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Abstract We discuss how to characterize long-time
dynamics of non-smooth dynamical systems, such as
integrate-and-fire (I&F) like neuronal network, using
Lyapunov exponents and present a stable numerical
method for the accurate evaluation of the spectrum of
Lyapunov exponents for this large class of dynamics.
These dynamics contain (i) jump conditions as in the
firing-reset dynamics and (ii) degeneracy such as in
the refractory period in which voltage-like variables of
the network collapse to a single constant value. Using
the networks of linear I&F neurons, exponential I&F
neurons, and I&F neurons with adaptive threshold, we
illustrate our method and discuss the rich dynamics of
these networks.
Keywords Lyapunov exponents · Non-smooth ·
Integrate-and-fire · Firing-reset · Refractory-induced
degeneracy

1 Introduction
Quantifying structures of attractors of dynamical systems has now become an important and common
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pursuit in both scientific and engineering fields. The
spectrum of Lyapunov exponents (LEs) has been investigated as one of the most important and precise
dynamical diagnostics to provide characteristics of attractors (Oseledec 1968). It is well known that LEs
measure the average divergence or convergence rate
of nearby orbits of an attractor in the phase space
(Ott 1993; Parker and Chua 1989). Positive LEs characterize the average exponential spreading of nearby
trajectories, whereas negative exponents characterize
the exponential convergence of trajectories onto the
attractor. The sum of all the LEs represents the average
volume contraction rate in a phase space. Therefore,
any attractor of a dissipative system will have at least
one negative exponent and the sum of all exponents
is negative. Generically, an attractor is defined to be
chaotic if LEs contain at least one positive exponent,
which is also related to the property of sensitive dependence on initial conditions. For non-chaotic attractors
such as periodic or quasi-periodic ones, LEs contain
only zero or negative exponents. For example, for periodic attractors, if LEs contain only negative exponents
except one which is zero, then the dimension of the
attractor, K, is one and the structure of the attractor is a
limit cycle. For quasi-periodic attractors, the dimension
K is greater than or equal to two and the structure is
often referred to as a K-torus. Therefore, the spectrum
of LEs or, at least, the largest one is often evaluated
numerically in order to determine whether a nonlinear
dynamical system behaves in a chaotic or non-chaotic
manner.
For smooth dynamical systems (Guckenheimer
and Holmes 1983; Lichtenberg and Lieberman 1992;
Eckmann and Ruelle 1985) and discrete maps (Kantz
1994; Hegger et al. 1999), the algorithms for computing
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the LEs have been well established, which often involve the Gram-Schmit Reorthonormalization (GSR)
procedure (Benettin et al. 1980a, b; Wolf et al. 1985;
Parker and Chua 1989; Ramasubramanian and Seiram
2000). For non-smooth dynamical systems, however,
these algorithms cannot be directly applied, as will be
discussed below, and therefore, require analytical and
numerical extension. For instance, the I&F neuronal
model has become widely accepted as one of the canonical models for the study of oscillations, synchrony, and
other collective, nonlinear and statistical behaviors in
neural systems (Gerstner and Kistler 2002). It has also
been used as an efficient model for the study of largescale cortical dynamics in order to obtain an intuitive
understanding of the underlying network mechanisms
governing the information processing carried out by a
large number of interconnected neurons. Nevertheless,
due to the difficulty arising from the firing-reset discontinuity and the degeneracy arising from refractoriness
in the dynamics as will be discussed below, the question
of whether an I&F network can be chaotic or not has
not been addressed from the perspective of Lyapunov
exponents, even though the issue clearly has strong
impact on the study of reliability in neuronal systems
(Rauch et al. 2003; Carandini et al. 1996; Tolhurst et al.
1983; Brette 2004; Mainen and Sejnowski 1995; Softky
and Koch 1993; Shadlen and Newsome 1998; Harsch
and Robinson 2000) (We note that, however, for a
single linear I&F neuron, it has been rigorously proven
that there is no chaos under any time-dependent input
(Brette 2004)). Recently, progress has been made by
methods developed for the study of LEs in non-smooth
dynamical systems, such as impact oscillators and frictional oscillators (Mueller 1995; Hinrichs et al. 1997;
Wolf et al. 1985; Stefanski and Kapitaniak 2000, 2003;
Stefanski 2000; Han et al. 1995; de Souza and Caldas
2001, 2004). These methods can deal with two kinds
of cases. In one case, an explicit linearized evolution
of perturbation can be derived across the instants of
discontinuities (Mueller 1995; Hinrichs et al. 1997; de
Souza and Caldas 2001, 2004; Han et al. 1995), whereas,
in the other case, one needs to introduce another dynamical system which is the same as the original one but
with an extra linear negative feedback coupling term.
These two systems will become synchronized better and
better (the state difference vector between two systems becomes smaller and smaller) when the coefficient
of the feedback coupling term λcoup is chosen to approach increasingly closer to the largest LE (Fujisaka
and Yamada 1983; Pecora and Carroll 1990; Stefanski
2000; Stefanski and Kapitaniak 2000, 2003). The basic
idea is that the state difference vector between two systems evolves according to the linearized dynamics with
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the evolution matrix A − λcoup I, where A corresponds
to the linear evolution matrix of the original system.
Therefore, only if λcoup is chosen larger than the largest
eigenvalue of the matrix A, the state difference vector
will decay to zero, meaning these two systems become
synchronized. This technique is often referred to as the
method of utilization of chaos synchronization.
However, these modified methods for evaluating
LEs cannot be applied directly to a large class of nonsmooth dynamical systems, such as I&F neuronal networks. The reasons are twofold, as will become clear
below: First, the method of using chaos synchronization
results in large computational cost in order to obtain an
accurate estimate of the largest LE because one needs
to search many choices of the coupling coefficient and
investigate the long-time behavior of two systems for
each choice. Moreover, this method is limited to deal
with the largest LE only and cannot be used to obtain
the full spectrum of LEs, therefore, one cannot capture
the full dynamical structure of attractors. Second, there
is degeneracy of dynamics in the refractory period for
the I&F networks, i.e., the neuron’s voltage has to be
held at the reset voltage for an absolute refractory
period immediately after it reaches the firing threshold. The voltage component in the perturbation vector
around the trajectory of some neuron in the network is,
therefore, always zero, i.e., at the reset voltage, when
this neuron is in the refractory period. We will refer to
this as refractory-induced degeneracy and will address
this issue in detail in sections below. Meanwhile, the
refractory periods of different neurons can overlap one
another, thus, one cannot derive an explicit linearized
transition relationship of the perturbation across the instants of discontinuities because each firing of a neuron
leads to possible chains in terms of firing events in the
network and the number of combinations of possible
firing events is 2 N (N is the number of neurons in the
network), which can be very large. Therefore, further
extensions of theoretical and numerical methods for
computing LEs are greatly desired in order to study the
long-time stability of the class of non-smooth dynamical
systems such as I&F networks with refractory-induced
degeneracy. In this work, we first point out that the
definition of the spectrum of LEs for smooth dynamical
systems can be naturally extended to the non-smooth
dynamical system of the I&F type. Then, we present an
accurate and stable numerical method to compute the
spectrum of LEs for I&F networks by incorporating the
dynamics of the refractory residence time to overcome
the issue of refractory-induced degeneracy.
The paper is organized as follows. In Section 2, we
discuss the definition of LEs and also the numerical
algorithm of calculating LEs for smooth dynamical
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systems. In Section 3, we discuss extensions of both
the definition of LEs and the numerical algorithm of
computing LEs, first for a single neuron case, then for
the network case. In Section 4, we apply our method to
several types of I&F neuronal models and investigate
the dynamical properties of the attractors for these
models. Section 5 contains discussions and conclusions.
In Appendix, we prove that our numerical algorithm
does not encounter the problem of refractory-induced
degeneracy and provides a remedy to the standard
algorithm which is designed for smooth dynamical
systems.

