
Chapter 1

Notes on Higher-order

Propagation of Chaos

The following are notes based on [1].

1.1 Cluster Expansion

Recall BBGKY hierarchy: for N particles interacting via bounded force K ∈ L∞(T2d;Rd), the

evolution of fj,N , j-marginal of the joint distribution, satisfies


∂tfj,N −

j∑
k=1

∆xk
fj,N +

1

N

j∑
k,l=1

∇xk
· (K(xk, xl)fj,N ) = −N − j

N

j∑
k=1

∇xk
·
∫

K(xk, x∗)fj+1,N (Xj , x∗)dx∗

fj,N (0, ·) = f⊗j

(1.1)

for chaotic initial data.

For any P ⊂ N ∪ {∗} with |P | < ∞, and any h : (Td)P 7→ R, we denote

Sk,lh : (Td)P 7→ R

Sk,lh(x) := ∇xk
· (K(xk, xl)h(x)). (1.2)

Moreover, if ∗, k ∈ P and k ̸= ∗,

Hkh : (Td)P−{∗} 7→ R

Hkh(x
P−{∗}) := ∇xk

·
∫

K(xk, x∗)h(x)dx∗. (1.3)

Thus the BBGKY hierarchy reads

∂tfj,N −
j∑

k=1

∆xk
fj,N +

1

N

j∑
k,l=1

Sk,lfj,N = −N − j

N

j∑
k=1

Hkf[j]∪{∗},N (1.4)

1
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To study the asymptotic behavior of fj,N as N → ∞, we may write the perturbative expansion

expression fj,N =
∑∞

i=0 N
−if i

j due to the structure of BBGKY, where f i
j is independent of N .

Plug this ansatz into 1.4 and collect terms of the same order,

∂tf
i
j −

j∑
k=1

∆xk
f i
j +

j∑
k=1

Hkf
i
[j]∪{∗} = j

j∑
k=1

Hkf
i−1
[j]∪{∗} −

j∑
k,l=1

Sk,lf
i−1
j (1.5)

To measure the error term, we may consider the following L2 divergence

∫ ∣∣∣∣∣fj,N −
∑i

k=0 N
−kfk

j

ρ⊗j

∣∣∣∣∣
2

ρ⊗jdXj (1.6)

Now we may state the main result of this paper.

• The zeroth order term f0
j = ρ⊗j as is expected, with ρ solution to McKean-Vlasov equation

∂tρ−∆ρ = −∇ · (ρK ∗ ρ) (1.7)

• For fixed time interval [0, T ], there exists some constant C = C(∥K∥L∞ , i, T ) s.t.

∫ ∣∣∣∣∣fj,N −
∑i

k=0 N
−kfk

j

ρ⊗j

∣∣∣∣∣
2

ρ⊗jdXj ≤ C

(
j

N

)2(i+1)

(1.8)

for j ≤ CN2/3.

Remark 1. For i = 0, we have,

∫ ∣∣∣∣fj,N − ρ⊗j

ρ⊗j

∣∣∣∣2 ρ⊗jdXj ≤ C

(
j

N

)2

(1.9)

On the other hand,

∫ ∣∣∣∣fj,N − ρ⊗j

ρ⊗j

∣∣∣∣2 ρ⊗jdXj ≥
1

2
H(fj,N |ρ⊗j) ≥ ∥fj,N − ρ⊗j∥2TV , (1.10)

so we have recovered Lacker’s result [2].

It is hard to get the bound directly due to the hierarchical structure, and we shall study f i
j

through the lens of cluster expansion.

For P a collection of indices, we denote h|P |,N with domain (Td)P by hP,N . Now we introduce

the cluster expansion, i.e., we express fj,N ’s in terms of a family of exchangeable functions

g1,N , . . . , gN,N , namely

fj,N =
∑
π⊢[j]

∏
P∈π

gP,N . (1.11)
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From the combinatorial identity

∑
σ≤π

(−1)|σ|−1(|σ| − 1)! =

1, |π| = 1,

0, |π| ≥ 2,
(1.12)

we may inverse the expression into

gj,N =
∑
π⊢[j]

(−1)|π|−1(|π| − 1)!
∏
P∈π

fP,N . (1.13)

