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Abstract

For a class of mean-field particle systems, we formulate a criterion in terms of the free energy
that implies uniform bounds on the log-Sobolev constant of the associated Langevin dynamics.
For certain double-well potentials with quadratic interaction, the criterion holds up to the critical
temperature of the model, and we also obtain precise asymptotics on the decay of the log-Sobolev
constant when approaching the critical point. The criterion also applies to “diluted” mean-field
models defined on sufficiently dense, possibly random graphs. We further generalize the criterion
to non-quadratic interactions that admit a mode decomposition. The mode decomposition is
different from the scale decomposition of the Polchinski flow we used for short-range spin systems.

1 Introduction

Let V:RY = R, W : R? x R - R be symmetric, C? functions, and let 7 > 0. We are interested in
characterising the large time behaviour of the following Langevin mean-field dynamics for large IV:

N
i <N, dX=—|VV(X})+ ZV1W X;,Xﬂ)] dt + V2 dBi, (1.1)

where V; denotes gradient with respect to the first coordinate and with the B} independent standard
Brownian motions. The literature on this question and on the associated McKean—Vlasov equation,
obtained as the limiting dynamics of X} as N — oo, is extremely vast, see e.g. the surveys [45, 20, 21]
and, in the McKean—Vlasov case, the landmark paper [19]. Below we will exclusively discuss the
interacting particle system (LI). We shall only mention the works most relevant to our setting,
referring to the above works for additional bibliography.

Under suitable assumptions on the potentials V, W (referred to below as the confinement re-
spectively the interaction potential), the law of the dynamics (I.I]) converges to a unique invariant
measure given by

N
md (dx) = %exp [ 2TN Z W (x;, x; ] H ay (dz;), (1.2)
T i,j=1 =1
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where ay € My (R?) denotes the absolutely continuous probability measure
ay (dz) oc eV @) dg, (1.3)

and o stands for equality up to a normalisation factor. Throughout the paper we always implicitly
assume that m¥ is a probability measure:

VT >0, Z¥ <o (1.4)

For large N, the behaviour of the dynamics and the measure m¥ are governed by the free energy

Fr(p), defined for an absolutely continuous probability measure p(dx) = p(x) dz on R by:

Frlp) = [ o) osplo)do+ [ Vi) pde) + 57 IRV RV

and equal to +oo if p is not absolutely continuous. Under general conditions on V, W, it is known
that Fr admits at least one minimiser, see [40] for the latest, most general results with references
to earlier works. Moreover, if T is large enough, then F7 has a unique minimiser, see, e.g., [19] [31].
Conversely, minimisers (local or global) for small enough T are in general not unique [25] [42]. In
statistical mechanics terms the existence of a temperature T, € (0, 00) which separates regions where
uniqueness and non-uniqueness hold corresponds to a phase transition:

T, := inf {T > 0 : Fpv has a unique global minimiser for each 7" > T}. (1.6)

We are interested in relating this critical temperature to relaxation properties of the dynam-
ics (LI). The mean-field measure m¥ of (L)) is said to satisfy a log-Sobolev inequality with constant
v > 0 if, for any C™ compactly supported F : (RN — R,

2
Ent,,x (F) < ;/|V\/f|2dm¥, (1.7)

with Ent, ,~ (F) = B [F'log F] —E,.x [F]log B [F]. Under mild conditions on V, W, this inequality
holds for an optimal constant 4{%(7) > 0 (see e.g. [32] for background on log-Sobolev inequalities in
statistical mechanics context).

This paper focuses on deriving uniform in N estimates of the log-Sobolev constant from which
quantitative controls on the relaxation of the Langevin dynamics (ILI]) follow. This also applies to
the limiting McKean—Vlasov equation, see for example the discussion in [31]. Our main interest is
in bounding the log-Sobolev constant under assumptions that only involve the free energy Frp.

The question of uniform bounds on the log-Sobolev constant has already received a lot of atten-
tion. The equilibrium phase transitions are determined at the macroscopic level by the mean-field
functional F7 (LE) which records the contribution of the interaction and the entropy of the system.
In general, non-convexity of the interaction p — [ W p®? may create a phase transition depending on
the temperature T'. In this case, the log-Sobolev constant will vanish with N. In fact, even in absence
of a phase transition, the existence of local minima for Fp will lead to a metastable behaviour of the
dynamics and the log-Sobolev constant in (L7)) is expected to also vanish with N, a fact established
quite generally in [25]. At sufficiently high temperature/small interaction one expects neither phase
transition nor metastability and therefore uniform bounds on the log-Sobolev constants should hold,
as was shown for a large class of V, W in [31]. Very recently, the log-Sobolev inequality was derived
for possibly large but flat convex interactions (see (LI9])) in [47), 22]. Building on the result of [47]
perturbations to the flat convex case were studied in [41]. In this work, under various assumptions



on the confinement and interaction potentials V, W and on the temperature parameter T' > 0, we are
going to relate the scaling of the log-Sobolev constant (L7 to conditions on the mean-field functional
Fr ([LH).

Our approach closely follows the strategy introduced in [7] based on renormalisation ideas, ex-
posed in much greater generality in the survey [11]. The method of [7] was applied in [14] to analyse
in depth the behaviour of the spectral gap for discrete mean-field models and its precise divergence
in N close to critical regimes. Here we use it to study the mean-field model (L.2]) defined in the con-
tinuum, but also models beyond the strict (fully connected) mean-field setting. Indeed, the strategy
in [7, [11] is well suited to studying models with general, possibly random interactions as it relies
only on the spectral structure of the interaction matrix. It has for instance been extended in [10]
to study Kawasaki dynamics of the Ising model on random regular graphs and we extend it here to
continuous models on random graphs with sufficiently large degrees.

For quadratic interactions, either of mean-field type or on suitable random graphs, we will show
that for a large class of models the log-Sobolev inequality can be analysed up to the critical point,
characterised as above in terms of the free energy functional, see Theorem [[3] in the quadratic case
and Theorem on random graphs. For this, we use a spectral decomposition of the interaction
matrix to reduce, in the large N limit, the complexity of the microscopic dynamics to the analysis
of a single (slow) mode which determines the macroscopic behaviour. This spectral decomposition
is trivial for fully connected models and otherwise relies on expander properties of random graphs
with large degrees. Similar strategies based on spectral decomposition of the measure have recently
been employed to great success for discrete models, see e.g. [28] 27] and most recently in [2| 1, [39].

For non-quadratic interactions, the dimensional reduction is less straightforward and we focus
on fully connected graphs, i.e., on the mean-field measure (L.2]). For flat convex interactions, there
is no phase transition as the mean-field functional Fp (5] is strictly convex at all temperatures.
In this case the log-Sobolev inequality was derived in [47) 22]. We consider a specific kind of non-
convex interactions for which the mode decomposition used in the quadratic interaction case can be
generalised. By projecting the mean-field functional 77 on the modes, we obtain a criterion involving
only Fr which implies that the log-Sobolev inequality holds uniformly in V.

In specific instances, using detailed features of these models, we were previously able to analyse
short-range spin and field theory models, such as continuum limits which arise as invariant measures
of singular SPDEs or critical Ising models in d > 5, see [8, 9} [13], [12] and [11] for an introduction. An
essential feature in the analysis of these models is a scale decomposition in terms of the Polchinski flow
[11]. For mean-field particle systems, the perspective is different. In the interpretation of the particle
system as a spin system (with spins taking values in R? corresponding to particle positions), there is
essentially only a single scale (the mean field). On the other hand, possibly more complicated particle
interaction is captured by the structure of the interaction potential which can now have different
modes (compared to the spins systems which have short-range, but usually quadratic interaction
potentials). This requires a mode decomposition (instead of scale decomposition) that we explore in
the mean-field setting in this paper. For quadratic interactions there will only be a single mode.

The main results of this paper are stated in the next subsections as well as more specific references
depending on the structure of the interactions. To avoid technical issues, we restrict to the following
class of confinement potentials:

Assumption 1.1 (Assumptions on V). The potential V' €~C’2(Rd, R) can be decomposed as V = V,+V,
where V. € C?(R%, R) satisfies Hess V.. > id and where V is Lipschitz or bounded.

1.1. Quadratic interactions. We first consider the simplest case of a quadratic interaction of the form
W(z,y) = —(x,y) which leads to a single mode (and a single scale). The continuous Curie-Weiss



model (see (LI2]) below) is the prototypical example in this class. The results in this case generalise
the method of [7, 1] (in the mean-field case) and prepare for the developments of Sections and
3] by providing a new perspective that focuses on the mean-field free energy functional.

For m € RY, define the (one mode) coarse grained free energy as:

]:"T(m) = inf {fT(p), p such that/a:p(da;) = m} . (1.8)

Our goal is to relate the log-Sobolev inequality of the mean-field measure m¥ ([L2) to properties of
the free energy Fr, i.e. to macroscopic properties of the system. In particular, for 7' > T, we are
going to assume that the gradient flow associated with Fr,

1y = =V Fr(m), my e RY, (1.9)

relaxes exponentially fast to the global minimum m*, i.e., F(m;) — F(m*) < e 2 (F(mg) — F(m*)).
It is known (see [33}, 23] for references) that this exponential relaxation of the dynamics is equivalent
to the following Polyak-Lojasiewicz inequality with constant v = ~ypr,,

A

A 1 o
Fr(m) — Fr(m*) < ——||VFr(m)|?, ¥Ym e R< (1.10)
27pL

It is implied by uniform convexity of Fr (but more general). In addition, it is shown in [23, Theorem 1]
that inequality (LI0]) implies the following log-Sobolev inequality.

Lemma 1.2. ([25, Theorem 1]) The Polyak-Lojasiewicz inequality (LIQ) holds with constant ~py, > 0

—N]:'T(m)

if and only if the probability measure x e dm has a log-Sobolev constant ypr, N(1 + on(1)).

The following theorem shows that inequality (II0]) implies a log-Sobolev inequality for the mean-
field measure m% (L2) uniformly in N.

Theorem 1.3 (Quadratic interaction). Let the confinement potential V' satisfy Assumption [1.1 and
the interaction be given by:

W(x7y) = _($7y)7 $7y€Rd' (111)
Let T > T, (defined in () and assume that Fr satisfies a Polyak-Lojasiewicz inequality (LI0).

Then the measure m¥ satisfies a log-Sobolev inequality with a constant independent of N.