2 Lyapunov exponents in smooth dynamical systems
2.1 Theoretical definition
For the ease of discussion of our method later, we first
briefly recall the procedure for evaluating LEs for a
smooth dynamical system defined as


ẋ(t) = f x(t) ,
x(0) = x0 ,

(1)

where f is a continuously differentiable n-dimensional
vector function. Clearly, the time evolution of the perturbation vector or tangent vector δx(t) can be represented by linearization of Eq. (1) as


δ ẋ(t) = D f x(t) · δx,

(2)

where D f is the Jacobian matrix of f . If we consider
initially a sufficiently small sphere with radius  in the
n-dimensional phase space evolving in time according
to Eq. (2), the sphere will later be transformed into an
ellipsoid with n principal axes. The spectrum of the LEs
measures the exponential growth of the principal axes
of the evolving ellipsoid and is defined as:
λi = lim lim

T→∞ →0

1 li (T)
ln
,
T
li (0)

unboundedness in the log-ratio: ln llii(T)
as T → ∞, aris(0)
ing from exponential growth/decay rates of the principal axes of the ellipsoid (Ott 1993). The standard
algorithm of finding all n LEs overcomes this numerical
ill-conditioning through averaging over local LEs that
are evaluated over each short time interval T. To be
more specific, the algorithm can be briefly described
as follows (Benettin et al. 1980a, b; Wolf et al. 1985;
Parker and Chua 1989):
Algorithm 1 Standard algorithm
Step 1: Given an initial time T0 , a time step T, a
small perturbation amplitude , a tolerance 0 , an initial
value of the original trajectory (which we will refer to as
a reference trajectory) x(T0), and a set of orthonormal

vectors at initial time T0 as u1 [T0 ], u2 [T0 ],· · ·, un [T0 ] .
Set the the initial value of LEs as λ̃i [T0 ] = 0, where
i = 1, 2, · · · , n.
Step 2: Consider the time interval [T0 , T0 + T].
Step 3: Evolve the reference trajectory x(t) with the
initial value x(T0 ) to obtain x(T0 + T).
Step 4: For i = 1, 2, · · · , n, set the initial value of
n perturbed trajectories as x̃i (T0 ) = x(T0 ) + ui [T0 ],
then evolve x̃i (t) with the initial value x̃i (T0 ) to obtain
x̃i (T0 + T).
Step 5: Compute the difference between each perturbed trajectory and the reference trajectory as wi [T0+
T] = x̃i (T0+ T) − x(T0 + T), apply the GSR
method
to w1 [T0 + T], w2 [T0 + T], · · · , wn [T0 +

T] (in this order) and generate
 a corresponding set
of orthogonal vectors ordered
as
v1 [T0 + T], v2 [T0 +

T], · · · , vn [T0 + T] .
Step 6: For i = 1, 2, · · · , n, compute the ith local LE
as
 v [T + T] 
1
i
0
λ̃i [T0 + T] =
ln
,
(4)
T

then, normalize vi [T0 + T] to obtain ui [T0 + T] as
0 +T]
ui [T0 + T] = vvii [T
[T0 +T]

Step 7: If max λ̃i [T0 + T] − λ̃i [T0 ] < 0 , then we
i

(3)

where li (0) is the initial length of the sphere and li (0) =
 (i = 1, 2, · · · , n), li (T) is the length of the i-th axis of
the ellipsoid at time T and is ordered as l1 (T)  l2 (T) 
· · ·  ln (T).
2.2 Numerical algorithm
In terms of numerical evaluation, however, one cannot
use Eq. (3) to numerically compute λi directly because there is a numerical ill-conditioning related to the

accept these calculated LEs and stop. Otherwise,
we update T0 ← T0 + T and return to step 2 and
continue.
As is well known, these LEs λ̃i calculated using the
above algorithm will converge to λi in Eq. (3) as long
as  is sufficiently small and the iteration number is
sufficiently large (Ott 1993). The resulting final LEs,
thus obtained numerically, are independent of the particular choices of the value of the time interval T. In
practice, T is usually chosen sufficiently short to avoid
the numerical errors arising from the unboundedness
in the log-ratio in Eq. (4), while it is not so short as to
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lead excessive GSR computations. Geometrically, this
algorithm essentially follows the evolution of a ball of
radius  centered at the reference trajectory for each
time interval T. The largest axis (denoted by v1 [T0 +
T]) of the ellipsoid evolving from this ball becomes
closer and closer to the direction of the perturbation,
corresponding to the largest exponential rate along the
reference trajectory as the iterative process of the computation proceeds. The local LE that extracts the rate
of expansion/contraction using the largest principal axis
approaches the largest LE as the iteration proceeds.
Then, using the GSR, we successively remove the subspaces spanned by the axes corresponding to largest
exponents to obtain all other orthogonal directions to
extract rates of separation along these directions. However, the above algorithm cannot be applied directly to
the non-smooth dynamical system such as I&F network
dynamics due to the lack of sufficient smoothness, as is
illustrated below.

3 Lyapunov exponents in I&F like non-smooth
dynamical systems
3.1 I&F model

V̇i (t) = −G L Vi (t) −  L − Gi (t) Vi (t) −  E
+I0 + I1 cos(2π μt + φi ),
Gi (t)
+S
σ

3.2 Single neuron dynamics
3.2.1 Analytical expression of LEs
We first consider the calculation of the LEs for the
case of a single neuron. For this case, as can be
seen below, the method of Mueller (1995), Hinrichs
et al. (1997), Fujisaka and Yamada (1983), Pecora and
Caroll (1990), de Souza and Caldas (2001, 2004), Han
et al. (1995), Stefanski (2000), Stefanski and Kapitaniak
(2000, 2003), which generalizes the standard algorithm
of LEs for smooth dynamics as described above, is
applicable. However, here we use this example of a
single neuron to illustrate theoretical issues related to
the firing-reset dynamics and refractory-induced degenerate dynamics in the procedure of computing the LEs.
These issues will have direct relevance to the computation of LEs of a network dynamics. The dynamics of a
single I&F neuron are governed by

V̇(t) = −G L V(t) −  L + I0 + I1 cos(2π μt).

For the sake of discussion, we consider an all-to-all,
homogeneously coupled I&F neuronal network with
current drive, whose dynamics are governed by

Ġi (t) = −

driven by a sinusoidal current with angular frequency
2π μ and phase φi = 2π(i − 1)/N, 1 ≤ i ≤ N.