From 1.4, 1.13 and 1.11 we may get the evolution of gj,N

∂tgj −
j∑

k=1

∆xk
gj =− N − j

N

j∑
k=1

Hkg[j]∪{∗} +

j∑
k=1

∑
W⊂[j]−{k}

j − 1− |W |
N

HkgW∪{k,∗}g[j]−{k}−W

− N − j

N

j∑
k=1

∑
W⊂[j]−{k}

HkgW∪{k}g[j]∪{∗}−W−{k}

+

j∑
k=1

∑
W⊂[j]−{k}

∑
R⊂[j]−{k}−W

j − 1− |W | − |R|
N

HkgW∪{k}gR∪{∗}g[j]−R−W−{k}

− 1

N

j∑
k,l=1

Sk,lgj −
1

N

j∑
k,l=1,k ̸=l

∑
W⊂[j]−{k,l}

Sk,lgW∪{k}g[j]−{k}−W . (1.14)

Now we shall expand gj,N =
∑∞

i=0 N
−igij with gij independent of N . And we may collect terms

of the same order to get

∂tg
i
j −

j∑
k=1

∆xk
gij =−

j∑
k=1

Hkg
i
[j]∪{∗} −

j∑
k=1

∑
W⊂[j]−{k}

i∑
m=0

Hkg
m
W∪{k}g

i−m
[j]∪{∗}−W−{k}

+ j

j∑
k=1

Hkg
i−1
[j]∪{∗} +

j∑
k=1

∑
W⊂[j]−{k}

(j − 1− |W |)
i−1∑
m=0

Hkg
m
W∪{k,∗}g

i−1−m
[j]−{k}−W

+ j

j∑
k=1

∑
W⊂[j]−{k}

i−1∑
m=0

Hkg
m
W∪{k}g

i−1−m
[j]∪{∗}−W−{k}

+

j∑
k=1

∑
W⊂[j]−{k}

∑
R⊂[j]−{k}−W

(j − 1− |W | − |R|)
i−1∑
m=0

i−1−m∑
n=0

Hkg
m
W∪{k}g

n
R∪{∗}g

i−1−m−n
[j]−R−W−{k}

−
j∑

k,l=1

Sk,lg
i−1
j −

j∑
k,l=1,k ̸=l

∑
W⊂[j]−{k,l}

i−1∑
m=0

Sk,lg
m
W∪{k}g

i−1−m
[j]−{k}−W . (1.15)

For chaotic initial data, we may assume that g01 ≡ ρ and that g0j ≡ 0 for j ≥ 2. Let

T := {(i, j) ∈ N2 : 1 ≤ j ≤ i+ 1} (1.16)

Then we have the following proposition

Proposition 2.
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1) For (i, j) /∈ T , we have gij ≡ 0;

2) For (i, j) ∈ T ,the equation for gij depends only in the gkl ’s with k ≤ i;

3) The equation is linear in (gij)
∞
j=1 for (i, j) > (0, 1).

4) If the solution to McKean-Vlasov equation is unique, the gij’s are unique.

Proof. • If we take gij = 0 for all (i, j) /∈ T , there is no contradiction in 1.15. To see this,

we only need to verify that if (i, j) /∈ T , then all terms in RHS of 1.15 involve gkl for some

(k, l) /∈ T . We may verify, e.g., the term

Hkg
m
W∪{k}g

i−m
[j]∪{∗}−W−{k} (1.17)

does. Otherwise, we have (m, |W |+ 1), (i−m, j − |W |) ∈ T , then

|W |+ 1 ≤ m+ 1, j − |W | ≤ i−m+ 1 ⇒ j ≤ i+ 1 ⇒ (i, j) ∈ T, (1.18)

which is a contradiction.

• Since our initial data guarantees gij(0, ·) = 0 for (i, j) ̸= (0, 1), we only need to prove

uniqueness of solution to 1.15. Consider energy of the form

∞∑
j=1

e−8jCt

∫
Tjd

|fj(t, ·)|2dXj , (1.19)

where C = ∥K∥2L∞∥ρ∥2L2 + 1. Now we prove uniqueness by induction on i. In fact, if we

have proven uniqueness of (gkl )
∞
l=1 for k < i, and there are two solutions (gij) and (ḡij). Let

Gi
j = gij − ḡij , then

∂tG
i
j −

j∑
k=1

∆xk
Gi

j = −
j∑

k=1

Hkρ(xk)G
i
[j]∪{∗}−{k} −

j∑
k=1

Hkρ(x∗)G
i
[j] −

j∑
k=1

HkG
i
[j]∪{∗} + 0.