For a large class of potentials, Theorem (L3]) implies a log-Sobolev inequality up to 7¢:

Corollary 1.4 (Double well confinement potentials). Under the same conditions as the previous the-
orem, let d = 1, and consider the choice of confinement potential of the form

zt z?

V(z) = T )\7, z,y, A € R, (1.12)
or more generally suppose that V' is in the GHS class, i.e. satisfies Assumption below. Then
for any T > T, (defined in (LG)), the measure m¥ satisfies a log-Sobolev inequality with a constant

independent of N. Moreover, the log-Sobolev constant vanishes linearly at T,:

limsupyﬁvs(T) <a(T-T,), WI]JVS(T) >c(T-T,), N=>1, (1.13)
N—oo

for some constants c1,co > 0.

Note that a similar result would hold for the interaction W(z,y) = %(az — y)? as one can recover
the structure (LII)) by rewriting the Hamiltonian and changing V' as:
1 N 1 X N 22
2 - s ) 4 28
N S TP IEUEDY <v<$l> n 71) o

i,j=1 i,j=1



1.2. Quadratic interactions on non-complete graphs. For many applications, it is natural to consider
interactions on general graphs with large degrees but which are not fully connected. In this case, the
mean-field theory does not apply and a specific analysis is needed (see e.g. [36], 37, [4, 38]). In this
section, we consider interactions indexed by the edges of random graphs and extend to this case the
method implemented to prove Theorem [T.3]

We first introduce some notation. Consider a graph Gy on {1,..., N} with adjacency matrix:
Aij =1linj, Ay =0, i,j€GN, (1.15)

where ¢ ~ j means that there is an edge between i, j in Gy. We consider the following probability
measure on R with interactions restricted to the edges of the graph Gy:

N
1 1
mgl\f (dx) = per exp Tdn (x,Am)} Hav(da:i), (1.16)
T i=1

where dp is the average degree of the graph, see Theorem below for a precise definition of dy.
Write WLGSN (T') for the log-Sobolev constant (L)) for the measure (LI6]).

Theorem 1.5. Let V(z) = “’2—4 — )\%2 (A € R) or more generally suppose that V satisfies Assump-
tion [24 Let T. denote the critical temperature (LGl of the fully connected mean-field-model m¥
with W (z,y) = —xy. Let Py be the uniform measure on random regular graphs Gy in {1,...,N}
with fixed degree dy at each site or the measure of Erdds-Rényi graphs with mean degree dy .

Assume either that impy_, o dy = 00 in the random regular graph case, or that imy_,oo dy/log N =
oo in the Erdos-Rényi case. Then:

(i) For T > T, there is a constant yp > 0 such that

. GnN > _
ngnoopN [ (T) 2 vyr] = 1. (1.17)

(ii) For T < T, there is a sequence (0n) converging to 0 such that:

lim Py [y (T) < on] = 1. (1.18)

N—oo

Remark 1.6. (i) The proof of Theorem provides a bound of the log-Sobolev constant at fixed
N, on any graph which is a sufficiently good expander. This is a condition that only involves
the spectrum of the adjacency matrix (see Assumption B.I] and Remark B3]). The precise
distribution of the random graphs is therefore not relevant.

(ii) A natural extension of Theorem would be to analyse the critical behavior on random
graphs with large, but finite degrees. This question was addressed in [43] for discrete models,
and adapted to our framework in [I1, Example 6.19].

(iii) As for Theorem [[.3] a uniform log-Sobolev inequality for mgN holds for more general V satis-
fying only Assumption [[.Tl The log-Sobolev inequality is then valid up to a temperature that
may be higher than T..



1.3. General interactions. For general interactions W, the validity of the log-Sobolev inequality is
less understood. Let W be an interaction with bounded second derivatives. It was recently shown
in [47, 22] that if W is flat convex, i.e., for each py, ps € M;(R?),

u € [0,1] — /W+(x,y)pu(dx) pu(dy) is convex (pu = (1 —w)p1 + up2), (1.19)

then a uniform log-Sobolev inequality holds for every T° > 0. In this case, Fr is convex for any T'
and there is no phase transition so that the critical value defined in (6]) is such that 7. = 0. Note
that more general convex interactions than the two body potential W (x,y) are covered by [47, 22].
In [41], the results [47] were extended beyond the flat convex case.

Suppose that the confinement potential V' satisfies Assumption [LIl We consider a class of
interaction potentials W with a non-convex part.

Assumption 1.7 (Assumptions on W). W € C%(R? x R% R) is symmetric and can be decomposed as:
W=wtr-w-, W*ecl?R?!xRYR), (1.20)
where W¥ are symmetric, and:

e W is bounded and flat convex (see (LI9)) and Hess W™ has a uniformly bounded operator
norm.

e W~ is given by the sum of a quadratic function, and a function which admits a bounded,
Lipschitz mode decomposition in the following sense. There is a sequence of functions ny :
RY — R[—1,1] and coefficients a > 0, w, > 0 (k € N) such that:

W™ (z,y) =a(zy) + > wyne(@)ne(y) = > wpng(@)n(y), (1.21)
k>0 k>—d

where we set w”, = a and n_;(z) = 2 for i € {1,...,d}, and:

sup ‘W_(:E,y) — oz(m,y)| < 00, Zw,; sup |Vng(z)]? < oo. (1.22)
z,ycRd k>0 zcRd

The functions W+ do not play the same role: W cannot induce a phase transition contrary
to the interaction W~ which may do so depending on a, w; ,ng. In order to determine a threshold
for the validity of the log-Sobolev inequality, we are going to define the restriction of the mean-field
free energy Fr (L) to the modes ny. Given m = (my)r>—_q, we consider the subset of probability
densities with prescribed modes

P(m) = {pe MiRY: i = [ m(o)p(do)} (1.23)
R4
and define the coarse grained free energy as
Fr(m) = inf {fT(p), pe P(m)}, (1.24)

with the convention Fr(m) = +oo if P(m) = . This is a multi-mode generalisation of (L8].
The functional Fr is strongly convez if there is 6 > 0 such that for any m' = (m,lg)kz_d,
m? = (m2)g>_q and t € [0,1] then
. . . )
tFr(m') + (1 — t)Fr(m?) > Fr(om' + (1 — a)m?) + §t(1 —t) Z w;, (my, — mz)2
k>—d

(1.25)



For a smooth functional ﬁT, the previous condition is equivalent to assuming that the Hessian is
bounded from below by a diagonal matrix with coefficients (6w, )y>—q. We also say that Fr is
0-convez if (28] holds with a specific § > 0.

Theorem 1.8. Let V' be a confinement potential and W an interaction respectively satisfying Assump-
tions [L1 and [1.7. If Fr is strongly convex, then the mean-field measure m¥ satisfies a log-Sobolev
nequality with a constant independent of N.

Theorem [L8 relies on [47] to deal with the interaction term W™ and uses a decomposition similar
to the one introduced in the proof of Theorem [I.3] to handle the quadratic potential.

Remark 1.9. The quadratic interaction considered in Theorem [[.3lfalls into the class of the interaction
potential (L2I)) (by choosing w, = 0 for k£ > 0). In this case, there are confinement potentials for
which the strong convexity of Fr is a sharp condition as seen in Corollary [I.4]

The representation (4.1)) is motivated by the Fourier decomposition. In particular, in the periodic
domain [0, 27)¢, any smooth symmetric interaction potential of the form W (z,y) = w(z — y) can be
decomposed as (28] (with coefficient o = 0): for z,y € [0, 27),

= Z wy, cos((k,x — y))
k=0

= Z Wy, cos((k,x)) cos((k,y)) + Wy sin((k, z)) sin((k,y)). (1.26)
k=0

The function W can then be split into W™, W™ according to the sign of the Fourier coefficients. The
Lipschitz assumption (I22)) on the ny is implied by sufficient smoothness of w.

As a consequence Theorem [[.8 (or rather its proof which also applies on the torus) implies the
following result in the periodic case.
Corollary 1.10. Consider the mean-field measure on the periodic domain |0, 27T]d with smooth periodic
potentials V(x) and W (z,y) = w(x —y). If Fr is strongly convez, then the mean-field measure my
satisfies a log-Sobolev inequality with a constant independent of N.

Remark 1.11. In Appendix[Bl we check that for the XY model, Corollary [L.T0limplies the log-Sobolev
inequality all the way to the critical threshold T, = 1/2. Note that this was already established in [7].
The mode decomposition did not appear there, but in this special situation, it is equivalent to the
R2-valued external field that appeared instead.

Using spherical harmonics, this can similarly be extended to rotation invariant interactions on
S d > 2, ie., W(z,y) = W(z-y). In particular, for the mean-field O(n) model, in which z; € S*~!,
the addition theorem for spherical harmonics [3, Theorem 2.9] implies that

n—1

where (Y{")1<m<n,, is an orthonormal basis of the spherical harmonics of order 1 in n dimensions.
This can be arranged into real form so that the right-hand side becomes Y, ny(z;)ni(x;). For z; € S?
this reduces to the trigonometric identity

x; - x5 = cos(6;) cos(8;) + cos(y;) sin(B;) cos(p;) sin(f;) + sin(;) sin(6;) sin(y;) sin(6;)
= na(wi)ni(z;) + na(zi)na(z;) + na(zi)na(z;), (1.28)

and the ny(x) are simply the spherical coordinates of x € S?. In the same way as for the XY model,
it was shown in [7] that the critical threshold T, = 1/n for the O(n) model can be reached using this
decomposition, for any n.



1.4. Possible generalisations. We conclude this section by mentioning a series of open problems to
generalise Theorem [[.8

(i) In the compact situation (torus or sphere) the mode decomposition into Fourier modes or
spherical harmonics seems very natural. On the other hand, the assumption of bounded modes
is less relevant on an unbounded space. Can the proof be adapted to the case where W~ only
has bounded Hessian?

(ii) The strong convexity assumption on Fr applies to all modes simultanously. This is in the spirit
of the Bakrnymery criterion, but different from the scale decomposition in the Polchinski
renormalisation group flow [I1], where the scales are effectively revealed one after another from
the smallest to the largest scales. Is there a version of this renormalisation group strategy that
would explore modes rather than scales in an ordered fashion?

(iii) The convexity criterion on Fr has been introduced to provide a simple criterion in terms of the
mean-field free energy Fr (IH]), but we do not expect this condition to be optimal in general.