N

δ(t − T j,k ),
j=i

(5)

Let V(t) and Ṽ(t) be a typical (reference) trajectory and
a perturbed trajectory, respectively. Then the spikes of
V(t) and their corresponding spikes of Ṽ(t) are order
-apart for t < T as long as  is sufficiently small, where
T is any fixed finite duration. Therefore, if Tk is the kth
spike time of V(t), the kth spike time of Ṽ(t) should
be Tk + δtk where δtk ∼ O(), as is shown in Fig. 1.
The evolution of the perturbation δV(t) = Ṽ(t) − V(t)

k

where Vi and Gi are the membrane potential and
excitatory synaptic conductance of the ith neuron in
the network, respectively. G L is the leak conductance
and  L is leakage voltage. The synaptic dynamics here
are described by an excitatory conductance that rises
instantaneously upon receiving a spike and has a decay
time scale σ ;  E is the excitatory reversal potential. The
voltage Vi (t) evolves continuously according to Eq. (5)
until it reaches the firing threshold Vth , at which point
the ith neuron produces a spike (the kth spike of the
jth neuron is recorded as T j,k ), and its voltage Vi is
reset to the reset voltage VR . Then, the ith neuron’s
voltage Vi is held at VR for an absolute refractory
period of τref ms. Each spike from the ith neuron gives
rise to an instantaneous increase in the postsynaptic
conductance of every other neuron with magnitude S.
Every neuron (say, the ith neuron) in the system is

Fig. 1 Schematic illustration of dynamics of an I&F neuron’s

voltage for the reference trajectory V(t) (solid line) and the
perturbed trajectory Ṽ(t) (dashed line), respectively
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can be divided into two parts: one is the subthreshold
dynamics where δV(t) evolves smoothly as, to O(),

instance, consider a single neuron under the Poisson
drive, the dynamics are governed by





−
δV(Tk+1
) = δV (Tk +τref )+ exp −G L (Tk+1 −Tk −τref ) ,

V̇(t) = −G L V(t) −  L − G(t) V(t) −  E ,

(6)
the other is the firing-reset and refractory dynamics
where δV(t) jumps across the refractory period as,
to O(),


(VR , Tk + τref )
,
δV (Tk + τref )+ = δV(Tk− )
(Vth , Tk )

(7)

where
(V, t) = −G L (V −  L ) + I0 + I1 cos(2π μt).
Therefore, the LEs (only one since the dimension of
the system is one) can be derived as
1
λ = −G (1 − ντref ) + lim
T→∞ T
L

k



 (VR , Tk + τref ) 

,
ln
(Vth , Tk ) 
(8)

where ν is the firing rate of the neuron, which is the
number of firing events per second. The first term on
the RHS of Eq. (8) describes the contribution over the
total time in which the neuron is under the subthreshold dynamics, while, the second term on the RHS of
Eq. (8) describes the contribution across the refractory
period in which the neuron is under the firing-reset and
refractory dynamics. The above analysis clearly shows
that the computation of the LEs for the case of a single
neuron can follow a procedure similar to that of the
previous work (Mueller 1995; Hinrichs et al. 1997; de
Souza and Caldas 2001, 2004; Han et al. 1995) where a
linearized transition for the perturbation can be supplemented at the instants of discontinuities. Therefore, we
can always obtain an explicit linear evolution for the
perturbation during the smooth part of the dynamics
Eq. (6) and an explicit linear evolution for the perturbation during the firing-reset and refractory part of the
dynamics Eq. (7) .
3.2.2 Numerical computation of LEs
In terms of numerical computation, since the perturbation is always degenerate [δV(t) ≡ 0] inside the refractory period, we emphasize that we have to compute the
local LEs in Eq. (4) only when both the reference and
the perturbed trajectories are outside the refractory
period, otherwise, we cannot obtain the correct calculation of LEs. We now elaborate this crucial point. For

Ġ(t) = −

G(t)
+F
σ

δ(t − TlF ),
l

where TlF is the lth feedforward input spike. There are
two LEs for this dynamical system. We therefore need
two perturbed trajectories to compute these two LEs.
Suppose we perform the standard algorithm of computing LEs to the mth step,
the set of orthonormalized
 (m)

perturbation vectors is ui , i = 1, 2 , where ui(m) =
(δVi(m) , δGi(m) ), and the reference trajectory produces
the kth spike satisfying mT < Tk < (m + 1)T. After the kth spike, the trajectory enters into the refractory period. Assume the reference trajectory is still
in the refractory period by the time t = (m + 1)T,
the two perturbed trajectories should both generate
the kth spike at time t = Tk + O() and are also in the
refractory period at time t = (m + 1)T for sufficiently
small . This means the perturbations used to compute
local LEs fall inside the refractory period. According
to the traditional
algorithm,the new set of perturba (m+1)
tion vectors wi
, i = 1, 2 are defined as wi(m+1) =

(0, δGi(m) exp(− T
)). It is clear that w1(m+1) and w2(m+1)
σ
are linearly dependent, therefore, one cannot use the
Gram-Schmit orthogonalization to
 generate a set
 of
corresponding orthogonal vectors vi(m+1) , i = 1, 2 .
It is important to note that, for a single neuron dynamics, there indeed exist methods that can circumvent
the above difficulty to obtain LEs. In what follows, we
make a brief comment on these existing methods. In
(Chacron et al. 2004), the characteristic LEs of a single
leaky I&F neuron with threshold fatigue under sinusoidal forcing have been obtained. For a single neuron
case, the system is only two-dimensional and therefore,
the linear evolution matrices for the perturbation vector can be derived explicitly. The two characteristic LEs
can be computed through solving the eigenproblem of
these matrices. However, for the network dynamics,
this method can only deal with the case of a network
of a small number of neurons because in such case the
dimension of the system is low and it might be still possible to obtain an explicit expression of linear evolution
matrices for the perturbation vectors. When the size of
network becomes large, it is almost impossible to obtain
an explicit analytical expression of the linear evolution
matrices for the perturbation vectors because firings of
neurons could lead to many possible firing chains and
the number of possible firing events becomes combi-
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natorially large, that is 2 N . There are simply too many
chains of firing events to enumerate for a meaningful
theoretical treatment. Furthermore, even the analytical expression of linear evolution matrices could be
obtained, solving eigenvalues of matrices would be a
serious problem, especially when the size of matrices
is large (e.g., the size of network N is large). Next, we
comment on another method which was proposed in
(Mueller 1995) where the LEs can be calculated if we
only focus on separation rates in the region of phase
space in which the dynamics are not degenerate (we
will refer to this method as Mueller method). Therefore, in our case, one can always wait until the two
perturbed trajectories come out of the refractory period
(Mueller 1995), meaning that one can find some integer
n such that (m + n − 1)T < Tk + τref < (m + n)T.
Therefore, one can obtain two linearly
independent