(1.20)

Thus

d

dt

(
e−8jCt

∫
|Gi

j |2dXj

)
=− 8jCe−8jCt

∫
|Gi

j |2dXj + e−8jCt2

∫
∂tG

i
jG

i
jdXj

=− 8jCe−8jCt

∫
|Gi

j |2dXj+

+ 2e−8jCt

j∑
k=1

{∫
∆xk

Gi
jG

i
jdXj −

∫
Gi

j∇xk
·
∫

K(xk, x∗)G
i
[j]∪{∗}−{k}dx∗dXj

−
∫

Gi
j∇xk

· (
∫

K(xk, x∗)ρ(x∗)dx∗G
i
[j])dXj −

∫
Gi

j∇xk
· (
∫

K(xk, x∗)G
i
[j]∪{∗}dx∗)dXj

}
≤ −8jCe−8jCt

∫
|Gi

j |2dXj + 2jCe−8jCt

(
2

∫
|Gi

j |2dXj +

∫
|Gi

j+1|2dXj+1

)
(1.21)



1.2. HIERARCHY BOUNDS 5

For t ∈ [0, log 2
8C ], we have e8Ct ≤ 2, then summing over all the terms and we get

d

dt

∞∑
j=1

e−8jCt

∫
|Gi

j |2dXj ≤
∞∑
j=1

{[
(j − 1)e8Ct − 4j

]
C

∫
|Gi

j |2dXj

}
≤ 0 (1.22)

Then we may find Gi
j ≡ 0 for all j at any time interval.

Proposition 3. For any i, j and any 1 ≤ l ≤ j

∫
gijdxl =

1 i = 0, j = 1,

0 otherwise.
(1.23)

Thus
∫
f i
j+1dxj+1 = f i

j .

Proof. We may integrate both sides of 1.15 by xl to get the first claim. And by comparing terms

of the same order in 1.11

f i
j =

∑
π⊢[j]

∑
(iP )P∈π∑

iP=i

∏
P∈π

giPP . (1.24)

Thus the second claim follows.

1.2 Hierarchy Bounds

Proposition 4. Let g̃ij :=
gi
j

ρ⊗j , there is a constant C(∥K∥L∞ , i) s.t.

∫
|g̃ij |2ρ⊗jdXj ≤ CeCt. (1.25)

Proof. We may prove it by induction on i. Suppose the claim is true for gkl ’s with k < i,

d

dt

∫
|g̃ij |2ρ⊗jdXj ≤ 3j

∫
|g̃ij |2ρ⊗jdXj + CeCt

(
sup
k<i

∫
|g̃kl |2ρ⊗ldXj

)3

, (1.26)

and since g̃ij = 0 for j > i+ 1,

d

dt

∫
|g̃ij |2ρ⊗jdXj ≤ C

∫
|g̃ij |2ρ⊗jdXj + CeCt

(
i−1∑
k=0

∥(g̃kl )∥2l2l (L2
Xl

(ρ⊗l))

)3

(1.27)

Summing over j and applying Gronwall we may conclude.

If we let

φi
j :=

i∑
k=0

N−kfk
j (1.28)
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and

Ri
j := N−i−1

j∑
k=1

ek ⊗
j∑

l=1

(∫
K(xk, x∗)f

i
[j]∪{∗}dx∗ −K(xk, xl)f

i
j

)
(1.29)

Then

∂tφ
i
j −

j∑
k=1

∆xk
φi
j +

N − j

N

j∑
k=1

∇xk
·
∫

K(xk, x∗)φ
i
j+1(X[j]∪{∗})dx∗ +

1

N

j∑
k,l=1

∇xk
· (K(xk, xl)φj) = ∇ ·Ri

j .

(1.30)

Proposition 5. For γi
j := φi

j − fj,

d

dt

∫ ∣∣∣∣∣ γi
j

ρ⊗j

∣∣∣∣∣
2

ρ⊗jdXj ≤2j∥K∥2L∞

∫ ∣∣∣∣∣ γi
j+1

ρ⊗(j+1)

∣∣∣∣∣
2

ρ⊗(j+1)dx∗dXj −
∫ ∣∣∣∣∣ γi

j

ρ⊗j

∣∣∣∣∣
2

ρ⊗jdXj


+ 4

j3

N2
∥K∥2L∞

∫ ∣∣∣∣∣ γi
j

ρ⊗j

∣∣∣∣∣
2

ρ⊗jdXj + 2

∫ ∣∣∣∣∣ Ri
j

ρ⊗j

∣∣∣∣∣
2

ρ⊗jdXj . (1.31)

Proof. Direct computation.

Proposition 6. There exist C = C(∥K∥L∞ , i) < +∞, s.t.

∫ ∣∣∣∣∣ Ri
j

ρ⊗j

∣∣∣∣∣
2

ρ⊗jdXj ≤ CeCt

(
j

N

)2(i+1)

(1.32)

By the two proposition above, the main result follows from a slight adjustment of Lacker’s

hierarchical inequality [2].
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