If the coarse grained free energy Fr depends only on a finite number of modes and satisfies a
Polyak-Lojasiewicz inequality of the form (I.I0) then the same discussion as in Theorem [[.3]
would imply the conclusion of Theorem [[] i.e., the uniform log-Sobolev inequality.

More generally, it would be interesting to investigate if the log-Sobolev inequality for the particle
system could be implied by an assumption on a uniform rate of exponential relaxation for the
gradient flow associated with Fr (in the sense of [19]). We refer to |25, Conjecture 1] for a
precise conjecture.

2 Quadratic interaction potential

In this section, we prove Theorem [[.3] and Corollary [[.4] for quadratic interactions W (z,y) = —(x,y).
This example also illustrates the general strategy in the simplest instance of one mode.

We first prove a log-Sobolev inequality up to a certain convexity threshold on the temperature
for potentials V satisfying Assumption [[.]] and d-dimensional spin variables z; € R%. The analysis
is carried out in terms of an auxiliary functional, the renormalised potential, defined in (Z3]). For a
certain class of double well potentials V', we show in Section [2.4] that this threshold coincides with the
critical temperature T, of the free energy and that the log-Sobolev constant diverges like (T — T,) "
as T | T,.

2.1. Renormalised potential and renormalised measure. Our starting point is the following elemen-
tary identity, valid for all (z1,...,zy) € (RH)N

N
1 _ NjpP
exp OSNT JE l(xi,a;j)] = constant /]Rd exp \tp\ (cp, ;:1 x,)] dp, (2.1)

where the constant is (N/(277))%? and is not relevant. The identity (2] induces a decomposition
of the mean-field measure m¥ (L2)). Indeed for any test function F : RHN — R, one gets

N
B constant N\gp\2
() = o [P e | S g (03 )

=1

N
dp Hav(dxi). (2.2)
i=1




This decouples the interaction between the spins, so that the mean-field measure can be rewritten,
after exchanging the order of integration, as

E,,.y[F] = Eyy. [E, [F]], (2.3)

with the renormalised measure v}, and the fluctuation measure pi. (¢ € R?) given by:
N 1
Vi (dg) oc e NVT®) dp € M, (RY), H 7)oy (day) € Ml((Rd) ). (2.4)

The measure oy (dz) oc e~V (®) dz is the one defined in (I3). The renormalised potential V7 is defined
for T> 0 and ¢ € R? by:

Valo) = 122y “ ay(d
() = g [ o avlas). (25)

Note that the normalisation factor Z& in (Z2)) cancels with the normalisation factors of the proba-
bility measures v, juf..

The measure decomposition (2.3]) says that the mean-field quadratic interaction can be realised as
N independent copies of the measure oy coupled with an external field ¢ distributed according to the
probability measure v7.. In the next section, we use this decomposition to prove a uniform log-Sobolev
inequality for m¥ provided the measure exp(—NVr) satisfies a suitable log-Sobolev inequality.

2.2. Log-Sobolev inequality in the high temperature phase. We are going to show that the mean-
field measure m¥ satisfies a log-Sobolev inequality with constant bounded uniformly in N for any
temperature at which the renormalised measure v, satisfies a log-Sobolev inequality with constant
N A7 for some constant A independent of N. Throughout the section, vy > 0 is such that o/“/(dx) x
e(h:)=V (@) dy satisfies a log-Sobolev inequality with constant vy uniform in & € R%. Such a 7y exists
if the confinement potential V satisfies Assumption [[.11

Proposition 2.1. Let T' > 0 be such that vi.(dy) e~ NV (@) dy satisfies a log-Sobolev inequality with
constant NAp for some Ap > 0. Then m¥ satisfies a log-Sobolev inequality with constant:

L1
WAT) ~ v BTN

(2.6)

The assumption of the proposition holds if Hess Vi > Arid with Ar > 0 by the Bakryf]*/jmery
criterion [6]. More generally, we will show in Proposition 2.3]in the next subsection that it is implied
by a Polyak-Lojasiewicz inequality (L10) for the coarse grained free energy Fr.

Proof. The measure m¥ has been split into two measures which are well behaved in the sense that
they both satisfy a log-Sobolev inequality under the assumptions of Proposition 2.1l By assumption
vi(dy) satisfies a log-Sobolev inequality with constant NA7 > 0. By Assumption [T}, the measure
,u“j'i’i(dmi) o e%(%””i)av(dmi) satisfies a log-Sobolev inequality with constant y independent of ¢ € R¢
(1 <7 < N). Thus the same is true for the product measure ,u?.

Let G(p) = E o [F 2]1/2. Then the measure decomposition (Z3) implies the following standard
entropy decomposition:

Ent,,x (F?) = Eyy, [ Ent,e (F2)] + Entyy, (G(9)?). (2.7)



As the measures v7, ,u:“ﬁ satisfy a log-Sobolev inequality, we deduce that

Ent,,v (F?) < o ZE Ev[!V%FHJrWE » [|V,G()]. (2.8)
i=1

By (23), the first term is precisely (2 /’yv)Emg[\VF |]. For the second term, notice:

V,G(p) = M _ 1 Covug (F%. 2, ) (2.9)
p\P) = QEM;[F2]1/2 ~oT Eu%[Fz]lp : :

The covariance is estimated by Lemma [A.I] applied to H(x) = )", z; which satisfies |V ", z;(a)| =
V/N for each 1 < a < d:

N
Covp (F2.Y° 2)2 < S Ee[F] Y B[V F[). (2.10)

=1 =1

=z

Together with (2.8)) this completes the proof. O

2.3. Renormalised potential and coarse grained free energy - Proof of Theorem 1.3 To prove Theo-
rem[L3] it suffices to show that the assumption of Proposition 2.Tlis implied by the Polyak-Lojasiewicz
inequality (LIQ) for Fp. This is done in Proposition 23] below. We start with a general correspon-
dence between the renormalised potential and the free energy that will be used extensively in Section [
in a more general context.

Lemma 2.2. Let o € R%. Then the renormalised potential introduced in (Z35) can be rewritten as

Vi) = _inf | {ﬁ( )+ or (e [ xp(dx)>2}

= inf {]:"T( )+—ycp—m\2}, (2.11)

meRd
and there are as many global minimisers for the free energy Fr as for the renormalised potential V.

The formula (2I1]) is reminiscent of the Hopf-Lax formula for Hamilon—Jacobi equations, but
Fr in the argument also depends on T. We refer to [II, Appendix A] for a discussion on the
renormalisation group flow and the Hamilton—Jacobi equation.

Proof of Lemma[2.2. Recall the definition ([2.35]) of Vp: for each N > 1

N
le? L2 lp? 1 (@)
Vr(p) = — log T ay(dr) = = — —log e T ay(dz;). (2.12)
2T R RN H

Taking the large N limit, Sanov’s theorem gives:

Vr(p) = % _pefﬁﬁw) {%(cp, / wp(dw)) - / V(z) p(dx) — / p(x)log p(z) dw}

— i ){fT(p)Jr%(go—/xp(dx)f}. (2.13)

pEM; (Rd

This formula is the counterpart of (4.7]) which will be established later on in a more general framework.
The argument of the variational principle in the first line above is strictly convex in p. There is thus a
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unique critical point py,,, parametrised by its magnetisation m, = [ pm,, (dr), and explicitly given
by:
(=)
P, (dz) o et V) dg. (2.14)

In terms of the coarse grained free energy (L.24]), the variational formula (2.I3]) can be rewritten as
. - 1 2
Vr(p) = lr%f {fT(m) + ﬁ‘go — m‘ }
. . . 1 2
— inf Fr(m*) + inf { (Fr(m) — inf Fr(m") + 5|0 —m| } . (2.15)

This implies that the global minima of Vi coincide exactly with the global minima of Fp. As all py,
have different mean, there are therefore as many global minimisers for the free energy Fp as for the
renormalised potential V7. ]

Proposition 2.3. Let T > T, and assume that Fp satisfies a Polyak-Lojasiewicz inequality (LI0).
Then the renormalised measure v, satisfies a log-Sobolev with constant N At for some constant Ap > 0
independent of N.

Proof. By definition (LL6]), for T' > T the free energy Fr has a unique minimiser. Therefore Fr has
a unique minimiser m*, and Lemma implies that Vp has a unique minimum at m*. It is shown
in [23, Theorem 1] that if V7 satisfies a Polyak-Lojasiewicz inequality for some constant v > 0,

1
Vr(p) — Vp(m*) < ZHVVTMH% Vo € RY, (2.16)

then the renormalised measure v (dg) o e~ NVr(9) dop satisfies a log-Sobolev inequality with constant
N~(1+ on(1)), which is at least NAr for some Az > 0 and all large enough N. Thus to conclude
Proposition 23] it is enough to show that (2.16]) holds thanks to the assumption on Fr.

To see this, we use the variational formula derived in Lemma above: for each ¢ € RY,

. . 1 . 1
Viele) = inf { Fr(m) + ool = m? b = Frlmg) + gl = mf 217
If Fr is regular enough, the argmin is determined as a solution of:
1 )
T((p —my) = VFr(my). (2.18)

To establish regularity of Fr, note from its explicit expression (Z5) that Vo € C*°(R?). The same
is therefore true of ¢ — my, = [ p,(dz) = ¢ — TVVr(p). Since my, has differential Vim, = Cov,,,
which is positive definite for each ¢ € R? by Assumption [LIl on V, the local inversion theorem
implies that m, Lym — om, where [z p,,,(dz) = m, is also smooth. Equation Z.I7) then implies
Fre C'(R?) as desired. Assuming sufficient regularity on the potentials, one further has

VVr(p) = %(‘P —my) = Vj:T(m<p)'

If Fr satisfies a Polyak-Lojasiewicz inequality (II0) with constant vpy,, then we get from (ZI7) that
Vr satisfies also a Polyak-Lojasiewicz inequality :
1 T

U T
wwwwﬂm><—AWEwwW+4WwwW=(——+—)Wwww, (2.19)
27pL 2 2vpL, 2

where we used that Vi (m*) = Fr(m*) by Lemma22l This implies the inequality (ZI6]) and therefore
completes the proof. O
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2.4. Critical point for double well potentials - Proof of Corollary 1.4. Proposition 2.1]implies a log-
Sobolev inequality for m¥ for each temperature such that the renormalised potential Vp is uniformly
convex (by the Bakryf]*/jmery criterion for V7). The aim of this section is to exhibit a class of double-
well potentials V' for which this criterion is sharp, in the sense that uniform convexity of Vp holds
for any T' > T, with T, the critical temperature (L.G)) above which the free energy (5] has a unique
minimiser.