perturbation vectors wi(m+n) , i = 1, 2 at time t = (m +
n)T defined as wi(m+n) = (δVi(m+n) , δGi(m) exp(− nT
)).
σ
This procedure, in general, avoids large errors induced
by the numerical ill-conditioning, since τref = 2 ms and
the waiting time t = nT < τref + 2T usually is sufficiently short for typical single neuron dynamics. In
essence, for a single neuron dynamics, we define the
LEs as characteristic exponents to capture the separation rate of nearby trajectories in the region of the
phase space in which the dynamics are not degenerate. However, for the network dynamics, this method
is also restricted to deal with small size of network.
When the size of network N is large as in our case,
we still cannot compute the local LEs when the time
interval used for computing local LEs overlaps with
the network refractory period (defined in the following
section), because of the degeneracy of the perturbation
vector in the network refractory period. Meanwhile,
we observe that in contrast to the case of a single
neuron, the duration of the network in the network
subthreshold period (defined in the following section)
can often be short while it can be very long in a network
refractory period especially when the size of network N
is very large (this is often the case when neurons in the
network fire asynchronously). This situation gives rise
to very long waiting time, i.e., the time for all neurons to
start from outside the network refractory period, enter
into the network refractory period if there is at least
one neuron that fires, then to get out of the network
refractory period again. A long waiting time in turn
gives rise to large numerical errors that arise from the
numerical ill-conditioning due to the unboundedness
in the log-ratio in the calculation of the local LEs as
discussed previously. This is very unlikely for the case
of a single neuron for which the waiting time is short
(McLaughlin et al. 2000; Rangan and Cai 2007), for our
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case here, τref = 2 ms. Consequently, we need to further
develop numerical methods to deal with the calculation
of LEs for the network case.
3.3 Network dynamics
3.3.1 Theoretical definition of LEs
Now we turn to discussion of the implication of the
firing-reset dynamics and the refractory dynamics on
the definition of LEs for a network of neurons. We first
point out that the original definition of LEs in Eq. (3)
can be extended to the I&F network dynamics e.g.,
Eq. (5) because we can implicitly construct a linear
evolution δx(T) of an initial perturbation δx(0).
First, we note that, the network dynamics can be
similarly divided into network subthreshold dynamics
and network refractory dynamics. Here, the network
subthreshold dynamics are defined as the dynamics
over time intervals in which no neuron is in the refractory period, i.e., t ∈
[T j,k + τref , T j,k+1 ]; Whereas
j

k

the network refractory dynamics are defined as the
dynamics over time intervals in which some of
the neurons are in the refractory period, i.e., t ∈
[T j,k , T j,k + τref ]. For the network subthreshold
j

k

dynamics, the trajectory of the perturbation δx =
(δV1 , δG1 , · · · , δV N , δG N ) evolves according to Eq. (2).
For the network refractory dynamics, the trajectory of
the perturbation for the ith neuron δ yi = (δVi , δGi ) still
follows the linearization unless one of the following two
events occurs: (i) the neuron fires, causing a discontinuity in δVi or (ii) the neuron receives another neuron’s
spike, giving rise to a discontinuity in δGi . However,
we can always obtain the following linear transition
relation: For case (i), the transition relation to link the
perturbation δVi immediately before the discontinuity
and immediately after the refractory period can be
obtained as, to O(),


+


− V̇i (Ti,k + τref )
+
,
(9)
δVi (Ti,k + τref ) = δVi (Ti,k )
−
)
V̇i (Ti,k
which is similar to the single neuron case. For case (ii),
the transition relation to link δGi immediately before
and after the discontinuity (say, receiving a spike from
the jth neuron) can be obtained as, to O(),
δGi (T +j,k ) = δGi (T −j,k ) −

S
σ V̇ j(T −j,k )

δV j(T −j,k ).

(10)

Finally, δx(T) can be constructed as a linear map of
δx(0) by concatenating the smooth parts of the linearized perturbation and the linear transitions at dis-
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continuities. Therefore the original definition of LEs in
Eq. (3) can be naturally extended to the I&F-like nonsmooth dynamical systems even though we cannot obtain an explicit analytical expression for the linearized
dynamics. We emphasize that, in the above characterization of δx(T), it supports that LEs are defined by
λi = lim lim

T̃→∞ →0

1
T̃

ln

li (T̃)
,
li (0)

(11)
[T j,k + τref ,

where the limit is taken with T̃ ∈
j

k

T j,k+1 ], i.e., the time when no neuron in the network
is in the refractory period and the system dynamics are
non-degenerate. This view is consistent with the single
neuron case as mentioned above, i.e., we only focus on
separation rates of nearby trajectories in the region of
phase space in which the dynamics are not degenerate.
3.3.2 Extension of the definition of LEs

the trajectory of the perturbation for the ith neuron
δ yi = (δVi , δGi ) is reverted to δ ỹi = (δτi , δGi ) when the
ith neuron is in the refractory period, as will be further
addressed below.
Next, we show theoretically that our method produces the same linear transition relations at the discontinuities as in Eqs. (9) and (10). First, it is obvious that
we have the same linear transition relation for δGi since
we keep the dynamics of the conductance the same as
the original. Second, we can obtain the linear transition relation between δVi and δτi at discontinuities as,
to O(),
+
δτi (Ti,k
)=

−
δVi (Ti,k
)
−
V̇i (Ti,k
)

,

(13)

and



 

δVi (Ti,k + τref )+ = δτi (Ti,k + τref )− V̇i (Ti,k + τref )+ .
(14)

In Eq. (11), we have shown that the classical definition
of LEs for the I&F network dynamics is restricted to
the region of phase space, where the dynamics are not
degenerate. However, in some dynamical regimes, it is
possible that the measure of non-degenerate dynamics
in the phase space is zero, meaning the system once
gets inside the network refractory period, it can never
get out. Therefore, we need further extension of the
definition of LEs to take account of such cases. Next,
we show that the spectrum of LEs for the dynamics
of an I&F-like neuronal network can be well defined
by augmenting the dynamics to include a dynamics of
residence time. We will then show that the augmented
dynamics reproduce exactly the same linear map of
δx(0) to δx(T).
The major problem about the original definition in
Eq. (11) is that the perturbation vector is degenerate
in the network refractory period after the firing-reset
of the voltage as seen in the case of a single neuron
under Poisson drive. However, we can augment the
original dynamics by incorporating the dynamics of the
refractory residence time τi for the ith neuron in its
refractory period to circumvent the problem of degeneracy. According to the dynamics of the I&F model, the
dynamics of τi are governed by
τi (t) = 0 for

t ∈ (Ti,k + τref , Ti,k+1 ),

τ̇i (t) = 1 for

t ∈ (Ti,k , Ti,k + τref ).

(12)

We note that the dynamics of the I&F model are specified by Eqs. (5) and (12). Once the dynamics of the refractory residence time τi are taken into account, there
is no more degeneracy in the augmented dynamics since

According to the dynamics of the refractory residence
time in Eq. (12), we have δ τ̇i (t) = 0 in the refractory

+
period. Therefore, δτi (Ti,k
) = δτi (Ti,k + τref )− . Then,
we can obtain exactly
the same
rela
 linear transition
−
tion between δVi (Ti,k + τref )+ and δVi (Ti,k
) as that in
Eq. (9). These linear transition relations guarantee that
the ellipsoid in any time during network subthreshold
periods (evolved via perturbed trajectories) remains
the same as if no augmented dynamics were introduced.
We point out that the introduction of the auxiliary
dynamics of the refractory residence time does extend
the original definition of LEs in Eq. (11) by removing
the restriction on separation of trajectories only in the
portion of phase space without degeneracy as discussed
above. This can be seen as follows. First, suppose T1
corresponds to the time that the neuronal network is
in the network refractory period and T1 is sufficiently
large, if we only consider the dynamics of voltage and
conductance as in Eq. (5), we have to wait until the
system is outside the network refractory period and
is in a network subthreshold period (say, t = T2 > T1 )
in order to obtain the length of each axis of the ellipsoid, otherwise, the ellipsoid is collapsed because
of degeneracy as discussed before. If the waiting time
1
compared with T1 is short, meaning T2T−T
is sufficiently
1
small (because T1 is sufficiently
large),
we
will obtain
1

