = f − hini. Since hn(xi) − f(xi) = 0 for i = 1, · · · , n, we have hn(xi) −
f ′(xi)− hini(xi) = 0. Therefore

|F [hn − hini](0)| =

∣∣∣∣∣∣f ′(xi)−
∑
k∈Zd∗

F [hn − hini](k)e2πikᵀxi

∣∣∣∣∣∣
(SM2.55)

≤ ‖f ′‖∞ +
∑
k∈Zd∗

|F [hn − hini](k)|(SM2.56)

≤ ‖f ′‖∞ +

 ∑
k∈Zd∗

(γ(k))2

 1
2
 ∑
k∈Zd∗

(γ(k))−2 |F [hn − hini](k)|2
 1

2

(SM2.57)

≤ ‖f ′‖∞ + ‖hn − hini‖γ‖γ‖`2(SM2.58)

≤ ‖f ′‖∞ + ‖f ′‖γ‖γ‖`2 .(SM2.59)

We remark that the last step is due to the same reason as Lemma 6.

Theorem. (Theorem 3 in main text) Suppose that the real-valued target function f ∈
Fγ(Ω), the training dataset {(xi, yi)}ni=1 satisfies yi = f(xi), i = 1, · · · , n, and hn is the
solution of the regularized model

(SM2.60) min
h−hini∈Fγ(Ω)

‖h− hini‖γ , s.t. h(xi) = yi, i = 1, · · · , n.

Then we have
(i) given γ : Zd → R+, for any δ ∈ (0, 1), with probability at least 1 − δ over the random

training sample, the population risk has the bound

(SM2.61) RD(hn) ≤ ‖f − hini‖γ‖γ‖`2

(
2√
n

+ 4

√
2 log(4/δ)

n

)
.

(ii) given γ : Zd∗ → R+ with γ(0)−1 := 0, for any δ ∈ (0, 1), with probability at least 1− δ
over the random training sample, the population risk has the bound

(SM2.62) RD(hn) ≤ (‖f − hini‖∞ + 2‖f − hini‖γ‖γ‖`2)

(
2√
n

+ 4

√
2 log(4/δ)

n

)
.

Proof. Let f ′ = f − hini and Q = ‖f ′‖γ .
(i) Given γ : Zd → R+, we set HQ = {h : ‖h − hini‖γ ≤ Q}. According to Lemma 6,

the solution of problem (SM2.60) hn ∈ HQ. By the relation between generalization gap and
Rademacher complexity [SM1, SM2],

(SM2.63) |RD(hn)− LS(hn)| ≤ 2RadS(HQ) + 2 sup
h,h′∈HQ

‖h− h′‖∞

√
2 log(4/δ)

n
.
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One of the component can be bounded as follows

sup
h,h′∈HQ

‖h− h′‖∞ ≤ sup
h∈HQ

2‖h− hini‖∞(SM2.64)

≤ sup
h∈HQ

2 max
x

∣∣∣∣∣∣
∑
k∈Zd

F [h− hini](k)e2πikᵀx

∣∣∣∣∣∣(SM2.65)

≤ sup
h∈HQ

2
∑
k∈Zd

|F [h− hini](k)|(SM2.66)

≤ 2 sup
h∈HQ

∑
k∈Zd

(γ(k))2

 1
2
∑
k∈Zd

(γ(k))−2 |F [h− hini](k)|2
 1

2

(SM2.67)

≤ 2Q‖γ‖`2 .(SM2.68)

By Lemma 5,

(SM2.69) RadS(HQ) ≤ 1√
n
Q‖γ‖`2 .

By optimization problem (SM2.60), LS(hn) ≤ LS(f ′) = 0. Therefore we obtain

(SM2.70) RD(h) ≤ 2√
n
‖f ′‖γ‖γ‖`2 + 4‖f ′‖γ‖γ‖`2

√
2 log(4/δ)

n
.

(ii) Given γ : Zd∗ → R+ with γ(0)−1 := 0, set c0 = ‖f ′‖∞ + ‖f ′‖γ‖γ‖`2 . By Lemma 5, 6,
and 7, define H′Q = {h : ‖h− hini‖γ ≤ Q, |F [h− hini](0)| ≤ c0}, we obtain

(SM2.71) RadS(H′Q) ≤ 1√
n
‖f ′‖∞ +

2√
n
‖f ′‖γ‖γ‖`2 .

Also

sup
h,h′∈H′Q

‖h− h′‖∞ ≤ sup
h∈H′Q

2
∑
k∈Zd

|F [h− hini](k)|

(SM2.72)

≤ 2 sup
h∈H′Q

|F [h− hini](0)|+

 ∑
k∈Zd∗

(γ(k))2

 1
2
 ∑
k∈Zd∗

(γ(k))−2 |F [h− hini](k)|2
 1

2


(SM2.73)

≤ 2‖f ′‖∞ + 4‖f ′‖γ‖γ‖`2 .
(SM2.74)

Then

(SM2.75) RD(hn) ≤ 2√
n
‖f ′‖∞ +

4√
n
‖f ′‖γ‖γ‖`2 +

(
4‖f ′‖∞ + 8‖f ′‖γ‖γ‖`2

)√2 log(4/δ)

n
.
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