Assumption 2.4 (GHS double-well potentials). Let d = 1, and in addition to Assumption [[T] assume
the potential V is in the Griffiths—Hurst-Simon (GHS) class [29]. That is, V € C!(R,R) is even with
lim|g| 00 V() = +00, and the restriction of V' to [0, 00) is convex.

Note that the potential V(z) = %4 - A% in (LIT)) satisfies Assumption 24l A consequence of
Assumption 2.4] is the following useful bound on the variance of o/“/ o "oy (dx):

Vh € R, Var . () < Varg, (x). (2.20)

Proposition 2.5. Suppose Assumption applies. Then T, = Var,,, () and

T-T,

= (2.21)

igf 2Vr(p) =
As a consequence, V is uniformly convex for T > T, and the first part of Corollary follows by
applying Proposition [21.

Proof of Proposition[2.4. An elementary computation using the definition of the renormalised po-
tential (2.5) and (2:20) (from Assumption 2.4) gives:

1 1 1 1
Z??OVT(gp) = — — — Varag/T (x) > 85VT(0) =778 Varg,, (). (2.22)
This implies that Vp is uniformly convex for any 7' > Var,, (z). Furthermore, for ' < Var,, (z),
then 92V7(0) < 0 so that the even function V7 has at least two distinct minimisers. By Lemma 2.2}
this implies that T, = Var,, (z) as Fr and Vp have the same number of global minimisers. O

Under Assumption 4] on V', we further characterise the behaviour of the log-Sobolev constant
close to T,. The following two propositions complete the proof of Corollary [L.4]

Proposition 2.6 (Lower bound). Suppose Assumption on V. Recall that vy denotes a uniform

bound on the log-Sobolev constant of ¥ (dx) o< eay(dx) (h € R). Then, for each T > T., the

log-Sobolev constant ’yﬁVS(T) of the mean-field measure m¥ satisfies:

1 1 1
<—+ s (2.23)
W) ~w (T =T
Proof. Proposition 2.1] implies the following bound on the log-Sobolev constant:
1 1 1
<—+ : . (2.24)
VIJJVS(T) v T2 7‘2/ inf cr Q%VT((,D)
The lower bound (2.21)) concludes the derivation of Proposition O

To get a matching upper bound, we just need to find a good test function.
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Proposition 2.7 (Upper bound). Let V' satisfy Assumption [2.4. There is C > 0 such that, for all
T > T,, one gets for N large enough

1s(T) < C(T = T). (2.25)

Proof. A log-Sobolev inequality implies a Poincaré inequality with the same constant. Taking as test
function F' = N~=1/23" 2, we find:

N N
1 1 2
N N . ) = .
1s(T) < g XT = Z; Cov,,y (x1,m;) = Ex [(\/_ ;:1 xl) ] (2.26)

The susceptibility X¥ can be bounded using the measure decomposition (23] as we now explain.
One has

= B [Vary (50 Ve (B [ 2 3] )
> N Var,,. (EM% [:171]) = NE,, [Eu“; [ml]ﬂ, (2.27)

using the symmetry between the random variables and the fact that E,, [Eu¥ [z1]] = Epx [z1] = 0.
Estimating (2:27)) from below boils down to studying one dimensional measures. For ¢ small, one
can easily estimate by Taylor expansion, the behavior of the expectation

1
Egle1] = Ea\v//:r [z1] > ﬁVara(‘)/ [z1] . (2.28)

For T' > T, the renormalised potential is a convex function reaching its minimum at 0 and the second
derivative at 0 is given by A\p = TJTQTC [221). Thus the field ¢ under the renormalised measure is
concentrated close to 0 on a set of size 1/4/NAr. As a consequence, for some ¢(7") > 0

Eur[071gp51] < eV, (2.29)
From this upper bound and (2:28)), we get

Var o [11]?
2 [e%
EVT [EM? [xl] ] > 472 fR e—VNVT(gp

X / 2e NVI () gop 4 o~ NeT), (2.30)
Vde  Jr

The field ¢ in the right-hand side and (2.30)) can be estimated by using Laplace method (see e.g. [48]
Theorem 3, p.495]) when N tends to infinity :

Var o [21]? C(1+ on(1))
E,.|E ] S g— Ay | 1) = ———7"F—-. 2.31
[ lonl’] > (o ox () = s (231)
Combined with (2.26]) and ([2.27)), this completes the proof of Proposition 2.7 O

Remark 2.8. By adapting the proof of Proposition 2.7, one could also compute the divergence with
respect to N of the log-Sobolev constant at T..

3 Quadratic interaction potential on random graphs

In this section, we prove Theorem for models with quadratic interactions indexed by graphs
satisfying Assumption BJ] below. For a confinement potential V' satisfying Assumption 2.4 we first
prove an explicit bound on the log-Sobolev constant when T' > T, in Theorem B4l The T < T, case
is treated in Section Here T, refers to the critical temperature of the fully connected mean-field
model introduced in (LG]).
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3.1. Assumption on graphs. For a graph Gy, denote its adjacency matrix by A:

We consider sequences (G )n>1 under the sole assumption that the largest eigenvalue in the spectrum
of A is isolated in the following sense. Let ||[M || denote the operator norm of a matrix M:

M| = sup (Mz,y). (3.2)
z,yeRN
|z[=1=|y]
Let also P = %1 ® 1 denote the orthonormal projector on the constant mode 1 = (1,...,1).

Assumption 3.1. There are sequences dy,ey > 0 (N > 1) such that limy_,ceny = 0 and the
adjacency matrix of the graph satisfies

JA - dy Pl < endy. (3.3)
Assumption [B1] holds with large probability for different types of random graphs as stated next.

Lemma 3.2. Let Ey denote the expectation associated with a random regular graph with degree dy or
an Erdos-Rényi random graph with mean degree dy and assume limy_,oo dy/log N = +00. Then:

Ex|[A-dnPll| = O(Vdy). (3.4)

In the random regular graph case assuming only limy dy = 400 is in fact sufficient.

Proof. For the random regular graph, the claim is proven in [46, Theorem A] (if dy > N for some
a > 0) and [24, Theorem 1.1] (if 1 < dy = O(N?/3)) which state:

Ex[ A —-En[A]l] = O(Vd). (3.5)

In the Erdés-Rényi case, the claim is a special case of Theorem 3.2 in [I5] which in particular states:

En[||4 - En[A]|l] = 2V/dn (1 + on(1)). (3.6)
|

Remark 3.3. Assumption 3T says that the eigenvalues of A —dy P are negligible with respect to dy.
This is a natural condition for us because P = %1 ®1 corresponds to Ex[A] when A is the adjacency
matrix of the models of random graphs considered in Theorem

However, the specific choice of the projector P onto the span of 1 is not necessary. For example,
if the graph is a good expander, in the sense that:

|A—dnPy| <endn, (3.7)

where dy is now the Perron—Frobenius eigenvalue of A and Py is now the orthonormal projector on
the corresponding eigenspace (which is not necessarily 1 if the graph is not regular), then one can
check that the uniform log-Sobolev inequality of Theorem [[.8i) for 7" > T, still holds under this
assumption, with a nearly identical proof.
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3.2. Measure decomposition. Introduce the reduced adjacency matrix:

1
B:=A—dyP, P = Nl@l. (3.8)
Using the relation A = B+dy P, we proceed as in (2.4]) and decompose the Gibbs measure introduced
in (LI6) into two measures:

Em?N [F]=E_»

r,T

[E0.0[F]]. (3.9)

where the fluctuation measure is defined in terms of the external field ¢ € R as

(o (dz) o< exp [

2Tdy

N
(2, Bx) + “’(”; 1)} il;[lav(da:i), (3.10)

and the renormalised measure VfT o e~ NV (@) dyp now involves an N-dependent renormalised po-
tential VJE that reads:

N
e_NVTB(‘p) = exp _N(pz /eXp ! (x BII}‘) + M HO{V(d$Z) (311)
2T 2Tdy AR

Compared with (2.4]), the fluctuating measure is no longer product. Nevertheless, we will see that,
under Assumption B the contribution of B can be neglected and the behaviour of the renormalised
potential is accurately described in terms of the product measure:

0, (10(33’ 1) Al .
p” (dx) o< exp [ 7 ] Hav(dx,). (3.12)
i=1

We write a superscript 0 to emphasise the difference with ,u:]ﬁ’“p, but note that this measure is exactly
N

the fluctuation measure appearing in the decomposition ([2.4)) of the mean-field measure m/;
(i.e. on the complete graph). We similarly write 1/97T for the mean-field renormalised measure:

—NVR2(p)

vip(de) < e dep, (3.13)

with the mean-field renormalised potential V¥ given by (2.5):

—NV%)(@—/ X [—N“DQJF“D(”T’U] ﬁ (dz;) eR (3.14)
e = RNe P 5T T i:1av Ti), © . .

The next theorem shows that the log-Sobolev inequality for mgN

temperature of the mean-field model.

is determined by the critical

Theorem 3.4. Let G satisfy Assumption[3.1 and V' satisfy Assumption[2.4. Let T > T,, the critical
temperature (LG in the mean-field case. Then, for N large enough depending only on T,~yy, the
measure mgN satisfies a log-Sobolev inequality with constant:

1 1 1
< + — +O(en), (3.15)
W T (T=Tohg  w

where the constant vy depends only on the confinement potential V.

By Lemma B2 Assumption [B1]is satisfied for random regular graphs and Erdés-Rényi random
graphs with large degrees. Thus Theorem [B.4] implies part (i) of Theorem Part (ii) is derived in
Section
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3.3. Proof of Theorem [3.4. Using the representation (3.9]), the entropy under m?” decomposes as:
Ent, (F?) = E,5, [Ent“?,w (F?)] + Ent,s_ (E“?,w [F?]). (3.16)

The following two propositions, proven in the next sections, provide an estimate for each of the above
terms.

The next proposition is basically [7]. The result there is stated on a compact state space and
established using slightly different properties of Gaussian measures, so we reprove it at the end of
the section.