li (T2 )
1
1)
the same result for λi since T2 ln li (0) − T1 ln lil(T
→0
i (0)
as T1 → ∞. This demonstrates that in Eq. (3) we do
not have to restrict trajectories in the part of the phase
space without degeneracy. However, the waiting time
can often be very long (there is a possibility that the
system will never be outside the network refractory pe-
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riod again), therefore, the original definition fails since
the ellipsoid would become degenerate (collapsed) if
the dynamics of the refractory residence time were not
taken into account. In this sense, our method extends
the definition of the Lyapunov spectrum to a more
general setting.
3.3.3 Extension of the standard algorithm
Based on the above discussion, we can further prove
that there is no degeneracy issue in the augmented
dynamics and, for the network dynamics which possess network subthreshold periods for large times, the
“linearized” augmented dynamics produce the identical
set of Lyapunov exponents to the trajectories restricted
to the portion of phase space for which there is no
degeneracy (details are relegated to appendix). In other
words, our method actually extends the standard algorithm (Algorithm 1) of finding the spectrum of LEs to
the I&F neuronal network for all possible dynamical
regimes. This extension is achieved through the utilization of the augmented dynamics to compute the local
LEs in Eq. (4) for each time interval T. Importantly,
the extension of the algorithm covers the time when
the network dynamics fall inside the network refractory
period, thus, it solves the numerical ill-conditioning and
provides a stable numerical algorithm for computing
the LEs. To summarize, our method for computing the
spectrum of LEs of I&F network dynamics constitutes
two steps: First, we characterize each neuron’s (say, the
ith neuron) trajectory yi as
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the trajectories of perturbations is always lost in the
refractory period. However, This information can be
naturally traced out by looking at the dynamics of the
refractory residence time as shown in Fig. 2. Therefore,
it is natural that we change the voltage variable Vi to
the time variable τi in order to accurately track the
information inside the refractory period so that the
information of the δV part at the end of refractory
period can be correctly recovered.
We apply our method to both the single neuron
case and a small neuronal network case. Figure 2 is a
schematic illustration of the dynamics for a single neuron.
When the neuron

 is outside the refractory period
t ∈ (Tk + τref , Tk+1 ) , the dynamics are governed by
V̇(t) = −G L (V(t) −  L ) + I0 + I1 cos(2π μt),
τ (t) = 0,

(15)

and when the neuron
is inside the refractory period t ∈

(Tk , Tk + τref ) , the dynamics are governed by
V(t) = V R ,
τ̇ (t) = 1.

(16)

yi = (τi , Gi ) for t ∈ (Ti,k , Ti,k + τref ).

We applied our method to compute the LEs of this
system (Eqs. (15) and (16)) and verified that the numerical result was indeed in perfect agreement with
the analytical expression in Eq. (8). For a small I&F
neuronal network (N = 5), we first computed the LEs
of the network using the Mueller method, meaning
that we only computed the local LEs in the network
subthreshold region (Mueller 1995). Since the system
size is very small, the waiting time is still short and the
numerical ill-conditioning does not yet occur for this
computation of LEs using the portion of phase space

and the reference trajectory of the system x is given
by x = ( y1 , y2 , · · · , y N ). Then, we apply the standard
algorithm (Algorithm 1) to these trajectories.
Finally, we note that the conductance-based, I&F
neuronal model as in Eq. (5) was initially introduced
as an efficient reduced model of the more realistic
Hodgkin-Huxley (HH) neuronal model (Hodgkin and
Huxley 1952). In the HH model, the spike shape (voltage trace) has been fully resolved, therefore, the LEs
can be directly calculated by using the standard algorithm (Algorithm 1) because the voltage component in
the trajectories of perturbations has been fully captured
and there is no degeneracy issue. However, in the I&F
model, the standard algorithm cannot be directly applied since the voltage is always artificially reset to VR
in the refractory period, that is, the voltage component
in the trajectories of perturbations δV is set to zero
anyway. This means the information about δV part in

Fig. 2 Schematic illustration of the dynamics of an I&F neuron’s voltage and refractory residence time for the reference
trajectory (solid line) and the perturbed trajectory (dashed
line)

yi = (Vi , Gi ) for t ∈ (Ti,k + τref , Ti,k+1 ),
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accurate spiking sequences in the neuronal network,
which is the essential for understanding the network’s
mechanisms, we employ modified fourth order RungeKutta methods, combined with spike-spike corrections
(Rangan and Cai 2007). We have used sufficiently small
time steps to maintain the computational accuracy of
our results. In order to study the dynamical structure of
attractors of these network dynamics, we also compute
the Kaplan-Yorke (KY) dimension (Kaplan and Yorke
1979; Frederickson et al. 1983; Farmer et al. 1983) of
these dynamical systems, which is defined as
k
λi
D KY = k + i=1 ,
(17)
|λk+1 |
Fig. 3 LIF model: first 5 Lyapunov exponents vs. network

coupling strength S. The square corresponds to the results of
Mueller method, the asterisk corresponds to the results of our
method. The lines connecting data points are for guiding the
eye only

where k is the maximum integer such that the sum
k
k+1


λi > 0,
λi < 0 for ordered λi , i.e. λ1  λ2  · · · 
i=1
λn .

i=1

4.1 Linear I&F model
in which the dynamics are not degenerate. Then, we
applied our method to this small network and found
that these two methods indeed produced identical numerical results as shown in Fig. 3.

4 Network dynamics of I&F like neurons
We apply our computational method of LEs to some
I&F like neuronal networks to illustrate the richness
of network dynamics of such non-smooth dynamical
systems. We use the following three representative
neuronal models: the standard linear integrate-and-fire
(LIF) model (Dayan and Abbott 2001), an exponential integrate-and-fire (EIF) model (Fourcaud-Trocme
et al. 2003; Zhang and McBain 1995; Nowak et al. 2003),
and a dynamical threshold integrate-and-fire (DTIF)
model (Horn and Usher 1989; Horn and Opher 2000;
Chacron et al. 2000). In each case, we consider an
all-to-all, homogeneously coupled network that consists of N conductance-based excitatory point neurons
(N = 20). Each neuron (say, the ith neuron) in the
system is driven by a sinusoidal current with angular
frequency 2π μ and phase φi = 2π (i − 1)/N, 1 ≤ i ≤ N.
Networks of such neuronal models have served as protypical theoretical models (Gerstner and Kistler 2002;
Rabinovich et al. 2006; Wang and Buzsaki 1996; Geisler
et al. 2005; Brette and Gerstner 2005; Chacron et al.
2001a,b; Liu and Wang 2001; Chacron et al. 2003) by
providing basic insight into the fascinating dynamics of
many neuronal networks in the brain. In order to obtain

The LIF model has been widely used as an efficient reduced model for cortical cells to study statistical spikeencoding properties of cortical networks (Gerstner and
Kistler 2002). Experiments have shown that LIF models
can statistically quite faithfully capture the response
of neocortical pyramidal cells under in-vivo-like currents in terms of firing rate dynamics as well as subthreshold membrane dynamics (Burkitt 2006a,b; Rauch
et al. 2003; Carandini et al. 1996). Compared with the
Hodgkin-Huxley (HH) type of neuronal model, it can
be more easily analyzed and is widely used to investigate the large-scale cortical dynamics due to lower
computational cost (Somers et al. 1995; Troyer et al.
1998; Tao et al. 2004; Cai et al. 2005).
Here, we use the LEs to characterize the long-time
predictability of the system (5), which is an all-toall, homogeneously coupled excitatory LIF neuronal
network under a sinusoidal drive. It has been rigorously
proven that the dynamics of a single LIF neuron can
never be chaotic under a general time-dependent stimulus, despite its nonlinear firing-reset and refractory
discontinuous dynamics (Brette 2004). This is also consistent with the experimental observation that a real
neuron can be very reliable (Burkitt 2006a,b; Rauch
et al. 2003). However, whether a network of these
reliable nonchaotic elements can exhibit unpredictable
dynamics is still unknown. The issue will also have
strong implication for understanding general nonlinear
dynamics via pulse-coupled interactions, i.e. each unit
only interacts with some other units through discrete
point process in time. The parameters in our model
(In our reduced-dimensional units, in which only
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time retains dimension, with units of conductance
being [ms−1 ]) are chosen as (McLaughlin et al. 2000):
G L = 0.05 ms−1 ,  L = 0,  E = 14/3, Vth = 1, VR = 0,
σ = 2 ms, τref = 2 ms, I0 = 0.05 ms−1 , I1 = 0.05 ms−1 ,
μ = 0.04 ms−1 , which correspond to typical physiological values: G L = 50×10−6 −1 cm−2 ,  L = −70 mV,
 E = 0 mV, VT = −55 mV.
Figure 4(A) displays the value of the largest LE,
λmax , as a function of the coupling strength S of allto-all, uniform coupling, and Fig. 4(B) shows the last
80 inter-spike intervals (ISIs) over a 10 s evolution of
the system, where ISI (k) = T1,k+1 − T1,k , T1,k is the
kth spike time of the neuron with label 1. Figure 4
demonstrates that there are essentially three dynamical regimes, corresponding to weak, intermediate, and
strong coupling strengths. When S is weak (0 < S 
0.0045), λmax is negative. The responses of the network are almost phase locked to the stimulus and

(a)

(b)

Fig. 4 LIF model: (A) The largest LE λmax vs. network

coupling strength S; (B) last 80 ISIs over 10 s is plotted for
each value of S

there is a stable periodic pattern of spikes (Alstrom
et al. 1988). When S is moderately strong (0.0045  S 
0.014), λmax jumps back and forth between zero and
positive, signifying that the dynamics of the system is
either quasi-periodic or chaotic. When S is very strong
(0.014  S  0.02), λmax stays nearly zero and the ISI is
distributed densely in some interval. As S grows larger,
the size of the interval becomes shorter, indicating that
the neurons in the system are more synchronized.
Figure 5(A) displays the first 15 LEs as a function of
the coupling strength S for System (5), and Fig. 5(B)
shows the KY dimension as a function of the coupling
strength S. It can be seen that, as expected, the KY
dimension is very low for both phase-locked regime
(D KY = 0, i.e., the dynamics is locked to external periodic drive) and quasi-periodic regime (D KY = 1, i.e.,
there is an extra frequency in addition to the external
drive’s frequency), whereas it is high in the chaotic

(a)

(b)

Fig. 5 LIF model: (A) first 15 Lyapunov exponents vs. network coupling strength S; (B) Kaplan-Yorke dimension vs.
network coupling strength S. The lines connecting data points
are for guiding the eye only
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regime (D KY ≈ 11) even though the total dimension
of the system is 40 (N = 20, there are two degrees of
freedom associated with each neuron, i.e., its voltage
and conductance).

(a)

4.2 Exponential I&F model
The exponential integrate-and-fire (EIF) model is also
a class of simplified neuronal models which replaces
the strict voltage threshold in LIF by a more realistic
smooth spike initiation zone (Fourcaud-Trocme et al.
2003; Zhang and McBain 1995; Nowak et al. 2003). Unlike the LIF model, the EIF model can quite faithfully
reproduce response properties of the HH-type neurons
under rapidly fluctuating inputs (Wang and Buzsaki
1996; Geisler et al. 2005; Brette and Gerstner 2005). It
has also been used in computational modeling of largescale cortical dynamics (Rangan et al. 2005).
The dynamics of an excitatory EIF neuronal network with all-to-all coupling, under a sinusoidal current
drive, are governed by

(b)

V̇i (t) = −G L Vi (t) −  L − Gi (t) Vi (t) −  E
 V (t) − V 
i
T
+G L T exp
T
+I0 + I1 cos(2π μt + φi ),
Ġi (t) = −

Gi (t)
+S
σ

N

δ(t − T j,k ),
j=i

(18)

k

where T is the slope factor and VT is the spikeinitiation threshold potential. Strictly speaking, a spike
time of the ith neuron is defined as the instance when
its voltage Vi (t) grows toward infinity in the EIF
neuronal model. In practice, a spike is triggered when
the voltage reaches a sufficiently high threshold Vth .
At the same time its voltage Vi is reset to the reset
voltage V R and is held at V R for an absolute refractory
period of τref ms. Clearly, it can be seen that the EIF
model reduces to the LIF model when Vth = VT under
the limit T → 0. The parameters in our model (In
our reduced-dimensional units, in which only time
retains dimension, with units of conductance being
[ms−1 ]) are chosen as (Fourcaud-Trocme et al. 2003;
Geisler et al. 2005): VT = 0.625, Vth = 4.375, V R =
−0.375, T = 0.4375, τref = 2 ms, I0 = 0.05ms−1 , I1 =
0.05 ms−1 , μ = 0.04 ms−1 .
Figure 6(A) displays the value of λmax as a function of coupling strength S, and Fig. 6(B) plots the
last 50 ISIs over a 10 s evolution of the neuron with
label 1 for each S. It can be seen that there also exist
periodic, quasi-periodic, and chaotic regimes for the
EIF network under the current drive. Figure 7(A) is

Fig. 6 EIF model: (A) λmax vs. network coupling strength S;
(B) last 50 ISIs over 10 s of the system evolution are plotted
for each value of S

a zoom in of the bifurcation region of Fig. 6(B) when
0.0004  S  0.001. Figure 7(B) is a further zoom in of
the bifurcation region of Fig. 7(A) when 0.00042  S 
0.00052. It can be seen that the pattern of bifurcation
is unlike the usual periodic-doubling one. Figure 8(A)
displays the first 10 LEs as a function of S, and Fig. 8(B)
shows the KY dimension as a function of S. It can
be clearly seen that the KY dimension is very low for
periodic regime, whereas it is high for other regimes,
such as chaotic or quasi-periodic regime in general.
Finally, it is worthwhile to compare the dynamics
of LIF networks with those of EIF networks. For the
case that we examined here, i.e., networks with all-toall couplings, the LIF networks display phase-locked
periodic dynamics with weak couplings, whereas the
EIF networks exhibit phase-locked periodic dynamics
for some intermediately strong couplings as evidenced
in Fig. 4 and Fig. 6. Intuitively, this phenomenon
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(a)

(a)

(b)

(b)

Fig. 7 EIF model: last 50 ISIs over 10 s of system evolution

(A) bifurcation region of 0.0004  0.001; (B) bifurcation region of 0.00042  0.00052

has to do with the following observation: the dynamics of uncoupled LIF network is never chaotic, as is
mentioned previously, whereas the dynamics of uncoupled EIF network (i.e., single EIF neuron) can be
weakly chaotic as is shown in Fig. 6(A). For chaotic
regimes, we note that the EIF networks exhibit complex ISI distributions, as seen in Fig. 6(B). In this case,
the complex spiking patterns of EIF networks reflect
the underlying chaotic dynamics, as consistent with the
intuitive notion that a chaotic network dynamics may
possess rich, irregular spiking events. As the coupling
increases (e.g. S > 0.014), both LIF and EIF networks
become quasi-periodic or weakly chaotic with more
and more synchronized dynamics. Their corresponding
rasters also become more regular, exhibiting typical
refractory-limited oscillations.