Proposition 3.5. The measure u?"p satisfies a log-Sobolev inequality with constant ’yfs (T') independent
of ¢ and bounded as follows, as soon as the expression between parentheses is strictly positive:
1 1 1 1 -1 1 1
S < (37— )+ = —+0(en), (3.17)
Ws(T) ~ i \8Ten  T?y woow
where the constant vy depends only on the confinement potential V.

The next proposition controls the renormalised measure and is proven in Section
Proposition 3.6. Let T > 0 and suppose that V' satisfies Assumption (2.4). If VJQ is uniformly convex,
then for N large enough so is Vjﬁg. Explicitly, for any N > 1:

inf 02V (¢) > inf 92VP(p) — O(en). (3.18)
p€eR p€eR

Proof of Theorem[3.} Fix T > T.. Since V; coincides with the renormalised mean-field potential

(2Z35), we get by (2.21)) that:

T-1T,
e 921700y _ c
Proposition [3.5] controls the first term in the right-hand side of (3.16]):
2 2
E,z [Ent 5. (F?)] < —5—E VFl = ——FE VF?]. 3.20
VET[ n u?v( )] ’YES(T) mgN [| | ] v +O(5N) mgN “ | ] ( )

On the other hand, Proposition[3.6lenables us to apply the Bakrnymery criterion to the renormalised

measure:
2 2 2712
Bntyp, (B [F7]) < N inf, agVTB(QD)EVfT“W\/ EypelF | ]

2 2
S N (inf, B2V3(9) +0(5N))EVET[|W\/W| ] (3.21)

We conclude on a log-Sobolev inequality for mgN using Lemma [AT] exactly as in the quadratic case,
see Section

e L Cov 5. (F2 ), @) LN o 7
Ve B P2 = g E, 5.0 [F?] S SB(TRT wi [IVE["]. (3.22)
Thus (3.2I)) becomes
2 1 2
Ent,s (E 5[F?]) < E F|7|. 2
itz (e (7)) VB (T)2T? (inf, 92V2(p) + Olen)) m?N“V | } (3.23)

By (3.19), this proves Theorem 3.4l with constant:
G S 3 + .
e (T) W (T —T,)+O(n) v +O(en)

(3.24)

O
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3.4. Estimates for the fluctuation measure.

Proof of Proposition[3.3. To prove the log-Sobolev inequality for u? ¥ we proceed as before and split
the measure into two parts in order to decouple the scales. The dominant contribution is given by a
product measure coupled to a fluctuating weak external field. Recall that from Assumption B.I] this
matrix has spectrum in [—endy,endy]. Define the following shifted matrix:

1

C::d B +2enyid > enyid = 0. (3.25)
N
Introduce also the potential U as:
€
Uly) =V(y) + 7Ny2, yeR (3.26)
The measure ,u?"p then reads:
N
1 1
B, - (10(337 ) .
pr (dx) o< exp [QT (x,Cx) + 7 } iljllozU(dxl). (3.27)

We will prove a slighty stronger statement than Proposition and establish the log-Sobolev in-
equality for the probability measure:

1

Ch 1 5
pr (dx) oc exp [ﬁ(x, Cz)+ T(h,x)] HaU(dxi), (3.28)
i=1

where the field h now takes values in RY. For h = ¢1 then ,u?’“o = ug’h.
By Assumption 3] the matrix C' has spectrum in [ex, 3en]. The following moment generating
function formula for Gaussian random variables holds:

1 Cly) 1
exp [ﬁ(JE,CSE)] X /RN exp [— % + T(gj’y)} dy, r e RY. (3.29)

We use it to decompose ,ug’h as follows: for any test function F : RN — R,

E,cn [F]=E,c [EHW [F]]. (3.30)

r,T

Above, the fluctuation measure ,ufFry is product:

N
bt (da) o exp [%(az, Y+ h)} H ay(dz;). (3.31)

i=1
The renormalised measure VgT is this time a probability measure on R¥:
vir(dy) ocexp [ = Vi (y)] dy. (3.32)

The renormalised potential VJJ«V is also a function from RY to R, given by:

_ N
e VEW) — oxp [ - M] / exp [l(g; y+m)] [Lowtaz). (3.33)
2T RN T P '
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Since C'~1 satisfies:

1
C<3eyid = C'>—id, (3.34)
3€N
the Hessian of Vr}V reads
1 1 1 1
Ny _ _ . .
Hess V' (y) = TC 7 Cov it > Ten id — T id, (3.35)

where Cov yin = (Cov yin(xs,2;)), ., stands for the (diagonal) covariance matrix of the product
M K 1,J<N

measure ,u:};*'y (recall (8:31])), which can easily be bounded from above by a Poincaré inequality. Note
in particular that, informally speaking, (8:35]) implies that the measure VgT is concentrated around

0, so that the measure ,ug’h = ST,ugfy is well described by ,u?’y when y is negligible. We make this
precise next when proving a log-Sobolev inequality. To do so, decompose the entropy as in (B.10):

Ent, c.n (F?) = E,c, [ Ent i, (F)] + Ent,c_ (Euw [F?)). (3.36)
First note that Assumption [[.I] remains valid for the potential U defined in (3.26]). The product

measure quF—y therefore satisfies a log-Sobolev inequality uniformly in h + y with constant vy > 0:

2
E,c [ Entn(F?)] < V—VEMg,h [IVEP]. (3.37)

On the other hand, thanks to (3.35]), the renormalised measure is strictly log-concave for all N
large enough and the Bakry—Emery criterion gives:

1 —
2
Ent, g (B [F7]) < 2<3T6N T2W> B HV\/E 7] ‘ ]

2 1 1 \—
— | z=— — 55— E F|?]. .
(57ew ~723) Bage[IVFP] (3:38)

Above, the second line follows from Lemma [A-1] Equation (A.2)):

1
|V1/E WL [F2]2 = o F2 Zcov vin (F224)? < y+h[|VF| |- (3.39)
y+

We conclude that ,ug’h satisfies a log-Sobolev inequality with constant uniform in h:

1 4 < 1 1 >—1 1 1
v oy \3Ten Ty oy TOEw) (3.40)
Since u?"p = ,ug’h for h = ¢1, this completes the proof of Proposition d

3.5. Comparison of renormalised potentials.

Proof of Proposition[3.0. The second derivative of the renormalised potential was already computed
in (2.22):
0 1 1 1 1

&iVT(gp) =T~ N2 Var o ((z,1)) = T~ T2 Var 10 (z1). (3.41)
One has also
1 1
2VE () = T~ gz Varme ((z,1)). (3.42)
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We again use the measure decomposition and the notations of Section B.4] to compute the variance
with h = ¢1:

Varug,(p ((z,1)) = Varug,h ((z,1)) = Euﬂr [VaruoT,hw ((z,1))] + Vary% (EuOT,h+y[(II}‘, 1)]). (3.43)

Each term will be estimated separately. Using the product structure of N%hﬂ/, the first term simplifies

N
Ey% [Var“(%h+y ((z,1))] = ZEVTC} [Varu%h+y (z:)] < N Var o0 (1), (3.44)

4 T
i=1

where we used the Assumption 2.4l on V' to bound the variance by its value at 0 field by (2.20]).
Let F = (x,1). Proceeding as in (3.38]), the last term in ([343) is bounded by a spectral gap
estimate

1 1 -1 )
Vo @ lF) < (72~ 7my) - By VB ]
N
1 1 -1 ,
a (3T€N N Tz’)/v) ZEVS%[ COVM%?th (F7 xz) ]

i=1
N
§ CEN Z EVCT,F [ VaruoT,yM (a;,)]
i=1 ’
<cen NVar“(%,o (1), (3.45)

where we used that the measure ,u%“h is product to simplify the covariance and then the Assump-

tion Z4lon V to derive an estimate on the variance uniform in h by (220). Thus the variance (3.43))
is bounded from above by

sup Var s.,[(x,1)] < N Var oo(x1) + N O(en). (3.46)
pER T Hr

Thanks to (3:41), (3:42), this gives the claim:
f R2VE S inf 9210 _ _ _
éléf@a@VT > ;Ié%a@VT O(en) (3.47)
U

3.6. Log-Sobolev constant for 7" < T.. Let T' < T, be fixed. In this section we prove that there are
C,a > 0 depending only on the potential V' and on T such that, if a sequence of graphs G verifies

Assumption B with sequence ey, then the Poincaré constant ’yg N satisfies:
YN (T) < eOonNemal, (3.48)
where ’yg N(T) is the best constant v > 0 such that:
Var cy (F) < lEch [I[VF|*], FeCX®RYR). (3.49)
T v mr

Recalling the classical bound 7? N> WESN , (348]) implies case (ii) in Theorem by Lemma as
in particular Cey = O(1/v/dn ) < /2 with probability converging to 1 as N is large.
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Proof of (348). Let T' < T,. We first build a suitable test function to show that the spectral gap
(thus the log-Sobolev constant) for the (fully connected) mean-field measure m% is exponentially
small in N. We then use a similar test function to deduce the same property for the measure m?”

on the random graphs.

Let my = m4(T) denote the two values around which % Zz]\;1 x; concentrates under m¥ (note
that parity of V' implies m_ = —my). Let § > 0 be small enough that |m —m_| > 36. The large

deviation principle for the empirical measure under m¥ with good rate function [40] implies that

there is ¢s > 0 such that:
N

L~
P N[N;xigéB(mi,(S) <o Nz (3.50)

since the above event is at positive distance from minimisers of the rate function.
Let r < ¢5/2 and define:

rN

1 e lf u 2 m+ — 5,
FT(‘T17”’7$N) :fT<N sz) with fr(u) = _eTN lfugm__i_a’ (351)
‘ fr linear otherwise.

The assumption |my —m_| > 30 ensures that such an f, can be constructed. Note that f, is odd
due to m_ = —m_.. Then:

e2rN

1
< ——e N g = (3.52)
cs cs

On the other hand, the variance reads:

mr

ie—N%). (3.53)

Var,n (F) = E, o [F2) 2 Eox [FP L pon syuB(m, 0) = € (1 -

The spectral gap of m# is then exponentially small in N as it is smaller than B [[VF.?])/ Var,, (Fy).