Fig. 8 EIF model: (A) first 10 Lyapunov exponents vs. network coupling strength S; (B) Kaplan-Yorke dimension vs.
network coupling strength S. The lines connecting data points
are for guiding the eye only

4.3 Dynamical threshold I&F model
The DTIF model is a physiologically plausible, modified I&F model, which is capable of reproducing some
complex dynamics such as adaptation (Chacron et al.
2003; Liu and Wang 2001; Wark et al. 2007). It is well
known that the standard I&F model has no memory
of the past, in the sense that the inputs and discharge
times prior to the last spike bear no influence on the
next discharge times. However, some experiments have
shown that the threshold of the neuron for firing is not
constant in time but depends on the past spiking history
of the neuron (Azouz and Gray 1999; Chacron et al.
2007). The DTIF model has been proposed to model
different classes of neurons that display adaptation
(Horn and Usher 1989; Horn and Opher 2000; Chacron
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et al. 2000, 2001a, b, 2003, 2004; Liu and Wang 2001;
Lindner and Longtin 2005).
The dynamics of all-to-all homogeneously coupled
excitatory DTIF network under a sinusoidal current
drive are governed by

(a)

V̇i (t) = −G L Vi (t) −  L − Gi (t) Vi (t) −  E
+I0 + I1 cos(2π μt + φi ),
N

δ(t − T j,k ),
(19)

where U 0 is a parameter greater than Ur , U 1 is the
amplitude parameter and α is a fatigue parameter
that controls the amount of memory in the system
(Chacron et al. 2003, 2004). In particular, when α = 0,
+
the threshold value U i (Ti,k
), immediately after a spike
discharge, is independent of the threshold value at
−
that discharge U i (Ti,k
), so that future discharges bear
no memory of the firing history. The model reduces
to the standard LIF model with constant threshold
Vth = Ur . The parameters in our model (In our
reduced-dimensional units, in which only time retains
dimension, with units of conductance being [ms−1 ]) are
chosen as (Chacron et al. 2000, 2001a, b; Liu and Wang
2001): Vth = 1.0, V R = 0, σU = 10 ms, Ur = 0.4, U0 =
1.0, U1 = 1.0, α = 1.0, τref = 2 ms, I0 = 0.05 ms−1 , I1 =
0.05 ms−1 , μ = 0.04 ms−1 .
Figure 9(A) displays the value of λmax as a function
of coupling strength S, and Fig. 9(B) shows the last 50
ISIs over 10 s of the neuron with label 1 for each S
and the inset is a zoom in of the bifurcation region of
Fig. 9(B). Figure 9(C) shows the value of firing voltage
−
U 1 (T1,k
) of the neuron with label 1 (denoted by Vspike )
as a function of S and the inset is the zoom in of the
bifurcation region of Fig. 9(C). It can be seen that
there are also three dynamical regimes. When S is weak
(0  S  0.001), the largest LE λmax is negative. The
responses are phase locked to the stimulus and there is
a stable periodic pattern of spikes (Alstrom et al. 1988).
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where U i (t) is the threshold of the ith neuron. Ur is the
value of steady state in the absence of firing and σU
is the time constant for the threshold dynamics. Firing
occurs when the voltage Vi (t) reaches U i (t). Following
this, it is the same as the standard I&F model that
Vi (t) is reset to V R and is held at V R for an absolute
refractory period of τref ms. At each spike time of the
ith neuron, U i (t) jumps to
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Fig. 9 DTIF model: (A) λmax vs. network coupling strength S;
(B) last 50 ISIs over 10 s of the system evolution are plotted
for each value of S; Inset: bifurcation region of 0  S  0.001;
(C) firing voltage Vspike vs. network coupling strength S. Inset:
bifurcation region of 0  S  0.001
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When S is moderately strong (0.004  S  0.011), λmax
is either nearly zero or weakly positive, signifying that
the dynamics of the system is either quasi-periodic or
weakly chaotic. This is similar to the case of the EIF
network. When S is strong (0.013  S  0.02), λmax is
positive and large in magnitude, giving rise to chaotic
dynamics. Incidentally, for the case of a single neuron,
the fatigue parameter α has to be chosen relatively
large (α ≈ 30) in order to produce a chaotic regime
(Chacron et al. 2003, 2004). However, in the networks
we study here, the dynamics can easily possess chaos
with far smaller fatigue parameter (α = 1). In other
words, it is worthwhile to comment on the fact that the
single DTIF neuron with the chosen particular parameters exhibit no chaos, when coupled, chaos arises from
the interactions in the network.
Figure 10(A) displays the first 35 LEs as a function
of S, and Fig. 10(B) shows the KY dimension as a func-

(a)

tion of S. It can be clearly seen that the KY dimension
in quasi-periodic and chaotic regimes is much higher
than those of the LIF and EIF networks.

5 Discussion and conclusion
We have presented a study of the numerical evaluation
of the spectrum of LEs for the I&F-like, non-smooth
dynamical systems. We have also addressed the issue
that the original definition of LEs for smooth dynamical
systems can be naturally extended to the I&F like network dynamics. In addition, we have presented a stable
numerical algorithm to compute the spectrum of LEs
of these dynamical systems. Our numerical algorithm
can deal with much broader cases than those we have
discussed in this paper. For example, the algorithm can
easily be extended to the case of conductance drive
with a stochastic nature, such as feedforward Poisson
spikes, which are more realistic as an approximation to
cortical spike trains. Also, the algorithm is independent
of network connections and can be used to study more
complicated cortical structures, such as inhomogeneity
and sparsity. Moreover, our method can handle more
general dynamics of conductance than the exponential
case as we discussed here. Finally, we have also examined dynamical properties of LIF, EIF and DTIF
neuronal networks to illustrate the richness of their
dynamics. It is important to emphasize that chaos can
be induced by network interactions via pulse-couplings
even if a single neuron possesses no chaotic dynamics.
Acknowledgements The work was supported by NSF grants
and a grant from the Swartz foundation.

(b)

Fig. 10 DTIF model: (A) first 35 Lyapunov exponents vs.

network coupling strength S; (B) Kaplan-Yorke dimension
vs. network coupling strength S. The lines connecting data
points for guiding the eye only

Appendix: Proof of no degeneracy in the augmented
dynamics
Here, we demonstrate that the introduction of the
dynamics of the refractory residence time indeed extends the original standard algorithm of computing LEs
and does not encounter the degeneracy problem as
discussed before. In other words, we can show that
evolving from an initial ball with radius  centered
at the reference trajectory to any time T, one can
always obtain a linear transformed ellipsoid without
degeneracy.
Suppose at time T (n) = nT, the system is in
the network subthreshold period and the perturbation vector δx(n) is given as (δx1(n) , δx2(n) , · · · , δx(n)
N ),
where δxi(n) = (δVi(n) , δGi(n) ). Then, at the next time
T (n+1) = (n + 1)T, the system is in the network re-
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fractory period with the perturbation vector δx(n+1) =
(δx1(n+1) , δx2(n+1) , · · · , δx(n+1)
), where δxi(n+1) = (δτi(n+1) ,
N
(n+1)
) if T (n+1) ∈ (Ti,k , Ti,k + τref ) and δxi(n+1) =
δGi
(δVi(n+1) , δGi(n+1) )

k
(n+1)

if T

∈

(Ti,k + τref , Ti,k+1 ). We
k

show that there is no degeneracy problem when using GSR at time T (n+1) to obtain the local LEs
of the system. In other words, the evolution matrix A(n,n+1) over the interval [T (n) , T (n+1) ] linking
the perturbation vector from δx(n) to δx(n+1) is nondegenerate (nonsingular). We first divide the interval [T (n) , T (n+1) ] into the combination of several
subintervals as [T (n) , T (n+1) ] =

M−1

Ēi , where Ēi = [T (ni ) ,

Eq. (13). The third line combined with the first line
on the RHS of Eq. (20) describes the linear transition
coefficients of the lth neuron’s conductance component
(n− )

(ni )

R

i=0

T (ni+1 ) ] with n0 = n, n M = n + 1, and T (n) < T (ni ) <
T (n+1) (i = 1, 2, · · · , M − 1) are chosen from either the
set of neurons’ spike time
{T j,k } or the set of neuj

k

{T j,k + τref }. Notice that the

rons’ awakening time
j

k

dynamics of the perturbation vector over each subinterval Ei = (T (ni ) , T (ni+1 ) ) is smooth, we will show that both
the evolution matrix B(ni ,ni+1 ) over each subinterval link−
+
ing the perturbation vector from δx(ni ) to δx(ni+1 ) and
the transition matrix R(ni ) immediately before and after
−
each T (ni ) linking the perturbation vector from δx(ni )
−
+
+
to δx(ni ) are nondegenerate, where δx(ni ) and δx(ni+1 )
represent one-sided limits of the perturbation vector
δx obtained as
lim
δx(T) and
lim
δx(T).
T−T (ni ) →0+

T−T (ni+1 ) →0−

For any ni (i = 1, 2, · · · , M − 1), we first consider the
transition matrix R(ni ) immediately before and after
T (ni ) . (i) If T (ni ) = T j,k (the kth spike time of the jth
neuron), the transition matrix R(ni ) can be obtained as
⎧
1
⎪
⎪
⎪
⎪
1
⎪
⎪
⎪
⎨ V̇ j (T −j,k )
(ni )
S
R ( p, q) = − σ V̇ (T
−
j
⎪
j,k )
⎪
⎪
⎪
⎪
⎪
⎪
⎩
0

if p = q = 2 j − 1,
if p = q = 2 j − 1,

(n+ )

in the perturbation vector linking δGl i and δGl i
with the label l = j as in Eq. (10) (we only consider
the effects of the jth neuron’s spike to the change of
other neurons’ conductance, not to itself). (ii) If T (ni ) =
T j,k + τref (the kth awakening time of the jth neuron),
the transition matrix R(ni ) can be obtained as
⎧
⎪
⎨

1


( p, q) = V̇ j (T j,k + τref )+
⎪
⎩
0

if p = q = 2 j − 1,
if p = q = 2 j − 1,
otherwise,
(21)

where the first line on the RHS of Eq. (21) describes the
linear transition coefficient of the lth neuron’s voltage
(ni− )

component in the perturbation vector linking δVl
(n+ )

and δVl i with the label l = j, and also the linear
transition coefficient of the lth neuron’s conductance
(n− )
component in the perturbation vector linking δGl i
(n+ )

and δGl i with the label l = 1, 2, · · · , N. The second
line on the RHS of Eq. (21) describes the linear transition coefficient of the jth neuron’s voltage component
(n− )

(n+ )

in the perturbation vector linking δτ j i and δV j i
as in Eq. (14). We can see that the transition matrix
is nondegenerate in both cases (i) and (ii). Next, we
consider the evolution matrix B(ni ,ni+1 ) over each subinterval Ei . For any ni (i = 0, 1, · · · , M − 1), we define
two sets of neuron index for a given Ei as follows:
the first set I is given as I = { j|1 ≤ j ≤ N, Ei ⊆  j},
where  j is the set of the jth neuron’s refractory period as  j = (T j,k , T j,k + τref ). The second set J is
k

if q = 2 j − 1 and p is even,
but p = 2 j,

given as J = { j|1 ≤ j ≤ N, Ei ⊆  j} , where  j is the
set of the jth neuron’s subthreshold period as  j =
(T j,k + τref , T j,k+1 ). The evolution matrix B(ni ,ni+1 ) can
k

be obtained as B(ni ,ni+1 ) ( p, q) =

otherwise,
(20)

where R(ni ) ( p, q) represents the element of the matrix
with the position at the pth row and the qth column.
The first line on the RHS of Eq. (20) describes the
linear transition coefficient of the lth neuron’s voltage
(ni− )

component in the perturbation vector linking δVl
(n+ )
δVl i

and
with the label l = j. The second line on
the RHS of Eq. (20) describes the linear transition
coefficient of the jth neuron’s voltage component in
(ni− )

the perturbation vector linking δV j

(ni+ )

and δτ j

as in

  
⎧
 
L
⎪
exp
−
G
+
G
(s)
ds ,
l
⎪
Ei
⎪
⎪
⎪
⎪
if p = q = 2l − 1, where l ∈ J;
⎪
⎪
⎪




⎪
⎪
⎪
− Ei exp −(s) Vl (s) − V E ds,
⎪
⎪
⎨
if p + 1 = q = 2l, where l ∈ J;
T (ni+1 ) −T (ni )
⎪
⎪ exp −
,
⎪
σ
⎪
⎪
⎪
⎪
if
p
=
q
= 2l, where 1 ≤ l ≤ N;
⎪
⎪
⎪
⎪
⎪
1,
if p = q = 2l − 1, where l ∈ I;
⎪
⎪
⎩
0,
otherwise,

(22)
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where


T (ni+1 ) 

(s) =
s


s − T (ni )
G L + Gl (w) dw +
.
σ

The first line and the second line on the RHS of Eq.
(22) describe the linear transition coefficients of the
lth neuron’s voltage component in the perturbation
(n− )

(n− )

(n+ )

vector linking δVl i , δGl i and δVl i as obtained by
linearization of Eq. (5) with the label l ∈ J (i.e., the
neuron under its subthreshold dynamics). The third line
on the RHS of Eq. (22) describes the linear transition coefficient of the lth neuron’s conductance− com(n )
ponent in the perturbation vector linking δGl i and
(n+ )

δGl i with the label l = 1, 2, · · · , N. The fourth line
on the RHS of Eq. (22) describes the linear transition coefficient of the lth neuron’s voltage component
(n− )

(n+ )

in the perturbation vector linking δτl i and δτl i
with the label l ∈ I (i.e., the neuron under its refractory dynamics). We can see that the evolution matrix
B(ni ,ni+1 ) is also nondegenerate. The evolution matrix
A(n) over the whole interval [T (n) , T (n+1) ] should be the
product of both the evolution matrix over each subinterval (T (ni ) , T (ni+1 ) ) and the transition matrix immediately before and after each T (ni ) as A(n) = B(n0 ,n1 ) R(n1 ) ×
B(n1 ,n2 ) R(n2 ) · · · R(n M−1 ) B(n M−1 ,n M ) . Therefore, the evolution matrix A(n) is nondegenerate and we will not encounter the degeneracy problem when computing the
local LEs using GSR. This is because we can always
generate a complete set of corresponding orthogonal
vectors at time T (n+1) even though T (n+1) is in a network refractory period. As a conclusion, both the theoretical definition and the numerical algorithm of LEs
for smooth dynamical systems can be extended to the
non-smooth dynamical systems of I&F networks with
refractory-induced degeneracy.
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