Let us show that, for a suitable » > 0, the test function F,. also gives an exponentially small
upper bound on the spectral gap in the graph case. Recall the definition B := A — dx P and observe
that, by definition of mgN ,

A B
m?” X exp [%T?}a{%]v(dx) X exp [(;U&Ti)} my (dx). (3.54)
We first obtain useful bounds on exponential moments under m¥ . Recall our integrability assump-
tion (L4). In particular it implies that + log ZN = On(1) by Varadhan’s lemma, see e.g. [40].
Assumption [T on V' and the Cauchy-Schwarz inequality then imply that there is Ay > 0 small
enough such that:

1 2
limsup - 1og E,,x || < oc. .
1jrvn_§;10p ~ 108 Eq e < 0 (3.55)
The above and the Holder inequality imply the existence of K > 0 such that:
enlal? KN
E, [e N ] < exp[ T;;N], N>l (3.56)
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Recall that |(x, Bx)|/dn < en|z|? for each z € RY by Assumption Bl Jensen’s inequality and the
large deviation bound (F50) for m¥ also imply the following lower bound: for some C(m+) > 0
depending only on m,

En@dxﬂfvgN

= M] (3.57)

|02

We now use these bounds to find » > 0 such that F,. gives an exponentially small spectral gap for
mgN . Let 7 > 0 to be chosen later. By Jensen and Cauchy-Schwarz inequalities together with the
above exponential moment bounds, we find:

1
VEI% = VE.|? E ) m Mo —
EmgNH T‘ ]_EmgN |:’ 7"’ 1{N - T ¢ [ _+57 + 6]}:|

_enlel?

< eerEm¥ [1{% le ¢ [m_ +6,my — 5]} 6512;2]EmN [e 5T ]—1

T

< e¥™Nexp [KNEN] exp [w

1 1/2
AT 2T ] By [N Z i  [m—+d,my — 5]} : (3.58)

It remains to take r such that 8r < ¢5, with ¢5 the constant in (350 to obtain, for some C =
C(No, T, K):
E,6x (|[VE|?] < e 2N elendN, (3.59)

Consider next the variance of F,.. Note first that Ema ~ [Fr] = 0 as before, as F, is odd and the
T

N

measure mg is symmetric. Using the exponential moment bound on the denominator then gives:

1
— 2 2rN )
Varmg,\, (F) = Emgl\’ [F7] > e Emgl\’ [1{—N % x; € B(m+,5)}]

Cfﬂli)fVEN' KNep

1
> — _ _ .
= exp |2rN T Thg }Pnﬂ [N EZ T € B(m.,.,&)]. (3.60)

Recall that the probability converges to 1 by ([B.50). This implies that the spectral gap of mgN is
bounded from above by e“*NVe=2"N for some C' > 0 independent of the graph. O

4 Non-quadratic interaction potential - Proof of Theorem [1.8

In this section, we prove Theorem [[.8. We first generalise the notion of the renormalised potential
defined in Section 2 with respect to the mode decomposition and obtain an analogue of Theorem [I.8|
for temperatures such that the renormalised potential is strongly convex (see Theorem 2]). We then
show in Section 3] that this is equivalent to the condition of Theorem [[.§ involving the functional
Fr.

4.1. Definition of the renormalised potential. Throughout the section we work with an interaction
potential W = W+ — W~ on R? satisfying Assumption [71 Recall in particular definition (L2I):

W= (x,y) = ale,y) + Y wyng(@)ng(y) = Y wpne(@)n(y), (4.1)

k>0 k>—d
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where we set w_, = a and n_;(x) = x; for i € {1,...,d}. Furthermore, there are two constants

M, L > 0, such that the potentials satisfy the bounds :

sup [WT(x,y)| < < M2, sup]HessW (x,9)|op < M,

x?y
sup‘W (x,y) cng(x )H < M2, (4.2)
keN
Z wy, sup |Vng(z)? < L2
k>—d ~ *€R?
Let Hy = Hy(W ™) denote the Hilbert space:
Ho = Ho(W™) = {(uk) eRY: Y wp fuyf? <oo}, (4.3)
keN
with scalar product
0 = Y wp Gl (4.4)
k=0

It will be also convenient to consider the extended space

H = {¢ = o €RY ¢ € Hy}, (4.5)
with scalar product
(1/}7 T//)H = (907 (10/) + (Ca C,)Ho = Z w];wkw;w (46)
k>—d

where (-, -) denotes the standard inner product in R?. We always use the letter ¢ to denote elements
of H and ¥ = (¢,(), ¢ € R% ¢ € Hy. The associated norms are written || - ||z, || - ||z, -

Using these notations, we introduce the multi-mode counterpart Vr : H — R of the renormalised
potential of Section 21

Definition 4.1. For any v € H, the renormalised potential is
i . 1
Vr(y) = inf { Fr(m) + = |v —mif }, (4.7)

where the projection Fr of the mean-field functional was introduced in ([24).

Using Definition 1] we can now state a condition for the log-Sobolev inequality to hold uniformly
in N.

Theorem 4.2. Let V., W satisfying Assumptions[L1l and[1.7]. Let T > 0 be such that Vr is Ap-strongly
conver (in the sense of ([L25)) for some Ay > 0: for any ', 1)? and t € [0,1] then

Wrh) (- V) 2 Velaw! + (- ) + 0000 -t - (@8)

Then the measure m¥ of [L2) satisfies a log-Sobolev inequality with constant VI%(T) bounded below
uniformly in N.

The following lemma, proven in Section [4.3], shows that Theorem implies Theorem [L.§] as
strong convexity of the renormalised potential and of Fr are equivalent.
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Lemma 4.3. The projected free energy Fris strongly convex if and only if the renormalised potential
Vr s strongly convex.

Remark 4.4. Our assumptions allow for an unbounded number of modes in W ™. It is however enough
to prove Theorem with a finite number of modes K. Indeed, define the truncated potential
WK (x,y) = Ek[;_d wy, ng(x)ng(y) and let m:]XK be the approximated mean-field measure. The
truncated mean-field functional reads

o) = Frlo)+ 30 G ([ mlelntan)) (19)
kE>K

As in ([L.24]), one can define ]A-"}K) as the projection of .Fj(ﬂK) on the first K modes. Strong convexity
(2Z5) of Fr implies strong convexity of ]:'%K) with the same constant for any K. Since (m¥ KK

converges weakly to m¥ , proving the log-Sobolev inequality for the measure m¥ x With constant
uniform in K and N implies Theorem

4.2. Proof of Theorem The proof of Theorem is split over the following subsections. We
assume throughout that the number of modes in the decomposition (41]) is finite as explained in

Remark 4]

4.2.1. Decomposition of the mean-field measure. We again rely on the formula for the moment gener-
ating function of a Gaussian random variable to decompose the potential W™ in terms of the different
modes indexed by the Hilbert space H defined in (4.3]). Let WEIQ denote the centred Gaussian measure
on H with covariance ¢2id, which formally reads:

siatan) xex (ol ) TT av (.10

k>—d

The formula for the moment generating function of a Gausian random variable then gives:

1 K 1| 2
SR SR )

ij=1 1 .
:EV%N [exp <T<1/),;n(xl))H>}, (4.11)

with ¢ = (Yr)r € H the variable of the measure ﬁll/N. The last equation implies the following

decomposition of m¥ :

where the fluctuation measure ug’w € M;((R%)") is this time not product (particles still interact
through W) and depends on a generalised external field ¢ € H:

N N
() = N exp | (1, > o), - | > nr)

The non-quadratic part U:JFV (1) of the renormalised potential, now depending on N, is given by:
2
8]

N
= —% logEagw [exp <%<¢, Zn(mﬁ)H — ﬁ ZW+($Z,$j)):| + %log Zéwv. (4.14)

1=1 2¥)

;J miy (dz). (4.13)

N 1 1, & 1 <
Ur () = — 5 log Epny [GXP <T(¢7Zn~(l’i))ﬂ - WH > ()
1 =1

1=
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Correspondingly the renormalised measure reads:
vip(dy) = exp (= NUT (1)) vrw (d)- (4.15)

Compared with the quadratic case (Z.5]), the renormalised potential ||¢||%/(2T) + UX () depends on
N and the quadratic terms in ¢ are included in the measure ’yé,}lI/N. Note also that if W+ = 0, then

,u¥’¢ is a product measure as in the quadratic case and U:JFV again becomes independent of N. In
the general W # 0 case, Proposition .7 below shows that Uj]y is well approximated by its N — oo
limit Up (1)) given by

_ 1 .
()= _int {HGlov) 4o [ W ptan)pta)

— %(w,/n(az) p(dx))H} + inf Fr, P € H, (4.16)

—V(x)

where Frp is the free energy (5] and ay o e dx. Using the projection over the modes, one gets

that
Ur () = inf { F(m) + %Hmnﬁﬂ - %(w,m)H} + inf Fp. (4.17)

Thus the limiting renormalised potential V7 introduced in (7)) can be rewritten as

Vo) = o9l + Ur (o). (1.18)

4.2.2. The fluctuation measure. We now begin the proof of Theorem Let W satisfy Assump-
tion [[’7l Recall the definitions (AI3)-(.I5]) of the renormalised measure v} and the fluctuation mea-

sure ,u¥ ’w, built so that the mean-field measure m¥y of (L.2) decomposes as my = V:?ug ¥ As in the
quadratic case, this implies the following splitting for the entropy of a test function F : (RN — R:

Ent, ( F?) =K, [Entug,w (F?)] + Entyr (EHW [F2]). (4.19)

In this section, we establish a log-Sobolev inequality for the fluctuation measure ,u¥ ¥ with explicit
dependence on the field 9. The renormalised measure will be studied in Section [£.2.3]

Proposition 4.5. Let ) = (p,¢) € H = R? x Hy (recall @3)). There are ¢, Ny > 0 independent of

N,y, T such that the fluctuation measure ,u¥’¢ satisfies a log-Sobolev inequality with the following
constant.

(i) (Theorem 1 in [7]). For any N > Noel¢l#a/T,
-1
(7)™ < cexp (ellCe/T)- (4.20)
(ii) For any N > 1 (recall that M? > |[W 7| o, W™ — a(z,v)|l0o by E2)),

(3) ™" < cexp (BN + 20 lu,) ). (4.21)

Note that the constant in Proposition depends on 1 = (¢, () € H only through (; this will be
useful in Section [£.2.4]
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Proof. The claim of item (i) is exactly [47, Theorem 1] with explicit dependence on ( of the various
constants. It states the following. For a flat convex interaction term W™, assume that Hess W™ has
operator norm uniformly bounded by M > 0; that the measure:

(¢, n.(x)

M, (R%) m%(dw) X exp [— V(z) + T Ju _ % / W+(:L",y)p(dy)] dx (4.22)

satisfies a log-Sobolev inequality with constant v uniform in p; and that the one-particle conditional
law:

' N
/L¥7w(d$i|(l‘j)j7ﬁi) & exp |: — Vi(x;) + w — % Z W+(l‘i,l‘j)] dx;, (4.23)
j=1

has Poincaré constant bounded below by the same v > 0 uniformly in (z;);£;. Then by [47,
Theorem 1], there is a constant r > 0 depending only on the dimension d such that, for any
N > 100 max{M /v, 1}3, u¥ ¥ satisfies a log-Sobolev inequality with constant rmin{~y,v3}.

The upper bound on Hess W™ and flat convexity are implied by Assumption [L7 Write ¢ =
(0,¢) € R*xHy. Assumption [ Ilthat V is the sum of a uniformly convex and a Lipschitz or bounded

part together with the boundedness of [W*(-,y)p(dy) for any p € M, (R?%) (see Assumption [L.7)

implies that, for { = 0, the measures mff’o), ,u:]x;(w’o)(-|(:nj)j#) satisfy log-Sobolev inequalities with

the same constant 79 > 0 independent of ¢, p, (z;);+; (e.g. as a consequence of [I8, Theorem 1.3]),
where we recall that ¢ is the field associated with the quadratic part of W—.

Consider now the measures mgp’o, ,ug ’(@’o('l(mj )j=i) for ¢ # 0. Assumption [L.7] gives:

i

Vz € R, (¢, n () m, | < M€, sup 7. () o < M€l M- (4.24)
y€ER9

(,0)
o

Thus tilting by (¢,n.(z))m,/T amounts to a bounded perturbation of the measures m and

,u:]x ,i(go,(]) (|(z4) i), which deteriorates the log-Sobolev constant by e M I€li=0 /T at worst by the Holley—

Stroock argument. The log-Sobolev constant associated with the measures (£22]) and (£23)) is there-
fore larger than e~ *M <z /T (yniformly in ), and an application of [47, Theorem 1(i)] yields (i).

The claim of item (ii) is a simple perturbation argument. As W7 is bounded by M?, the Holley—
Stroock argument applies and shows:

2NM2> (~N¢

() < eXp< = AR I (4.25)

with ’y]TV ¥ the log-Sobolev constant of the product measure:

ﬂ¥’¢(dx) X exp <%<¢, ENI n(mﬁ)H) a%N(d:E). (4.26)
i=1

Assumption [[] implies that the probability measure proportional to e?®ay (dx) satisfies a log-
Sobolev inequality uniformly in ¢ € R On the other hand the contribution (¢, n.(x))m, of the other
fields is bounded as in (£24]). The Holley-Stroock argument thus gives (ﬂ?’d’)_l < Ml /T
which is the claim. O
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4.2.8. The renormalised measure. In this section, we establish a log-Sobolev inequality for the renor-
malised measure for 7" > 0 such that the renormalised potential Vr is strongly convex (recall Defini-
tion ([@I8)-@I6) of Vr). Our aim is to show that the renormalised potential is close enough to its
limit V() for the uniform convexity of the latter to imply the log-Sobolev inequality at fixed N.
We prove the following result.

Proposition 4.6. If Vp is A\p-strongly convexr ([L8]) for some A\p > 0, then there is a constant C > 0
such that uniformly in N

2CL? 1
e [ (A N0)?

Ent,r (Eug,w [F?)) < Eug,w UVFP]] . (4.27)

Recall from [@2) that L* = ||sup, |Vn.(z)||3.

Proposition makes use of the following estimate that shows that the renormalised potential
UX is very close to its limit Uz defined in (8.

Proposition 4.7. There is C > 0 such that, for all ¢ € H and oll N > 1

U () = Ur()| < % (4.28)

We will also need the following lemma that states that the Bakryf]*/jmery criterion can be used
to obtain a log-Sobolev inequality on H.

Lemma 4.8. Let Ar > 0 and assume that Vr = Up + || -||3/2T is Ap-convez (recall &R)). Then there
is C > 0 such that the renormalised measure satisfies the followint log-Sobolev inequality:

Ent,r (F2) < ;SE [Z(w;)_l(&/,kF)z}. (4.29)
k>—

=

Assuming Proposition 4.7] and Lemma [£.8], let us prove Proposition
Proof of Proposition [{.6 Lemma [4.8] gives

2 2C N1 2
Ent,y (B~ [F7]) < N—)@Ev%[k;d(wk) (% Eug,w[ﬁ]) ] (4.30)

Expanding the gradient yields:

2 1
—\—1 o\ e —\—1 2712
E :(wk) (a¢k EMJIYW[F ]) - 4EMN,1L)[F2] >§ :d(wk) ‘8¢kEM¥,¢[F ”
T /_

k>—d
1
= 1°E <77 i Zwk‘Cov sz( an :m)‘
pp’

k>—d
4 1 _ 2 2 2
S G T, 7 2k (VP V@B o [P [V ]
T Hp k>—d
NL?

< W MN¢[|VF| |, (4.31)

where we used Lemma [AT] (denoting by ’yT N-Y the log-Sobolev constant of the measure NT’w) and

the assumed bound L? > | sup, |Vn.(z)|||%4 in the last line (recall (#2))). Combined with (£30), this
completes the proof of Proposition O
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Proof of Proposition [{.7 Let ¢ € H and denote by ]:r}p() the functional appearing in the variational
principle (416l defining U7, which we rewrite as:

1
F(p) = H(play.7) + 5T /Rd y WHdp®? + C(p, W,V,T),  pe M(R?), (4.32)
X

where C'(¢, W,V,T) > 0 is a constant and:

1 1
M, (R%) > aaT(daﬁ) = —;exp < —V(z)+ T(?[),n(:n))gg) dx. (4.33)
Zy,r
As p — [WTdp®? is bounded below, convex and p — H (p|o/‘z}’T) > 0 is (strictly) convex, the
functional ]:}Z’ admits a (unique) minimiser, call it pg7 Y This minimiser is absolutely continuous
with respect to a#}T. The uniqueness will not be used below.

00,
The critical point equation for ]_-%p gives the following identities for p 7 i Letting f := , for
V,T
some constant C' = C(¢)) > 0,
1
log f(x) = ~7 / W (x,y) ,u;o’w(dy) +C(¥) for u?’¢—a.e. x. (4.34)

For once, we compute the constant C(1)) as we are looking to compensate it precisely. Notice the
elementary identity:

Hiplav) = Hpla ) + 7. [ ta)plde) ~los Zp,  peMURY.  (435)

717Z}

Following [35, Proposition 4.2 item (3)], we integrate both sides of ([£34]) against p7"", recalling the

definition (4.I6]) of Ur to obtain:

ol ) = =3 [ W) i (do) i dy) + C(0)
= Ur () — /W+ x,y) [ ’w(da:) ’w(dy) + log ZVT inf Frp, (4.36)
so that:
C(y) = /VVJr z,y) 15 (de) i ¥ (dy) + log ZVT inf Fr. (4.37)
Recall now that the renormalised potential UX (v) (ZI4) reads:
—NUN (y) (ZgT)N + P \®N
N = 8 / /W z,y) 7 (da) (dy)) dlaf )P, (438)
where 7V = - L >, 0z, denotes the empirical measure. Turning O/(}T into pug° 2% we get:
N = - + (2N — ,w ®2 00, \@N
Ur(v) ~ UF (0) = - log [ exp ( w ) )N, (439)

It therefore suffices to prove that the integral is bounded by O(1) uniformly in ¢). The flat convexity
of W implies that for any finite signed measure p such that [p = 0 one has [[W*p®? > 0, thus
the exponential is at most 1:

Ur(p) — UF () <0. (4.40)
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On the other hand, Jensen’s inequality and an expansion of (77 — ,u;o 7¢)®2 give:

1 0o
~57Bzen | / W gt

_ 1 4 00m@2 L / + 00,1
_QTN/W (up™) TN W (z,2) pp " (dz). (4.41)

Ur(v) — Uf (¥) >

As W is bounded, the right-hand side above is bounded uniformly in % by C/N for some C' > 0.
This concludes the proof. O

Proof of Lemma[{.8 Recall from Remark [£.4] that we work under the assumption that H is finite-
dimensional. By assumption Vr = Ur + || - ||3/2T is Ap-convex. It is proven in [30, Theorem 2]

(see [0] for a claim directly applicable to the present setting) that there is a sequence Véﬂn) H— R
of Ap-convex C? functions such that |[Vr — V:(F") oo < 27" The Bakry—Emery criterion then implies
. . . . (n) . . .
that the probability measure with density proportional to ¥ satisfies a log-Sobolev inequality of
the form ([@29). By weak convergence as n — oo the same is therefore true for e=VV7(¥) di). Since

|UN —Ur||« < C/N by Proposition {7, another application of the Holley—Stroock result concludes
the proof up to changing the log-Sobolev constant by a multiplicative factor. O

4.2.4. Conclusion of the proof of Theorem[].2 At this point we have established in ([£.19]) and ([4.27])
that if Vp is Ap-strongly convex for some Ap > 0:

2012 1
A1 By [ ()

Ent,,v (F?) < SE, v [|VF|2]] +E,; { Ent, .o (F?) } (4.42)

Using again the log-Sobolev inequality for the fluctuation measure (Proposition [4.5]), this implies:

20 L2 2
Ent, v (F?) < E,r [ + E nu[|[VF?] } (4.43)
T T ()\T(’Y’ij’w)2 ’YJJY,w) Hp

It remains to express the right-hand side in terms of the Dirichlet form for the measure m¥ . The

starting point is the following elementary Gaussian identity.

Lemma 4.9. For any G : (RN — R, and & : H — R,

Evp [ 2WE, s [G@)]| =B,y |G@)E 2 [0)]], (4.44)

T T/N

where ygllﬁv is the Gaussian measure on H with variance T/N (as in (@I0)) and mean (% > nk(xi))k>_d.

Proof. We go back to the definition (ZI3)—-(#I5) of the decomposition my = V{%M?’w in terms of
moment generating function and exchange the order of integration, which is legitimate as both G, ®
are non-negative:

2

N

=E,x [G(x)E - [cpw)]] (4.45)

T/N

By [P0)E, e 6] =B |08y |G [ 1(0. ), - 515 S e
7 =1

Tr/N

O
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Proof of Theorem[{.2 Let A > 0 to be chosen later. Write for short:

N, 2CL* 2
Ko V= Nog T No (4.46)

Ar(vr™) 1

Split the expectation on 9 = (¢, ¢) € H = R¢ x Hy in the right-hand side of ([#&43)) as follows:
N 2 _ N 2
Evp [ #7VE,xo [V | = B | Licu ca i B, [IVEP]
N7

+ Eug | Ly >4 50V B, e [V . (4.47)

Consider first the case where ||(||m, < A. By Proposition L5l item (i) one has then, for some ¢, Ny > 0
independent of N, A4, and all N > Nyec4/T:

Eyz. |:1||C||]HIO<A H?’wEﬁ,w [IVFI?] ] < cetA/T (% + 1) Epr [Eug,w [ ’VFP]]

1
_ AT 2
= ce (AT + 1)Em¥ [IVF]?]. (4.48)
Proposition [£.5] item (ii) implies on the other hand that, for N < Noe“/T and some ¢ > 0:
N, 2 CIECA/T 1 2

The first term in the right-hand side of ([@.47]) is thus bounded by C(T, A)(1+ 1/Ar) uniformly in N
for a locally bounded 7" — C(T", A) > 0.

Consider now the second term in the right-hand side of (£47)). Using Lemma 9] with G =
IVF|?>0and ® =1 KNV yields:
lI¢llezy>A K

Ny 21| 2 Ny
Eug| Licay>a 50V E,vs [IVFP?] | =B, IVF] E e [ ¢y >a o7 1]

T/N

where we use item (ii) of Proposition to get the last line. Concentration under the Gaussian
measure 7% gives a bound on the probability of the event {||¢||m, > A}. Since sup, [|n.(x)||g, < M
by Assumption [T, for each A > 2M it holds that || — & >, n.(zi)|lm, > A/2 if [|¢|lm, > A. Thus,
for some ¢ > 0 and each A > 2M:

N A?
We can then write, for some ¢’ > 0:
& AMa  Na?
AMC . /T /
32M?  'N 16M \ 2
<d { - (A— ) ] 4.52
¢ exp |~ T N (4.52)

It remains to take A > 2M so that also 32M?/(NT) — "N A%/AT + 2NM?T < 0 for each N > 1,
which is possible for A larger than a constant depending only on M, T, to obtain:

Nyt 2 2
Ey; 1||C||HO>A /{T Eujjy,w [|VF| ] :| g C,Em¥ [ |VF| ] (453)

Together with (4.49]) this concludes the proof.
U
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4.3. Proof of Lemma [4.3]

Proof of Lemma[{.3 Recall Definition .I] of Vp. Assume Fr is &-strongly convex (6 > 0). Let
1,19 € Hand a € [0,1]. Write 1, = ath1 + (1 — a)be, Atp = 11 —1py and similarly define m,, Am
for m;, my € H. Using the strong convexity of Fr in the inequality and, in the last line, the fact
that 1-strong convexity holds for || - ||%/2 with an equal sign,

aVr (1) + (1 — a)Vr(te)

. . A o 1-—
= mlln,tfr.lz {Oé]:T(ml) + (1 — a)Fr(ms) + ﬁ”ﬂ’l - 2T m2HH}
. da(l — ) , o«
> E— [—
> it {Fr(m) + “E 2 Aml e o s~ mall |

) da(l — « 1 11—«
= it {Fr(ma) + Y am L ma %I!Aw ~aml) (@5

mj,m3

Changing variables from mi, ms to m = m,, m’ = Am yields:

Vi (1) + (1 - a)Vr(ta) > Vi () + inf { 20— >|| '+ 2=y - m)
=vr@a) + Dy~ i (4.55)

Thus Vr is strongly convex.

Conversely, we claim that Fr can be defined in terms of the renormalised potential as follows:

Fr(m) = sup {VT( ) - \|¢ mifi | — inf 7. (4.56)
PeH
If this is true then an identical proof gives that strong convexity of Vr implies strong convexity of
Fr. Let us thus show ([@506). Recall that P(m) = {p : Jgan.(x) p(dz) = m} for m € H. Define the
(strictly) convex part Gr of the free energy .7-"T
1 2
= — (@) plda)| 4,
Gr(r) = Fr(p) + g7 [ nw) ot (1457
Define also: )
Gr(m) = inf Gr(p) = Fr(m)+ Il (4.58)
pEP(m) 2T

with Gr(m) = 400 if P(m) = (). Then:

Il | {Gr(m) - %(w,m)H} + inf Fr. (4.59)

Vr(¥) = 55~ + inf,

12 .
In particular —Vp(T-) + &2”“’1 is the Legendre transform of Gr. As Gr is convex and lower semi-

continuous, so is QT. In addition C;T is finite as soon as P(m) is not empty. The Legendre transform
can therefore be inverted [17, Theorem 1.11]:

Gir(mm) — sup {(omm)es — (= V(o) + DS i) ). (4.60)

YeH

Since Gr(m) = Fr(m) 4 |m||%/(2T), this yields (Z50):

gl 1% Imly
ﬁ(m)—;gg{f(w,mmwﬂw— ek - L —inf P (4.61)
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A Proof of L*° covariance bound

The following statement is proven e.g. in [44, Lemma 5] which goes back to [49] [16]. We prove a
slightly stronger form below in (A.2)).

Lemma A.1 (Lemma 5 in [44]). Let N > 1 and p be a probability measure on RN satisfying a log-
Sobolev inequality with constant yr.g > 0. Take F : RV — R to be smooth and compactly supported
and a Lipschitz function H : RV — R. Then:

4
Cov,(F? H)? < — sup |VH(z)]?E,[F? E,[|[VF|], (A1)
YLS zeRN

with the notation |VH(x)| = (Ziil(@xiH(a:))z)l/z. The same bound holds for a vector valued
function H(x) € RY.
Let H; : R — R be Lipschitz (1 <i < N) and let F : RN — R be smooth and compactly supported.
Then:
f:Cov (F% H(z))? < A ax | H!|% B [F? E,[|[VF?] (A.2)
v m y L1\ Lg 5 ’7}%5 122N illoo g " . .

Proof. The statement (AJ) in [44, Lemma 5] only concerns real-valued H, but the claim with
vector-valued H with independent components is straightforward from the proof. We follow the
same method to prove (A.2)).

Without loss of generality assume E,[F] = 1. Let (P;);>0 denote the semi-group associated with
the Langevin dynamics and let L denote the corresponding generator. Then:

COVM(F, HZ) = v HZ(LEZ)(P()F(Z') — POOF(x)) dﬂ(l’) _ /OOO o HZ(xZ)LPtF(x) d,u(x) dt

=[] w0, @) duta) a
0 RN

o0 0., P F)®  N\1/2
< [ ( /RN%W) i, (A.3)

where we used the integration by parts formula E,[FLG] = —E,[(VF,VG)] in the second equality,
and Cauchy-Schwarz inequality with E,[P,F] =1 in the inequality. Thus:

N N ) ,
)2 12 > (GxiPtF) 1/2
S con(rmt < mac b S| [7 ([ Cpan) )

To have the square go inside the time integral, let £ > 0 to be chosen later and write:

* (8901PtF)2 1/2 ? _ 1 o —et [ 2et (8wiPtF)2 1/2 ?
[/0 </7PtF du) dt] = 6—2[/0 ce <e /7PtF du) dt}

1 0o B (8thF) 2
< steet [ 22 dpdt. A
=, ee e / P dpdt (A.5)

Summing over all 1 <7 < N yields:

|VP.F|?
PF |’

N
1 o
ZCOVM(F,HZ')2 < max | H/|A ?/0 dtee’' E, [

, 1<i<N
=1
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Let ®(u) = ulogu (u > 0). Then:

d B |VP.F|?
pTal [‘I’(PtF)] = -E, [7}7 (A7)
and the log-Sobolev inequality for the measure p implies (F has average 1 under pu):
E,[®(PF)] < e ?s'E,[0(F)]. (A.8)
For any € < 2vrg, an integration by parts in time in (A.6) therefore yields:
1
Zcovu (F, H;)? < —2[—ae€tEM[<I>( —/ 2 B, [@(PF)] dt
i=1 <
_lg [@(F)] +/ B [®(PF)] dt < (1 + ;)E [@(F)]. (A)9)
e " 0 g e 2ys—¢/ "

The right-hand side is minimal when € = 415, in which case it equals 2(y.s) ' E, [@(F )] Applying
the log-Sobolev inequality yields the desired estimate:

N
4
2 2 2
; Cov,(F, H)? < 7o B IH2ZE, [IVVF]. (A.10)
O
B XY model
We consider the mean-field XY model defined on the periodic compact space (z1,...,zx) € [0, 27T)N

with V =0,W = —W ™ and
W™ (z,y) = cos(x — y) = cos(z) cos(y) + sin(x) sin(y). (B.1)

In this case, the Hilbert space Hy (43]) reduces to variables 1) = ({1, (2) associated with the 2 modes
ni(x) = cos(x),n2(x) = sin(z). Note also that vy is simply the uniform measure on [0, 27] as V = 0.

We will check that strong convexity of the renormalised potential, and thus a uniform log-Sobolev
inequality, hold up to the critical temperature T, = 1/2 (see [34] for the analysis of the equilibrium
phase transition). This statement was already derived in [7] (under the name O(2)-model) and we
recall the proof below for the sake of completeness.

As Wt =0, UY defined in (@I4) is independent of N and given by

UN(C1,¢2) = —logEy,, [exp (% cos(z) + %sin(az))] + constant. (B.2)

Thus the renormalised potential defined in (£.I8]) reads

V(G G) = (¢? Z;Cz) log /027T dx exp <C? cos(x) + %sm( )) + constant. (B.3)

For any vector v = (v1,v2), the quadratic form associated with the Hessian is given by

I cos(x) 1 1 9
(v, Hess Vpv) = T ﬁVarM(Tgl,Q) [(v, sin(z) )} > (T — W)’U’ , (B.4)
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where ugsl@)(x) X exp <CT1 cos(x) + %2 sin(m)) and the last inequality comes from the uniform upper

bound by 1/2 on the variance in (B.4]) established in [26, Theorem D.2].

As a consequence for any T' > T, = 1/2, the renormalised potential Vr is strongly convex and
the log-Sobolev inequality holds for the XY model by Theorem By Lemma [4.3] this implies the
uniform convexity of Fr (L24) up to 7.
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